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NEW RESULTS ON THE CONVERGENCE OF SOLUTIONS FOR 
A CERTAIN FOURTH ORDER NONLINEAR DIFFERENTIAL 

EQUATION 

OLUFEMI ADEYINKA ADESINA AND BABATUNDE SUNDAY OGUNDARE 

Abstract. This paper is concerned with the convergence of solutions to the 
fourth order nonlinear differential equation 

x (iu) + <j)(x) + f(x) + g(x) + h(x) = p(t, x, x, x, x) 

where the nonlinear functions (f>, /, g, h and p are continuous. By constructing 
a complete Lyapunov function, some fundamental questions on whether con- 
vergence results on the above equation which do not appear to have received 
any attention in the literature can be proved, are answered. 



1. Introduction 

Fourth order nonlinear differential equations have been investigated by several 
authors in order to study their qualitative behaviour of solutions. See for instance 
(PQ-J23])- Significant results in this direction have been obtained by Abou-el-ela 
and Sadek [I], Sadek [15] ; Sadek and AL-Elaiw [16] on asymptotic stability. Also, 
Chin 9J, Ogundare [11], Ogundare and Okecha [13], Tiryaki and Tunc [19], Tunc 
[2TJ1[HJ[22] and Wu and Xiong [23J made contributions on boundedness and stability 
properties of solutions. An interesting work on the existence of limiting regime in 
the sense of Demidovich can be found in Afuwape [H] . All these were done with the 
aid of Lyapunov's second method. By employing the frequency domain method, 
Adesina [2] and Afuwape [H [7] [8] obtained criteria that ensured the existence of 
periodic, almost periodic, exponential stability and dissipative solutions. It should 
be noted that the above mentioned papers contain rich bibliography. 

However, with respect to our observation in relevant literature, comparatively 
little have been done on convergence of solutions to fourth order nonlinear differ- 
ential equations (see for instance Afuwape [3j [5j). The convergence of solutions 
to nonlinear differential equations is important both theoretically and in practice, 
since small perturbations from the equilibrium point imply that the trajectory will 
return to it when time goes to infinity. 

It is well known that the problem of the qualitative behaviour of solutions of the 
equation 

x {lv) + <f>(x) + f(x) + g(x) + h{x) =p(t,x,x,x,x) (1.1) 

in which the nonlinear functions <f>, /, g, h and p are continuous and depend (at 
most) only on the arguments displayed explicitly, has so far remained intractable 
due to (i) the number of the nonlinear terms </>, /, g and h simultaneously involved 
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and (ii) the form of the functions <f> and / (see for instance Tejumola [17]). Here 
and elsewhere, all the solutions considered and all the functions which appear are 
supposed real. The dots indicate differentiation with respect to t. Furthermore, 
we shall say that two solutions Xi(t), X2(t) of the equation (1.1) converge (to each 
other) if X2 — X\ — > 0, x<i — X\ — > 0, x-i — x\, x\ — x\ — > as t — >• oo. 

An interesting but simple case of the problem arises if p = 0, and </>, /, g, h are 
such that the equation (|1.1[) is linear, i.e. if (1.1) is of the form 



a; ( ™ ) + ax + bx + ex + dx = 0, (1.2) 

where a, b, c and d are constants. In this case, all solutions tend to the trivial 
solution, as t — > oo, provided that the Routh-Hurwitz criteria 

a > 0, ab - c > 0, (ab — c)e - a 2 d > 0, d > (1.3) 



are satisfied. Generalization of this result as well as conditions (1.3) to quite differ- 
ent nonlinear equations in which the functions are assumed differentiable, at times 
twice differentiable, and also in some cases multiplied with signum functions have 
been obtained in the literature. See for instance Reissig et al. [14], 

Unfortunately, the corresponding situation when all the four nonlinear functions 
are not necessarily differentiable, has not been as fully investigated and all available 
results in this direction have been obtained on equations that are special forms of 



the equation (1.1). Specifically, in this regard, the equation (1.1 1 has not attracted 
the interest of any author. Also most of the existing results are characterized with 
incomplete Lyapunov functions. These we find too weak. On the one hand, the 
purpose of this paper is to investigate whether convergence of solutions to the fourth 



order nonlinear differential equation (1.1 1 are provable under non differentiability 



conditions on all the nonlinear functions involved. While on the other hand, by 
constructing a complete Lyapunov function, which is a difficult task, the paper 
circumvents the usual heavy restrictions on (j>, f, f , g, g ,h and h which dominate 
the results in some of the above mentioned works. Our results generalize previous 
results of Afuwape [31 [S] and Ogundare and Okecha [H] . They also complement 
and improve existing results on fourth order nonlinear differential equations in the 
literature. 

This paper is organized as follows. In Section 2, we present basic assumptions 
and main results. Section 3 is devoted to some preliminary results while in Section 
4, we give the proofs of the main results. 

2. Assumptions and Main Results 

Assumptions: 

(1) The function p(t, X, x, x, x) is equal to q(t) + r(t, x, x, x, x) 
with r(t, 0,0, 0,0) = for all t; 

(2) For some positive constants a, 6, c, d , (ab— c)c— a 2 d > and (ab — c) > 0; 

(3) For some positive constants a, b, c, d, D, Aq, Ai Kq and K\, the intervals 

A ^ [M^M]1, (2.1) 

^[M^i]! (2.2) 



h = 

are in the Routh-Hurwitz interval 
The following results are proved. 
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Theorem 2.1. In addition to the basic assumptions and 1-3 above, suppose that 
0(0) = /(0) = ,g(0) = h(0) = and that 

(i) there are positive constants a, ao, b, bo, C and cq such that 

<j)(w 2 ) - <t>{wi) 

a< < ao, «)2f MJi, (2.3) 

w 2 - W\ 

b< f ^- f ^ <bo, z^z u (2.4) 

Z 2 - Z\ 

s .9(2/2) - g(yi) , , foK , 

c< < co, yityw (2.5) 

V2-V\ 

(ii) for any £,r), (q ^ 0), the increment ratios for h and g satisfy 

h(C + v)-HO 



V 

g(C + v)-(0 



e Jo, (2.6) 

e h; (2.7) 



77 

(iii) there is a continuous function $(t) such that 

\r(t,X2,y2,z 2 ,w 2 ) - r(t,xi,yi,zi,wi)\ 
< i9(t)(|x 2 - *i| -+- 1 2/2 — 2/1 j H- \z 2 - z 1 \ + \w 2 ~ U>l|) 
ZioWs /or arbitrary t, X\,y\,Zi,W\,x 2 ,y 2 ,z 2 ,w 2 . 
Then there exists a constant D\ > suc/i that if 



(2.8) 



/ V e {T)dT < D 1 

Jo 



(2.9) 



for some g with 1 < g < 2, f/ien a/Z solutions of (1.1 1 converge 



Theorem 2.2. Suppose that all the conditions of the Theorem 2.1 are satisfied. 



Let x\{t), x 2 {t) be any two solutions of the equation (1.1). Then for each fixed g 
in the range 1 < g < 2, there exist positive constants D2, D3 and D4 such that for 

*2>tl, 

S(t 2 ) < D a S(ti) exp { - D 3 (t 2 - ti) + D 4 f 2 W(r)dT}, (2.10) 

where 

S(t) = (x 2 (t) - Xl (t)) 2 + (x 2 (t) - Xl (t)f + (x 2 (t) - Xl (t)) 2 
+ {x 2 (t)-x 1 (t)) 



(2.11) 



Remark 2.3. If p — and assumption 3 with hypotheses (i) and (ii) of the The- 



orem 2.1 hold for arbitrary 77 7^ 0, then the trivial solution of equation (1.1) is 
exponentially stable. 

Remark 2.4. If p — and assumption 3 with hypotheses (i) and (ii) of the Theorem 
2.1 hold for arbitrary r\ 7^ 0, and £ = 0, then there exists a constant D 5 > such 



that every solution x(t) of (1.1) satisfies 



\x(t)\<D 5 ; \x{t)\<D 5 ; \x(t)\<D 5 ; \x(t)\<D s . 

For the rest of this article, D\, D 2 , D 3 , . . . stand for positive constants. Their 
identities are preserved throughout this paper. 
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3. Preliminary Result 

Let Q(t) = J Q q(r)dT. By setting x = y, y = Z, z = w, it is convenient to 
consider the equation ( |1.1[ ) as the equivalent system 

x = y, 

y = z ' (3.i) 

z = w, 

w = -<i>(w) - f{z) - g(y) - h(x) + r(t, x, y, z, w) + Q(t). 

Let Xi(t),yi(t),Zi(t),Wi(t), (i — 1,2), be two solutions of the system (|3.1[), such 



that inequalities (2.3 )-( 2.4) and 



AQ ^ h(x 2 )-h( Xl ) ^ [(ab-c)c] 

X2 — x\ a z 

Ai < ^^ — ^^^ < K x \- —^-} (3.3) 

2/2 - yi ac 

are satisfied, where the constants remain as defined as in section two. 

The main tool in the proofs of the convergence theorems will be the following 

function: 

2V = [13(1 - e)x + 1V + 5z + w] 2 + [(1 - ()D - \]{5z + w) 2 

+/3D[e + (1 - e)D - l]y 2 + 7 (L> - \)z 2 + eDw 2 + /3 2 e(l - e)x 2 (3.4) 

+2 7 <J[(1 - e) 2 D - l]yz, 

where 0< e < 1 — e < 1, %r > 1 — e, j3, 7, 6 are positive real numbers and 

d = i + Pil - £) \tt {1 ~ e)] with D > (iV alwa y s - 



Lemma 3.1. The function V defined in equation (3.4) is positive definite and 
moreover, there exist constants Dq and D7 such that 

Dq{x 2 +y 2 + z 2 + w 2 ) < V < D 7 {x 2 + y 2 + z 2 + w 2 ). 

Proof. Indeed we can rearrange 2V as 

2V = 2V x + 1Vi, (3.5) 

where 

2Vi = [/3(1 - e)x + -/y + Sz + w] 2 + [(1 - e)D - l](Sz + w) 2 

+eDw 2 + /3 2 e(l - e)x 2 + e(3Dy 2 ; 
2V 2 = 0D[(1 - e)D - l]y 2 + 2rfS[(l - e) 2 D - \\yz + 1 {D - l)z 2 . 

Since < e < 1, ^ > 1 — e, /3, 7, <5 > and D can be chosen such that D > y^, it 
follows that V\ is positive definite. Also V%, regarded as a quadratic form in y and 
z, is always positive since the conditions on all parameters involved are satisfied. 
Hence V is positive definite. Therefore, a constant D 6 > can be found such that 

D 6 {x 2 + y 2 + z 2 + w 2 ) < V. (3.6) 

Furthermore, by using the Schwartz inequality \y\\z\ < -^{y 2 + z 2 ), it follows that 
\2V 2 \ < D*(y 2 + z 2 ) for some D* = D*(f3,j,S,D,e). Thus there exists D 7 such 
that 

V <D 7 (x 2 +y 2 +z 2 +w 2 ). (3.7) 



On combining inequalities (3.7) and (|3.T[), we have 



D 6 (x 2 + y 2 + z 2 + w 2 ) < V < D 7 (x 2 + y 2 + z 2 + w 2 ). (3.8) 
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□ 

Lemma 3.2. Let the hypotheses of the Theorem 2.1 hold, and let the function 
W(t) = W(x 2 - x 1 ,y 2 - y\,z 2 - z 1 ,w 2 - Wi) be defined by 

2W = [0(1 - e){x 2 - x x ) + 1 (y 2 - Vl ) + S{z 2 - z x ) + (w 2 - w x )} 2 

+ [(1 - e)D - l](S(z 2 - z x ) + (w 2 - w x )) 2 + [3D[e + (1 - e)D - l](y 2 - y x f 
+ 7 (I? - l)(z 2 - z x f + eD(w 2 - Wl f + (3 2 e(l - e){x 2 - Xl ) 2 
+2 7 <J[(1 - e) 2 D - l](y 2 - Vl ){z 2 - Zl ), 

then there exist positive constants Dg, and Dg such that 

^- < -2D 8 S + DgS l ' 2 \9\, (3.9) 

where 9 = r(t,x 2 ,y 2 , z 2 ,w 2 ) - r(t,Xx,yx,Zx,Wx). 



Proof. On using the system (3.1), a direct computation of *W- gives after simplifi- 



cations 

dW 



-Ux + U 2 , (3.10) 



where 



Ux = 0(1 - e)H(x 2 , Xl )(x 2 - xx) 2 +j[G(y 2 ,yx) - 0(1 - e)](y 2 - Vl ) 2 

+D5(1 - e)[F(z 2 ,z x ) - 7 (1 - e)](z 2 - z x ) 2 + D[$(w 2 ,wx) - S(l - e)](w 2 - Wl ) 2 

-0(l-e)[G(y 2 ,y x ) - 0](x 2 - x x )(y 2 -yx) - [3(1 - e)[F(z 2 ,z 1 ) - j](x 2 - x x )(z 2 - z x ) 

-[3(1 - e)[$(w 2 ,wi) - 5}(x 2 -X\)(w 2 -wi) 

-[D5(l - e)G(y 2 , Vl ) + j(F(z 2 ,z x ) - 7) - D[3 1 ](y 2 - y x )(z 2 - z x ) 

-\DG(y 2 , y x ) + ^(w 2 ,w x ) - [3(1 - e) - Dj6(l - e) 2 ](y 2 - y x )(w 2 - w x ) 

-[D(F(z 2 , z x ) + DS^(w 2lWl ) + D(8 2 (l - e) + 7 )](z 2 - z x )(w 2 - w x ) 

(3.11) 
and 

U 2 = 9[[3(1 - e)(x 2 - x x ) + 7 (y 2 - yx) + DS(1 - e)(z 2 - z x ) + D(w 2 - w x )], (3.12) 



with 



H(x 2 ,xx)= h{x l ) ' h }r i \ X2±xx; 



G(y 2 ,yi)= 9{v t- 9 y { Vl) , 
F(z 2l zx)= f{z t-i[ Zl) i *2*zv, 



W2—WI 

Furthermore, let xi = G(y 2 ,y x ) - [3, y 2 ^ y x , X2 = F(z 2 ,z x ) - 7, z 2 ^ zx and 
X3 = $(w2,wi) - S, w 2 ^ wi. Also let Ai = G(y 2 ,yx) - [3(1 - e), y 2 ^ yx, 
\ 2 = F(z 2 ,z x ) -7(1 -e), z 2 ^ z x and A 3 = $(w 2 ,wi) — 5(1 - e), w 2 ^ wx- Define 

3777 

2—1 i— 1 i— 1 i—X 

with (j,i > 0, Vi > 0, Ki > and r, > 0. Then we can rearrange f 1 as 
U x = Wi + W 2 + W 3 + Wi + W 5 + W 6 + W 7 + W 8 + W 9 + W 10 + W ± x + W 12 , 



ADESINA, OGUNDARE: NONLINEAR DIFFERENTIAL EQUATION 



15 



where 

Wi = /xi/3(l -e)H(x 2 ,xi)(x 2 - x^ 2 + f3(l - e)xi{x 2 - xi){y 2 - Vi) + vilXi{y 2 -yi) 2 \ 
W 2 = m0(l - e)H(x2,Xi)(x2 - x^ 2 + f3(l - e)x 2 (x 2 - x 1 )(z 2 - z\) 

+KiD6(l - e)X 2 {z 2 -zx) 2 ; 

Hif3( 1 ~ e ) H (x 2 ,x 1 )(x 2 - xi) 2 + /3(1 - e)x 3 (x 2 -Xi)(w 2 - w{] +t 1 D\ 3 (w 2 -Wi) 2 ; 

v 2 ^\\(y 2 - yi) 2 + DS(1 - e)X 1 (y 2 - yi)(z 2 - Zi) + n 2 D5(l - e)X 2 (z 2 - zi) 2 ; 

V3j^i(y 2 -yi) 2 +7X2(2/2 ~yi)(z 2 - Zi) + k 3 DS(1 - e)X 2 (z 2 - zi) 2 ; 

^47Ai(y 2 - yi? + Dp5((l - e) 2 - l)(y 2 - Vl ){z 2 - Zl ) + Ki DS(l - e)X 2 (z 2 - z x f- 

VhlX\(y 2 - yi) 2 + Dxi(y 2 - yi)(w 2 - wi) + t 2 DX 3 (w 2 - wi) 2 ; 

V6l^i(y 2 -yi) 2 +7X3(2/2 ~yi)(w 2 -Wi) +t 3 DA 3 (w 2 -u; 1 ) 2 ; 

^77Ai(2/2 - yi) 2 + [D(J3 - j6(l - e) 2 ) + 7 <5 - 0(1 - e)](y 2 - Vl ){w 2 - Wl ) 

+t 4 DX 3 {w 2 -wi) 2 ; 

k 5 D5(1 - e)X 2 (z 2 - zi) 2 + Dxi(z 2 - z\){w 2 - W\) + t 5 DX 3 {w 2 - wi) 2 ; 

k 6 DS(1 - e)X 2 (z 2 - zi) 2 + DSx3(z 2 - Zi)(w 2 - Wi) + t 6 DX 3 (w 2 - wi) 2 ; 

n 7 DS(l - e)X 2 (z 2 - zi) 2 + D[5 2 (l - e) + 2 7 + 6 2 }(z 2 - Zl )(w 2 - Wl ) 

+t 7 DX 3 (w 2 - wi) 2 . 



W 3 - 

W 4 -- 

w 6 . 

W 7 - 

W 9 : 

w w 
w 12 



It is not difficult to see that each of W\, W 2 , ..., W\ 2 is quadratic in its respective 
variables. Thus we can use the fact that any quadratic of the form AX 2 + BXY + 
CY 2 is non negative if AAC — B 2 > to obtain the following inequalities: 



Wi >0, 
w 2 >0, 
W 3 >0, 
w 4 >0, 
W 5 >0, 
W 6 >0, 
w 7 >0, 
W 8 >0, 
W 9 >0, 



if X2 2 < ^wi°^-^^ , for x 2 ^xi; 

iiX3 2 < 4D " 3 Xi-T l)X3 > &**2^*i; 
ifAi <4^^ ) forz 2 ^zi 

if X2 2 < Av 3 k 3 D5(1 - e)AiA 2 , for y 2 ^ y u z 2 ^Z\\ 



4Dtl2KlSH(x2.X 1 )A2 



ifxi 2< ^l£l7£li^li^ ; i0IX2 ^ Xi; 



if A 2 > 



D6fr((l-ey 



4^47/^4(1 — e)Ai 
4^ 5 T2AiA 3 



If-, for y 2 ^yi, z 2 ^ Z\ 



if Xl 2 < 4^a 1 a 3 | for y 2 ^ yi , W2 ^ Wl] 
if X3 2 < 4J " 6 7 3AlA3 , for 2/2 ^ yi, w 2 ^ ttfi; 

if x > [D(fS-lS(l-ef) +1 S-fi(l-e)] 2 
■ ■' : 41/77T4-DA1 



for j/2 ^ yi, ^2 7^ w i; 



VK10 > 0, if xi < 4t 5 k 5 <5(1 - e)A 2 A 3 , for z 2 7^ z x , w 2 ^ w\ 
Wn > 0, if X 3 2 < 4K6T6(1 7 " £)A2Aa , for z 2 ^zi,w 2 ^ wi; 
W12 >0, if A 3 > '^^-Sf ' 2 - fOT ^2 # zi, w 2 ^wi. 
Thus [/i > VKi , provided that 

0<xi 2 < 4 min { Hi^lE^2^i ■ ^lAa } . 

< X2 2 < 4mm{»^; i ;3^(l - e)X 1 X 2 ;T 5 K 5 6(l - e)A 2 A 3 }; 



Q <- 2 < ^ j r 4U/j.3T 1 H(X2,x 1 )^3 . 4_Diy 6 T 3 AiA 3 . 4K 6 T 6 ^-e)A 2 A 3 "I . 

— A3 — \ /3( 1 — e) 7 ' 7 J ' 

\ ^ 4i/ 2 «27^2 . 



A 2 > 



£'.5/3^((l-e)^-l) j! . 
4^47^4(1 — e)Ai ' 



0<A 3 2 < max { ^^-^(i-^)-)^^(i-e)]7[^a^)H 2 Y/ ] }, 

— ° — I 4^77T4_DAi ' 4k7T70(1 — e)A2 1 ' 



where i? and G lie respectively in 



J s A ,K a 



\{ab- 
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h 



Ai,^i[ 



[{a 2 d + c 2 )} 



with Kq < 1, K\ < 1, Ao > and Ai > constants. 
By choosing 

2D S = min {0(1 - e)A ; 7 A i; DS(l - e)A 2 ; DX 3 }, 

it follows that 

Ui > Wi > 2D 8 S. 
Furthermore, if we choose 

D 9 = max {,3(1 - e; 7 ; £><5(1 - e); D(u; 2 - Wl )}, 

we have 

£7 2 <A>S5|0|. 



(3.13) 
(3.14) 



On combining (3.131 and (3.14) in (3.101, we obtain (3.9). This completes the proof 
of Lemma 2. □ 

4. Proof of Main Results 



Proof of Theorem 2.2 We shall first give the proof of the Theorem 2.2. For this, 
let g be any constant in the range 1 < g < 2 and set a = 1 — | so that < cr < \. 



We re-write inequality (3.9) in the form 



dW 
~dT 



■DaSKDgS^m-DaS, 



(4.1) 



from which 



where 



dW 

~dT 



D s S = D w S a W\ 



W* =S^- <t) [\0\-D xx S 1 ' 2 ), (4.2) 

with D u = §f-. Considering the two cases (i) \0\ < DuS 1/2 , then W* < 0; and 
(ii) \0\ > DuS 1 ' 2 , then the definition of W* in the equation (4.2) gives at least 

w* <s^- a) \e\ 



and also S 1 / 2 < #L. Thus 



gri(l-2<7) < r_^L](l-2<7) ) 



(4.3) 



and from this together with W* follows 

w* < D 12 \e\ 2(1 - a \ 

where D i2 — Du'" -1 '. On using the estimate on W* in inequality (4.1 1, we obtain 

d ^-+D 8 S< D w D l2 S a \9\ 2(1 - a) < D 13 S a $ 2(1 - a) S {1 - 

which follows from 

\r(t,x 2 ,y2,z 2 ,w 2 ) -r(t,xi,yi,zi,wi)\ 

< tf(t)(\x 2 - x\\ + \y 2 - yi | + \z 2 - zi\ + \w 2 - wi\ 

In view of the fact that g = 2(1 — a), we obtain 

dW 



dt 



<-D a S + D 13 #°S, 
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and on using inequalities (3.9), we have 



^ + [D u - D 15 ^(t)]W < 0, (4.4) 



for some constants Du and -D15. On integrating the estimate (4.4) from t\ to t 2 
(£1 < £2), we obtain 

W(t 2 ) < W(h) exp { - D u (h - h) +D 15 f 2 W( T )dT}. (4.5) 



On using Lemma 3.1, we obtain inequality (2.10), with D 2 = n > -^3 = ^14 an( ^ 



D4 = D15. This completes the proof of the Theorem 2.2. □ 



Proof of Theorem 2.1 The proof follows from the inequality (2.10) and the condi 



tion (2.9) on §. On choosing D 2 = j^ in inequality (2.10), then as t — (t 2 — <i) 



00, 5(i) — > which proves that x 2 — x\ — > 0, 2/2 — 2/1 — > 0, Z2 — zi — > 0, W2 — wi — » 0, 
as £ — > 00. This completes the proof of Theorem 2.1. D 
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We extend an Ostrowski-type inequality established by the first author and 
A. Acu. This extension is used in order to investigate the limit of the iterates 
of some positive linear operators. The rate of convergence of the iterates is 
described in terms of ui, the least concave majorant of the first order modulus 
of continuity. The same uj is used in order to estimate the difference of some 
classical positive linear operators. 
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1 Introduction 

One of Ostrowski's classical inequalities deals with the most primitive form of 
a quadrature rule. It was published in 1938 in Switzerland (see [17]) and reads 
in its original form as follows. 
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Theorem 1.1. Es sei h{x) im Intervall J : a < x < b stetig und differentiierbar, 
und es sei in J durchweg 



\h'(x)\ <m, m > 0. 



Dann gilt fur jedes x aus J : 



h(x)- 



h(x)da 



< 



(b -a) 2 



(b — a)m. 



A simplified form can be found, for example, in G. Anastassiou's 1995 article 
[5] and reads as follows. 



Theorem 1.2. Let f be in C^a, b], x e [a,b]. Then 



fix) 



f(t)dt 



< 



(x -a) 2 + (b-x)' 2 
2(6 -a) 



l/'llc 



The characteristic feature of Ostrowski's approach is thus to approximate 
an integral by a single value of the function in question and to estimate the 
difference assuming differentiability of the function in question. The latter is a 
dispensable assumption as was observed by A. Acu and the first author in the 
next result (see [1]). 

Theorem 1.3. Let L : C[a, b] — > C[a, b] be non-zero, linear and bounded, and 
such that L : C^b] -> C l [a,b] with \\{Lg)'\\ < c L ■ \\g'\\ for all g £ C^b). 
Then for all f G C[a, b] and x e [a, b] we have 

r-b 



Lf{x) - 



1 



Lf{t)dt 



<l|i||-2 / 



c L (x - a) 2 + (b- xY 



\L\\ 



2(6 -a) 



The right hand side in the latter inequality is given in terms of the least con- 
cave majorant of the first order modulus of continuity of an arbitrary / € C[a, b] 
and thus generalizes Ostrowski's inequality in the form given by Anastassiou. 
For the reader's convenience we recall the following (see [1]). 

Definition 1.4. Let f e C[a, 6]. If for t <G [0,oo) the quantity 

uj(f;t)= S up{\f(x)-f(y)\,\x-y\<t} 

is the usual modulus of continuity, its least concave majorant is given by 

~<t*\ l (t-x)u(f;y) + (y-tMf;x) \ 

oj(j;t) = sup < ; 0<x<t<y<b — a,x ^ y> . 

I y-x J 
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It is important to note that for all / £ C[a, b] the following equality holds: 



inf 
gee 1 Ml 



\f-g\\ 



\\9 



-w(f;t), t>0. 



The latter representation can be found in an article of Mitjagin and Scmenov 
[22]. 

We remark that - according to our knowledge - B. and I. Gavrea in [7] were 
the first to observe the possibility of using "omega-tilde" in this context. 

Ostrowski-type inequalities have attracted a most remarkable amount of at- 
tention in the past. The reader should consult Ch. XV on "Integral inequalities 
involving functions with bounded derivatives" in the book by D.S. Mitrinovic 
et al. [16] and Chapters 2 - 9 in the recent monography of G. Anastassiou [4]. 

In our present note we generalize the above-mentioned result of Acu et al. for 
integrals w.r.t. probability measures A and apply the new estimates to iterates 
of certain positive linear operators and to differences of such mappings. 



2 On Ostrowski's inequality 

We first consider the space 

L»p[0,l]:=|/gC[0,l]||/| Wp :=sup 



\f(x)-f(y)\ 



< oo 



^y \x-y\ 

Let M-j^O,].] be the set of all probability Borel measures on [0,1] and A <G 
M^[0, 1] a given measure. Then the inequality 



f(x) - I f(t)d\(t) 





(/(*) - f(t))dX(t) 



< / \f(x)-f(t)\d\(t) 



< I/Lip / \t-x\d\(t) 



holds, for / £ Lip[0, 1] and x £ [0, 1]. Let also 



w\(x) 



\t-x\d\{t). 



We have obtained a general form of Ostrowski's inequality: 



f{x) - / f(t)d\(t) 



o 



< \f\u P w\(x), 



for all / e Lip[0, 1], A € M+[0, 1] and x £ [0, 1]. 



(2.1) 
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3 A result of A. Acu and H. Gonska 

Wc shall present a slight modification of the inequality established by A. Acu 
and H. Gonska in [1]. 

Theorem 3.1. Let L : C[0, 1] — > C[0, 1] be non-zero, linear and bounded. Sup- 
pose that L(Lip[0, 1]) C Lip[0, 1] and there exists cl > such that 

\Lg\ Ltp <c L \g\ Lip , 

for all g E Lip[0, 1]. Then for all f E C[0, 1], A € M+[0, 1] and x E [0, 1] we 
have 



Lf(x) - I Lf(t)d\(t) 
o 



- " I, " w ' f'iz\\ wx ^ 



(3.1) 



Proof. Let A x : C[0, 1] -> K be defined by 

Mf) ■■= /(*) - I f(t)d\(t). 

Jo 

Then A x is a bounded linear functional with \\A X \\ < 2. We have 

cl 



\A x (Lf)\<\Lf(x)\+ / |L/(t)|dA(t) 

Jo 

<2\\L\\\\f\L, 
for / e C[0, 1]. Let g E Lip[0, 1]. By using (2.1) we get 

14,(1^)1= L fl (a;)- / Lg(t)d\(t) < \Lg\ Li w x (x) < c L \g\ Li w x (x). 
Jo 

Consequently, 

\A x (Lf)\ = \(A x oL)(f-g + g)\ 

<\(A x oL)(f-g)\ + \A x (Lg)\ 

< 2\\L\\ ||/ -.9IL +c L \g\ Lip w x (x). 

Passing to the infimum over g E Lip[0, 1] we get 

cl 



\MLf)\<2\\L\\ g£ M o ^\\f- 9 \ L + ^M X )\9\u P 



\\ L \\v ( ■f'jij^^ 



n 
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Corollary 3.2. In the setting of Theorem 3.1 suppose that, moreover, L is a 
positive linear operator reproducing the constant functions. Then 



Lf(x) - / Lf(t)d\(t) 



< u>(f,c L w\(x)) 



(3.2) 



holds, for all f £ C[0, 1], A £ M+[0, 1] and x £ [0, 1]. 



Let eo(x) := 1 for x £ [0, 1]. It is well known (see, e.g., [13], p. 178) that if 
L is a positive linear operator and Leo — e o> then L has at least one invariant 
measure /i, i.e., there exists /j, £ M^~ [0, 1] such that 



Lf(t)dn(t) = f f(t)dn(t), 

o Jo 



(3.3) 



for feC[0,l]. 

Now from Corollary 3.2 we obtain 

Corollary 3.3. Let L : C[0, 1] — * C[0, 1] be a positive linear operator with 
Leo = eo, and /i an invariant measure for L. Suppose that L(Lip[0, 1]) C 
Lip[0, 1] and there exists cl > such that \Lg\ Li < Ch\g\ Liv , g £ Lip[0, 1]. 
Then the inequality 



Lf{x) - / f(t)dn(t) 



< v(f,c L Wn(x)) 



(3.4) 



holds, for all f £ C[0, 1], x £ [0, 1]. 



Under the hypothesis of Corollary 3.3, let m > 1 be an integer. Then 
L m eo = eo, |L m <?| Li < c™ |g| L i P , g £ Lip[0, 1], and /i is an invariant measure 
for the iterate L m . Consequently, we can state the following result. 



Corollary 3.4. In the setting of Corollary 3.3 we have 



L m f(x) - / f(t)dn(t) 



<£;(/, #«;„(*)). 



for all f £ C[0, 1], x £ [0,1], m> 1. Moreover, if cl < I, then 



f{t)dji{t) I eo, uniformly on [0,1], 



lim L m / = 

m — >oo 

and, consequently, L has exactly one invariant measure n £ M^~[0, 1]. 
Related results, in a more general context, can be found in [3]. 



(3.5) 



(3.6) 
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4 Examples involving iterates of positive linear 
operators 

Example 4.1. 

Let n > 1, p = [n/2] , < fc < p, < x < 1 . Consider the polynomials 

_ n + 1 - 2p + 2fc ^n + 1\ 
W "' fc(XJ:_ (n+l)2"+ia: {p-kj* 

x ((1 - x) p - k {l + x ) n+1 - p+k - (1 - x) rl+1 - p+fe (l + x) p - fe ) . 
The operators f3 n : C[0, 1] -> C[0, 1], denned by 

R ft \ ^ f f n-2p+2k \ 

k=o V n / 

were introduced in [23] (see also [18], [19]). They arc positive linear operators 
with /3„eo = eo- According to the results of [18], cp n = — - and the probability 
measure concentrated on 1 is invariant for (3 n . Now Corollary 3.4 entails 

\/%f(x) /(1)| < 3 (7, f ^r (1 - *)) , (4.1) 



for all m,n > 1, / € C[0, 1], x € [0, 1]. This result supplements the qualitative 
results presented in ([20], Ex. 5.7.). 

Example 4.2. 

For n > 1 and j E {0, 1, . . . , n} let 

M*) ■= ( n V(i - ^)"" j . * e [0, i]. (4.2) 

Let < a < /?, /3 > 0. Consider the Stancu operators L n : C[0, 1] — * C[0, 1] 
given by 



L n f(x) := J~]b n j(x) 



^ + /3 

It is easy to verify that cl„ = ^r-g < 1- According to Corollary 3.4, L n has 
a unique invariant measure /j, n € M^ [0, 1]; in fact, \x n was already determined 
in [11] and [21]. The quantitative result derived from (3.5) accompanies 
the qualitative results of [11] and [21]. In particular, we see that the rate of 
convergence, generally expressed by c™, is expressed here by ( — J^ 
Example 4.3 
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Consider the Bcrnstcin-Durrmeyer operators with Jacobi weights a, (3 > — 1, 
defined by 



for /GC[0,1], a;e [0,1], n > 1. 
According to the results of [3] , 



M - n + a + P + 2 

and the invariant measure [i is described by 



<1, 



f f(t)dn(t) = (f t a (l - tff(t)dt\ / (j t a (l - tfdt) , with / G C[0, 1]. 



Using the Cauchy-Schwarz inequality we get 



l (x)= I \t-x\dn{t)<U (t-xydii(t) 

o + l \ 2 (a + l)(/? + l) 



a + /3 + 2/ (a + /3 + 2) 2 (a + /3 + 3) 
Now Corollary 3.4 entails 

(M^rf(x) Qf * t a (i tff(t)d?j / Qf * r(i - *)*<&) 



<« /, 



ra + a + /3 + 2/ I \ a + /3 + 2/ (a + + 2) 2 (a + f3 + 3) 



o+l V (a +!)(/? + !) 



This is a quantitative companion to the results of ([3], Section 3.2.). 

Example 4.4. 

For each n > 1, let i? n G i 1 [0, 1], # n > 0, be a periodic function with period 
— Wi such that 

n+l ' 

l 

( n+1 § n {t)dt=l. 
JO 

Consider the generalized Kantorovich operators K n : C[0, 1] — ► C[0, 1] defined 

by 

if n /(a:) := ^ M*) / " f{t)$ n {t)dt. 

It is easy to verify that if n (Xzp[0, 1]) C Lip[0, 1] and CK n — ^+ii n> 1. 
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We want to determine the invariant measure. Consider the matrix 



/£! b m {t)V n {t)dt 

n+l 



i,j— 0,l,...,n 



and let a = (ao, ai, • • • , a«)* € ]R n+1 . T n is the transpose of a regular stochastic 
matrix, so that the system T n a = a has a unique solution with a^ > 0, i = 
0, 1, . . . ,n, and ao + . . . + a„ = 1. For this solution, we have 



V^ f 

a i= / , a 3 . b m (t)d n (t)dt, 

J=0 "'s+T 



for i = 0, ...,n. Let <p n (i) := a $ n {i), t G ( ^j, ^pyj, j = 0, . . . ,n. Define 
/i n G M^[0, 1] by dn n (t) = ip n (t)dt. Then \x n is the invariant measure of K n . 
Indeed, 



/ K n f(t)d^ n (t) = V / b ni (t)dnn(t) ■ 

4-nJO J^tt 



f(t)K(t)dt 






= S S / b ni {t) aj $ n {t)dt 

»=0 \i=0"'s+T 



'• + 1 
1+1 



f(t)Mt)dt 



t+i 
>+i 



i=0 "'sir 

= E / " +1 f(*)Mt)dt 



i=0 " ^+T 

= / f(t)dn n (t). 
JO 

i) As a particular case, let a, /3 > — 1 and 



<■< 



j+i 



w<-^Hs-^/r(*-^) &* 



r/.s 



for all i G 



n+l ' n+l 



j = 0, 1, . . . , n. Denote the corresponding operators 



_K„ by K"' 13 ; it is easy to see that they can be expressed also as 



K^f(x) 



B(a +1,0 + 1) 



3=0 



wiiw-^e 



d,s. 



In fact, these are the operators introduced in ([15], (1-5)). 
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ii) More particularly, 

J#°/(*) = (n + 1) Y, M*) / " +1 f ^ dt 

are the classical Kantorovich operators. For them, as in the above general 
case, the parameter cx n is ^xf! moreover, the invariant measure ji is the 
Lebesgue measure on [0,1]. Thus 

w ll {x)= I \t-x\dt= [x- -J +-. 
From Corollary 3.4 we infer 

(^°) m .f(x)- /"* /(*)<** 

Jo 



^'^I^TT * 2 



i\ 2 l 



Related results, for multivariate Kantorovich operators, can be found in ([3], 
Section 3.1). 

Remark 4.1. Results of this type are especially significant in case of sequences 
(L n ) for which the strong limit 

T(t) := lim L[f 1 

n — >oo 

exists for all t > 0. In such a case (T(t)) t >o is a Co-semigroup of operators and 
the above results can be used in order to study its asymptotic behaviour from a 
quantitative point of view. Details can be found in [3j. 

5 Examples involving differences of positive lin- 
ear operators 

In the preceding section the main tool was Corollary 3.4 which makes use of 
the invariant measure. Now we present applications of Corollary 3.2. 

Let again L : C[0, 1] — > C[0, 1] be a positive linear operator with Leo = eo- 
Suppose that L(Lip[Q, 1]) c Lip[0, 1] and there exists cl > such that \Lg\ Li < 
Cl Islijp, for all g € Lip[0, 1]. Let A : C[0, 1] — ► C[0, 1] be a positive linear 
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operator with Ae^ = eo- For each x e [0, 1] consider the measure A^ € M-j^O, 1] 
defined by 

f f(t)d\ x (t) = Af(x), /gC[0,1]. 
Jo 

Then we have 

Lf(t)dX x (t) = A(Lf)(x) = (AoL)f(x), f G C[0, 1]. 
o 

Now Corollary 3.2 implies 

Proposition 5.1. With the above notation we have 

\(AoL)f(x)-Lf(x)\<w(f,c L A(\t-x\,x)) 

<w(f,c L (A((t-xf,x)f*), 

for all f G C[0,1] andie [0,1]. 

Example 5.2 

Let L = B„, where (see [14], [2] and the references therein) 

/(0) , if x = 0, 

,/(>):= <(/(l) , ifx = l, 

j^— i ( i- t )"(i->-i/(t)«ft ifn <r T <i 

B(ra,n(l-i)) , 11 U ^ X ^ l, 

for all / G C[0, 1], x G [0, 1]. Then B„e = e . 

In [2] it was proved using probabilistic methods that B„/ is increasing when- 
ever / is increasing. 

Remark 5.2. This shape-preserving property can be proved, as in ([6], Ex. 3.1), 
using analytical tools involving total positivity, not only for B„ but also for the 
Beta operators B 1 ^ which will be described in Example 5.4- 

Let g G Lip [0,1]. Then Iffl^eo ± g are increasing functions, so that 

IS , I.Lii> e o ^ E5n3 are a ls° increasing. It follows that B n g L . < |<7| iip , and so 

c® n = L 

Take A = B n , the classical Bernstein operator. Then AoL — U n , the genuine 

Bcrnstcin-Durrmeyer operator (see, e.g., [8]). From Proposition 5.1 we get 
\U n f( X )-B n f(x)\<z(f,( x{1 ~ x) 



10 
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Example 5.3 

Let L = B n and A = B„. Then A o L = 5 n is a Stancu-type operator 
investigated in [14]. We infer that 

\S n f(x)-B n f(x)\<w(f,(^^ 

Example 5.4 

For a, (3 > -1, let B?/ 3 : C[0, 1] -► C[0, 1] be defined by 

B^f(x) ■-( f t nx+a (l - t) n{1 - x ^ +ti f{t)dt\ /(f t nx+a (l - t) n{1 - x)+0 dt\ 

As in Example 5.2 (see also Remark 5.2), it can be proved that the correspond- 
ing parameter c B «, P is n+a l p+2 - 

If we take L = B%>P and A = B n , then Ao L = M%- (i , the Bcrnstcin- 
Durrmeyer operator with Jacobi weights discussed in Example 4.3. From Propo- 
sition 5.1 we obtain 

\M^f(x) - B^f(x)\ < Z U I ( X S^A\ ") . 

1 ' I n + a + p + 2 \ n J I 

In particular, we can see what happens when a — > oo and/or [3 —* oo. 

Example 5.5 

Let L — B n+ \ and A — B n . Then A o L = D n , an operator which was 
investigated in [8]. In this case we have 

\D n f(x) - B n+1 f(x)\ < u U (^-^ 

Remark 5.3. Other kind of results concerning differences of positive linear 
operators can be found in [8], [9], [10], [12] and the references therein. 
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COMPACT DIFFERENCES OF WEIGHTED 
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Abstract. In this paper, the compactness of differences of two 
weighted composition operators on the space of bounded analytic 
functions on the open unit ball in the uniform operator topology 
is characterized. A sufficient condition when two weighted compo- 
sition operators lie in the same component of the space of nonzero 
weighted composition operators on H°°(B^), which is denoted by 
Cu(H°° {B n)) , is established as well. 



1. Introduction 

Let n be a domain in C^ and H(Q) a space of analytic functions 
on Q. Let <f>(z) = ((f>i(z), ■ ■ ■ , 4> n { z )) be an analytic self-map of Q and 
u G H(Q). The composition operator C^ induced by is defined by 

(<V)(*) = /(#*)); 

the multiplication operator induced by u is defined by 

M u f(z) = u(z)f(z); 

and the weighted composition operator uC^ induced by and u is 
defined by 

(uC^f)(z)=u(z)f( ( f>(z)) 

for z G ft and / G H(Q). If let u = 1, then uC^ = C^\ if let 
be an identity mapping, then uC^ = M u . So we can regard weighted 
composition operator as a generalization of a multiplication operator 
and a composition operator. These operators are linear. By H°°(Q) 
denote the Banach space of bounded analytic functions on Q. 
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2 C.Z.TONG 

When X is a Banach space of analytic functions, we write C(X) 
for the space of composition operators on X under the operator norm 
topology. The investigation of the topological structure of C(H 2 ) was 
initiated by Berkson [3] in 1981, who focused attention on topological 
structure with his isolation results on composition operators acting 
on the Hardy space. Readers interested in this topic can refer to the 
following papers: [1, 4, 6, 9, 10, 11, 12, 13, 15, 18, 19, 20, 21, 25, 26, 27]. 

Building on these results, this paper answers the question of compact 
difference for two weighted composition operators acting on H°°(Bn), 
and gives a sufficient condition when two weighted composition op- 
erators lie in the same component of the space of nonzero weighted 
composition operators on H°°(Bn). 

2. Some preliminary lemmas and definitions 

Recall that H°°(Bn) be the set of all bounded analytic functions on 
the open unit ball Bm of C^. Then H°°(Bn) is the Banach algebra 
with the supremum norm 

Wf\\oo:=8up{\f(z)\:zeC N }. 

We denote by B(H°°(B N )) the closed unit ball of H°°(B N ). For z,w e 
Bn, we denote by $ a the involution which interchanges the origin and 
point a. The pseudohyperbolic distance between z and w is given by 

P(z,w):=8Uj>{\f(z)\:\\f\\ oo = lJ(w) = 0}. 

The induced distance between z and w is defined as 
rfoo(z,w):= sup \f(z)-f(w)\. 

11/11=0=1 

It was shown that in [2] 

2-2y/l-l3{z,w) 2 



(2.1) doo (z,w) ^ w) 

Put 7 (t) = ^^^ ,0 < t < 1, then d^z.w) = -f{(3{z,w)). It is 
easy to check that 7 is an increasing function on [0, 1] and < 7 < 2. 
We state a lemma which was given in [26] . 

Lemma 2.1. For any z in B^, we have 

(a) (3(z,w) = \& z (w)\ for any w G B N ; 

(b) {w:f3(z,w)<\} = <S> z (\B N ). 

Let S(Bn) denote the set of holomorphic maps from B^ to B^, and 
C(H°°(B N )) the space of composition operators on H°°(B N ). Let uC^ 
be a weighted composition operator on H°°(B N ). Put T t = tuC^ for 
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< t < 1. Then we can easily obtain that uC<f> and are in the same 
path component. So it is enough for us to consider only the space of 
nonzero weighted composition operators on H°°(Bn), which is denoted 
by C U (H°°(B N )). 

There are several useful lemmas which are used to get the main 
results of this paper. The following Lemma is important, which was 
presented by Berndtsson in [5]. 

Lemma 2.2. Let {x{\ be a sequence in the ball Bn satisfying 

(2.2) Yl \$ Xj (x k )\ >d>0 for any k. 

Then there exists a number M = M(d) < oo and a sequence of func- 
tions h k G H°°(B N ) such that 

(2.3) (o) h k {xj)=8 hj \ (b) J2\ h k( z )\< M for \z\ < 1. 

k 

(The symbol 5 k j is equal to 1 if k = j and otherwise.) 

Next two lemmas were proved by Carl Toews in [26]. 

Lemma 2.3. Let {z n } C B^ be a sequence with \z n \ — > 1 as n — > oo. 
Then for any given d G (0, 1) there is a subsequence such that {xi} : = 
{z ni \ satisfies (2.2). 

From this lemma, we can find that there is a subsequence which 
satisfying (2.2) for every sequence converging to the boundary of the 
ball, and Lemma 2.2 holds for this subsequence. 

Lemma 2.4. Let {h k } be a sequence of H°°(Bn) functions such that 
Yl \hk(z)\ < M < oo for all z G B^. Then h k — > weakly. 

k 

Let T be a bounded linear operator on a Banach space. Recall that T 
is said to be compact if T maps every bounded set into relatively com- 
pact one, and that T is said to be completely continuous if T maps every 
weakly convergent sequence into a norm convergent one. In general, 
every compact operators is completely continuous, but the converse is 
not always true. 

Lemma 2.5. (Proposition 3.11 of [8]) Let (f), ip G S(Bn), and u,v G 
H°°{B N ), then uCfi—vC^ is compact on H°°(B N ) if and only ij \\(uC '$— 
vC^fnWoo — > for every bounded sequence {/„} in H°°(B n ) such that 
f n — > uniformly on every compact subset of B N . 
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Let H(Bn, C n ) be the collection of all the holomorphic maps from 
Bn to C^, and H°°(Bn,C n ) the subspace defined by 

H~>(B N ,C N ) := {F=(f u ...J N ) : /,■ G H°°(B N ),j = 1,...,N}. 

It is clear that H°°(B N ,C N ) equipped with 

N 
\\F\\h°°(B n ,C n ) = ||(/l, ---, /jv)|| J H'«'( J B J v J C JV ) := 2_^ SUP \fl( Z )\ 

j=l ZGBn 

as its norm becomes a Banach space. 

Now, if F(z) = (fi(z),...,f N (z)) G H°°(B N ,C N ),u(z) G H°°(B N ) 
and G S(B N ), we define u ■ F :— (uf±, ...,-u/jv), and uC${F) : = 
(u/i o 0, ..., u/jv o 0). Thus every weighted composition operator acting 
on H°°(B N ,C N ) is bounded. 

3. Compact differences of two weighted composition 

operators 

In this section, we shall state a necessary and sufficient condition for 
the difference of two weighted composition operators to be compact on 
H°°(Bn), and give its proof in detail. 

Theorem 3.1. LetuC^^vC^ G Cu{H°° (B jv)) , thenuC^ — vCip is com- 
pact on H°°(Bn) if and only if the following three conditions hold: 
(a) If {z n } C B N , \(f>(z n )\ ->■ 1 and liminf fi((f>(z n ), i>{z n )) > 0, then 

u(z n ) ->■ 0; 

(6) //{z n } C -Bat, 1^(^)1 -> 1 and liminf f3(<j)(z n ),i(j(z n )) > 0, then 

n— >oo 

i>(2„) ->■ 0; 

(c) //{z n } C B N ,\(f)(z n )\ -> 1, 1^(^)1 ->■ 1, thenu{z n ) - v(z n ) ->■ 0. 

Proof. The proof of the necessity. Suppose wC^, — vC^, is compact on 
H°°(B N ). Let {^ n } C .Btv with |0(z n )| -> 1, and 

(3.1) liminf/?(0(z n ),^„))=<7>O. 



To prove (a). Suppose not, then we may assume that lim sup |w(z n ) | = 

5o > 0. So we can assume that there exists a 5 G (0, 5o] and a subse- 
quence {z n A C {-2 n } such that lim |w(z n .)| = 5. To simplify the sign, 

we now write the subsequence {z n } for {-2 nj }- So 

(3.2) lim \u(z n )\ =5>0. 

n— >oo 

Then we conclude from Lemma 2.3 that there is a subsequence of 
<f>(z n ) such that for a given d G (0,1), {xj} := {(f)(z nj )} satisfies 
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[ f |$ Xj (Xfc)| > d > for all fixed k. So by Lemma 2.2, there exists 

a number M = M(d) < oo and a sequence of functions /& G H°°(Bn) 
such that 

oc 

(3.3) (i) f k {4>{z nj )) = S kj ; (ii) ^2\f k ((j>(z))\<M for \z\ < 1. 

fc=i 

It follows from Lemma 2.4 that / n — )■ weakly in H 00 {Bm)- 
Set &,(*) = $^ n) (z)/ n (z), then n (*) e H°°(B N X N ), and 



lffn(*)| 



TV 
^ i=l 

where <?Jj(z) denote the i t/l coordinate component of g n (z). So 

£i<£(*)i<£i/»(*)i<m. 

n n 

By Lemma 2.4, it follows that g l n — Y weakly in H°°(Bn) for every 
1 <i < N. Because iiC^—vC^ is compact operator acting on H°°(Bn), 
it takes every weakly convergent sequence into a norm convergent one, 
and then 

N 

(3.4) MuCtj, - vC^)g n \\ H ~ {BNtC N) = E II ( uC * ~ vC ^)9n\\oo -> 0. 
On the other hand, 

IKuC^-vC^^HhooCB^.C^) > |M(^n)fi f n(0(^n)) ~ ^(^n)fi'n(V ; (^n)) | 
= |«(«n)||^V(an)(^(^))ll/n(^(^))l = \u(z n )\/3((j)(z n ) : 1p(z n )). 

By (3.1) and (3.2), lim ||(wC^ - vC^)^ n || H oo (B cN) > 5a > 0. This 

n— »oo 

contradicts (3.4). 

The proof of (b) is the same as that of (a). 

Next, let {z n } C -Bat with |0(-2„)| — > 1, I^C 2 ™)! -)■ 1 as n -^ oo. To 
prove (c), similarly as the analysis in the proof of (a), we may assume 
that 

(3.5) u(z n ) - v(z n ) -» a ^ 0. 
If 

(3.6) /3(0(^),^(^„))^O, 

by Lemma 2.4, we may also find a sequence of function {/&} for {(j)(z n )} 
with the properties (3.3). From Lemma 2.5, the compactness of uC^ — 
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vC,/, implies ||(wC^ — vC^)fk\\oo — > 0. Hence 

(3.7) u(z n )f n {(f>{z n )) -v(z n )f n (tp(z n )) -» as n ->■ oo. 

On the other hand, by (2.1), (3.3) and (3.6), 



" / " <<K*n)) - nh-WM) 



< 7 (/3(0(^),^(^n))), 



1 1 in 1 1 oo 1 1 J n 

so there is a M > such that 

|/n(0(*n)) - fn(lp(Zn))\ < M 7 (/3(0(z n ), ^(z„))) -► 0. 

Note that f n ((f>(z n )) = 1, it follows that f n (ip{.Zn)) — > 1 as n — > oo. 
Then by (3.7), we have 

\u(z n ) -v(z n )\ 

= \u{z n )f n ((j)(z n )) - V{z n )f n (lp{z n )) + v(z n )(f n (lp(z n )) - 1)| 

< \u{z n )f n (4>(z n )) - V(z n )f n (lp{z n ))\ + \v(z n )\f n (lp(z n )) - l| ->■ 0. 

It contradicts (3.5). 

Now we should discuss the situation when 

limsup/3(0(2; n ),^(z n )) = r] > 0. 

If there is an arbitrary r\ G (0, 770] such that hml3((f)(z nj ),if)(z nj )) = rj 
for any arbitrary subsequence of {z nj } C {z n }, then by (a) and (6), it 
follows that u(z nj ) -> 0,v(z nj ) -> 0, so w(^) - 1> (z^.) ->■ 0. 
If not, then there is subsequence {z n } of {z„} such that 

/3(0(^.),V(^))^O. 

This case is already discussed above, so u(z n .) — v(z n .) — > 0, and it also 
contradicts (3.5). The necessity is proved. 

The proof of the sufficiency. 

Let {fn\ be an arbitrary sequence of H°°(B N ) such that ||/ n ||oo < 1 
and f n — > uniformly on every compact subset of B^. By Lemma 2.5, 
it is enough to prove \\uf n o <fi — vf n o ip\\oo — > 0. Suppose not, we may 
assume that for some e > 0, \\uf n o(f) — vf n oip\\oo > £ for every n. Then 
there exists a sequence {z n } n C -Bat such that 

(3.8) \u{z n )f n ((f>(z n )) - v(z n )f n (ip(z n ))\ > e 

for any n. From which we claim that max {\<f)(z n )\, \ip(z n )\} — > 1 as 
n — >■ 00. In fact, if not, then we may assume that 0(z n ) — ¥ £i,i/)(z n ) — >■ 
£2, where both ^ and £2 are inner point of B^. Since f n — > on every 
compact subset of B N , we have f n ((f)(z n )) — >■ 0, f n (ip(z n )) — >■ 0. This 
contradicts (3.8). 
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So we may assume that |0(-z n )| — > 1 and ip(z n ) — V ojq for some Co>o 
such that | Wo | < 1- Moreover we assume 

(3.9) P((f)(z n ),ijj(z n )) ->■ r as n ->• oo. 

Suppose r > 0. When |wo| = 1, we conclude from (a) and (b) that 
u(z n ) — > 0,v(z n ) — > 0, which contradicts (3.8). When \u \ < 1, since 
f n — > uniformly on every compact subset of B N , (f n o tp)(z n ) — >■ 0. 
Note that tx(;z n ) — >• as the consequence of (a), these also contradict 
(3.8). Hence we have r = 0. 

Then by (3.9), we have |?/>(;i: n )| — ¥ 1, and by (2.1) it follows that 

\f n {<t>{z n )) - f n {^{z n ))\ < 7 (/3(0(^),^„))) -)- 0. 

This shows that f n (<f>(zn)) ~ fnijPi.Zn)) —$■ 0. By (c), we also have 
«(z„) - v(z n ) ->■ 0. So u(z n )/ n (0(2: n )) - w(^„)/„(V ; (^n)) -> 0, it also 
contradicts (3.8). This completes the proof of the theorem. □ 

4. Path connected subset in C u1 (H co (B n )) 

For uC^jvC^, G C u (H°°(Bn)), we write wC^ ~ vC^ if uC^ and vC^ 
are in the some path component of C L0 (H <X '(B^)). 

The following theorem gives a sufficient condition when two weighted 
composition operators lies in the same component of C u (H°°(Bn)). 
The similar sufficient and necessary condition of composition operator 
without weights appears in [26] ( that is, Theorem 1 in section 3, [26]). 

Theorem 4.1. Let(f) andip be analytic self maps of B^ with dp ((f), ip) < 
1, and nonzero functions u(z),v(z) G H OD (B^), then uC^ ~ vC^. 

We postpone the proof until we have established a number rather 
technical lemmas. 

Lemma 4.2. Let nonzero functions u, v G H°°(Bn), and <fi G S(Bn). 
Then uC^ ~ vC^. 

Proof. For every t, < t < 1, put T t = (tu + (1 — t)v)C^. Then T = 
vCff,, Ti = wC^, T 4 7^ 0, and ||T t — T t >\\ < \t — t'\\\C^\\ ||w — f ||oo- Hence 
the mapping t !->■ T t G C u1 (H co (Bn)), < £ < 1, is continuous. D 

Let 0, ?/> G S(B N ), and dp((f>,i/)) :— sup p(<f>(z),if)(z)). This defines 

a [0, l]-valued metric on S(Bn). Denote the ensuing topological space 
by S(BN,dp). The next lemma, whose composition operator without 
weights appears in [26] , shows that there is certain connection between 
S(B N ) and C(H°°(B N )). And that may be useful for us to find a path 
connected subset in C ul (H co (B N )). 
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Lemma 4.3. Let 0, ip : B^ — > B^ and nonzero u(z) G H°°(Bn)- Then 



2-2^1-^(0,^) 
Proo/. 



||^-^||< ^-^ HulU. 



WuC^-uC^W = sup sup |m(^)/(0(2;)) - u(z) f (ijj(z))\ 
||/||oo=izeSjv 

< Hwlloo SUp SUP \f{4>{z)) -f(lp(z)) I 

||/||oo=i zeBjv 

= Hulloo SUp SUp |/(0(«))-/(^(«))| 

zefijv 11/1100=1 

= Hwlloo sup d 0O ((f)(z),ip(z)) 

zeB N 



2-2yJl-P(<j>(*)M*)f 



lyjl-dpifrl/j) 



2 

-llwl 



dpi&i/j) 

D 

The former lemma follows from the observation that the function 

f(x) : = 

x 

maps (0, 1] continuously onto (0, 2] and increases monotonically in x. 
Now we begin by introducing some abusive but convenient notation. 
Given two points z and w in Bn define 

(4.1) z t := (l-t)z + tw. 

Analogously, given two self maps of the ball and ip, we define 

(4.2) <JH(z):=(l-t)<l>(z)+trl>(z). 

Note that zq — z,z± — w, and zt lies on the straight line connecting z 
and w; in particular, any convex set that contains z and w also contains 

Zf 

Next lemma was proved by Carl Toews in [26]: 

Lemma 4.4. Let and ip be analytic self maps of B^ satisfying 
dp(4>,ijj) < X < 1, and let <p t be as in (4.2). Then, for t G [0,1] 
and e such that t + e G [0,1], we have 

lim dp((j)t, (j>t+e) = 0. 

| £ |-X) 
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Now using the previous lemmas, we turn our attention back to the 
proof of Theorem 4.1. 

Proof. Given <fi and ip in S(B^) with d^((j),i(j) < 1, define <p t as in 
(4.2). It follows from Lemma 4.4 that the map t i— >■ <f> t is a continuous 
path from to -^ in S(B^, dp) and from Lemma 4.3 that the map 
t i— ?■ uC^ t is continuous from uC^ to uC^ in C lv (H 00 (B N )). And by 
Lemma 4.2 we know nC^ and vCf are in the same path component in 
C U {H°°(B N )). D 

It follows from Lemma 2 in [26] that d^tp^ip) < 1 if and only if 
||C<£ ~ C^ll < 2, so we have an equivalent condition. 

Theorem 4.5. Lei and ip be analytic self maps of B^ with ||C^ — 
C^H < 2 ; and nonzero functions u(z),v(z) G H°°(Bn), then uC^ ~ 
nC^,. 

Remark. Carl Toews [26] gave a sufficient and necessary condition 
when two composition operator without weights lie in the same com- 
ponent. But it is somewhat different from the main theorem of this 
section, because equation in Lemma 4.3 is not equal and the method 
of [26] may be invalid. 
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RIEMANN-STIELTJES OPERATOR BETWEEN ITERATED 
LOGARITHMIC BLOCH SPACE AND MIXED-NORM SPACE ON 

THE UNIT BALL 

YU-XIA LIANG AND DAI-JUN TIAN* 



Abstract. In this paper, we discuss the boundedness and compactness of 
Riemann-Sticltjcs operator between iterated logarithmic Bloch space and mixed- 
norm space on the unit ball of C n . 



1. Introduction 

Let B be the unit ball of the complex space C", and S = <9B the boundary 
of the unit ball. Denote by H(M) the class of all holomorphic functions on B 
and S(M) the collection of all the holpmorphic self mappings of B. dv(z) is the 
normalized Lebesgue volume measure on B and da(() is the normalized surface 
measure on S. Let z = (zi, ...,z n ) and w = (u>i, ...,w„) be the points in C™ and 
(*. w ) = E*=i z ^k- For / G H(M), let 

*/(*) = X>J£(*) 

be the radial derivative of /. 

Denote N = {1, 2, • • • , n, ■ ■ ■ }, for a fixed k G N, / G H(B)) is said to belong to 
the weighted-type space, denoted by Hi ogk = Hi ogk (R) (see, e.g. [22]), if 

(^ [k] \ 

JJln^-l— ]\f(z)\ <oo, (1) 

J= i l -\ z \ I 

where &■ 1 is defined inductively by e^ 1 ' = e, e*- k ' = e e and In"' z — In • • • In z. It 

jtimes 
is easy to show that Hi ogk is a Banach space with the norm ||.||h 1o ■ 

We recall that the a-Bloch space B a (a > 0), consists of all f £ H (B) such that 

6 Q (/)=sup(l-|z| 2 ) tt |3?/(z)|<^. 

The expression b a (f) defines a semi-norm while the natural norm is given by 
H/llga = |/(0)| + b a (f). This norm makes B a into a Banach space. When a = 1, 
B 1 = B is the classical Bloch space. 
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The logarithmic Bloch space B\ og — Bi og (M) consists of all / e H(M) such that 
(see, e.g. [14]) 

||/|| tl09 - sup(l - |z| 2 )(ln r ^)|R/(z)| < oo. 

z£B 1 - \Z\ 

With the norm ||/||b !o = |/(0)| + ||/||t !o it becomes a Banach space. 

Let k € N, the iterated logarithmic Bloch space Bi orjk — Bi ogk (M), consists of all 
/ e H(M) such that 

(k [fel \ 

l[lnW-\- \\Xf(z)\ <oo, 

where &- k > is defined inductively by eW = e, &■ ' — e e and In"' z = In ... In z. 

jtimes 

The norm in Bi ogk is given by 

\\f\\B lO9h =\f(0)\ + \\fh, e9k - (2) 

Then the iterated logarithmic Bloch space Bi ogk is a Banach space with the norm 
given above. 

When k = 1, it is the logarithmic Bloch space Bi ogi — Bi og . For the case of the 
unit disk, the logarithmic Bloch space has appeared for the first time in charac- 
terizing the multipliers of the Bloch space [9]. For the case of the unit ball, see 
Theorem 3.21 in [35]. 

The little iterated logarithmic Bloch space Bi ogkt o = Bi ogk ,o(M), consists of all 
/ € Bi ogk such that 

(k [fel \ 

]Jln^ I ^ w \m(z)\=0. 

Moreover, the set of all polynomials is dense in Bi ogk .a and is the closed subspace 
of the iterated logarithmic Bloch space. See [16, 22]) for more information of the 
iterated logarithmic Bloch space on B. 

A positive continuous function <j> on [0,1) is called normal [32], if there exist 
three positive constants < 5 < 1, and < a < b < oo, such that for re [8, 1) 

(T^ i0 ' (T^ To ° (3) 

as r — > 1. In the rest of this paper we always assume that cf> is normal on [0, 1). 

From now on if we say that a function </> : B — > [0, oo) is normal, we will also 
assume that it is radial on B, that is, <f>{z) = <l>(\z\), z£l. 

For < p, q < oo and <f> is normal, the mixed-norm space H(p, q, <p) = H(p, q, 
consists of all functions / e H(M) such that (see, e.g. [15, 29]) 

H/lk M ,0) = ([ M *U^T^i dr ) < °°' 

where 

1/9 

M g (/,r)=^|/(rONa(C)' 
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For p = q, a > — 1 and <p(r) = (1 — r 2 )' Q+1 ^' p , the mixed-norm space is equivalent 
with the weighted Bergman space A^(B) = A p a . 

As we all know, the Riemann-Sticltjes operator was introduced by Li and Stevic, 
for he H(M), then 

f 1 dt 

L h f(z)= $tf(tz)h(tz)-, f£H(B),z£M. (4) 

Jo * 

and studied, for example, in [1, 2, 3, 17, 18, 19, 20, 21, 30]. 

In this paper, we will characterize the boundedncss and compactness of Riemann- 
Sticltjes operator between iterated logarithmic Bloch space and mixed-norm space 
on the unit ball of C™ . 

Throughout the remainder of this paper, C will denote a positive constant, the 
exact value of which will vary from one appearance to the next. The notation 
AxB means that there is a positive constant C such that B/C < A < CB. 

2. Auxiliary results 

Now let us introduce several auxiliary results, which are used in the proofs of 
the main results. 

Lemma 1. For every f, h <G H(B) and ip £ 5(B). Then 

^\L h f]{z) = ^f{z)h{z) 

Proof. The proof of this Lemma follows by standard arguments (see [17, 18, 20]). 

□ 

The following consequence of lemma appears in ([22]). 

Lemma 2. There exists N = N(n) and functions /i, ..., /jv £ Hi ogk (B) such that 

C 



E !/"(*)! ^ 7, 1-mTTfc UJ] e l^' ^ 



(i-N 2 )n; =1 in ui r^ 

for some positive constant C > 0. 

Remark: For m = 1, • • • ,N, and f m as above, let 

1 dt 



F m {z)= / (f m (zt)-f m (0))-, m = l,...,N. (5) 



o t 



It is clear that $tF m (z) = f m {z) — / m (0) and by Lemma2, $tF m (z) £ Hi ogk (M) since 
f m £H logk {M). That is 



sup(l — \z\ A 


! )(n inW 


[k] 

j4|^)i« F i(*)i<« 


Therefore F m £ Bi ogk (B) and 






J2 \MF m {z) + /„ 

m— 1 


.wu (1 . 


c 



zeB (6) 

u-i«nii;=i^ j iq^ 

for some positive constant C > 0. 
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Lemma 3. [15, 29] Assume that < p, q < oo, <f> is normal and meN. Then the 
following asymptotic relationship holds 

<h p (r) f 1 6 p (r) 

1 -r 



f M?(f,r)^dr x |/(0)|"+ / M^(r/,r)(l-r)^— ,/V 



Lemma 4. Assume that < p,q > —l,k E N,<p is normal and h € i?(B). Lei 
X, y &e one o/ i/ie following spaces Bi ogk , if (p, g, 0). TTien i/ie operator Lh : X — > 1" 
is compact if and only if L^ : X —f Y is bounded and for every bounded sequence 
{fk}keN in X which converges to zero uniformly on compact subsets o/B ask —* oo, 
we have ||L/,/fc||y — ► as k — > oo. 

Proof. This Lemma can be proved in a standard way (see, e.g. the proofs of the 
corresponding lemmas in [18]), hence we omit its proof. □ 

Lemma 5. Assume that < p, q < oo, and <f> is normal. Then there is a positive 
constant C independent of f such that 

\f\\H( P ,q,<j>) 

0(N)(i-N 2 )«- 

for any f e H(p,q,<f>). 

Proof. By Lemma 3, (3) and using the Theorem 7.2.5 in [24] we get that 

3+1*1 

> C / Mg(jft/,r) -^- \ rfr 



\*tm\<c „, !::t;. + i . ^ 



> CM*(R/,|*|) / ,/l,U dr 



^P(r) 

i+M (l-r) 1 -?' 



So 



= CMSm\z\)j^^J 1 _^(l-r)'^- 1 dr 

> C\%tf{z)\ p {l - \z\ 2 ) np /y p (z)(l - \z\) p 

> C\ikf(z)\P<t>P(z)(\-\z\ 2 )P +n P /q . 



II fllw 

\fRf(z)\ < C ! " " 



+1 



z)(l-|z|2)™/9 



The next lemma was obtained in [25]. 
Lemma 6. If a > 0,6 > 0, then the elementary inequality holds, 
(a + b)P<( aP + bP > 0<p<l; 

It is obvious that Lemma 5 holds for the sum of finite number k , that is 
{ ai + ... + a k )P<C(a p + ... + a p k ). 
Where a 1; • • • , aj. >, C is a positive constant. 



□ 
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Lemma 7. A closed set E in Bi ogkt o is compact if and only if it is bounded and 



lim sup(l - \z\ 2 ) n inb1 ^m W^ = ° 
khi/e£ I - L - L 1 - \z\ z I 



Proof. The proof of this lemma follows the same idea as the proof of Lemma 1 in 
[23] with minor modifications, we omit the detail. □ 



3. The boundedness and compactness of the operator 
Lh ■ B iogk -> H(p, q, (ft) 

Theorem 1. Assume that < p, q < oo, k G N and suppose that (ft is normal and 
h € H(M). Then Lh ■ Bi ogk — > H(p, q, (ft) is bounded if and only if 

M := f 1 ( [ «) )^'/W dr < 00 . (7) 

Proof. First, we suppose that (7) holds. For any / £ Bi ogk , note that \Lhf(0)\ = 0, 
then using Lemma 1 and Lemma 3, it follows that 

IIWII^,,,,) ^ f M*(L h f,r)p±dr 



o 



r 



q M^(JR(L,/),r) (1 f^_ p dr 

^ (jf |»/(rC)ft(rC)|«&r(C)) (1 _y_ P dr 



1 ( / \"-V'\) 



r , , , |MOI 9 <MC) \p/« cft p (r) 



(i-Ki 2 ) 9 nLin^M 



'i=i i-|r-ci ; 
IB, 



T fW drllfll" 

9 J ( 1 _ r )i- P dr ll./lle ;o9 



CM||/||S , < oo. (8) 



From which we know that Lh : Bi ogk — ► H(p, q, (ft) is bounded. 

For the converse direction, we suppose that Lh : Bi ogk — ► H {p, q, (ft) is bounded. 
Let /i, ..., /at € Hi ogk (R) be the functions which satisfy Lemma 2, then F TO satisfy 
(5) and (6). By Lemma 1 and Lemma 3 we get 

\\LhF m \\ p H(jltq>4>) = I M^L h F m ,r)f^dr 

\sR Fm (r()h(r()\«do-(C)) P " P^dr 

\f m (rO - f m (0)\ q \h(rO\ q da(oY q P^dr 
o K JS / i — r 

> f a (j s \UrQV\h{rC)Vda{0f^-dr 



I (yj^wi'i^oi 9 ^^))'^^- ( Q ) 
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Setting the test functions />(-?) = z™ for fixed I € {1, • • • , n}. It is easy to check 
that \\f{ m) \\ Blogk < C, and R// m) = «,. Thus we have 



IW/" !!^) - f M>iL h flr\r)£Qdr 



p/i(ft p (r) 



( / K«P«|MrO|*<MC)) P^dr<oo. 
/o Ws / 1-r 

By the above inequality we obtain that 



i ( / ioriMOi 9 <Mo) f 



s ' " ' 
1 



< 2"W ( / \rQr q \HrO\ q da(0) P "^dr < oo. (10) 



On the other hand, it is obvious that 



f (J U mq \h{rQ)\H<j{0) P ' q ^ r dr < oo. (11) 

Combing (10) and (11), it follows that 

f (J \Ci\ mq \KrQ)\ q dcj{C > )) P/q ^ r dr < oo (12) 

Thus using Lemma 6 we obtain 

\p/i d p (r) 
\Cr\h(rC)\"da(0) f^dr 
/ 1 — r 



N JS 



^ C T ( / (J2\Cn\h(rC)\ q da(C)Y /9 ^ldr < oo. 

That is 

,p/?(/) p (r) 



I ( / |ft(r0|*da(C)) ™dr<oo. (13) 

Then from (9) we get 



( / q l/m«)HM<>l 9 eMC)) P "y^^ < oo. (14) 

it follows that 
|/i(rC)| 9 (MC) \p/« </> p (r) 



/o vs 
By Lemma 2 and Lemma 6, it follows that 

/ / m [ ft 1 1 ' *,w i \ /'/ ■/ i )- i r 

- qt 






The desired result (7) follows. The proof of this theorem is completed. □ 

Theorem 2. Assume that < p, q < oo, k G N and suppose that (ft is normal and 
h G id(B). TTien L/j : £>i ogfc — ► H(p, q, (ft) is compact if and only if (7) holds. 
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Proof. Assume that Lh : Biog k — * H{p, q, </>) is compact, it follows that Lh : Biog k — > 
H(p, q, </>) is bounded. By Theorem 1 we obtain that (7) holds. 

Conversely, suppose that (7) holds, then by Theorem 1, it follows that Lh : 
$iog k —> H(p, q, </>) is bounded. From the proof of Theorem 1 we know that 

,p/<?</> p (r) 
/o V ^S 
Moreover from (7) we know for any e > 0, there is < S < 1 such that 

" ! '• \h(rC)\ q dcr(C) \<i\ p/q <^( r ) 



M x := / ( / \h(rC)\ q da(C)) j^dr < oo. 



* ^Js(l- r ^[uU lnb] T^ (1_r)1 



-dr < e. (15) 



Assume {fk}keN is a bounded sequence in Bi ogk converging to zero uniformly 

on compact subsets of B as k — > oo. Denote sup ||/fc||g IO < L. 

keN ° 9k 

Then by previous calculation we get 

HWfcll^) = f MV{L h fk,r)p^dr 



o 



r 



where 



and 



* (J \m(r0Kr0\"da(0j * (1 f^_ P dr 
h+h, (16) 



6 / r \ p/i 



/,:= / ( / |1?A(rO//(>0|"'WO) (1 ^)i-p dr 



/2 := jf (/s i^^o^oi 9 ^^))" " (1 f^Lp dr - 

Let X = {u> e B, | io | < <5}, it is a compact subset of B. Then by Cauchy 
inequality we have \$tfk(w)\ -^0,fc^ooon the compact subsets of B. Hence 

h < sup m k (w)\ f ( ( \h(r0\ q da(0X " ,/^ dr 



weK Jo \Js J (1 -r) 1 p 

< My sup \nf k (w)\ -^0,/c^oo. (17) 

On the other hand, by Lemma 3, (9), (10) and sup ||/fe||e;og fc < L we obtain 

keN 

Thus from (16-18), we get 

lim \\L h fk\\H( P .q.4>) =°- 

By Lemma 4, it follows that Lh : Bi ogk — ► -ff (p, g, </>) is compact. The proof of this 
theorem is completed. □ 
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4. The boundedness of the operator L h : H(p,q,4>) — > Bi ogk (or £>i ogfc ,o) 

Theorem 3. Assume that < p, g < oo,fce JV and suppose that <f> is normal and 
h £ H(M). Then Lh : H{p, q, <f>) — ► £>; 09fc *s bounded if and only if 

M 3 := sup ( TT ln^ -^L ) - J^ 1 ,., , < oo. (19) 

z6B\/=i !-N 2 y ^(«)(i-N 2 ) n/ « 

Proof. Suppose that (19) holds. Then for every / G H(p, q, cf>), by Lemma 1, Lemma 
5 and L/>/(0) = 0, we have 

(k [fel \ 

Y[ln^-\^]mL h f)(z)\ 



sup(l - |z| 2 ) I nin b1 j^ I W(*)h(z)\ 



\"i 1_ M 



< Csup(l-|z| 2 )frfln bl - 



e [k] \ \h(z)\\\f\\H( P ^) 



v — x-|^;^)(l-|«|2)n/,+l 

< GM 3 ||/|| ff(Pi( , i0) < oo. 

Thus we get L^ : iJ (p, q, <ft) — ► .B(og fe is bounded. 

Conversely, we assume that L^ : iJ (p, q, 0) — ► Bi ogk is bounded. Then using the 
function 

(1- \w\ 2 ) f3 

where w € B and /3 > 6, 6 is the element in (3). By [15] we have sup \\f w \\H(p,q.4>) < 
C Moreover, 

„,,, , i , m (i-iHy<^> 

*/.(*) = (»/9 + ^)^ H(1 _ (z>w))B/ , +fl+1 - 



Thus we have 




oo > 


C1|£/i||ff(p„j,0)^£! ;o9fc > ||ih/it;||Bi 09fc 


= 


/ fc [fel \ 

sup(l - |z| 2 ) JJlnW -^ |R/„,(*W*)I 


> 


fn/o 1 3)(1 Irf^TTln^ ^ "l l h MIIH 2 




[n/q 1 £)(1 | W | J^llln 1 _ |w|2 J 0(w)(1 _ |w|2)n/9+1 




(n'al 3)(lW e[fcl ^ IMw)l|w|2 




(n/g 1 W^JJLln x _ |w|2 J ^ )(1 _ ^ 2)n/q . 


Consequently, 





sup ( TT In" ^) t, '^'H 7 < oo (20) 

^«V11 l-\z\2J6(z 1- z 2 W« y ' 



: VJ-JJ ,-|z| 2 ^(z)(l-|z| 2 )™/ 9 
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since w is an arbitrary element in B. 
Therefore from (20) we obtain 



lk] \ \h(z)\\z 



2 2 sup ( TTln b] T^) ^ nTL / < °°- ( 21 ) 



< 
On the other hand, it is obvious that 



s(n'" a i i)«Sw.<». <»> 



W<5 j=l 



Combing (21) and (22), the desired result (19) follows. The proof of this theorem 
is completed. □ 

Theorem 4. Assume that < p, q < oo, k G N and suppose that <fi is normal 
and h G H(M). Then Lh '■ H(p,q,(f>) — ► Bi ogk _o is bounded if and only if Lh : 
H{p, q, 4>) — ► Bio Bk is bounded and 

k rj,i 

lim(l-|z| 2 )(nin b1 T ^)lM^)l = 0. (23) 

|z|— »1 v 1 1 \Z\ / 



Proof Suppose Lh : H{p,q 1 <j)) — ► Bi ogkt o is bounded, it is obvious that Lh : 



H{p,q,4>) — ► ^/og fc is bounded. Taking the function / a (/Z) = %pr G H(p,q,< 



for fixed a G B. It is easy to show that 3?/ a (a) = 1, thus 

t' [fc] \ 

JJl n y] r -^j|R(L fc / )(a)| 

f' [fc] \ 

HmM^^ |M«)|-0, |a|-l. 

The desired result (23) follows. 

Conversely, assume that Lh : H(jp, q, 4>) — > S; ogfc is bounded and (23) holds. For 
every polynomial p, since sup |j3?p(z)|| < oo we have 



--ti- 



k M 



(l-I^IJ^inW-^jIKp^)^)! 

(k [k] \ 

n^i^pji^iiiRpiioo-^o, 

as \z\ — > 1. From which it follows that L^p G Bi ogk $. As we all know, the set of all 
polynomials is dense in H (p, q, cj>), we have that for every / G H{p 1 q, </>), there is a 
sequence of polynomials {p m )m£ n such that 

lim \\f - p m \\H(p,q,<l>) = 0- 
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From this and the boundedness of Lh : H{p, q, <f>) — ► Bi ogk is bounded, we obtain 
that 

\\Lhf - L h p m \\ Blogk < \\L h \\H(p,q,4>)^B logk \\f - Pm\\H(p,q,<j>) ~* 0, 

as m —> oo. Hence Lh(H(p,q,<j>)) C -B; 05fc .o, and the operator L/, : H(p,q,<p) — > 
&iog k ,o is bounded. This completes the proof of this theorem. D 



5. The compactness of the operator L ft : H(p,q,4>) — > S; ogfc (or $; OSfc ,o) 

Theorem 5. Assume that < p,q < oo, fc G TV and suppose that <f> is normal and 
h £ H(M). Then the following statements are equivalent. 

(i) L h : H(p, q, 0) -> Bi ogk is compact. 

(ii) L h : H(p,q,(j>) — > /?(o 3fc: o «« compact. 

(Hi) 

lim fir ln0 — ^ ^^ - (24) 

,i™ |LL ln ! _ | z p J 0(z)(1 _ k | 2) n/, - °- W 

Proof, (ii) =>(i). This implication is obvious. 

(i) =>(iii) Assume that Lh : H{p,q,<p) — > Bi ogk is compact. Then it is clearly 
that Lh : H{p, g, <fi) — ► Z?/ ogfc is bounded. Let {z m } m giv be a sequence in B such 
that \z m \ — > 1 as m — > oo. Setting 

f - (LM mGA T 

/m 4>{z m ){i-{z,z m )r/^' men 

where t«£B and f3 > b, b is the element in (3), and sup ||/m||j?(p,g,^) < C- 

fceJV 
Moreover, since j3 > b, from (3) we have that 

nwoo 0(z m ) 

From which it follows that /& — > uniformly on compact subsets of B as k — > oo. 
Using Lemma 4 we obtain 

lim |JWmlk og . = 0. 

m — >oo fc 

On the other hand we have 



k ru 

II^J m || e!o , fc =sup(l-|z| 2 )(J]Znb]-^^)|3?/ m (z)M^| 
zeB +Ji 1 - |z| z 

XI - U I 2 ) (f\ InW ^^ ^ Hz m )\\z m \ 2 

>(1 \z m \)^n 1 _| Zm | 2 J 0(Zm)(1 _| Zm | 2)n/9+1 - 

The desired result (24) follows from letting m — > oo in the above inequality. 
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(iii)=S>(ii). Suppose (24) holds. Then 



A eW 



(l-I^^JJinbl-^— j|R(L h /)(«)| 

fc [fei 

= (i - ki 2 )(n inIj1 i4]rp)i M /(=)''Wi 



s ca - W) in-" 1 ^ aa^wW "'-'"*' 



p[fc] 



^in^iri^J ^)(i-| z | a) n/JI/ll^.^)- 



Taking the supremum in the above inequality over the set ||/||/r(pg^) < 1, then 
letting \z\ — > 1, and using (24) we obtain 

(k [fe] \ 

fllntf-i— |H(L„/)(*)|=0. (25) 

From (25) and Lemma 7 we obtain T\C V : H(p,q,(f>) — * S; O g fe ,0 is compact. The 
proof of this theorem is completed. □ 
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Abstract In this paper, we propose a high-accuracy and fast numerical 
method for the Cauchy problem associated with the two-dimensional modified 
Helmholtz equation defined in a complex region. The problem is solved using 
the method of fundamental solution (MFS) in conjunction with the Tikhonov 
regularization method, whose side constraint is a Sobolev norm. A suitable reg- 
ularization parameter is determined by the L-curvc method. Numerical results 
are presented for problems with given noisy Cauchy data. Two error criteria are 
employed and we compare the numerical results with those from other methods 
for these problems. 

Keyword Cauchy problem; Modified Helmholtz equation; Tikhonov regular- 
ization; Method of fundamental solutions; L-curve 

1 INTRODUCTION 

The Helmholtz equation is often used to describe acoustics [3], heat con- 
duction in fins [17], wave propagation and scattering [4], and the vibration of 
a structure [1], etc. The forward problem for the Helmholtz equation, where 
boundary conditions arc specified on the entire boundary of the domain and 
the so-called wave number k that characterizes the equation is known, has been 
studied extensively Unfortunately, in many engineering problems, cither the 
boundary conditions are incomplete due to technical difficulties, or the geom- 
etry of the domain under investigation is not completely known, or the wave 
number k is unknown; these lead to inverse problems for the Helmholtz equa- 
tion. As a particular case, Cauchy problem is a classical case of an inverse 
problem. In this case, on a part of the boundary, both Dirichlct and Neumann 
conditions are specified, while on the remaining boundary no boundary condi- 
tions are specified. The problem is ill-posed in the sense of Hadamard [6] and 
suffers from instability in the sense that small perturbation in the data may 
result in an enormous deviation in the solution. 
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Over the last decade, several numerical methods and theoretical analysis have 
been proposed for the Cauchy problem associated with the Hclmholtz equation. 
In [12, 13], the alternating iterative algorithm, which reduces the Cauchy prob- 
lem to solving a sequence of forward boundary value problems, was implemented 
numerically by using the boundary element method (BEM). The method is ex- 
tremely time-consuming. Some rcgularization methods, such as Tikhonov and 
SVD, in conjunction with boundary knot method or MFS (Method of funda- 
mental solutions) were proposed to solve the problem in the papers [9, 15]. In 
this paper, we propose a high-accuracy and fast numerical method to solve the 
Cauchy problem. 

2 MATHEMATICAL FORMULATION OF THE 
PROBLEM SETTING 

Let f2 C R 2 be an open bounded domain with the boundary curve dfl = 
r x U T 2 , where I^ ^ 0,T 2 ^ and T x n T 2 = 0. We consider the modified 
Hclmholtz equation in £1, namely 

Am = k u in £1, (1) 

where the wave number k > and A is the Laplace operator. Let n(x,y) be 
the unit outward normal vector at the point (x, y) on the boundary dfl, and we 
prescribe Dirichlct and Neumann boundary conditions simultaneously on Li as 
follows: 

u = f on Li, (2) 

q^=9 on L 1: (3) 

where /, g denote given continuous functions, which are called the Cauchy data. 
We describe our Cauchy problem as: 

Problem 1. For the given Cauchy data /, g e C(Li), find u e C 2 (fi)nC 1 (fi) 
such that (1) and (2) hold. 

The Cauchy problem is a well known ill-posed problem, the solution is un- 
stable with respect to small perturbations of the data on T\. For example, we 
take the wave number k = n, the integer k > and 

Q = {(x,y):0<x<l, < y < 1}, 

ri = {(a;,0):0<s<l}, 

1 Pi 

f(x,0) = -rCosh(na;), g{x, 0) = -1, — = g onT 1 , 
n K on 

the solution is u(x,y) — -\(cosh(nx) + sinh(ny)). We can see that 

sup \f{x, 0)| — ► 0, sup \u(x, y)\ — » oo (n — > oo). 
(x.iOeri (x,y)en 

This indicates that the Dirichlct and Neumann data on boundary Ti tend to 
zero, the solution u in the whole domain £1 is unbounded. In other words , the 
solution u of the Cauchy problem does not depend continuously on the Cauchy 
data /, g. 
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3 METHOD OF FUNDAMENTAL SOLUTION 
AND ITS DISCRETIZATION 

The method of fundamental solutions (MFS) is a truly meshless method and 
a powerful technique for solving linear partial differential equations (PDE) eas- 
ily and rapidly. Some mathematical theories on the method are discussed in 
papers [2, 11]. The method is applicable when a fundamental solution of a PDE 
is explicitly known and approximates the solution by a linear combination of 
fundamental solutions with source points located on a fictitious boundary out- 
side of the solution domain. The MFS does not require any treatment for the 
singularity of the fundamental solution and can easily be extended to higher 
dimensional cases. It has been successfully applied to a large variety of physical 
problems since it was introduced in late 1970s by Mathon and Johnston [16]. 

The fundamental solution of the modified Hclmholtz equation at point P in 
two dimensions is defined as (see [14]) 

G*(P) = ±K (K\\r\\), PeR 2 , 

where Kq is the modified Bessel function of the second kind of order zero, and 
r H P Hi II ' II i s the Euclidean norm in R 2 . Note that the fundamental solution 
to the differential operator is not unique. 

We locate the source points {Qj}™^ on a "pseudo-boundary" outside the 
solution domain and define the basis functions with respect to n s source points 
{Qj}]=i as 

G j (P) = GT(\P-Q j \), j = l,...,n s . (4) 

The main idea of the MFS consists in approximating u by a linear combination 
of fundamental functions Gj by 

u(P) « u N (C, P, Q) := J2 Cj G j( P ), P^V, (5) 

and C = [ci, C2, . . . , c n J T are expansion coefficients to be determined below, T 
denotes the matrix transposition unless specified otherwise. 
The normal heat flux g can be approximated Ti by 

n s 

g(P) « g N (C,P,Q) = J2 c j h j(P), p G Ti, (6) 

where 

F(P) = -A Jfl(/6 || P _Q|| )[ _^|_. n] . ( 7 ) 

Let the collocation points {Pi}"Zi an d {P}™=n™+i be on the boundary Ti 
where the Dirichlct data and Neumann data are prescribed respectively. By 
substituting (5) into boundary condition (2) at points {-Pi}™^ and (6) into 
boundary condition (3) at points {-Pi}™=„ +d we have 

n s 

f(P i )=J2c j G j (P i ), t = l,2,...,n 0) (8) 
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9( p i) = ^CjGj(Pi), i = n a + l,n a + 2,...,n a + n b . (9) 

In the matrix form: 

AC = b, (10) 

where b = [f( Pl ), f(P 2 ), . . . J(P na ),g(P na+ i),g(P„ a+2 ), ■ ■ ■ ,g(P na +n b )] T is a 
data vector, the matrix A = (Ay) e jj(".+"i)xii s j s an interpolation matrix, 
and its entries are defined by 

a _\ G 3 (Pi) i = 1,2, . . . ,n a , /-.-.n 

^ \ HjiPi) i = n a + l,n a + 2,...,n a + n b . [LL) 

The matrix A in equation (10) is often severely ill-conditioned. In the case 
of noisy boundary data, standard numerical methods, such as Gaussian elimi- 
nation, the LU factorization and the least squares method, fail to produce an 
acceptable solution. How to obtain physically meaningful numerical solutions 
will be discussed in detail in the next section. 



4 REGULARIZATION TECHNIQUES FOR DIS- 
CRETE ILL-POSED PROBLEMS 

4.1 Tikhonov regularization 

When the Cauchy data /, g contain some noise, we consider the following 
equation instead of (10): 

AC^b 5 , b' 5 = b + e (12) 

with the noise e G R n . For the system (12), we define its approximate solution 
C^ as the minimizer of the following functional with a regularization parameter 
A > and an initial estimate C* according to the Tikhonov regularization: 

C* = argmin{\\ AC - h s \\j +\ 2 || L(C - C*) \\j}, (13) 

Based on GSVD, for C* = 0, the Tikhonov regularization solution can be 
written as 

n > u T h s 

or 

m x s n s 

c i = E/*^- x * + E ( u f b5 ) x - (L^inj 

i—l i-m-fl 

Substituting C into (5), we shall find the approximate temperature un in f2. 
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4.2 L-curve 

The performance of regularization methods depends on suitable choice of the 
regularization parameter. The most convenient graphical tool for analysis of 
discrete ill-posed problems is the so-called L-curve, which is a curve defined 
as C = {(log || AC^ b 5 || 2 , log || LC^ || 2 )} in [7]. The curve displays the 
compromise between the residual norm || AC^ — b || 2 and the solution norm 
|| LC^ || 2 . A suitable regularization parameter is given by the one corresponding 
to a regularized solution near the "corner" of the L-curve. 

5 NUMERICAL EXPERIMENTS 

In this section, assuming the exact u(x, y) is unknown and identify the value 
of control points on the rest of the boundary L 2 , we present the numerical 
results when we apply the MFS in conjunction with the Tikhonov regularization 
method, whose side constraint is a Sobolcv norm , i.e, in (13), L equal to the 
Cholesky factor of the matrix os 2 ) I Ils +^2 i=1 afLi Li , where Li approximates the 
ith derivative operator. In this paper, the parameters «0; a ii a 2 are obtained 
by trial. We recover the usual Tikhonov regularization method when a — 
1, a\ = 0, a 2 = 0. 

Two different error criteria are employed on the boundary, which is sufficient 

/y^ 71 ? ( u i _ u i \2 

due to the maximum principle, using global average error eq = v i=1 ', t , a 

and local relative error e^ = ""^j jV' , respectively. Here u\ is the exact value 
of the solution at the i— th control point on the boundary T 2 of the solution 
and u a is its approximate value at the same point, and n p is the number of 
equidistant control points on r 2 . 

We consider only the perturbation of b in the system (10) and use simulated 
noisy data generated by the formula bi — 6,(1 + e£), (i — 1, . . . , n 8 ), where £ 
is generated by using Matlab function rand() and e is the level of data noise. 
Cauchy data /, g are available at the same collocation points on the boundary 
T\. All computational codes are written in MATLAB and the tool package 
developed by P.C Hansen [8]. 

Example 1 and Example 2 are taken from [10]. 

5.1 The circular region 

Example 1. In this example, the region fi = {(x, y)\x 2 + y 2 < 1}, the 

analytical solution u(x, y) is taken to be u(x, y) — exp^ + ^ft), (x, y) s fi, with 
the wave number k = 1. The error level e = 0.01. Figure 1 shows distributions 
of the collocation and source points. 

5.2 The complicated region 

When applying MFS to solve the boundary value problems defined in a irregu- 
lar region, there are two ways of designation of the shape of 'Pseudo-boundary' 
on which the source points are placed [5]. First, the fictitious boundary is a 
circle (Case 1) and second the fictitious boundary is a contour geometrically 
similar to the boundary contour of the region under consideration (Case 2). 
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Figure 1: Distributions of collocation (red '*') and source(blue '.') points 
(R,n a ,n a ) = (3,20,20)). 



The authors carried out numerical experiments and pointed out it is difficult 
to recommend the parameters i?-the radius of the circle in Case 1 and S'-the 
distance between similar contour in Case 2. 

Example 2. The domain il is showed in Figure 2(a), and the analytical 
solution is taken as u(x, y) = exp(x + y), (x,y) S fi, with the wave number 
K = \/2. The error level e = 0.02. Figure 2(b) shows the distributions of the 
collocation and source points. 




(a) 



(b) 



Figure 2: (a) The configuration of the region in example 2. (b) Distributions of 
collocation(red '*') and source(blue '.') points (R,n a ,n s ) — (0.8,40,30)). 



Example 3. The region fl is concave [5], as showed in Figure 3(a). The 

analytical solution u(x,y) — exp{% + 2 1 ), {x,y) € ft, with the wave number 
K = 1. Figure 3(b) shows distributions of the source points in the pseudo- 
boundaries for both Case 1 and Case 2. In the former, the radius of the circle is 
R and in the latter, the distance between the concave boundary and the similar 
contour is S. 
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(b) 



Figure 3: (a) The configuration of the region in example 3 where E = 0.25. (b) 
Distributions of collocation(red '*') and source(blue '.' in Case 1 and green '+' 
in Case 2) points (R,n a ,n s ,S) = (2,30,30,0.05)). 



5.3 Numerical results 

We use Tikhonov regularization method to solve the ill-posed linear sys- 
tem (12) and compare the results with those from the truncated singular value 
decomposition (TSVD) [10]. In all examples, we try the parameters on = 
|, i = 0, 1, 2 or ao — l,a± — 0, a^ — 0, and denote the two cases TR1 or TR2 
respectively in the following text. 

In Example 1, we distribute uniformly the source points (n s = 20) on a con- 
centric circle (i? = 2) and the control points [n p — 20) on the partial boundary 
T2. Table 1 shows the local relative error and the global average error against 
the number of the collocation points on T\. We can see that the results of the 
three methods are nearly of the same accuracy. In [10], the authors pointed out 
that similar results can be obtained by TSVD and TR2. When dealing with the 
complex region, however, different methods provide rather different results. In 



n a 


eL 


ec 


&L 


ec 


eL 


ec 


10 


5.18E-02 


5.34E-01 


5.18E-02 


5.31E-01 


5.18E-02 


5.34E-01 


12 


5.69E-02 


5.81E-01 


5.68E-02 


5.82E-01 


5.69E-02 


5.81E-01 


14 


5.18E-02 


5.32E-01 


5.18E-02 


5.32E-01 


5.18E-02 


5.32E-01 


1G 


5.77E-02 


5.02E-01 


5.77E-02 


5.02E-01 


5.77E-02 


5.02E-01 


18 


6.42E-02 


4.94E-01 


6.42E-02 


4.95E-01 


6.42E-02 


4.94E-01 


20 


6.35E-02 


4.83E-01 


6.34E-02 


4.82E-01 


6.31E-02 


4.81E-01 



Table 1: The global average error ec and local relative error e^ of the 
TR1. TSVD and TR2 against the number of collocation points in Example 
1 ((£,».) = (3,20)). 



Example 2, the region is complex, the source points are distributed uniformly on 
a circle with its radius R = 2 and center at (0, 0). We consider the local relative 
error of the numerical solution u(x,y) of control points (n p — 30) against the 
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numbers of collocation points. The results are showed in Figure 4. Our expe- 
rience indicates a solution becomes more accurate with more observation data. 
We can see that the TR1 and the TSVD coincide with this and the numerical 
result of the former is better than the latter. The optimal radius of the circle 




Figure 4: The local relative errors of the numerical results of Example 2. 



contour is important in MFS and it is usually difficult to decide. In Figure 
5-Figure 7, we show the contour lines of the Contour line of the global average 
error and the local relative error against (n Sl R) and a fixed n a = 300 for three 
methods. We find that the TR1 and the TR2 can tell the information of the op- 
timal radius. While the TSVD yields accurate numerical results in a wider range 
of radius R, a large value of the radius R is generally not advised [10]. Through 
the result in the TR1, we observe that both the global average error and the 
local relative error are roughly independent of the number of source points n s 
for the fixed radius R of the circle where source points are distributed. This 
observation coincides with the reality. But the TR2 and the TSVD can't offer 
the same information. From Figure 5, we know that the optimal radius R = 2 
and n s > 30 will yield a better solution. In Example 3, we consider two cases 
of 'pseudo-boundary', i.e, a circle outside the domain (Case 1) and a contour 
geometrically similar to the boundary contour of the domain (Case 2) under 
consideration. The optimal parameter S in Case 2 is also difficult to choose. 
We take S = 0.045, a value used in [5] when dealing with numerical experiments 
in the application of the MFS to the clastic torsion of prismatic rods. Table 
2 shows the numerical results of the local relative error and the global average 
error against the radius R and the distance S where (n a , ns) — (40, 30). We see 
that better numerical results can be obtained by using the source contour in a 
shape of circle. A better regularization solution whose error is approximately 
2% can be obtained by taking appropriate radius R and large n a . This observa- 
tion is significant when the shape of region considered is not known in advance. 
In Figure 8-Figure 10, we show the Contour line of the global average error and 
the local relative error against (n s , R) for the fixed number of the collocation 
points n a = 800 and their L-curve for three methods in example 3. We see 
that for TR1, the local relative error are roughly independent of the number 
of source points n s for the fixed radius R of the circle where source points are 
distributed, while the other two are not. As we can observe in Figure 8 (b), the 
corner of the L-curve is located at the point (|| AC* — h s ||2, || LC* H2) with 
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(a) 



(b) 



Figure 5: The contour line of the global average error (a) and the local relative 
error (b) for TR1 method. 





(a) 



(b) 



Figure 6: The global average error (a) and the local relative error (b) for TR2 
method. 
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I 




(a) 



(b) 



Figure 7: The contour line of global average error (a) and the local relative error 
(b) for TSVD method. 



n a 


e-L 


ec 


e-L 


ec 


e-L 


ea 


2 


3.04E-05 


4.97E-04 


3.49E-05 


5.00E-04 


1.95E-04 


3.20E-03 


3 


2.74E-04 


3.71E-03 


5.05E-02 


5.99E-01 


5.05E-02 


5.96E-01 


4 


1.21E-04 


1.59E-03 


5.05E-02 


6.03E-01 


5.05E-02 


6.00E-01 


5 


1.75E-04 


2.29E-03 


5.05E-02 


6.04E-01 


5.05E-02 


6.03E-01 


6 


1.07E-04 


1.43E-03 


5.06E-02 


6.06E-01 


5.06E-02 


6.04E-01 


7 


4.84E-05 


5.92E-04 


5.06E-02 


6.08E-01 


5.06E-02 


6.06E-01 


8 


2.13E-04 


2.00E-03 


5.07E-02 


6.09E-01 


5.06E-02 


6.06E-01 



Table 2: The local relative error e& and the global average error &q of the TR1, 
TSVD and TR2 against the radius R of the circular pseudo-boundary and the 
distance between similar contour s = 0.045 for example 3. (n a ,ns) = (40,30). 



the regularization parameter A = 4.7451e — 4 for n s — 30, R = 4. In Figure 
9 (b) and Figure 10 (b), we show the regularization parameter with respect to 
the corner of L-curve locate, A = 7.0070e — 3 for n s — 60, R = 4 in the TR2 
and A = 11 for n. = 30, R = 4 in the TSVD. 



5.4 Conclusions 

We use the MFS in conjunction with Tikhonov regularization method, whose 
side constraint is a Sobolev norm, to solve the Cauchy problem of the modified 
Helmholtz equation defined in a complex region. The L-curve method gives 
a suitable regularization parameter. It is difficult to determine the optimal 
value of the radius R or the distance S when using the MFS method. Two 
error criteria are employed. Numerical results show that we can obtain a high- 
accuracy numerical solution when the 'Pseudo-boundary' is a circle, though 
the author of [5] concluded that the error is smaller when the source contour 
is geometrically similar to the boundary of the region in comparison with the 
circular source contour. We plot the error contour lines and obtain the optimal 
parameters in our method. The results show that the proposed scheme is more 
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(a) 



(b) 



Figure 8: The contour line of the global average error for the TR1 (a) and the 
L-curve (The corner is located at the point A = 4.7451e — 4) (b)in example 3. 




(a) 



(b) 



Figure 9: The contour line of the global average error for the TR2 (a) and the 
L-curve (The corner is located at the point A = 7.0070e — 3) (b)in Example 3. 
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n 



U 



(a) 



(b) 



Figure 10: The contour line of the global average error for the TSVD (a) and 
the L-curve (The corner is located at the point p = 11) (b)in Example 3. 



competitive than the other methods for these problems. The scheme is readily 
extended to the three dimensional case and the Cauchy problem associated 
with the Helmholtz equation. Through the Sobolev norm, we can control the 
smoothness of the regularized solution and we can apply the TR1 to solve a 
problem in a complex region with the Cauchy data that contains noises with 
large size. 
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STATISTICAL APPROXIMATION BY MEANS OF OPERATORS 
CONSTRUCTED BY g-LAGRANGE POLYNOMIALS 

ESRA ERKUg-DUMAN 



Abstract. In this paper, using g-Lagrange polynomials, a sequence of posi- 
tive linear operators are constructed. Approximation properties of these g-type 
operators are established via A-statistical convergence. Furthermore, we com- 
pute rates of A-statistical convergence by means of modulus of continuity, the 
elements of the Lipschitz class, Peetre's /^-functional and the Lipschitz type 
maximal function, respectively. This statistical approximation process enables 
us more powerful results than the classical aspects. 

1. Introduction 

The theory of g-calculus has wide-ranging applications in analytic number theory 
and theoretical physics (see [1]). Especially, it has found many important applica- 
tions in quantum group theory (see, for instance, [14, 16, 17, 19]). In the present 
paper, we mainly discuss its use in approximation theory and summability the- 
ory. So, applying the techniques of q-calculus and using the notion of ^4-statistical 
convergence, where A — (aj n ) is non-negative regular summability matrix, we get 
various Korovkin-type statistical approximation results for the ^-generalizations of 
positive linear operators constructed by means of certain polynomials in several 
variables. 

We first recall some basic definitions used in the paper. 

Recently, Altm, Erku§ and Ta§dclen [3] have introduced the following q-Lagrange 
polynomials generated by 

r 1 oo 

( L1 ) Hj^Var = E$r ,c * ) (*i.-.*r)t ,B , 

where |i| < min i\x\\ , ..., \x r \ >. In this case, (1.1) yields the following explicit 
representation 

(1.2) g^ (i -^\x 1 ,...,x r )= J2 

ki-\-...-\-k r —rn 

where, for a complex number q with \q\ < 1, and also for arbitrary parameters A 
and fi, 

(A; ? )„ := .[ A ; g) ~ and (A; «)«, := fj(l- \q k ). 

[Aq > q >°° fe=0 




Key words and phrases. g-Lagrangc polynomials, A-statistical convergence, positive linear op- 
erators, the Korovkin theorem, modulus of continuity, Peetre's K -functional, the Lipschitz type 
maximal function. 

2010 Mathematics Subject Classification. 40A25, 41A36. 

1 



68 



2 ESRA ERKUS-DUMAN 

The case for which /i = neNo=MU {0} reduces to the following 

_ J 1 , if n = 

^■^-\ (l-\)(l-\ q )...(l-X q ^) , if n = 1,2,3,... 

We should note that the further properties of the above statements may be found 
in [20]. Notice that q-Lagrange polynomials given by (1.2) are q-extension of the 
Chan-Chyan-Srivastava multivariable polynomials [5]. 

In [9] , some Korovkin type approximation results have been obtained for positive 
linear operators constructed by means of the Chan-Chyan-Srivastava polynomials 
in the case of q = 1. In the present paper our primary interest is to investigate the 
approximation properties of positive linear operators constructed by q-Lagrange 
polynomials for < q < 1 via the concept of statistical convergence. 

With this terminology, we present our operators as follows. 

Let ijM :— <Un } (i = 1,2, ...,r) be sequences of real numbers such that 

I J riGN 

< Un < 1 for each n € N, and let < q < 1. For simplicity, we write /3(r) := 
(u^\u^ 2 \ ..., u^). Then by using (1.2) we introduce the following positive linear 
operators on C [0, 1], the space of all continuous real valued functions on [0, 1] : 



(1.3) 



L^ r \f;q;x) = U(^ ] x; q ) n \ E E 

I j — 1 J m— ki~\-...-{-k r — m 



where / £ C [0, 1] , x € [0, 1] and n € N. Observe that our operators in (1.3) are 
positive and linear for < q < 1. 

We now recall the concept of statistical convergence. 

Let A := (aj n ) be a non-negative regular summability matrix. Then, a sequence 
(x n ) is said to be ^-statistically convergent to a number L if, for every e > 0, 
Hindoo E«,-|a;„-L|>£ a jn ~ *-*■ This limit is denoted by stA — lim„ x n ~ L [11]. 
Replacing the matrix A by the identity matrix, A-statistical convergence reduces 
to the ordinary convergence. It is well-known that every convergent sequence is A- 
statistically convergent to the same value for any non-negative regular summability 
matrix A, but its converse is not always true. Especially, Kolk [15] proved that if a 
non-negative regular matrix A — (a,j n ) satisfies the condition linij mai„{aj n } = 0, 
then A-statistical convergence is stronger than the ordinary convergence. So, in 
this case, one can construct a sequence such that it is A-statistically convergent 
but not convergent in the ordinary sense. Furthermore, choosing A — C\, the 
Cesaro matrix of order one, yl-statistical convergence coincides with the concept of 
statistical convergence (see [10, 12]). 

Because of the reasons above, using the matrix summability methods in the 
approximation theory gains more powerful results than the classical aspects (see, 
for instance, [7, 8, 9, 13]). Especially, in recent years another form of regular 
(non-matrix) summability transformation, the so-called "statistical convergence" 
has shown to be quite effective in summing non-convergent sequences [12, 15]. 

This paper is organized as follows: In the second section, we obtain a Korovkin 
type result for the operators (1.3) by means of A-statistical convergence. In the 
third section, we compute the rates of A-statistical convergence of the operators 
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with the help of modulus of continuity, the elements of Lipschitz class, Peetre's 
K— functional and Lipschitz type maximal function, respectively. 

2. Statistical Korovkin-type result 

In this section, we give a statistical Korovkin-type approximation theorem for 
the operators L„ (f;q;x) given by (1.3). 

We first consider the case of r = 2. Throughout the paper we use the test 
functions e, defined by e,(a;) — x' 1 (i = 0, 1, 2). 

To get our main theorem we need the following lemmas. 

Lemma 2.1. For each x G [0, 1] and n € N, we have 



L^\e ;q:-)-e 



0, 



where (3(2) := (u^',u^ 2 ') as stated before, and the symbol ||-|| denote the usual 
supremum norm on the space C[0, 1]. 

Proof. By a direct computation, we may write, for < q < 1, that 



L^\e ; q; x) = (u^x; q) n (u^x; q) n £ g^ g 



m=0 



(«,«) /„(1) „(2) 



= 1, 

whence the result. 

Lemma 2.2. For every n € N, we have 

L^(e 1 ;q;-)-e 1 
Proof. Let x <G [0, 1] . Then we get 



□ 



= i-u{?K 



L% {2) (ei; q; x) = {u£ ) x;q) n (u£ ) x;q) n '^2 ^ 

m=0 k 1 +k2=m 
1 1 _ q n+k 2 -l 11 ( g;g)fei 



or equivalcntly 

oo m 

■^^(eiSQ'ja;) = ('ul 1) a;;(7)„(u^ ) a;;g)„ ^ ^ 

m=0 fc=0 

i - g * («l 1) ) m ^ (^ 2) ) fc (q n ;q) m - k («";«)« 



l-g^- 1 (g;g) m _ fc feg) fc 

and hence 

oo m 

^ 2 )(e i; «;x) = ^'tf'inWtti^i^ 



> x 



m=l fc=l 



X < 



(«n' 



I — k 



,( 2 ) 



fe-1 



(« n ; e)m-fe (<? n ; e)fc_i 



(«;«)m-fc(«;«)fc-i 



> X 
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Then we obtain that 



oo m— 1 

L^ {2) (ei;q;x) = xu (2) (u^ x; q) n (u (2) x; q) n ^ ^ 

m=l fe=0 



X < 



^ n ;q) im - 1} - k {q n ;q) k 



(q;q)( m -i)-k(v<i)k 



which implies 



L^ (1) '" <2) (ei;g;x) = xu^ (u^ x; q) n (u {2) x; q) n ^ ^ 

m=l fei+fe2=m— 1 

'(^ 1) ) fcl («l 2) ) fc2 (g";g) fcl (?";g), ' 

(q;q) kl (q;q) k2 



x < 



> x 



,( 2 ) 



(«i 1} a;; g)„(wi 2) x; g) n ^ S& } iq 



( "' n) '^.ui 2 ' s"" 1 . 



Now, for the case of r = 2 in (1.2), taking a\ = a 2 — n and X\ — u { x ' , x 2 — w ( •' 
we have 



(2.1) Lf ) ^\e 1 -q-x)=xu^ 

Therefore, the proof follows from (2.1) immediately. 

Lemma 2.3. For every n£N, we have 

LTHe 2 ; q] -)-e 2 < 2 ( 1 - (u^Y )+ «g0 



D 



1-g 
1 -g™ 



Proof. Let a; € [0, 1] be fixed. Then we get 

oo 

L^\e 2 ;q;x) = (^x;?),,^^^),,^ £ 

m— fci+fc2— m 



l-g* 



1 — (7™+ fe 2-l 



2 /„,( 1 )^ fel f„.(^'' 



<') (q n ;q) kl (q n ;q) k2 
(q;q) kl (q;q) k2 



and hence 

L^ 2 \e 2 ;q;x) 



OO 771 



(wl 1) a;;(7)„(u^ ) 2:;g)„ ^ ^ 

m=0 fc=0 
I -q k \ 2 {^y ^ (^ {q n ;q) m _ k {q n ;q) k 



1 — a n +k—i 



(q;q) m -k(q;q) k 
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which yields that 

oo m 

Li {2) (e 2 ;q;x) = xu^\u^x;q) n (u^x;q) n ^2^2 



l-« 



m— 1 fc— 1 

/ i t^^V""^ ft^ 2 ^* -1 (<?";«) TO _ fc («"; «) fc _ a 



l-g^- 1 («;«) m _ fc («;«) fc _i 

This gives that 

L^(e 2 ;q;x) = x 2 (u£ 2 )) («£>*;«)„(«£>*;«)„££ 

.(i 



> x 



m—l 



m=2k=2 



l-q 



n+k-2 U 



"' 'u^Y 2 (q n ;q) m _ k (q n ;q) k _ 2 



„m-2 



1 — o™+ fe — 1 



(«;«)„,_* («;0)k- 2 



oo m 



-XU 



(^ 1) x;«) n (w^ 2) x;gr)„ ^ ^ 



?n— 1 fc— 1 
m—k / /n , \ fc— 1 



/ (1)\ ~ ( (2)\ 

q k-i- q k [ui') \v> n 'j {q n \q) m _ k {q n \q) k _ l 

i - 9" +fe - 1 (s;<z) m - fc (<z;g) fc -i 

Using this we get 

^ (2) (e 2 ;g;x) < x 2 (^ 2 )) tfi.i^xji^ji-i^iVi 2 '). 

m=2 
^ oo 

+X^ 2) l _ n ("l 1 ^; g)»(^i 2) X; g) n ^ 5mi"l,g ( U « 



> X 



771—1 



777,-2 



K, ' x 



= x 2 Ul 2 ) 



1-<Z 



~ xu ™ v. i - 9™ y ' 

or 

(2.2) L^ 2 )(e 2;(Z ;x) - e 2 (x) < x 2 (( U ( 2 >) 2 - l) + x^ (±=^) . 

On the other hand, since 

0<L^ 2 \(y-x) 2 ;q;x) = L^He 2 -, q ;x)-2xL^\e i; q;x)+x 
it follows from Lemmas 2.1 and 2.2 that 

(2.3) L^(e 2 ;q;x) - e 2 (x) > 2x 2 (u^ - l) . 

Combining (2.2) with (2.3) we immediately have 

L^He 2 ;q;x)-e 2 (x)\ < 2x 2 (l - („<?>) ') + xu^ (±=± 
whence the result. 
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Now let A = (aj n ) be a non-negative regular summability matrix. Then replacing 
q in the definition (1.3) by a sequence (q n ) n eN lying in the interval (0, 1) so that 



(2.4) 



st,A — lim = 

n 1 - O" 



hold. Indeed, one can construct a sequence (<7n)neN satisfying (2.4). For example, 
take A — C\, the Cesaro matrix of order one, and define the sequence (q n )nen by 

if n = to 2 , (m = 1, 2, 3, ...) 



(2.5) 



</» 



1/2; 



l 



if n ^ m 



Observe that this sequence satisfies the conditions in (2.4), however it is non- 
convergent in the ordinary sequence. 

We are now ready to give a Korovkin type approximation result for the operators 
Ln by means of ^-statistical convergence. 

Theorem 2.4. Let A — (cij n ) be a non-negative regular summability matrix and 
let (q n )n£N be a sequence satisfying (2.4). Then, for all f € C [0, 1] , 



(2.6) 

if and only if 

(2.7) 

holds. 



stA — lim 



L^ 2 Hf;q n ,.)-f 



0. 



st,A — lim vL' = 1 



Proof. Assume first that (2.6) holds for all / € C [0, 1]. Then, in particular, since 
ei G C[0, 1], we may write that 



stA — lim 



^ (2) (ei: 



<ln,- 



ei 



0. 



By Lemma 2.2, the proof of the implication (2.6)=>(2.7) is clear. Now assume that 
u^ 2 ' is a sequence satisfying (2.7). So, by Lemma 2.1, it is not hard to see that 



(2.8) 



stA ~ hm 



L /3(2) ( 
n \ 



eo;q n 



e 







since every convergent sequence is also ^-statistically convergent provided that A 
is a non-negative regular summability matrix. Also, it immediately follows from 
Lemma 2.2 and condition (2.7) that 



(2.9) st A - lim 

n 

holds. Furthermore, we claim that 



2/(2) ( 



ei;<7„ 



ei 



L^(e 2 -q n -.) 



e2 







0. 



(2.10) st A -Hm 

n 

To see this, for a given e > 0, define the following sets: 

D : ={n:\L^ 2 \e 2 -q n -.)-e 2 \>e) 

D x : = 

.,,(2) ( 1 - On 



n : 1 - ( ul 2 ' 



> - 

~ 4 



£>o 



e 
1 " C I - 2 
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So, by Lemma 2.3, we easily see that D C. DiLi D 2 , which implies, for each j G N, 
that 

(2.11) Y^ a J« ^ Yl a i n+ Yl a i n - 

n£D raS-Di n£D 2 

Then, observe that (2.7) implies 

st A - lim ( 1 - (u (2 A J = and st A - limu (2) ( - ~ g " t j = 0. 

Using these facts and also taking limit as n — ► oo in (2.11) we conclude that 

lim V" a jn = 0, 

j ^ 

which gives (2.10). Now, combining (2.8), (2.9), (2.10) and using the Korovkin type 
approximation theorem in statistical sense proved by Gadjiev and Orhan [13] (see 
also [7, 8, 9]) the proof is completed. □ 

In a similar manner one can extend Theorem 2.4 to the r— dimensional case for 
the operators L n r '(f;q n ;x) given by (1.3) as follows: 

Theorem 2.5. Let A = (cij n ) be a non-negative regular summability matrix and 
let (q n )n£N be a sequence satisfying (2.4). Then, for all f <G C [0, 1], 



stA — lim 

n 

if and only if 



LPJ r \f;q n -.)-f 



= 



stA — limu^ = 1. 

n 

If one replaces the non-negative regular matrix A — (a,j n ) in Theorem 2.5 with 
the identity matrix, then the following result is obtained, which is a classical case 
of Theorem 2.5. 

Theorem 2.6. Let (q n ) n en be a sequence of real number such that < q n < 1 
for each n G N and lim„ ( ^E% ) = 0- Then, for all f G C[0, 1], the sequence 

< Ln (f;q n 'i ■) ( is uniformly convergent to f on the interval [0,1] if and only if 
limu„ = 1 holds (in the ordinary sense). 

n 

However, the following example shows that our Theorem 2.5 is stronger than its 
classical case (Theorem 2.6). 

Example. Consider A = C\ := (cj n ), the Cesaro matrix of order one. Note that, 
under this choice, A-statistical convergence reduces to the statistical convergence. 
In this case we use the notation st instead of stc t - Let (3{r) :— (u^\u^ 2 \ ...,u^) 

such that the sequence u^ := < Un \ is defined by 

-, if n — m 2 (m — 1,2, ...) 

(2.12) «M= ' 

otherwise. 
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Also consider the sequence (q n )neN given by (2.5). Then observe that < u„ < 1 
and < q n < 1 for each n £ N and also that 

st — lim u\f> = 1 and st — lim — = 

n n n 1 - Q n 

Therefore, by Theorem 2.5 we obtain, for all f £ C [0, 1] , that 



st — lim 



L^\f-q n :.)-I 



= 0. 



However, since neither the sequence u^ in (2.12) nor {q n ) n en in (2-5) are convergent 
(in the ordinary sense), it is easy to check that Theorem 2.6 does not work. 

3. Rates of A-statistical convergence 

In this section, we study the rates of ^-statistical convergence in Theorem 2.5 
by the means of the modulus of continuity, the elements of Lipschitz class, Peetre's 
if-functional and the Lipschitz type maximal functions, respectively. 

As usual, the modulus of continuity of a function / £ C[0, 1] is defined by 

w(f,S) = sup |/(y)-/(s)| (<J>0). 

\y-x\<8, x,ye[0,l] 

Now we have the following result. 

Theorem 3.1. Let (q n ) be a sequence such that < q n < 1 for each n. For each 
n £ N and for all f £ C[0, 1], we have 



(3.1) 
where 

(3.2) 



L^ r Kf;q n :.)-f <2w(f,5 n ) 



4 1 



,('■; 



,M 



i 



1/2 



.1-0E 

Proof By the definition of the modulus of continuity, it is easy to see, for any S > 0, 

x £ [0, 1] and n £ N, that 

I$ T \f\<ln,x) - f{x)\ < L^(\f(y)-f(x)\;q n ;x) 

< w(f,5)il + ±L^(\y-x\;q n ;x) 
Now, applying the Cauchy-Schwarz inequality for positive linear operators we have 

. I /. "'' '((//- r)- : :t. :.r) ' 



L^\f-q n -x)-f{x) 



< w 



{f,5)\ [ l+ l 5 {L^\(y-xf-q n -x)) 
L^(e 1 ;q n] x)-e 1 (x)\) k >}, 



+2x 



which gives 



L^\f;q n ;-)-f < w (/, 6) (l + -J L^\e 2 ; q n ; •) 



B2 



+ 2 



LgW(ei;g n ;-)-ei|)'} 
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Then it follows from Lemmas 2.2 and 2.3 that 
(3.3) 

1 " 



L^ r \f;q n ;-)-f <w(f,S)ll + 



4 1 - « 



,('•) 



r) ( l ~1r. 

1 - ql 



,('■) 



1/2- 



Hence, choosing S := 6 n given as (3.2), the inequality (3.1) follows from (3.3) at 
once. □ 

We will now study the rate of convergence of the positive linear operators 
Ln (/; q n \ x) given by (1.3) by means of the elements of the Lipschitz class IApm{(x), 
for < a < 1 and M > 0. We recall that a function / € C[0, 1] belongs to LipM(ct) if 
the inequality 

(3.4) \f(y)-m\<M\y-x\ a , (x, ye [0,1]) 

holds. 

Theorem 3.2. Let (q n ) be a sequence such that < q n < 1 for each n. Then, for 
each n € N and for all f G LipM{ct), we have 



(3.5) 



<M6° 



L^\f-q n ;.)-f 
where 5 n is the same as in (3.2). 
Proof. Let / € Lipuip) and x € [0, 1]. From (3.4), we obtain 

L^\f;q n -x)-f{x)\ < L^(\f(y)-f(x)\;q n ;x) 

< ML^(\y-x\ a ;q n ;x). 
Now, applying the Holder inequality with p = — , q — -^^ we get 

(3.6) \l£W(f ]qn ;x)-m\ < M {l% r \(y - x) 2 ;q n ;x)} a/2 . 

As in the proof of Theorem 3.1, we can write from (3.6) that 



(3.7) L^ r \f;q n ;-)-f 



<M 4 1- hi. 



,('') 



,('•) 



1 - q n 



a/2 



a 



If we take 5 n as in (3.2), then (3.5) is obtained from (3.7). 

Now we recall the following space and norm: C 2 [0,1], the space of all functions 
/ such that /, /', /" G C [0, 1]. The norm on the space C 2 [0, 1] can be defined as 

ll/llc W ] := H/ll + II/ / II + II/"H- 
We consider the following Peetre's if-functional (similarly as in [4]) 

It is clear that if / £ C [0, 1], then we have lim^o K(f; 5) — 0. Some further results 
on the Peetre's K- functional may be found in [6] . 

Theorem 3.3. Let (q n ) be a sequence such that < q n < 1 for each n. Then for 
all f € C [0, 1], we have 



(3.8) 



L^ r \f;q n ;.)-f <2K(f;S 2 n ) 



where S n is the same as in (3.2). 



76 



10 



ESRA ERKUS-DUMAN 



Proof. Let g <G C 2 [0, 1] and x £ [0, 1]. From the Taylor expansion we have 



L n {r) (g;q n ;x) -g(x) 



< 



L n r) (y~ x ;qn;x) \g'\ 
l 



L^([ y -xf-q n ;x)\\ g "\ 



Then, by Lemmas 2.1-2.3, we obtain that 



L^\g 



■ q„ 



< 



< 



\-u 



('■: 



4 1 



,M 



,('') 



1 



4 1 



,('•) 



\-q, 

1 - (£ 



ffllc 2 [o,i] 



Since for all / <= C[0, 1] 

|^ (r) (/; <&.; •) - /| < 2 1|/ - g\\ + \\l# r) (g; g n ; ■) g 

we can write that 



(3.9) 



^ (r) (/;9n;.)-/||<2{||/-5ll+^ll5ll c2[0! i]} 



where 5 n is the same as in (3.2). Now, by taking inhmum over g £ C 2 [0, 1] on both 
sides of (3.9) we obtain (3.8). □ 

Finally, by using the similar technique as in Theorem 3.9 of Agratini [2], we 
may estimate the following rates of the operators L„ (f;q n ;x) by means of the 
Lipschitz type maximal function of order a. Here we recall that the Lipschitz type 
maximal function of order a introduced by B. Lenze in [18] as follows: 

l/(tf)-/(aOI 



w a (f):= sup 

y^x; x,ye[0,l] W x \ 



G(0,1] 



Of course, the boundedness of w a (/) is equivalent to / G LipM (a) . 
The we have the following 

Theorem 3.4. Let (q n ) be a sequence such that < q n < 1 for each n. Then, we 
have 

Li^(f;q n ;x)-f(x) 

where 8 n is the same as in (3.2). 



< K w a (/) 



Concluding remarks. Let A — (aj n ) be a non-negative regular summability 
matrix. If the conditions 



1 -q n 



stA — lim u£' = 1 and stA — hm — 

n ' 1 - o™ 







hold, then observe that stA — lim„ S n = 0, where 5 n is given by (3.2). In this case, 
we get 

stA -limw(f,5 n ) = st A -YimK{f,8 2 n ) = 

n 

for all / € C[0, 1]. So, Theorems 3.1-3.3 give us the rates of A-statistical convergence 
in Theorem 2.5. Of course, if we replace A = (a,j n ) by the identity matrix, then we 
get the ordinary rates of convergence. 
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A bivariate blending interpolator and the properties 
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Abstract 

In this paper a new weighted bivariate blending interpolator is constructed based on func- 
tion values and partial derivatives of a function. The interpolator has a simple and explicit 
mathematical representation, and is C 1 for any positive parameters in the whole interpolating 
region. Also, some properties of the interpolator are derived, such as the properties of the basis 
function, the bounded property and the error estimates. 

Keywords: Rational spline; bivariate blending interpolation; weighted interpolation; error esti- 
mates; computer-aided geometric design. 

1 Introduction 

The construction method of curve and surface and the mathematical description of them is a key 
issue in computer-aided geometric design. There are many ways to tackle this problem [1-3,9,12- 
14,17,18], for example, the polynomial spline method, the NURBS method and the Bezier method. 
These methods are effective and applied widely in shape design of industrial products. Generally 
speaking, most of the polynomial spline methods are the interpolating methods. However, one of 
the disadvantages of the polynomial spline method is that it can not be used to modify the local 
shape of the interpolating surfaces for unchanged given data. The NURBS and Bezier methods are 
the so-called "no-interpolating type" methods; this means that the constructed curve and surface 
do not pass through the given data, and the given points play the role of the control points. 

In recent years, Motivated by the univariate rational spline interpolation [4,5,10,11,15], the 
bivariate rational interpolation with parameters which has simple and explicit mathematical rep- 
resentation has been studied [6-8] . Since the parameters in the interpolator are selective according 
to the control need, the constrained control of the shape becomes possible. However, for this kind 
of bivariate rational interpolator, only when the parameters of y-direction satisfy certain condition 
can it be C 1 in the interpolating region [6,7]. It is inconvenient to modify the shape of surfaces. To 
overcome the problem, in this paper, a new weighted bivariate blending interpolator will be con- 
structed based on function values and derivatives of a function, and its properties is also discussed. 

This paper is arranged as follows. In Section 2, a weighted bivariate blending rational inter- 
polator is constructed. In Section 3, the basis of this interpolator is derived. Section 4 is about 
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some properties of the interpolator, including the properties of the basis function and the bounded 
property. Sections 5 deals with the error estimates of the interpolator. Some examples are given 
in Section 6, which show that this interpolator is with good approximation to the interpolated 
function. 

2 Interpolation 

Let O : [a, b; c, d] be the plane region, and {(xi,yi, fcj, e^j, dij),i = 1,2, • • • , n; j = 1,2, • • • , m} be a 
given set of data points, where a = X\ < X2 < • • • < x n = b and c = y\ < yi < • • • < y m = d are the 
knot spacings, fij, eij, dij represent f(xi,yj), ^ , q' v at the point (xi,yj) respectively. Let 
hi = Xj+i — Xi, and lj = yj+i — yj, and for any point (x, y) G [xj, Xi+i; yj, Vj+i] in the xy-plane, Let 
9 = (x — Xi)/hi and rj = (y — yj)/lj. First, for each y = yj, j = 1, 2, • ■ ■ , m, construct the x-direction 
interpolating curve [5]; this is given by 

(1 - ef ai jfi j + 9(1 - 9) 2 V* i + 9 2 (1 - 9)W* i + 9 3 f i+1 .- 



;i - 6)a i:j + 



where 



V^j = (2(Xij + l)fi y j + aijhidj, 
w i,j = ( a i,j + 2 )fi+i,j ~ hiei+i,j, 

with aij > 0. This interpolation is called the rational cubic interpolator based on function values 
and derivatives which satisfies 

P*,j(xi) = fi,j, P*,j(xi+i) = fi+i,j, P*i,j'(xi) = eij, p*/(x i+ i) = e i+hj . 

For each pair of (i, j), i = 1, 2, ■ ■ ■ , n — 1 and j = 1, 2, • ■ ■ , m — 1, using the x-direction interpo- 
lation p*Ax), define the interpolation function P*(x,y) on [xj,Xi+i; 2/j,2/j+i] as follows: 

JVjOr, y) = (1 - r/) 3 p* J (x) + 7/(1 - r?) V,,, + r/ 2 (l - r,)W h3 + V 3 pt J+ i(x), 

i = l,2,---,n-l; j = l,2,---,m-l, (2) 

where 

Kij = 3^(x) + |j((l - #) 2 (3# + l)di,j + 2 (2 - 9)d i+ i,j), 

Wij = 3pl j+1 (x) - lj{{\ - 9)\39 + l)d itj+1 + 9 2 {2 - 9)d l+1J+1 ). 

The term P*Ax, y) is called the bivariate blending rational Hermite interpolation based on function 
values and partial derivatives which satisfies 

P i,j{Xr,y S ) = j{Xr,y S ), -q =e r , s , J -q =d r:S , r = l,% + 1, S = J,J + 1. 

If the knots are equally spaced for variable x, namely, hi = {b — a)/n, it is easy to test that the 
interpolation function P*Ax,y) is C 1 in the whole interpolating region [xi,x n ;yi,y m ], no matter 
what the parameters aij,aij + i might be [6]. Furthermore, when aij = Ui,j+i = 1, the interpolator 
is a bivariate standard Hermite interpolation. 
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The interpolating scheme above begins in x-direction first. Now, let the interpolation begins 
with y-direction first. For each x = X{,i = 1,2, ■■■,n, denote the y-direction interpolation in 

[yj,Vj+i] b y 

%j\y) = n \it^ , i = l,2,---,m-l, (3) 

where 

Uij = (Pi,j + 2)/jj+i — Ijdij+i, 

with j3ij > 0. 

For each pair (i,j), i = 1, 2, ■ ■ ■ , n— 1 and j = 1, 2, • • • , m — 1, using the y-direction interpolation 
q*j(y), define the interpolation function Q*Ax,y) on [xi,Xi+i;yj,yj+i] as follows: 

Q* :j (x, y) = (l- efqtjiy) + 6(1 - 9) 2 T^ + 9 2 (1 - 9)U itj + e 3 q* +lj (y), 

i = l,2,---,n-l; j = l,2,---,m-l, (4) 

where 

Zij = 3<,(y) + ^((1 - r/) 2 (3r/ + l)e^ + r/ 2 (2 - r^+i), 
u i,j = 3 9*+ij(y) - ^((1 - vf&V + l)ei+ij + ?7 2 (2 - r/)e i+ i ;j+ i). 
The interpolation function Q*Ax,y) satisfies 

n* t \-f( \ d QU x nys) _ doy^y*) _ _■-,-, _ • • , i 

^iiJX^ri ys) — J \X r ,y s ), o — &r,s-i o — "r.si ^ — 1,1 ~r ±, S — J, J + 1. 

Similarly, if the knots are equally spaced for variable y, namely, lj = (d — c)/m, the interpolation 
Q*Ax,y) is C 1 in the whole interpolating region [xi,x n ;yi,y m ], no matter what the parameters 
Pi,j,Pi+i,j might be. 

The weighted bivariate blending rational interpolator will be constructed by using the two kinds 
of interpolator described above. Let 

Pi,j(x, y) = \ijP*j(x, y) + (1 - \ij)Qlj(x, y), (5) 

with the weight coefficient \j £ [0, 1], then Pij(x,y) satisfies 

p / \ e( \ Ofi,j\ x r-,ys) Ori y j\X r ,y s ) . . . . 

±i,j\%riys) — J \%r->ys)i 7j — Cr,sj o — "t,si r — 1,1 ~r ±, S — J, J + 1, 

and it is C 1 in the whole interpolating region [xi,x n ;yi,y m ] if the knots are equally spaced for 
variable x and y, no matter what the parameters aij,ctij+i and /3jj, Pi+ij might be. In the 
following of this paper, consider the interpolator defined in (5). 
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3 The basis of the interpolation 

From (l)-(5), the interpolation function Pij(x,y) defined in (5) can be written as follows: 

i+l 3+1 

Pij(x,y) = ^2^2[a r , s (0,r))f r , s + b r , s (9,r))hie r , s + c rjS (9,r])ljd rjS }, (6) 

r=i s=j 



where 



„ (0^-n m2/i 9 , 2 Ae + {l + e)a i j){l + 2r 1 )\ lJ (l + 2 0)(7/ + (l + 7/)/3y)(l-Ay) 
ay (0,7/) - (1 - 0) (1 - (?) [ (1 _ ^- - + (1-77)^+7/ ]' 

, fl v n m2 2r (0 + (l + 0R J+ i)(3-27/)Ay (l + 20)(2-r/ + (l-7/)/?y)(l-Ay) . 

Oy+l(0, T] = {L- V 7] — — 1 — ■ 

(1 - 0)ay+l +0 (1 - n)Pij + T) 

(a , fl2n , 2r (2-0 + (l-0)ay)(l + 27/)Ay (3 - 20)(r/ + (1 + 7/)& + y)(l - Ay) . 

cwm) = e (i - ,) [ ,, M^. +e + (i-m + i, ~ 

., (o - ft .4- n - «w , 

aj+ij+i(0,77) = 77 



■' " " " '" L (l-0)ay + ' (l-r/^+y + r? 

,2 2r (2-g + (l-g)a M+ i)(3-27y)A i , J - 

H "* / " /! _l9r?[ (l-0)ay+i+0 



+ 



j- 

(3 - 20)(2 - r, + (1 - r?)A+i,j)(l - Ay) 
(1 - v)Pi+i,j + V 



b i:j (e,v) = o(i - e)\i - ^2 ^1 + ^Aya ■ + _ 

(i — t/jay + f 
6y +1 (0,r/) = ©(1 - flV ^-y^f. 1 + (2 - t/)(1 ~ Ay)], 

fti+i^M) = -0 2 (1 - 0)(1 - ^) 2 [ M (1 ^ )A ?" + (1 + 3r/)(l - Ay)], 



(3 - 2t/) Ay 
;i - 0)ay+i + 



Wn(M) = -0 2 (i - etf i, v V ■ a + (2 - r?)(i - Ay)], 



cy(0, 77) = (1 - 0) 2 t/(1 " ^) 2 [ (1 { 1 2 ! ) ^~/+f J ' + (! + 3<?)^]. 
cy +1 (0, r/) = -(1 - 0) 2 r/ 2 (1 - 7 7 )[ (1 (1 + _ 2 ^~^ ) + (1 + 30)Ay], 
C l+ y(0,7/) = 2 7/(l - V) 2 [ {3 ~ 2e) ^~ Xl ' 3 f^ + (2 - 0)Ay], 

Cm ,, +1 (0, V ) = -9W(i - iDl f'lZ 1 '^! + (2 " e)x ^ 

l 1 - V)Pi+l,j + V 

Terms a rtS (9,r]),b rtS (9,r]),c rjS (9,r]),(r =,i,i + l;s = j,j + 1) are called the basis of the bivariate 
interpolator defined by (5), and satisfy following equations and inequalities: 

ay (0,7/) + ay + i(0,77) +Oj+y(0,77) + Oj+y+i(0,77) = 1, (7) 

h,j(9,r]) + bi,j+i(9,v) ~ h+i,j(9,v) ~ bi+i,j+i(9,r]) 

= 9(1 - 0)(1 + r/(l - 3t/ + 2r/ 2 )(l - Ay)), (8) 

c i,j( e ^) ~ Ci,j+i(9,r)) H-Ci+y (0,77) - c i+ ij + i(0,7/) 

= 7/(l-r/)(l + 0(l-30 + 20 2 )Ay), (9) 
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a r , s (0, rj) > 0, r = i,i + l; s = j,j + l, (10) 

b i:S (e, V )>0,b i + 1 , s (e,ri)<0, s = j,j + l, (11) 

Cr,j(6,r}) >0, c r ,j+i(e,v) <0, r = i,i+l. (12) 

4 Some properties of the interpolation 

For the interpolator denned by (5), we use Eq.(7) to arrive at the following unity property. 

Property 1. Let f(x,y) = 1, V(x,y) G S7, and Pij(x,y) is its interpolation function over 
[xi,Xi + i;y.j,yj + i] defined in (5). No matter what positive number the parameters ai jS ,(3 r j take, the 
unity property holds, namely 

/ / Pij(x,y)dxdy = hilj, 

where D denotes the subregion [xi,Xi+i;yj,yj+i\. 
Use (6) to define 

„ „ i+U'+l 

/ / Pi,j(x, y)dxdy = hilj ^ ^2{a*,sfr,s + b* s hie r , s + c* rs ljd ryS ), 



r=i s=j 



where 



a* s = / a rs {d,ri)d9dr], r = i,i + l, s = j,j + l, 

J J[0,1;0,1] 

b* s = / / b ryS (9,r])d8dr], r = i,i + l, s = j,j + l, 

J J[0,1;0,1] 

c rtS (6,r])d9dr], r = i,i + l, s = j,j + l. 

[0,1;0,1] 

a* s ,b* s and c* s are called the integral weights coefficients of the interpolator defined in (5). Thus, 
we use Eq.(7)-(9) to yield the following property. 

Property 2. Let Pij(x,y) is the interpolation function over [xi,Xi+i;yj,yj+i] defined in (5). 
No matter what positive number the parameters a^ and (3 r j take, the integral weights coefficients 
of interpolation Pij(x,y) satisfy the following equations: 

i l 

/ j / t a i+r,j+s = 1) 
r=0 s=0 

11 r * 1 

Z^Z^(~1) h+r,j+s = ^! 
r=0 s=0 

11 s * 1 

A^Z^(~^) C i+r,j+s = «■ 
r=0 s=0 

From (10)-(12), it is easy to see that the following inequalities hold: 

a* >s > 0, r = i,i + 1, s = j,j + 1, (13) 

6* s >0, 6* +ljS <0, s = j,j + 1, (14) 

c*j > 0, c*j +1 < 0, r = i,i + 1. (15) 
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From Property 2 and the inequalities (13)-(15), the following bounded property can be obtained. 
Property 3. Let Pij(x,y) be the interpolation function over [xi,Xi+i; yj, Vj+i] defined in (5). 
Denoting 

Mi = max{|/ rv ,|, r = i,i + l; s = j,j + l} 

M 2 = max{hi\e rtS \, r = i,i + l; s = j,j + l}, 
M3 = max{/j|d rs |, r = i,i + l; s = j,j + l}. 

No matter what positive number the parameters cti S and /3 r j take, the integral of interpolation 
function Pij(x,y) satisfy the following inequality: 



\ff P i , j (x,y)dxdy\ < (Mi + 



M 2 + M 3 



, jhilj, 



where D denotes the subregion [xi,Xi+i;yj,yj+i]. 

Furthermore, when Ajj = 1, the interpolation function Pij(x,y) becomes P*Ax,y) defined in 
(2). Denoting 

u r ,s= / a rs (9,r))di], r = i,i + l, s = j,j + l, 
Jo 

v r ,s= / b rs (d,ri)dr), r = i,i+l, s = j,j + l, 
Jo 

w r ,s = / Cr, s (0,r))dr], r = i,i + l, s = j,j + l. 
Jo 

Then the following conclusions hold for any parameters aj ;S > 0, 

1 
0<u r:S <-, r = i,i + l, s = j,j + 1; 

1 1 

< v iiS < -, - - < Vi + i, s < 0, s = j,j + 1; 

(l-e) 2 (l + 39) (l-e) 2 (l + 36) 
w i,j = 12 ' Wi ' j+1 = 12 ' 

e 2 {2 - 9) e 2 (2 - e) 

W i+l,j - ^2 ' Wi+1 J +1 ~ 12 ' 

Thus, the following property can be concluded. 

Property 4. For the bivariate blending interpolation P*Ax,y) defined in (2), the integral 
weights coefficients of the interpolation satisfy: 

°< a *,s<2' r = M+ 1, s = 3,3 + 1; 



1 1 

8' " 8 



< b ts < o' " a < b ^ < °' s = J>J + !; 



».J 144' i ^+ 1 144' i + 1 'i 144' c *+i,i+i 144' 

Similarly, for the interpolation function Q*Ax,y) defined in (4), there is the following property. 

6 
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< K,s < n) r = i,i + l, s = j,j + 1; 



Property 5. For the bivariate blending interpolation Q*Ax,y) defined in (4), the integral 
weights coefficients of interpolation satisfy: 

1 
2' 

7 K 7 K 

7 ^ 7 ^ J ^ 7 ^ 

*>•? = 144' « +1 = 144' i+1 >i = ~144' i+1 >J = ~144' 
< c *,i < g' ~ q < c *<i +1 < °' r = *' i + L 

From (5) and Property 4 and Property 5, it is easy to derive the following property. 
Property 6. For the interpolation Pij(x,y) defined in (5), no matter what positive number 
the parameters ai tS ,f3 r j take, the integral weights coefficients of interpolation satisfy: 

0< a *, s <2' r = i,i+l, s = j,j + l, 

< bl s <-, --< b* +lyS < 0, s = j,j + 1, 
< c *r,j < g> - g < c *j+i < 0) r = i,i + l. 



5 Error estimates of the interpolation 

For the error estimation of the interpolator defined in (5), note that the interpolator is local, 
without loss of generality, it is only necessary to consider the interpolating region [xi, Xj+i; yj,yj+i] 
in order to process its error estimates. Let f(x, y) G C 2 be the interpolated function, and Pij(x, y) 
is the interpolation function defined by (5) over [xi,Xi+i;yj,yj+i\. 
Denoting 

i,0/ ii ,df(x,y) dP dP iyj (x,y) 

— = max — , — = max J - , 

dy (x, y )<=D dy dy (x,y)eD dy 

where D = [xi, Xj+i; yj, J/j+i]- By the Taylor expansion and the Peano-Kernel Theorem [16] gives 
the following: 

\f(x,y) -P id (x,y)\ < \f(x,y) - f(x,yj)\ + \P iJ (x,y j ) - P itj (x,y)\ + \f(x,yj) - Pi,j(x,yj)\ 

<r r ni d f dP m i I r +1 g/M P u AUI 

< 'idl^ll + II^ID + ly^ -^— «x[(x-r) + ]dr| 

<r > ni d f dP i^ , n g!feM n r +1 lD u nu nn 

- l ^dH ll + ll ~^ ll) + ll ~d^~ ll L IM*-T) + ]|dr, (16) 



<9y <9y 

i ii ■-' / 1 .c(; ; i I d f(x,y-j) I , 

where || ^ J || = max xe[l ^ i+1 ] | q x 2 3 \, and 



ij ffa; - T ) } - I ( X ~ ^ ~ ai + 1 J'( 6 '' °)( x *+i ~ r ) ~ b i+ ij(6, 0)hi, x { < r < x; 

x[{X ~ Tj+J \ -a i+1J (6, 0)(x i+1 - r) - 6 mj (#, 0)h h x < r < z i+ i, 

j r(r), x, < r < x; 

I £(r), x < t < Xi+i. 
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Thus, by simple integral calculation, it can be derived that 

Xl+1 \R*[{x - r) + ]\dr = h f'f ft ai ^\ = hZBfroij, Ay), (17) 

■i &2{V, ay, Ay J 

where 

£?i(0, onj, Ay) = 2 (1 - 0) 2 [20 + (1 - 20)Ay + ay (2 - 20 - (1 - 20)Ay)] 2 , 
B 2 (9, Oij, Ay) = [0(3 - 20) + 2(1 - 0) 2 Ay + ay (1 - 0)(3 - 29 - 2(1 - 0)Ay)] 
[6(1 + 29- 29 Ay) + ay(l + - 20 2 + 20 2 Ay)]. 

For the fixed ay and Ay, let 

Sjf = max 5(0, ay, Ay). (18) 

J 0e[o,i] 

This leads to the following theorem. 

Theorem 1. Let f(x,y) G C 2 be the interpolated function, and Pij(x,y) be its interpolator 
defined by (5) in [xi,Xi+i;yj,yj+i\. Whatever the positive values of the parameters cti yS ,[3 r j might 
be, the error of the interpolation satisfies 

\f(x,y) - P h3 (x,y)\ < *,(||g|| + ||«| ||) + h*\\ d ^^\\B%, 

where B\ x - defined by (18). 

Similarly, denoting || — v| J || = maXj.gu^ i | — gj^ I, then the following theorem holds. 

Theorem 2. Let f(x,y) £ C 2 be the interpolated function, and Pij(x,y) be its interpolation 
function defined by (5) in [x«, Xi+i; yj, yj+i] ■ Whatever the positive values of the parameters ay, /3y 
might be, the error of the interpolation satisfies 

\f(x,y)-P lA x,y)\ < ^(llgll + \\^\\) + rt\\ * f{ ™ i+l) \\B% +1 , 

where B\ x - +1 = maxg 6 r 0; i] B(9, ay+i, Ay), and 5(0, ay, Ay) defined by (17). 

Note that the interpolator defined by (5) is symmetric about two variables x and y, we denote 

II df || _ | df(x,y) | ||9P|i _ i ggy(gj/) | , u d 2 f(x r ,y) u _ | d 2 f(x r ,y) \ 

II Si II _ maX (i,s)6D I & I' HaiH - max (a;,j/)GD I fe |, and || gp || - max y6 [ W)% . +1 ] | gp | 

r = 1,2, then the following theorem can be obtained. 

Theorem 3. Let f(x,y) E C 2 be the interpolated function, and Pij(x,y) be its interpolator 
defined by (5) in [xi,Xi+i;yj,yj+i]. Whatever the positive values of the parameters ay,/3y might 
be, the error of the interpolation satisfies 

\f(x,y) - Py(x, y) | < Mllgll + Ugll) + l]\\ 9 ^ yl \\B^,r = l,2, 

where B^- = max T/g [ 0i i] #(77, /3y, Ay), and B(9, ay, Ay) defined by (17). 

Furthermore, for S^j- , when the parameter ctij > and the weight coefficient Ay G [0, 1], 

B 2 (9,ai,j, Ay) > 0(1 - 0)[20 + (1 - 20)Ay + ay (2 - 20 - (1 - 20)Ay)] 2 , 
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so it is easy to derive that 



,(*) 



1 



o < Bvy < -. 



Thus, we can conclude the following theorem. 

Theorem 4. For any positive parameters ai >s ,j3 r ,j and weight coefficient Xij G [0, 1], B\ X J and 



(v) 
B r ■ are bounded, and 



? 0) _ r>(y) 



< B% = B?j < -, r = l,2;j = l,2. 



6 Numerical examples 

Example 1. Let the interpolated function be f(x,y) = sin(5(x 2 — J/)/2), (x,y) € [0,0.75; 0,0.75], 
and let hi = lj = 0.25, then xi = 0.25i,yj 
0.9 + 0.2i - 0.2j,Pij = 1.1 - 0.2i + 0.3j, \ iyj 



0.25j,i = 0, 1,2,3, j = 0,1,2,3. Also let a i:j = 
0.8, i = 0,1,2,3, j = 0,1,2,3. Figure 1 shows the 
graph of the interpolated function f(x,y). Figure 2 shows the graph of the interpolation function 
P(x, y) defined by (5). Figure 3 shows the surface of the error f(x, y) — P(x, y). From Figure 3, it 
is easy to see that the interpolator defined by (5) gives a good approximation to the interpolated 
function. 








Figure 1: Graph of surface f(x,y). 



Furthermore, for the same parameters a^j and /3jj, the interpolation function Pij(x,y) defined 
in (5) can give a better approximation to the interpolated function by selecting suitable weight 
coefficient than the interpolator discussed in [6] . In order to show the case, an example is given in 
the following. 

Example 2. Let the interpolated function be f(x,y) = e x ~ y . Note that the interpola- 
tor is local, we only consider a small interpolating region: [0.5, 0.7; 0.5,0.7]. Let hi = lj = 0.2. 
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Figure 2: Graph of surface P(x, y). 

Pij(x,y) is the interpolation function defined by (5), Qi,j(x,y) is the interpolation function de- 
fined in [6], and denote R[f,Q] = \f(x,y) - Qi,j(x,y)\, R[f, P] = \f(x,y) - Py(x,y)|. For the 
same parameters ay = 1.15 and f3 r j = 0.99, we take Ay = 0.95. Table 1 gives some values of 
f(x,y),Pij(x,y),Qij(x,y),R[f,Q] and R[f,P]. It is easy to see that the values of Py(a;,y) are 
closer to f(x,y) than that of Qij(x,y) in the interpolating region [0.5,0.7; 0.5,0.7]. 

Table 1. Values of f(x,y),Qij(x,y),Pij(x,y),R[f,Q] and R[f,P]. 



x 


y 


f(x,y) 


Qij(x,y) 


p i,j(x,y) 


R[f,Q] 


R[f,P] 


.55 


.50 


.82078 


.82077 


.82077 


.00001 


.00001 


.55 


.55 


.78075 


.77964 


.77974 


.00111 


.00101 


.55 


.60 


.74267 


.74243 


.74244 


.00024 


.00023 


.55 


.65 


.70645 


.70719 


.70710 


.00074 


.00065 


.55 


.70 


.67200 


.67199 


.67199 


.00001 


.00001 


.65 


.50 


.92543 


.92541 


.92541 


.00002 


.00002 


.65 


.55 


.88029 


.88172 


.88146 


.00143 


.00117 


.65 


.60 


.83736 


.83765 


.83761 


.00029 


.00025 


.65 


.65 


.79652 


.79553 


.79571 


.00099 


.00081 


.65 


.70 


.75768 


.75766 


.75766 


.00002 


.00002 



7 Concluding remarks 

• This paper gives the explicit expression of a weighted bivariate blending rational interpolator. 
In the interpolator, there are four parameters ay, ay+i, /3y, Pi+ij and a weight coefficient 
Ay, and it is C 1 in the whole interpolating region [x±, x n ; yi,y m ] for any parameters ay , /3y 
and weight coefficient Ay G [0,1]. Positive parameters and weight coefficient can be freely 
selected according to the needs of practical design. 

• For each pitch of the interpolating surface, the value of the interpolation function depends on 
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Figure 3: Graph of surface f(x, y) — P(x, y). 

the interpolating data. Property 3 shows that the interpolation is stable. Properties 4-6 show 
that the function values and the partial derivatives play not the same roles in the interpolator. 
That is, the magnitude of the integral weight coefficient values describe that of "function" of 
the interpolating knots and data. Also, the error estimation formula of this interpolator is 
obtained. 
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A blending rational spline for value control of curves 

with minimal energy 
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Abstract 

A weighted blending rational spline is constructed using only the function values of a func- 
tion. The interpolation can approximate the interpolated function very well by selecting suitable 
parameter and weight coefficient. And what is more, a new method of value control is employed 
to control the shape of curves, and the optimal solution with minimal strain energy for the value 
control equation is derived. Also when the weight coefficient is in [0,1], The error estimation 
formula of this interpolation function is obtained. 

Key words: Rational spline; weighted blending interpolation; minimal strain energy; value 
control; error estimation 

1 Introduction 

Spline interpolation is a useful and powerful tool in curve and surface design, such as the outer shape 
of a ship, car or aeroplane. Many authors have studied several kinds of spline for curve and surface 
control [2-4,9,14,15,19]. In recent years, the rational spline and its application to shape preserving 
and shape control have received attention. For the univariate rational spline interpolation with 
parameters, in References [13,16,17], positivity preserving, monotonic preserving and convexity 
preserving of the interpolating curves have been discussed. In Reference [11], a method to construct 
conic blending arcs from constraints using rational parametric representation that combines the 
separate cases of blending parallel and non-parallel edges have developed. In References [6-8], 
the region control and convexity control of the interpolating curves have been studied. Since the 
parameters in the interpolation function are selective according to the control need, the constrained 
control of the shape becomes possible. 

In fact, some practical designs in CAGD need only local control, but there are reports on only 
a few methods for local control. In Reference [10], a local control method of interval tension using 
weighted splines was given. In References [1,5], a local control method of the rational cubic spline 
with parameters based on function values was discussed, including value control, inflection-point 
and convex control. However, for the local shape control of the interpolating curve at a given point, 
only when certain condition is satisfied can the shape of the interpolating curve at the point be 
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modified. This is to say that there are still some cases for which there are no parameters that can be 
used in order to control the shape of the curve. To overcome this problem, in this paper, a weighted 
blending rational interpolator is constructed using a rational cubic spline and a polynomial spline. 
Moreover, a method to control the value of the interpolation function at a prescribed parameter is 
also developed. 

This paper is structured as follows. In Section 2, a C 1 continuous weighted blending interpola- 
tion function is constructed using only function values. Section 3 deals with a method to control 
the value of the interpolation function at a prescribed parameter. Moreover, the minimal strain 
energy spline interpolating an additional point is computed and numerical examples are presented 
to show the performance of the method. In Section 4, when the interpolated function /(£) is in 
C 2 [a, b] and weight coefficient Aj is in [0,1], the error estimation formula of the interpolation is 
obtained. 

2 Interpolation 

Let {(U,fi);i = l,--- ,n} be a given set of data points, with a = ti < ■ ■ ■ < t n = b the knot 
sequence and /j the values of the interpolated function f(t) at the knots ti (i = 1,2, ■■■ ,n). 
Denote by hi = ti+\ —ti,9 = (t — ti) /hi, and let an be positive parameter. Then a C^-continuous, 
piecewise rational cubic spline with linear denominator is defined on an interpolating interval as 
follows: 

p *wi[,,, +1 ]= si *=!.«.-, »-i, a) 

where 

Pi (t) = (l-6) 3 a l f l + 6(l-9) 2 V l + 6 2 (l-6)W l + 6 3 f l+1 , 

qi {t) = (l-efa + e, 

Vi = (2ai + l)fi + aihidi, 
Wi = (an + 2)/ i+ i - hidi+i, 

with di = A 1 ,d n = A„_i,dj = (h i A i - 1 + h i - 1 A i )/(h i -i + h t ),i = 2, 3, • • • , n - 1, and Aj = 
(fi+i — fi)/hi. This rational cubic spline P*(t) satisfies 

P*(U) = fi, P*'(ti) = d h i = l,...,n, 

and it exists and is unique for the given data and the positive parameter on. 

We consider another interpolation function: the cubic polynomial spline based on function 
values and given by 

P *(*)L t ] =(i-o) 3 f l + o(i-e) 2 (3fi + h i d t ) + e 2 (i-e)(3f l+1 -h i d i+1 ) + e 3 f t+l , (2) 

where di,i = 1,2,- ■■ ,n are defined as in (1). Then P*(t) satisfies 

P*(k) = fi, P*'(U) = di, i = l,...,n, 

A weighted blending rational interpolation will be constructed using the two kinds of interpo- 
lation described above. Let 

P(t)\ [ti , ti+l] = XiP*(t)\ [ti:ti+l] + (1 - Ai)P*(% i)ti+l]j i = 1,2, ■ ■ ■ ,n - 1, (3) 
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with the weight coefficient Aj £ R. The interpolation function based on function values in [a, b] 
defined by (3) is denoted by P(t). It is obvious that P(t) is a C 1 — continuous, piecewise rational 
interpolation called the weighted blending rational spline, and satisfies 



P(U) = fi, P'(U) = di, 1 = 1,2, 



, n. 



Example 1. Let the interpolated function be /(£) = ln(l + 8t), t £ [0, 1.5] with interpolating 
knots at t = ih, i = 0, 1,2,3, h = 0.5. Denote the corresponding C 1 -continuous interpolation 
functions defined by (1) — (3) in [0, 1.5], by P*(t), P*(t) and P(t), respectively. Consider the section 
of the interpolation functions corresponding to the interval [0.5, 1.0] with ctjj = 0.6, Aj = 1.8. Fig.l 
shows the graphs of the curves f(t), P*(t), P*(t) and P(t) in the interval [0.5, 1.0]. It is easy to see 
that P(t) gives a better approximation to f(t) than the others in the interval [0.5, 1.0]. 




0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 



Figure 1: Graphs of the curves / (t) , P* (t) , P*(t) and P(t). 



3 Value control with minimal strain energy 

The shape of interpolating curves on an interpolating interval depends on the interpolating data. 
Generally speaking, when the interpolating data are given, the shape of the interpolating curve is 
fixed. However, note that there are the independent parameter a, and the weight coefficient Aj 
in (3), with them varying, the interpolation function can be changed for unchanged interpolating 
data. Thus, the shape of the interpolating curve can be modified by selecting the parameter and 
the weight coefficient appropriately. In what follows in this paper, we consider the case of equally 
spaced knots, namely, hi = hj for all i, j £ {1, 2, • • • , n — 1}. 

Consider the following constraint control issue. For a point t* in the interpolating inter- 
val [ij,tj+i], let 9* = (t* — U)/hi be its local co-ordinate. If the practical design requires the 
function value of the interpolation at the point t* to be equal to a real number M, and M £ 
(min{/j, /j + i},max{/j, /j + i}), how it can be achieved. This kind of control is called the value 
control of the interpolation at a point. Denoting 



M = ufi + (l-u)f i+ i, 



(4) 
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with u £ (0, 1). Then the equation P(t*) = M can be written as 

X iPi (t*) + (1 - A0ft(t*)P.(O - [uh + (1 - u)f i+1 ] qi (t*) = 0. (5) 

Eq. (5) is equivalent to 

flit* + S 2 Ai(ai - 1) + £ 3 = 0, (6) 

where 

B x = (1-9*)B, 

b 2 = e* 2 (i-e*) 2 [2(f t -f t+1 ) + (di + d t+1 )h t ], 

B 3 = 9*B, 
with 
B = [(1 - 9* ) 2 (1 + 20*) - «]/* + [#* 2 (3 - 29*) - 1 + w]/ i+ i + 9* (1 - 0* )[(1 - 0*)^ - 0*dj+i]fc. 

From Eq. (6), it is easy to see that there must exist a positive parameter cti and a weight 
coefficient Aj satisfying Eq. (5). Therefore we have the following theorem. 

Theorem 1. For the given interpolation data {(U,fi);i = !,■■■ ,n}, where the knots are 
equally spaced, let P(t) be the interpolation function over [£j,£j+i] defined by (3), let t* be a point 
in [ti,ti+i], M is a real number, and M £ (min{/j, /j + i},max{/„ /j + i}). Then there must exist a 
positive parameter a.{ and a weight coefficient \ to satisfy P(t*) = M . 

Th.l shows that the value control problem can be always achieved. However, from Eq. (6), it is 
evident that the value control equation (5) has many solutions. For each solution, an interpolating 
curve can be obtained respectively. This mean that the uniqueness of the interpolating curve for 
the value control problem cannot be guaranteed. Hence, it is an important problem that how to 
choose the best solution in all solutions. In the following, we will present a solution to this problem. 

First of all, we consider the strain energy of the interpolating curve. The strain energy of a 
(piecewise) C 2 -continuous curve /(£) defined on [a, b] is defined as follows: 

r \f"(t)} 2 dt 

where f"(t) is the second derivative of f(t). Note that the interpolation function Pit) defined 
in (3) is local, without loss of generality, it is only necessary to consider the strain energy of the 
interpolating curve P(t) in the subinterval [ti,ti+\]. 

We denote the strain energy of the interpolating curve P(t) in the subinterval [tj,tj+i] by 
E(c<i,\i), then 

E (a „X,) = rVw]^ - 41 "'-^' 1 -"-^ (7) 



u ai 



where 



M = p[3(/ l -/ m ) 2 + 3/ 1 ,((i l + (i m )(/,-/, +1 ) + (d 2 + ^d m + d 2 +1 )/ l 2 ], 
A 2 = ^Mfi-fi+J + idi + di+Jhi} 2 . 
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It is evident that the strain energy E{cti,Xi) of the interpolating curve P(t) defined by (3) in 
the subinterval [£j,£j+i] depends only on the parameter cti and the weight coefficient Aj, as shown 
in (7). From (7), when Aj = or aj = 1, the strain energy of the interpolation curve P{t) defined 
by (3) is minimal. In this case, the interpolating curve P(t) defined by (3) is the polynomial curve 
defined in (2), and its strain energy is A±. 

Definition. The solution (ctj,Aj) of Eq. (5) is called the optimal solution, if (oa,Xi) is the 
minimal value point of the strain energy E(cti,Xi) defined in (7) under constraint condition (6); 
And if the optimal solution (a^Aj) exists, then the value control is called the value control with 
minimal strain energy. 

In order to obtain the optimal solution for the value control, we let 

L(ai,\i,u) = E(a>i,\i) - u(B 1 a i + B 2 Xi(ai-l) + B 3 ) 

A 1 a i + A 2 (l-a, i ) 2 Xf 



[i(B 1 a i + B 2 \ l (a l -l)+B 3 ). (8) 



From the following system of equations 

g%^ = AaA y- 1} - Bi/i - B 2 X,u = 0, 

dL(ai,\i,n) _ 2A 2 Xi(l-ai) 2 T3t n . -t\.. _n 
d\ t ~ ex, D 2 \a % l)U — U, 

9H^M = _ Bia . _ B 2 { ai - l)Xi -B 3 = 0, 

it is easy to conclude that the stationary point (ckj, Aj, u) of the function L(cti, Aj, u) defined by (8) 
is given by 

^ r x 2£?i£? 3 _ _AA 2 Bi 

° l ~ 1 - 9* ' l ~ B 2 (B 1 - B 3 ) ' M " B\ ' iyj 

where Bi,B 2 , B% are defined in Eq. (6), A 2 is defined in (7). It is easy to prove that («j, Aj) is just 
the optimal solution for the value control. This can be stated in the following theorem for value 
control with minimal strain energy. 

Theorem 2. For the given interpolation data {(U,fi);i = l,--- ,n}, where the knots are 
equally spaced, let P(t) be the interpolation function over [ij, ti+i] defined by (3), let t* be a point in 
[U, U+i], M is a real number, and M G (min{/j, /j+i},max{/j,/j + i}). Then the optimal solution 
of Eq. (5) is given by 

0* , 2B 1 B 3 

Cti = — , A,; 



B 2 {B\ — B 3 



Remark: In the optimal solution (cuj, Aj), when 9* = g, oti = 1. In this case, the interpolation 
function P(t) defined in (3) is the polynomial interpolation defined by (2), its shape is fixed, the 
function value can not be modified with minimal strain energy. 

Example 2. Given the interpolating data shown in Table 1, let P(t) be the interpolation function 
defined by (3) in the interpolating interval [0.5,4]. Since the interpolation function is local it is 
possible to compute directly its expression in the interval [1,2] only. 
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Table 1. The interpolating data 



/(*) 



0.5 



1.0 

To" 



2.0 



2.4 
"JUT 



3.0 
"4i0" 



4.0 



This example will show how the value control with minimal strain energy of the interpolating 
curves can be obtained by selecting a optimal solution under the condition that the interpolating 
data are not changed. 

Taking a, = 2 and Aj = 0.4 the interpolation function in the interval [1, 2] is given by 



Pi(t) 



941 - 3403£ + 3012i 2 - 1014t 3 + 114t 4 



35i - 105 



(10) 



It can be shown that Pi (1.4) 



20637 
4375 



4.71703 by (10). For the given interpolating data, if the 



design requires P(1.4) = 4.6, then u = 0.8 by (4). Thus ai 
(|, g|) is the opti 
in [1,2] by P 2 (i). 



1 x — -A by (9), that is to say that 



3 ,Ai 



(3, 57) is the optimal solution of the value control problem. We denote the interpolation function 



W) 



-385 + 939t - 202t 2 - 222t 3 + 80t 4 
214 + 21 ' 



Furthermore, if the design requires P(1.4) = 4.8, then u = 0.9 by (4). Thus ctj = o, Aj = — 5X 
W (9)) (31 — 3g) i s the optimal solution of the value control problem. We denote the interpolation 
function in [1,2] by P 3 (t). 



W) 



105 - 387t + 691t 2 - 424t 3 + 85t 4 
7t + 7 ' 




1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 



Figure 2: Graphs of the curves Pi(t),P2(t) and Pz(t). 



Fig. 2 shows the graphs of the curves Pi(t), P 2 (t) and Ps(t), it can be examined that P 2 (1.4) 
4.6, P 3 (1.4) =4.8. 
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4 Error estimation 



To estimate the error estimation of the weighted blending rational interpolation function defined 
in (3), we assume that the weight coefficient Aj is in [0, 1] and the knots are equally spaced, namely 
hi = hj for alH, j £ {1, 2, • • • , n — 1}. Since the interpolation is local, it is necessary to consider just 
the subinterval [tj,tj+i]. Assuming that /(£) £ C 2 [a,b] and P(t) is the rational cubic interpolation 
function of f{t) in [tj,tj + i], we discuss the following three cases. 

Case 1. i = 2,3, ■ ■ ■ , n — 2. 

In this case, after some rearrangement, (3) can be rewritten as 



P(t) = wi(0, ttj, Xi)fi-i + w 2 (0, aii, Xi)fi + w 3 (0, an, Xi)fi+i + u*(9, «», Aj)/ i+2 , 



where 



Wl(0, Q!i,Ai) 

w 2 (0,aj,Aj) 
w 3 (0,aj,Ai) 

W4(0,«i,Ai) 



0(l-0) 2 [q, + 0(l-a,)(l-A t )] 
2((l-0)a; + 0) 
(1 - g)[g(2 - 0) + 2(1 - 2 )q, + 30 2 (1 - 0)(1 - aj)(l - A,)] 

2((1- 0)^ + 0) 
0[20(2 - 0) + (1 - e 2 )ai - 30(1 - 20 + 30 2 )(1 - a i )(l - AQ] 
2((l-0)a, + 0) ' 

9 2 (l-9)[9+(l-9)((l-X i )a i + X i )} 



2((l-g)a i + 
Using the Peano-Kernel Theorem [18] we obtain 



(11) 



*[/] = /(*) " *>(*) 



f(r)R t [(t-T) + ]dr, 



(12) 



where 



M* " r)+] = 4 



p(r) = (t - t) + 



!(1 _ )[ + (i _ 0)((i _ A.) a . + A,)](t l+2 - r) 



2((l-0)a; + 0) 
0[20(2 - 0) + (1 - 2 )a; - 35(1 - 20 + 30 2 )(1 - Oi)(l - Ai)](t i+ i - r) 



2((l-0)ai + 



U <t <t ; 



l(r) 



r(r) 



+ 



0[20(2 - 0) + (1 - 2 )a t - 30(1 - 20 + 30 2 )(1 - a,)(l - A»)](t m - r) 

2((1- 0)ai + 6) 
6 2 {l - 0)[0 + (1 - 9){{l - Xi) ai + \j)}{t l+2 - t) 

2((l-9) ai + 9) 
.2(i _ ^ + (i _ )((i _ A .) a . + A i )](* i+2 - r) 



2((l-0)«i + 



t < r < tj+i; 
ij+i < r < U + 2- 



Now, we consider the properties of the kernel function Rt[(t — r)+] of the variable r £ [ij,£j+i]. It 
is easy to see that r{r) > for all t G [^+1,^+2]- 
For q(r), since 



«(*) 



0(1 - 0)[(1 - g)(l + + 0(1 - Aj)(l - 2g))q< + 0(1 + (1 - 0)A, + 20(1 - 0)(1 - Aj))]fej 

-2((l-0)a, + 0) 

7 



<0, 
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and 



( . , 9 2 (l-9)[9+(l-0)((l-\ l )a l + \ l )}h l ^ n 



2((1 -$)cci + 

the root r* of q(r) is 

* 0(1 - 0)[6 + (1 - 0)((1 - XJai + \i)]hi 

1+1 (l-9)(l + 9(2,-2\i)-29 2 (l-\ i ))a i + 9(l + W-29 2 + 2(l-9) 2 \)' 

Hence, q(r) < for t < r < r* and q(r) > for r* < r < £ i+ i. 
Also, since 

,,, 0(l-9) 2 [a l + 0(l-a i )(l-X t )]h i ^ 

the root r* of p(r) is 

(1 - 9)[a t + 9(1 - a t )(l - \i)}h t 



T# — 1% -\- 



(2 + 6- 202(1 - Ai))(oi(l - 0) + 0) - 20 2 Ai ' 

Hence, p(r) > for tj < r < r* and p(r) < for r* < r < £. 
Thus, we use (12) to arrive at 

Will = \\f(t)-P(t)\\ = \ r +2 f"(r)R t [(t-r) + ]dr\ 

Ju 

< ll/"(t)l|[/ r *p(r)dr- / p(r)dr- f q(r)dr + f ^ q ( T )dr + f ^ r(r)dr] 
= h 2 \\f"(t)\\U t (9,a l ,X l ), (13) 

where 

with 

Wi (9, ai, Ai) = 3 [2 + 110 + 1O0 2 - 270 3 + 40 4 + 40 5 + (6 + 90 - 580 2 + 470 3 + 80 4 - 120 5 )Ai 
+4(1 - 9) 3 (2 -29- 30 2 )A 2 - 49(1 - 0) 4 A 3 ] + ai 9 2 (l - 0)[129 3 (1 - 0) 3 A 3 
+4(1 - 0) 2 (2 -89 + 30 2 + 90 3 )A 2 + (12 + 120 - 1310 2 + 1370 3 + 120 4 - 360 5 )Ai 
+6 + 330 + 30 2 - 810 3 + 120 4 + 120 5 ] + a 2 9(l - 0) 2 [40(1 - 0)(4 - 100 + 90 3 )A 2 
+ (6 - 30 - 880 2 + 1330 3 - 360 5 )Aj + 6 + 330 + 3O0 2 - 810 3 + 120 4 + 120 5 
-120 3 (1 - 0) 2 A 3 ] + q 3 (1 - 0) 3 [2 + 110 + 1O0 2 - 270 3 + 40 4 + 50 5 + 40 4 (1 - 0)A 3 
+40 2 (2 - 40 - 2 + 30 3 )A 2 - 0(6 + 150 - 430 2 + 40 3 + 120 4 )Ai], 

Vi (0, on, A,) = 4[(1 - 0)(1 + 0(3 - 2\) - 29 2 (1 - A;)K + 0(1 + 30 - 20 2 + 2(1 - 0) 2 A;)] 
[(1 - 9)a t + 0][(2 + - 20 2 (1 - Ai))(ai(l - 0) + 0) - 20 2 A*]. 
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Case 2. i = 1. In this case, similar to Case 1, we obtain 

Will = I f t3 f(r)R t [(t-r) + ] dr\ < h 2 \\f (1)^(9, ai, Ax), (14) 

where 

with 

tui(e,ai,Ai) = 0(l-0)[0 2 (2 + 0-0 3 + (l-0) 2 (l + 20)A! + (l-0) 3 A 2 ) 

+<*i0(l - 0)(4 + 20 - 20 2 + (1 - - 40 2 + 40 3 )Ai - 20(1 - 6) 2 \j) 
+a 2 (l - 0) 2 (2 + 9 - 3 - 0(1 + 6 - 20 2 )Ai + 2 (1 - 0)A 2 )], 

Vl (0, ai, Ai) = 2(ai(l - 0) + 0)[(2 + 0(1 - 0)(1 - Ai))(ai(l - 0) + 0) + 0(1 - 0)Ai]. 

Case 3. When i = n — 1, we conclude 

\\R[f\\\ = 1/ f"(r)R t [(t-T) + ]dT\<h 2 \\f"(t)\\U n ^(9,a n ^,X n ^), (15) 

where 

TT , a \ \ w„_i(0,a„_i,A n _i) 

t/ n _i(C, a n _i, A n _ij — -r -, 

v n _i(0,a n _i,A„_ij 

with 

w„_i(0, a n _i, A n _i) = 0(1 - 0)[0 2 (2 + 50 - 40 2 + 3 + 2A„_i(l - 0) 3 + 0(1 - 0) 2 A 2 _ : ) 

+2a n _!0(l - 0)(2 + 50 - 40 2 + 3 + A n _i(l - 0) 2 (1 - 20) 
-0 2 (1 - 0)A 2 _!) + a 2 _i(l - 0) 2 (2 + 50 - 40 2 + 3 

-20(l-0) 2 A n _!+0 3 A 2 _i)], 
v n -i(0, a n _i, A„_i) = 4[2(0 + a n _x) - a n _i0(l - 0) + 2 (1 - 0)(1 - a„_i)(l - A n _i)] • 

(a„_i(l-0) + 0). 

For the fixed parameter ai and weight coefficient Aj, let 

d = max Ui(9,ai,\i), i = 1,2, ■ ■ ■ ,n - 1. (16) 

0<6K1 
This leads to the following theorem. 

Theorem 3. Let f(t) G C 2 [a,b], P(t) is the weighted blending rational interpolation function 
°f f(t) i- n \tiiti+\\ defined by (3). When the knots are equally spaced, for the parameter c^ and the 
weight coefficient Aj € [0, 1], 

\\R[f}\\<h 2 \\f"(t)\\ Cl , 

where Ci is defined by (16). 

It is obvious that the optimal error constant a does not depend on the subinterval [£j,ij+i], 
but just on the parameter ai and the weight coefficient Aj, as shown in (16). Some values Cj for 
different «j and Aj are given in Table 2. 
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Table 2. Values q 


for various values 


a.i and Aj. 




Ol\ 


Ai 


C\ 


OCi 


Xi 


Ci 


a n -i 


A n -i 


C n -1 


1.0 


0.88 


0.13203 


1.0 


0.95 


0.11128 


1.0 


0.92 


0.10205 


1.1 


0.88 


0.13149 


1.1 


0.95 


0.10996 


1.1 


0.92 


0.10128 


1.2 


0.88 


0.13102 


1.2 


0.95 


0.10877 


1.2 


0.92 


0.10059 


1.5 


0.88 


0.12988 


1.5 


0.95 


0.10585 


1.5 


0.92 


0.09890 


2.0 


0.88 


0.12864 


2.0 


0.95 


0.10244 


2.0 


0.92 


0.09695 


3.0 


0.88 


0.12732 


3.0 


0.95 


0.09844 


3.0 


0.92 


0.09469 


5.0 


0.88 


0.12628 


5.0 


0.95 


0.09483 


5.0 


0.92 


0.09264 


10.0 


0.88 


0.12559 


10.0 


0.95 


0.09194 


10.0 


0.92 


0.09097 


20.0 


0.88 


0.12562 


20.0 


0.95 


0.09051 


20.0 


0.92 


0.09011 


50.0 


0.88 


0.12518 


50.0 


0.95 


0.08968 


50.0 


0.92 


0.08958 


100.0 


0.88 


0.12514 


100.0 


0.95 


0.08942 


100.0 


0.92 


0.08940 


1000.0 


0.88 


0.12511 


1000.0 


0.95 


0.08914 


1000.0 


0.92 


0.08924 



5 Conclusion 

In this paper, a C 1 -continuous, piecewise weighted blending interpolation based only on function 
values is constructed. This interpolation function has a simple and explicit mathematical represen- 
tation, and approximates the interpolated function very well by selecting suitable parameter and 
weight coefficient. Also, a value control method of interpolating curves is developed. When the 
given data are not changed, in view of this method, the uniqueness of the solution for the value 
control equation not only can be guaranteed, but the value control with minimal strain energy can 
be achieved only by selecting suitable parameter Qj and weight coefficient Aj. 
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Abstract 

Single hidden layer feedforward neural networks with ramp sigmoidal activation func- 
tions are constructed to approximate two-variable functions defined on compact interval. 
With the help of modulus of continuity and analysis techniques, two Jackson-type the- 
orems are given respectively when the objective functions being continuous and having 
continuous partial derivatives of order N. 

Keywords neural network operators; modulus of continuity; order of approximation 
AMS(2000) Subject Classification 41A20; 41A25 

1 Introduction 

Essentially, artificial neural networks are nonlinear parametric expressions representing mul- 
tivariate numerical functions. In connection with such paradigms there arise mainly three 
problems: the density, the complexity and the algorithm. The density deals with the question: 
which functions can be approximated in a suitable sense. This problem has been satisfactorily 
solved (see [8, 9, 12, 13, 14, 15, 16]). 

The complexity which deals with the relationship between the size of an expression (i.e., 
the number of neurons) and its approximation capacity is a key issue. Usually to solve the 
complexity problem some neural network operators are constructed and used (for example, see 
[1, 2, 3, 4, 5, 7, 10]). 

A function s : R — > R is called sigmoidal if 



lim s(x) = 1, lim s(x) = 0. 
Cheang Gerald [6] introduced the following so called ramp sigmoidal function 

0, x e (-oo,0), 
<t>v{x) = { vx, i£ [0, i], 

1, x€(l,+oo) 



*This research was supported by the National Natural Science Foundation of China (Nos. 90818020, 
10871226) 

i Corresponding author: Feilong Cao, E-mail: feilongcaoagmail.com 



CHEN, CAO: NEURAL NETWORKS 102 



and investigated the approximation by the single hidden layer feedforward neural networks 
with the ramp sigmoidal activation function. In this paper we will study the approximation 
of 2-dimcnsional continuous functions defined on [—1,1] x [—1,1] by constructing single hidden 
layer feedforward neural network operators with ramp sigmoidal activation function. 

Now we introduce some notations. Let 4> v (x) :— 4> v (x + 1) — <j> v (x), and </>(x) := </>«(f )• 
Obviously <p(x) has support set [—1,1], and is nondecrcasing on [—1,0] and nonincrcasing on 
[0, 1]. Furthermore, we assume that J_ 1 (j>(x)dx = 1. 

Let b(xi,x 2 ) '■— 4>{xi)4>{x2) , then b{x\,X2) has support [— 1, 1] x [— 1, 1], and satisfies 

r i ,-\ 

b(xi,x 2 )dxidx2 = 1, 



which is called bell-shaped function (see[3]). 

For the continuous function f(x\,X2) defined on [— 1, 1] x [— 1, 1] := [— 1, l] 2 , we modify the 
multivariate neural network operators introduced by [3, 5] as follows: 

[n+n a ] [n+n a ] ?, k x k 2 \ / h. u 
Fn(f){Xl,X2)= }^ 1^ 2a b [ n ( Xl )' (" (^ ) 

lb \ lb lb 

where < a < 1, [a] denotes the integral part of a number a, and \a\ the ceiling. Clearly, F n 
are single hidden layer feedforward neural network operators. We will give some estimations 
based on the procedures of [3] . 

2 Some Lemmas 

To prove our results, we shall give some lemmas. 
Lemma 1 

(1) If U <t'i< 0(i= 1,2), then b(t 1 ,t 2 ) < &(*i,*ss)- 

(2) If 0<ti <t'S= 1,2), then b(t 1 ,t 2 ) > b(t[,t 2 ). 

Proof Noting that 6(^1,^2) < b(t[,t2) < b(t[,t'2), the proof of (i) can be finished easily. 
The proof of (2) is similar. 
Lemma 2 
(i) For ki € Z : \nxi\ + 1 < ki < [nXi + n a ],i — 1, 2, we have 

[nxi+n a ] + l />[nX2+n a ] J rl 

it I. — n / ' - 1 \ ! - . \ / ' - . \ i , 1 . 



n J+l / . . \ 

b n 1 -"^! - -), n 1 - a (x 2 - — ) dt x dt 2 
1 \ n n J 



[nxi]+l J [nx 2 ] + 

[nx 1 +n c "] [nx2+n a ] . 

± E E bU-(x 1 - k ^w-(x 2 -^ 

Tri^i] +1 \nx 2 \+l x 
f[nxi+n°] f[ni2+m"] 

" / / 



b (n 1 ~ a (x 1 - -), n 1 - a (x 2 - -)) dtidt 2 - 
\ n n J 



(ii) For ki G Z : \nxi ~ n a ~\ < ki < [nxi] — 1, i = 1, 2, we have 

f [nx±] — 1 p[nx2] — l 



[nxi—n a ~\ —1 J [nx2 — n a ~\ — 
[nxi] — l [11x2] — 1 



b (n 1_a (si - -),n l ' a {x 2 - -)) dhdt 2 

1 V n n ) 



*• — ' *• — ' \ n n 

[nsi-n Q ] \nx2 — n a ~\ 
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(iii) For [nil] + 1 < ki < [nxi + n a ], \nx 2 — n a ~\ < k 2 < [nx 2 ] — 1, we have 

'nx 1 +n a ] + l r[nx 2 ] — 1 / j- j- \ 

Mn 1 -"^!--)^ 1 -"^--) )dt 1 dt 2 



2 

[nxi]+l J[na)2- n a ]— 1 

[nxi+n a ] [m 2 ]-l . 

< £ £ 6 ( n i-«. (a;i _^) )n i- (a;9 _^ : 

[~n:ci]+l [nX2- n a ] 

[nii+n°] /-[na;2] / j- j- 



</ / 6 [n 1 - a (x 1 --),n 1 - a {x 2 --))dt 1 dt 2 . 

J[n Xl ] J\nx 2 -n a ] \ n n } 

(iv) For \nx\ — n a ~\ < hi < [nil] — 1, |~raa; 2 ] + 1 < k 2 < [nx 2 + n a ], we have 

nx\\ — 1 <.[mri+n°] + l / , , \ 

b[n 1 - a (x 1 --),n 1 - a (x 2 --))dt 1 dt2 



2 
[nil- n a ] — 1 J \nx 2 ] J rl 

[nx\]-l [nx 2 +n a ] . 

± E E M" 1 -^-)-" 1 -"^-) 

[ns-n a ] [na^l+l 

</ / b(n 1 - a {x 1 -^),n 1 - a (x 2 -^))dt 1 dt 2 . 

J\nxi-n a ^ J\nx 2 ] \ n n 

Proof (i) Let ti satisfy nxi < ki — 1 < ti < ki. Then 



Xi < Xi < Xi < 0, 2 = 1,2. 

n n n 

By Lemma 1 we know 

bL^ix.-^An^ix,-^)) < bU-^x.Sn^ix,-^) 
\ n n J \ n n 

< bU- a {x l - k ^^)^- a {x 2 - k ^^ 
\ ' n n 

Hence 

k 1 -lJk 2 ~l \ n " 

Let U satisfy nxi < ki < U < fc, + 1. Then 

Xi < Xi < Xi < 0, 2 = 1,2. 

n n n 



n 1 ~ a {x 1 - k ^) 1 n 1 - a (x 2 - ^) ) < / ' / 2 b (n 1 -*^ - ^n 1 "^ - -) ) dt x dt 2 . 



Again, by Lemma 1 we obtain 



n n J \ n n 

< b(n 1 - a (x 1 - k ±),n 1 - a (x 2 -^) 
V n n 
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Consequently 



fei+l fk 2 + l 



b ( n 1 - a {x 1 - -),n 1 - a (x2 - —)) dhdt 2 
\ n n J 



: M» 1_a (*i--).» 1_a (*2--) 

n n 



Therefore, 



fel+l rk 2 + l 
fel Jk 2 



b (n 1 - a (x 1 - -),n 1 - a (x 2 - -) ) dM*2 
\ n n J 



\ n n 

/■fel /•& 

< / 



fel /■'S2 / J- JL \ 

/ b n 1 - a {x 1 - -),n 1 - a (x 2 - ^) dtidfe. 
1-1A2-1 V " n J 



We thus get 



nii+n°]+l /•[nx 2 +n a ] + l / , , 

/ b(n 1 - a (x 1 --),n 1 - a (x2--))dt 1 dh 

[nxil+l J\nx 2 \+l \ n n 



[nxi+n J [nx 2 +n \ . 

± E E M» 1 - a (*i--),» 1 - a (* 9 --) 



[nxi+n J [nx2+n 

V n n 

Tri^i] +1 \nx 2 \+l x 
Wtoi+h"] (•[ni2+n°] / . . 

</ / fcln 1 -^!--),^- ^--))*!^. 

J\nx 1 ~\ J\nx 2 ~\ \ n n 

(ii) If U satisfy ki — 1 < U < fc, < na;,, then 



n n n 



By Lemma 1, we obtain that 

b(n l - a {x l - k ^^),n 1 - a {x 2 - k ^^)\ < b(n 1 - a (x- t ±W- a (x- t -±) 
\ n n J \ n n 

,i-«/~ kl \ „!-<*(„ fc 2 



< b[n 1 - a (x 1 -—),n 1 - a (x2-—) 



Consequently 



r b[n 1 - a (x 1 --),n 1 - a (x2-^))dt 1 dt 2 

fei-l Jk 2 -1 



,1-ar*. *!■> „!-«/ f 2 



n n 

Now let ^ satisfy fcj < tj < fcj + 1 < nxi, then 

fv^ vj rvj — r -L 

n ~ n n 

So from Lemma 1, we obtain 

6fn 1 - a (*i-^),n 1 - a (:F2--) > ) < b(n 1 - a (x 1 - t ^),n 1 - a (x2--) 
\ n n I \ n n 



n n 
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and 



,J-<W , kl \ ^l-a/~ fc 2 



n n 

We have established that 

"fel /-/S2 



fel + l /-/S2 + 1 
fcl ^fe2 



6 ( n'- a ( Xl - ^), n 1 -"^ - ^) ) < / / 6 ( n 1 -^ - ^), n 1 ""^ - ^) ) dt l( ft 2 . 



n 



n 



fel-l Jfe2-1 



l l\ „1- 



^2 



6 n^ a (xi - -),n i_a (xi - -) dhdt 



n n 



< 



fei+i /-fc 2 +i 



!n „1- 



^2 



b n l - a ( Xl - -),n i - a (x 2 - — ) rftirfi 



which shows that 



[nxi]-l /■[nx 2 ]-l / j. j- 

/ 6(n 1 - a (»i--),n 1 - a (a;2--))*idt2 

fnxi— n"]— 1 ./ [nx 2 -n c "]-l V ° n 

[nxi] — l [rax 2 ]-l / u U 

< E .. E Mn 1 -^-!)^ 1 -^-^) 

[nil- n a ] [nX2 — n a | 



< 



6 ( n 1 -"^ - -),n 1 - Q (x 2 - -) I dhdt 2 . 



[nil- n a ] ^[nX2-n a ] \ '^ '^ 

(iii) First, it is easy to see that whent^ < t[ < 0, b(ti,t 2 ) < b(t' l7 t 2 ) and 6(ti, ^2) < b(ti,t 2 ), 
and when t ■ > i* > 0,b(ti,t 2 ) > &(*i>*2) and b (ti,h) < b{t[,t 2 ). Therefore, 



fel+l /•&: 



fe 2 -l 



i 



^ „1- 



^2 



6 n 1_a (a;i - —),n i -- a (x 2 - -) dtidt 



< 



fei+i 

fci 
fei+i 



A-2 

fe 2 -l 

1-a 



b[n 1 - a (x 1 --),n 1 - a (x 2 --))dt 2 



n 



^2_ 

n 



dti 



b[n l - a {x 1 --),n 1 - a {x 2 --))dt 1 
fei V n n ' 

< [ kl ^b (n 1 -*^ - k -±)y- a {x 2 - fc2 ) ] ,//, 

ifei V n n ' 



Mn 1 - ^!--)." 1-01 ^--) 
n n 



< 



fe 2 +i 



b ( n 1-Q (»i - — ),n 1 - a (x 2 ~-))dt 



n 



n 



1 ^ „!-"/ 



/9 



Hence 



(■fel /■fe2 + l / 

</ / b[n 1 - a (xi--),n 1 - a (x2--))dtidt 2 . 

Jk 1 -iJk 2 V n "■ / 

nxi+n a ]+l r[nx2] — 1 / j- jl \ 

/ 6(n 1 - Q (xi--),n 1 - a (a;2--))cftidt2 

[nxil+l Jrnx 2 -n a ]-l V n n / 

[nxi+n°] [nx 2 ]-l , , , 

^ E E Mn^-r)." 1 " 8 ^-^ 

[rai] +1 |~nx2 — H a ] 
/-[nxi+n a ] Hna^] / 

</ / 6(n 1 - a (xi--),n 1 - a (a;2--))dtidt2. 



1 \ „l-c 



^2 
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The proof of (iv) is similar to (iii). 
Lemma 3 We have 

[na;i+n a ] [na:2+n a ] 



(i) 

(") 

(iii) 
(iv) 



[."IT" J L /"2T" J , , . x (J (J 

|2^ E E b [ nl ~ a ( x i 1 -),n l ~ a (x 2 ")) / / b(xi,x 2 )dxidx 2 

[nxi]-l [nu]-l , . ! ! 

"to E E M^ 1_a (^i--)>« 1_Q (^--) - / b(x 1 ,x 2 )dx 1 dx 2 

1 r „i r d V n n J JO JO 

\nxi—n a \ \nx 2 —n a \ 

[nii+n°] [rax 2 ]-l .. , , 

i E E ftfn-^-^n 1 -^-^ 



< 



< 



b(xi,X2)dxidx^ 



1 /.O 



b(xi,X2)dx\dx2 



o ./-l 



[~nxi]+l [nS2-n Q ] 
[na;i]-l [nx 2 +n a ] . 

2, E E ^n-^r-^n 1 -^-^ 

[nxi-n Q ] [nx2]+l 

Proof (i) Since 

'nxi+n a ]+l <.[mE 2 +n ] + l / j. y- 

/ bln 1 -^!--)^ 1 -^^--))*!^ 

[nxi+n™] [ni 2T ii°] , . . N 

[nxil + l r«a;2l+l 
<-[niEi+n ] r[nx 2 +n a ] 

< / M n 1 -"^! - ~-±), n l - a (x 2 - 3) ) dt 1 dt 2 

J \nx\\ J \nx 2 \ 



< 



< 



A-atf„ *1\ „l-a/_ *2- 



we have; 



nai- [nail -1 ^x 2 - f^^l - 1 



n:i 1 -[n.;r 1 +n<»]-l / „i-[»,;+.°]-l 



M 

b(x\, X2)dx\dx2 — I / b(x\,X2)dx\dx2 



<^ E E b[n^(x 1 -^W-(x2-^)jdt 1 dt2-J_J_Kx 1 , 



X2)dx\dX2 



\nx{\+l [nx 2 ]+l 



6(xi, X2)dx\dx2 — \ \ b(x\,X2)dx\dx2 



Writing the left side of above inequality as Ai, and letting 

— 1 < nx — \nx] < 0, — n a < nx — [ax + n a ] < —n a + 1, 
one has 



|Ai| = 



< 



c l~ f^^ll - 1 nx 2 - \ nx 2 ~\ -1 



ttx! — [nx 1 +n a ]-l I nx 2 - [nx 2 +n a ] — 1 



/-0 



6(xi, X2)dx\dx2 — I I b(x\,X2)dx\dx 



n-TnglT-l 



b{x\^X2)dx\dx2 + 



c 2 - r^x 2 i -i 



b(x\,X2)dx\dx2 



< 
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We write the right side as A 2 and get 
I A, 



b(xi,X2)dxidx2 — / / b(xi,X2)dxidx2 

C1 -[nx 1+ „°] 7r»x 2 -[„g 2 +r,"] J-lJ-1 



< 



r 2 -["S2+"° 



-1 J -1 



b(xi,X2)dxidx2 + 



r 

b(xi,X2)dxidx2 ■ 



z-2- r^x 2 i 



-r^ii 



b(xi,X2)dxidx^ 



b(xi,X2)dxidx^ 



< 



Therefore, 



[nxi+n a ] [na;2+n a ] 



[."iT« j L >»j- 2T -"i j , , J. \ /"U /•() 

Lee Mn 1 -^-^),^-^-!))*!*,-/ / 

rnxii+i r«*2i+i v 7 j-w-i 

Similar calculations to (i), we use Lemma 2 and obtain that 

[nxi] — 1 [nx 2 ] — 1 



< 






6(xi, X2)dx\dx2 



[nxi—7i a ~\ \nx2— n a ~\ 

<max{|A 3 |,|A 4 |}<^, 



where 



I A, 



I A, 



'1- r"^l~"°l , Tix 2 -rna: 2 -re' :> 1 



-["*ll 



°2~[" a: 2] 



&(xi, Xq)dx\dx2 — \ I b(x\,X2)dx\dx 



ta l- [^^1-^"!+! 71X 2 - rT!X 2 -Tl Q ]+l 



-J-1-2R1 



Jo 



b(xi, X2)dx\dx2 — I I b{xi,X2)dx\dx2 



This finishes the proof of (ii). 

Next we prove (iii) and (iV). It is clear that 

[nxi-\-n a ] [nx 2 ] — 1 



/•! 



Lee 6 ("'-*<--l>- »'-<- -t>H,l 



6(xi, X2)dx\dx2 



and 



[nxi]+l [rtX2-n a ] 



[nil]- 1 [nx2-\-n a ] 



< 



Lee K" 1 -^-^"'-^-^)-!!, 



b(xi,X2)dxidX'< 



[nxi—n a ] [na: 2 ]+l 

The proof of Lemma 3 is completed 



< 



3 The Main Results 

We shall give following Jackson type theorems. 

Theorem 1 Let / e C([-l, l] 2 ), < a < 1. Then 



\F n (f)(xi,X2)-f(x 1 ,X2)\<(to 1 (f,^) + ^\\f\\ a ?) 
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for any (xi,x 2 ) G [0, l] 2 , where Wi(/, h) is modulus of continuity of function / (see[17]), and 

ll/lloo = SUP |/(X1,CC 2 )|. 

(xi,x 2 )e[-i,i] 2 

Proof Since \n 1 ~ a {x t - ^)| < l(i = 1,2) iff nx, t - n a < h < nx t + n a (i = 1,2), when 
h > [nx % + n a ] or k % < \nx t - n a ~\, we have b(n 1 ~ a (x 1 - ^),n 1 ^ a (x 2 - ^f)) = 0. Therefore, 
a simple calculation implies 

\F n {f)(x 1 ,x 2 ) - f(x 1 ,x 2 )\ 



f( fcl fc2 1 



^_^+n llb | nl _ a(a;i _ ^ (nl _ a(a . 2 _ fc2 } j _ /( , | ^ 



E E 

[nx i +n a ] [nx 2 +n a ] r/ k ± k 2 \ / , , 

E E " + -:^ + - m ^-(^ - -)v-(^ - g) i - /(■>--.•,) 



< 



[n^i+n ] [na;2+n 



53 J2 /( " + " Q, " + "°2 /(X ^ 2) 6 f n 1 -"^! - ^), n 1 -"^ - ^ ) 



|~nxi— n a ] |"ni2- ?i a l 

[nxi+n Q ] [ncc2+^ Q ] 



+l/(^i,^2)l 



E E iMn 1 -^-^)." 1 -^-^: 



[nxi+n a ] [n^+w"] 



<-!(/^) E E i*K- a (*i - *)V--(* 9 - £) 



/i^ 



n 



n 



l/ll 



|~nxi— n a ] [nx2-n Q ] 
[nx 1 +n a ] [nx 2 +n a ] , L. \ 



|~nxi— n a ] \nx2~ n a ~\ 



<9u 1 (f,^ r -^) + \\f\\ 00 E n , 



where 



E n — 
Now we estimate E n 



[nii+n°] [nx 2 +n a ] . . 



£L 



[nxi+n Q ] [nX2+n a ] 



< 



E E ;*»(»'-■<«.-£>.»-<*»-£) 

El— n a ] [71x2— n a ] 

ixi]-l [nx 2 ]-l -1 / 7 7 

E E 4» » 1 >-3 nl " a ( IJ --) 

El — n a ] [n^2- n a ] 

;i+n a ] [ni2+"°] _. • , , 

E E iK"'"^'-"''""^-" 

xil+l rnrr 2 ]+l x 

; i+»°l [nx 2 ]-l , , , 

E E iM^-fci-^V-te.-^) 



1 <•! 



-1 J -\ 
1 /■! 



.70 
r 



[nxi]+l [rtX2-n a ] 



-1 .7-1 
/■! 



-1 JO 



b{x\, X2)dx\dx2 
b{x\,X2)dx\dx2 
b(x\,X2)dx\dx 2 
b(x\, x<i)dx\dx<2. 
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[na;i]-l [nx 2 +n a ] . . j 

E Z ^b\n 1 - a {x 1 -^-),n 1 - a {x 2 -^-))- J^ J^b(x u x 2 )dx 1 dx 2 



[nx 2 +n a ] 



z — ^ rt zl1 \ r) r) 



n ic " \ n n 

\nx 2 — n<*^ 

kl+"°] , / , r i 

E i^-^-^v-^-^) 

*— ' n za \ n n 

[nxi+n a ] . 

z_^ n ^a \ n n 

\nx 2 — n a ^ 

h+ I 2 + ■■■ + !*■ 



By Lemma 3, we have Ii+h + h + Ii < ^§ ■ On the other hand, we have I5 + la + Ij + Is < ff ■ 
Thus, we obtain 

|* , n (/)( i C 1 ,S 2 )-/( i Fl,S2)|< (9Wl(/,^) + ^||/||oc). 

This finishes the proof of Theorem 1. 

Theorem 2 Let / e C N ([— 1, l] 2 ) (the set of function / having continuous partial deriva- 
tives of order N on [— 1, l] 2 ), < a < 1. Then 

I 52 "i6M 9 • 4^ 2 1 

|i 7, „(/)(^i,x 2 ) - /(ari,x 2 )| < I — H/lloo + ^ + jv^jvd-a) ,^ Wl(/ /?' ^> J ' 



for any (xi,X2) G [0, l] 2 , where 

dxi dxl 
Proof Put 



f0=iukhz> = (ft>fc). Ifl-fc + A- 



,,(/) = /(»! + *(— T"^ - *i),a;2 + *(— *^ " ®a) ) , < * < 1, 

n + n a n + n a 



then 

2 



^o = (B-r4 -^)#-) j / f -1 +*(^rb - Xl ), X2+ t(^ - X2 )) , 



and 3j (0) = f(xi,X2)- By Taylor's formula we obtain 

/( — , — ~. — , — ~) = Pir (1) 

n + n" n + n a « 



•_ J' JO JO JO n n 

E^r- + ^(- ; 0). 
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Therefore, 



F n (f)(xi,X 2 ) - f(xi,X 2 ) 

[nxi+n a ] [nx2+n a ] r/ fci k 2 \ / 

J ^n+n a ' n+n a ' 1 I 1 — a 



. E . . E . 

[n^i— n a ] \nx2 — w a ] 






[nxi+n a ] [nx2+n Q: ] 



/(— 2 ) + EM E E ^ } (o) 



6(n 1 -«(a ; i-^),n 1 - a (a ;2 -f)) 



7 

,7= \ [nxi-n a ] [nx2-n a ] 



iT, 



where 



Thus 



[nXl+ n"] [„x 2+ „«] 6(n l_ a(a;i _ fcl), n l-a( X2 _ **)) 



** = E .. E. 

[nxi— n a ] \nx2~ n a ~\ 



,2a 



i?jv(-,0). 

n 



F n (f)(x 1 ,x 2 ) - f(xi,x 2 ) 

([nxi+n a ] [mi 2 +n°] 1 , , 

. E E ^(^-"to - £)V-°(* 9 - £» 

+Ejt e..e fw - ( ^r ( ^ 

= / 9 + / 10 +i?*. 



iT 



In view of Theorem 1, we have |7g| < ^\\f \\ 
Next we estimate Jig. 



Uh 



no 



< 



< 



[nzi+ri ] [ni 2 +n°] / AT \g y V (0)| 

n 2a Z_^ 2_^ I 2_^ 7i 

fnil-n l [ni 2 -ti c, l \ j=l 

[nii+n°] [ra 2 +n°] / AT ■ 

^2^ Z^ Z^ L^i n\„(l-a)j " 



9/ , , I ^/ 



[rai- n a ] |"na:2-n Q ] yj = 



./ jj n (l-a)j vi q Xi \ \g X r 



where Ig^r-p means |?-f |- Therefore, 



l) j 



A 



i^i^Eji^jd^i + i^- 



Let 



M = max 



9f,,,df 



5 /, , i^/Liv 



then 



dxi dx 2 ' ' dxi dx 2 

IT . 36M 
/in < 



,1-a 



Finally, we estimate R* . We observe (0 < ijv < 1) 



10 
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» ! 



d 



n + n a dxi 



\N 



f{x + t N { 



n + n a 



")) (E( 



A'/ 



i=l 



n + n c 



■>-n — ) N f(Z) 



dxi 



- n N(l-a) |/?| = 7V ^J(P n l- a > 



Hence 



Rn(-,0) 

n 



< 



< 



l /-ti 



^M-^(O) 



dtidt 2 ■ ■ ■ dt 



,N 



N'.n"^ 1 a > \0\=n n 



Consequently 



riiri+n ] [ni 2 +n°] ,., ., j.-„ ,• ,. .."-l] \ n ^-a( x _*S)) 



i**i < E E 



&(n 1_a (xi 



,2n: 



i?Ar( fc ,0) 

n 



< 



< 



[nii+n°] [1112+"°] r 

^ E E *<.°) 

\nx\— n a ~\ \nx2 — n a ~\ 

A N 2 

— - — ttt- — r9 max oJiifs, —, ). 

N \ n N(i- a ) ^ |=JV ^^'„i-«' 



Therefore, 



i 52 36-/V/ 9 • 4^ 2 

|F„(/)(a:i,a:2) - /(«i,x 2 )| < ^ll/IU + ^ + ^^(i-a) .^f/ 1 ^' ^) 



l^|=JV 

This finishes the proof of Theorem 2. 
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Abstract 

The paper presents a new stability analysis for the finite difference 
method (FDM) for biharmonic equations, based on the effective condi- 
tion number. Upper bounds of the effective condition number and the 
simplest effective condition number are derived. In general cases, the 
bound of the effective condition number is 0(/i~ 3 '°), which are smaller 
than Cond. = 0(h~ 4 ), where h is the minimal meshspace of the differ- 
ence grids. Surprisingly, the bounds of the effective condition number are 
only O(l) for homogeneous boundary conditions. Namely, these new sta- 
bility analysis are more valid than previous stability analysis. Numerical 
experiments are provided to verify the stability analysis. 

Keyword: Stability analysis; Condition number; Finite difference 
method; Biharmonic equation; Effective condition number. 



1 Introduction 



The biharmonic equation([9], [16], [19]), which is one of the most important 
partial differential equations is applied in all subject areas of fundamental im- 
portance in the engineering sciences such as the elasticity, mechanics of elastic 
plates and fracture mechanics. In general, we can use finite difference method, 



*The work is supported by the National Natural Science Foundation of China (10871034). 
^E-mail address: zcngguang5340@sina.com (G. Zcng); huangjinl2345@163.com (J. 
Huang); cheng_pass@sina.com (P. Cheng); zcli@math.nsysu.edu.tw (Z.C. Li). 
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radial basis function method and method of fundamental solution to solve bihar- 
monic equation with the mixed type of boundary value problems. It is proved 
that the numerical solution is of high accuracy while the traditional condition 
numbcr(Cond ) is very large, which results in a worse or even invalid numeri- 
cal stability. Fortunately in practical applications, we deal with only a certain 
vector b, and the true relative errors may be much smaller than the worst 
Cond. 1 , which is called the effective condition number in Chan and Foulser [4] 
and Christiansen and Hansen [5]. For this reason, the new stability analysis 
in this paper by means of effective condition number may reevaluate the ex- 
isting numerical methods. Recently, the new computational formulae of the 
effective condition number have been studied and applied to symmetric and 
positive-definite matrices which are obtained from Poisson's equation by the 
Finite difference method(FDM) in [11]. 

The matrix A e Rnxn j g S y mrne tric and positive definite. The eigenvalues 
are arranged in a descending order, Ai > A2 > ■ ■ ■ > A„ > 0, and the eigen- 
vectors Ui satisfy Aui = AiUi, where Uj are orthogonal. Since the eigenvectors 

n 

{ill, U2, • • • , u n } are complete, b can be written as Yl A u i with the coefficients 

»=i 
Pi = u^b. The effective condition number is defined as [11] 

Cond_eff=-^L = — - p±^. (1) 

An I | x | I 




which can be simplified to 

Cond_E=^ H (2) 

when all Ai equal to Ai. In particular, when /?„ ^ 0, the simplest effective 
condition number from (2) is 

Cond_EE=|M,/3„^0. (3) 

\Pn\ 

In this paper, the effective condition number is applied to the standard 13- 
point finite difference equation for biharmonic equations on the unit square, and 
the bounds of effective condition number are derived. When the mixed types 
of the clamped and simply support boundary conditions are subjected to the 
solution boundary, it is proved in this paper that the bounds of the effective 
condition number are 0(h~ 35 ) while in general cases they arc smaller than 
0(h~ 4 ), where h is the minimal meshspace of the difference grids. Surprisingly, 
the bounds of the effective condition number are only 0(1) for homogeneous 
boundary conditions. Since the stability is a severe issue for numerical bihar- 
monic equations, the reduction of effective condition number is significant. So 



lr The definition of the traditional condition number was given in Wilkinson [1] and then 
used in many books and papers ([2], [3], [8], [18], [19], [20]). 
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Figure 1: The unit square domain with the mixed boundary conditions. 



we may employ a transformation to convert the biharmonic equation with non- 
homogeneous boundary conditions to that with homogeneous boundary condi- 
tions. Hence, the O(l) effective condition number may be achieved, and we 
yield an excellent stability of numerical biharmonic equations. 

This paper is organized as follows. In the next section, upper bounds of 
the effective condition number and the simplest effective condition number are 
derived for biharmonic equations in the case of two dimension (2D). In Section 
3, a uniform view is given for the assumptions needed for deriving the bounds of 
the effective condition number. Finally, in Section 4, some numerical examples 
are provided to illustrate the features of the methods discussed in this paper 
and a few remarks are made. 



2 A New Stability analysis of numerical bihar- 
monic Equations in 2D 

In this paper, we consider the biharmonic equation on the unit square [0,1] 2 
with the mixed type of the clamped and support boundary conditions, see Figure 



2w 



xxyy "r ">yyyy 

u = g, on r, 
d 2 u 



du t 

— = g on T D , j—r 

an on z 



f, in S, 



g** on T N , 



(4) 
(5) 

(6) 
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where T = dS = AB(JBCUCD(J DA, T D = ABUCDU DA and T N = BC. 
The functions in (4)- (6) are supposed to be bounded 

H/lks < C, \\g\\ ,T < C, \\g*\\o,r D < C, \\g**\\o,r N < C, (7) 

where C is a bounded constant and 



n..s = \l ! I Pds, \\g\\o,v = \ / g 2 dl. (8) 

Divide S by the uniform difference grids Xi — ih,yj — jh with h = 1/N. 
Denote m t j = u(xi,yj) = u(ih,jh). We use the standard 13-point difference 
equation (DE) to solve (4-6). This approach yields the following linear system 

Ax = b, (9) 

where the matrix A G R( N ~ X > x ( n ~ 1 ) is symmetric and positive definite, and 
the unknown vector x consists of Uij, 1 < i, J • < N — 1, b is the known vector. 

2.1 Preliminary Lemmas 

Denote 

b = b f + bg + b g » +b g »», (10) 

where bf,b g ,b g * and b g *» result from the functions f,g,g* and g** , respec- 
tively. From (9), we have 

h f = {--- ,h i f hJ ,---}, (11) 

b g . =-2h{(--- ,g* fi , •••),(),••• ,0,(--- ,g%j,---},0, ■■■ ,0, 

(■■■ ,gl v - ■■),(),■ ■■ ,0} T , (12) 

b g ~ =-h 2 {0,--- ,0,(... , g »,...),0,... ,0} T , (13) 

where (• • • , g** n , ■■■) = {g{% g$* n , • • • , ff"_i, n ). The vector b g = (b g )ij is more 
complicated, whose entries are given as follows 

(bg)jj = 0,2 <i,j<N -2, 

(b g )jv-2,j = -g n ,jA <j<n-l, 

(bg);v-i,j = SgNj - 2(g n j+i + gN,j-i), 1 < j < n - 1, 

(b g ) 2 j = -ffo,j,l < j < n- 1, 

( b g)ij = 8 .9oj - 2(flf ,j+i + 9o,j-i), 1 < i < n - 1, (14) 

(bg)i, 2 = -ff»,o> 1 < i < n - 1, 

(b g )i,i = 8&, - 2(.9i+i,o + 3i-i,o), 1 < « < n - 1, 

(b g )i,jv-2 = -5»,nj 1 < i < n - 1, 

(b g )»,jv-i = &9i,N - 2{gi+i,N + ff»-i,jv)) 1 < i < n - 1. 
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Lemma 2.1. Suppose that ||/||o,s < C, \\g\\o,r < C 1 , ||<7*||o,r D < C and 

115**110,1^ < C ™^ ll/llo,S = \J 'iLPds and \\g\\ ,r = \Jj r g 2 dl. Then there 
exist the bounds, 

\\b\\ < C{h 3 \\f\\ ,s + /r°- 5 ||0||o,r + ft°- 6 ||ff*||o,r D + ^IliTlkrv}, (15) 

where C is a bounded constant independent of h. 
Proof. From (11) we have 



>f\\ = 



\ i=i »=i 



\ 1=1 1=1 



<Ch 3 JJ J pds = Ch 3 \\f\\ ,s, (16) 

where C is a bounded constant. Next, from (12) and (13), there exist the bounds 



iivii = (E( 2/ <o) 2 + E[«,,) 2 + (2/^-) 2 ]} 1/2 

n— 1 n— 1 

= 2/^^r M5* ) 2 + E M0fa) a + fe) 2 ]} 1/2 



and 



<ChV\ ( 5 *)^ = C/ l 1 / 2 || 5 *|| ,r D , 



|b g ..| 



\E(^>) 2 = ^ 3/2 



\ »=i 



< Ch 3 / 2 Jj B Jg**)M = Cr/i 3 / 2 || fl **|| ,r w . 



Finally, we obtain from (14) 



l b gH 2 =E^ 5 "^') 2 + ( 8 - 9jV J ~ 2 (9n,j + l+gN,j-l)) 2 } 
--1 
n-1 

Ei^oj) 2 + (8fl j - 2( 50j+1 + 5o,j-i)) 2 } 

i=i 

ra-1 

E^,o) 2 + (8flfi, - 2(flr i+ i,o + ft-i,o)) 2 } 

i=i 

n-l 

E^ (ft^) 2 + ( 6 5'i,iv ~ 2(^+1,™ + .9 4 -i,w)) 2 }- 



i=l 

n-l 



(17) 



(18) 



(19) 
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Since 



(8g N ,j - 2(flf„,j+i +9n,j-i)) 2 < 3[(8gjvj) 2 + (2g n ^ +1 ) 2 + (2.g W j-i) 2 ], 



we have 

n-l 



?=i 



^2{{9n,j) 2 + {8g NJ - 2(g nJ+1 + g N ^-i)) 2 } 

n—1 71—1 

< 193 J2(9n.j) 2 + 12 J2i(9n, ]+ i) 2 + (9n.j-i) 2 } 

i=\ i=l 

n-l 

< 217 ^( 3n ,,) 2 + 12{(. 9 „ :0 ) 2 + (g N , N ) 2 } 

n-l 

< 217fe- 1 {^ h(g nJ ) 2 + h/2((g n . ) 2 + (g N , N ) 2 )} 

< Ch- 1 [ g 2 dl. (20) 
Jab 



I AB 

Similarly, we have 

n-l 



£{(ffoj) 2 + ( 8 9°,i - 2 (3o J+ i + 9o,j-i)) 2 } < Ch- 1 f g 2 dl, (21) 

i=i JcD 

n—l ,. 

I]{(ft,o) 2 + (8 ft ,o - 2(flf <+ i i0 + ft-i,o)) 2 } < C^ 1 / g 2 dl, (22) 

i=i ^ 

y^Kft.iv) 2 + (6 5l ,JV - 2( 5i+ i,jv + g l -i. N )) 2 } < Ch' 1 [ g 2 dl. (23) 

Jbc 



?=i 

n-l 



Hence we obtain from (19)-(23) 



||b g || < Ch-WjJgW = Ch- 1 ' 2 \\g\\ ,r. (24) 

Combining (16)-(18) and (24), we have 

||b||<||b f || + ||b g || + ||b g ,|| + ||b g ,.|| 

< C{h 3 \\f\\ ,s + /r 1/2 ||<7||o,r + h^ 2 \\g*\\ , rD + h^ 2 \\g**\\o,r N }. (25) 

This is the desired result (15) and the proof of Lemma 2.1 is completed. □ 
Let us consider the corresponding eigenvalue problems of (4)-(6) 

Wxxxx T 2w X xyy 4" Wyyyy = flW , in b, (2D) 

w = 0, on L, (27) 
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dw d 2 w 

— = 0111^,— =0 on IV (28) 

Also the linear algebraic eigenvalue problem of (9) is given by Ay = Ay. Denote 
the leading eigenpair of (26)-(28) by Omin, w^ in ). Hence we have A^ in ~ h 4 ^ min 
and u>^ in ~ Wmin- Since the total number of (i,j) is (N — l) 2 , the orthogonal 
vector of w^ in is given by 



y n = Ch{---,(wi in ) iJ ,---} T , (29) 

where C > is a bounded constant independent of h. Below, let us derive 
the bounds of (3 n = y„b = y„ (bf + b g + b g . + b g ».). We have the following 
lemma. 

Lemma 2.2. There exist the following approximations, 



y^bf~CV / / fw^ds, (30) 

yX-^^^d;, (31) 

yX"-^ 3 / 9**^dl, (32) 

y„b.^Cfc //(^a- +2^^M, (33) 

where C is the constant given in (29), and n and s are the exterior normal and 
tangent directions ofT — dS, respectively. 

Proof. We shall prove (30)-(33) one by one. First we have from (11) 

n— 1 n— 1 n— In— 1 

y T n b f = ChJ2J2 ^fiji^inkj ^Ch 3 J2J2 ^/tf («4in)iJ 

i—1 j — 1 i= 1 j — 1 

=* Ch 3 J J fw min ds, (34) 

where h is small. Also we have from (12) 

n-1 

Ynbg. = -2Ch 2 2Ko(«&iJi,i + ^,i(wLn)jv-i,i + «0,i(«L)l,i}. (35) 
Since (io^ in )i,o = and (w^inki ~ (u>m in )»,-i, we obtain 

d^min _ (^min)i.-l ~ 2 ( W min)»,0 + ( W min)»,l = 2 ( W minkl 

<9n 2 /i 2 /i 2 

Then 

n— 1 n— 1 rj2 /■ /}2 

-2Cfe 2 ^ 5 * « in ki - -Cfc 4 ^ ffilo-o^- - ~Ch 3 / 9 -K-^dl. 

(36) 
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Hence we have from (35) 



. d 2 w„ 



y n \-^ 3 / 9*~j^dl (37) 



Tl 



This is the second desired result (31). Next, since (w^ in )i n = 0, we have from 
(13) 

n— 1 n— 1 



<9w 



YnV* - - Ch3 ^29i*N( W tin)i,N-l - Ch 4 ^ 9i, *N ~ ~ ' '• ^ ' 



mm 
#77, 



? = 1 

^('"T* (38) 

This is the third desired result (32). 

Below, let us prove (33), which is nontrivial. Let 

b g = b s \ A B +bg| BC . + bg|cD + b g | D A, (39) 

where the components of bg| J 4B,bg|Bc,bg|c , /j and bgl^^ are given in (14). 
Then 

yl bg = y^(bgUs + bg| BC + b s \ CD + h g \ DA ). (40) 

For the first term on the right hand of the above equation, we have 

n-1 



YnbgUs = Ch^2[8g N j - 2{g nJ+1 + gN,j-i)]{w^ in ) N -i,. 

i=l 

n-1 

-Ch2_^ gN,j{w min ) N -2,j 

i=\ 
n-1 

= Ch^2[i(w^ in ) N _ lyj - {w^ in ) N -2,j]gN,j 

i=l 

n-1 

+ ChJ2[*9N,j - 2{g n ,j+i +5iv,j-i)](w min )iv-i,j. (41) 



Assume that (w!^ in )N,j — and (w m i n )iv+i,j — ( w min)N-i,j according to the 
boundary approximation, we obtain 



d 3 w n 
dn 3 

- ^ 3 {4(^mi„)iV-l J - (< in )iV-2j}. (42) 



( K3T~ )n,j - h {(w min ) N +i,j - 3(w min )jv,j + 3(w min )jv-i,j - (w min )N-2,j} 



Hence we have the approximation 



<wL>)n-ij - («4i»)*-2j * h 3 (^^)Nj, (43) 
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which indicates 

n-l 



C/l^[4(wV n )jv_ij - {wtin)N-2,j]9N,j 

- ^ E h(^)»J9»J - ^ 3 / ab 9^dl. (44) 



Next, we have 

71-1 



C h J2^ 9N ^ ~ 2 (9n,j+l + 9N,j-l)]{w^ in ) N -lJ 
i=\ 

n-l 
= ChJ2m w min)N-l,3 ~ 2[(w^ in ) N-1J+1 + (u/£ in ) JV-l,j-l] }SJV,j , (45) 



by noting (Wmin)iv-i,o = {w^ in )N-i,N = 0. Moreover, assume 
d 2 w n 



dy 2 



-\n-i,j ~ -h 2 {2(Wm in )jv-ij-[(w^ in ) A r_i J+ i + (u;^ in )Ar_i J -_i]}. (46) 



Since 3 5 ia |ytB = from w m i n \ A B = 0, we have from (45), 



Ch^2[4:g Ntj - 2(g nJ+1 + gN,j-i)]{wt in )N-i,j 



i=l 

n—1 „2 n—1 „3 

- - 2 ^E h a i^^)N- 1 j 9 N J - 2C/^ 2 M^V-i,^ 

j=i »=i y 

Hence we obtain from (41), (44) and (47), 

^-" ra, /„^ +1 w"' (48) 



Similarly, we have 



,,„ . -. , .,.- , ., 33t "»» - a3i °» 



^.i— ™7„/ ( ^ +2 w» (49 » 



tf*l™ = ™«/ *^ + *^).«. (50) 
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Finally, let us consider y„b g |sc from (14), 

n-l 

yl h s\sc =Ch^2[6g ltN - 2(g i+1>N + 0i-i,Ar)](u>min)i,iv-i 

i=l 

n-l 

~ Ch 2-J 9i,n( W min)N-2,j 
i=l 
n-l 

=C/l^[2(w^ in ) i)JV -l - (Wmin)i,J\T-2]5»,JV 

i=l 

n-l 

+ C/ty^[4ffj i jy -2(5j + i,jv + 3i-l,Jv)](u'min)i,A r -l- ( 51 ) 



» = 1 

For the (i,j) near BC, since (wJ lin ) !iA r = 0, we have {w^ in )i,N+i ^ -{w^J^n-i, 
and 

— h ~' {( w min)i,N+l ~ 3(w min )j,]V + 3(w m in)j,iV-l - (w min )i,iV-2} 

- h- 3 {2(wtinkN-l - « in ) 4 ,iV-2}. (52) 

Hence, we obtain 

n-l 

ChJ2i 2 ( W Ln)i,N-l - {wLn)i,N-2]9i,N 
i=l 

* Ch^h 9i , N (^PhN - Ch* J^g^dl. (53) 

Moreover, because of X"'" \cb — 0, from the second term on the most right- 
hand side of (51), we have 



C h ^2Hgi,N - 2(^+1^ +ff»-l,J\r)](Wmin)t,iV-l 



i=l 

n-l 



C^X^^^min)^^-! - 2[(w^ in ) i+ i iJV _l + (Wmin)i-l,JV-l]}5«,JV 
i=l 



n— 1 -o n— 1 



,a 3 



* - 2 c*» ^ ^(^Pk.-i - 2^ 3 ^ huM^h* 

j=l i=l 

Combining (51), (53) and (54), we have 

Ti i ^(1.3 / f" w min ~ 0* w min w , /cc n 

y n b g | cs ^C/> J Bo g(-^- + 2- BiiB ^)dl. (55) 

10 
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Hence from (48)-(50) and (55), we obtain 

'n "g 



^^(.rf^+'w'* < 56 > 



This is the last desired result (33) and the proof of Lemma 2.2 is completed. □ 

2.2 Bounds of Cond EE 

We are ready to derive the bounds of Cond_EE. We have from (40) and Lemma 
2.2, 

[3 n = yTbcCh 3 {J Jf Wmin ds~J 9*^^dl 

g ** dv ^dl+ [g( d ^ + 2 d ^)dl}. (57) 
on J r on 3 onos z 

Denote p(v) — 5-4 + 2 a a " and assume Al: 

Tl= L 9 ^n- dl + J r 9{ ^n^ + 2 fru^ )dl 

fw min ds ~ 9 t. 2 al 

=0(1). (58) 

We obtain the simplest effective condition number from Lemma 2.1 and (58), 

Cond_EE = M < C{||/||o ) s + /i- 3 - 5 ||5||o ) r + / i - 2 - 5 ||5*||o ) r D +/i- 1 - 5 ||5*1lo,r N }. 

(59) 
We state this result as a theorem. 

Theorem 2.1. Let Al and all conditions in Lemma 2.1 hold. Then the 
bounds (59) of GondJEE exist. 

From Theorem 2.1 we have the following corollary. 

Corollary 2.1 Let all conditions in Theorem 2.1 hold. For the homogeneous 
boundary conditions g = g* = g** = 0, the simplest effective condition number 
has the bounds 

Cond-EE=0{l). (60) 

From Theorem 2.1, the worst effects on Cond_EE are resulted from u\r = g. 
Actually, we can use a transformation v = u—u. where u\p = g, du/dn\r D = 9* , 
and d 2 u/dn 2 \r N = g** , to give the new biharmonic equation with the homoge- 
neous boundary conditions 

A 2 v = f - A 2 u in S, 

v = on r, dv/dn = on T D , d 2 u/dn 2 = 0, on T N . 

Hence we may achieve the small bound (60) of effective condition number which 
offer an excellent stability for numerical biharmonic equations. 



11 
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2.3 Bounds of Cond_eff 

Below, we will derive the bounds of effective condition number in (1), 

Cond_cff= . „ || . (61) 

^n|| x ll 

First, we give a lemma. 

Lemma 2.3. For the stiffness matrix A in (9), there exists the bound 

A min = A min (A) > ch\ (62) 

where c is the constant independent of h. 

Proof. First, consider the simple support boundary condition on the entire 
boundary OS, and denote A* the corresponding stiffness matrix. Since the 
eigenvectors are known as 

w pq = 2{...,sm{pirih) sm(qirjh), ...}/N, 

where I < p, q < N — 1 , we obtain the eigenvalues 

A p , q (A*) = m{sm 2 (pirh/2) + sm 2 (qTrh/2)} 2 , 

to give the minimal eigenvalue 

A min (A*) = Ai,i(A*) = 64sin 4 (7rV2) =* 4tt 4 /i 4 . (63) 

Next, consider the mixed type of the clamped and simple support boundary 
conditions in (5)-(7). The key difference is that the first coefficient in the DE 
increases from 19 to 21. Hence, we conclude that only difference between ma- 
trices A and A* lies in that the diagonal entries of A are larger than those of 
A*. Then we have 

A = A* + D, 

where D is a diagonal matrix with D=Diag{di.i, ..., d nn } with dj,j > 0, and 
n = (N — l) 2 . Hence, we obtain 

\ (\\ ■ ( Ax > x ) • (A*x,x) + (Dx,x) 

Amin (A) = mm — — = mm 



(x,x)^o (x, x) (x,x)^o (x, x) 

> min ^ X,X) =A min (A*). (64) 

(x,x)?0 (x,x) 

From (63) and (64) we have 

A mi „ (A) > A min (A*) > ch 4 . (65) 

This is the desired result (62), and completes the proof of Lemma 2.3. □ 
Since / € C(S), u £ C(S) is bounded, to have 
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Hence, we may assume that the majority of mj = 0(1) and assumption A2: 

INI > eft" 1 , (67) 

where c is a constant independent of h. Based on (61), (67), A2 and Lemmas 
2.1, 2.3, we have the following theorem. 

Theorem 2.2. Let A2 and all conditions in Lemma 2.1 hold. Then there 
exist the bounds, 

C' O nrf_ e .ff<C{||.f|| 0!S + ^- 3 - 5 || 3 || 0!r + ft- 2 - 5 || ff *|| 0:rD +^- 1 - 5 || 5 **|| , rjv }, (68) 

where C is a constant independent of h. 

Note that the bounds of effective condition number in Theorems 2.1 and 
2.2 are exactly the same, but based on different assumptions, Al and A2. A 
linkage between Al and A2 is provided in the next section. 

3 A View on Assumption Al 

We cite the Green formula in Li, et al. [14], 

A a (u,v) = / / vA 2 u— / m(u)v n — / p(u)v 

J Js JdS JdS 

+ 2(l-a)([u xv v]j-[u xv v]l), (69) 

where Am = u xx + u yy , [v] 2 = V2 — v\ and 1,2,3,4 are four corners of 5*. The 
notations are 

A CT (u, v) = AuAu + (1 - a)(2u xy v xy - u xx v yy - u yy v xx ), (70) 

m (u) = -u nn - au ss ,p(u) = u nnn + (2 - cr)u ssni (71) 

where < a < 1 and n and s are the normal and tangent directions along 
the boundary dS of S, respectively The notations in (70) and(71) are u xy — 
d 2 u/dxdy, u xx = d 2 u/dx 2 ,u nn = d 2 u/dn 2 , u ss = d 2 u/ds 2 etc. 

For the clamped and simply support boundary condition, v\t = 0, there are 
no corner effects term, because 2(1 — cr)([u a; j,w]| — [u xy v] 2 ) = 0. Choosing a = 0, 
we have from (69) 



lYfjyU, w j J J y Zu xy v X y -f- u xx v xx -f- n yy v yy ) 

wA 2 u — / m(u)w n — / p(u)w, (72) 



Jr Jr 

where m(u) = -u nn ,p(u) = u nnn + 2u ssn . Let w = w min satisfy 

A 2 w = nw,w\ r = 0,dw/dn\r D = Q,d 2 w/dn 2 \ To = 0. 
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We obtain from (72) 



i (J 11 (Jill f 

A1( "-"" ,= / l WA2u+ J r d^dn--J r p{u)w 

On the other hand, we have from (72), 

A (u,w)=nuw+ g*-—^-p(u)g. (74) 

Combining (73) and (74), we have 

fw - L g * d ^ + l/*t + l p{u)a =»l lr- (75) 

Hence, we may restate assumption Al in (66) as Al* : 

UW - 0(1), (76) 

by noting /i m ; n = 0(1). Hence Theorem 2.1 may be rewritten as follows. 

Theorem 3.1. Let Al* and all conditions in Lemma 2.1 hold. Then there 
exist the bounds (60) of Cond-EE. 

To close this section, let us explore a linkage between assumptions Al (i.e., 
Al*) and A2. In fact, assumption Al* leads to A2. We confirm this conclusion 
by contradiction. Suppose that A2 does not hold, then we have 

||x|| =Q(h~ 1 ), as h^>0. (77) 

Since function w m i n denotes the displacements of the vibrating plate correspond- 
ing to the minimal frequency (see Courant and Hilbcrt [9]), we conclude that 
w min > in S and that the majority of w m i n (xi,yj) are O(l). Hence we obtain 

/ / m«min - ^ W min (Xj , Vj )u(Xj, Vj ) ~ ^ W m i a (Xj, yj)Ujj 

J Js i,j i,j 

< /E W min(^'%),/E U L- = °W°( rl ) = (!)- ( 78 ) 

This gives 



uw min = 0(1), (79) 

which contradict assumption Al* 
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4 Numerical experiments 

The uniform rectangles D^- are chosen with h = 1/N, where TV is the division 
number along AB (see Figure 1). We choose the biharmonic equation with three 
different boundary conditions, called Models I, II and III. 
Model I. Choose the exact solution 

u(x, y) = [x(l - x) sm(-nx)][y{\ - y) 2 sin(Try)] 

to satisfy 

A u = f, in s, 

u\t = 0,du/dn\ A BuADuCD = 0,d 2 u/dn 2 \ BC = 0, 

where S = [0, 1] x [0, 1] and T = dS = AB U BC U CD U DA. 
Model II. Choose the exact solution 

u(x, y) = [x(l - x) sin(7ra;)][y(l - y) sin(Try)] 

to satisfy 

A u = f, in s, 

u\t = 0,du/dn\ A BuADuCD = 0,d 2 u/dn 2 \ B c = 2nx(l - x) sin(7ra;). 
Model III. Choose the exact solution 

u(x,y) = [x(l -x)sin—][y(l - y) 2 sin(7ry)] 

to satisfy 

A u = f, in s, 

u\ r = 0,du/dn\ ABu cD = 0,du/dn\ AB = -y(l - y) 2 sm(iry), d 2 u/dn 2 \ B c = 0. 

The difference equations are established as in Section 2.1 and the numerical 
solutions are obtained from the Gaussian elimination. The numerical results 
are listed in Tables 1, 2, 3 for Models I, II and III, respectively. Interestingly, 
the computed values of Cond_E and Cond JEE are the same in three significant 
digits. 

Let us examine the numerical asymptotes of Cond_E and Cond_EE as the 
N grows. First, for Model I with the homogeneous boundary conditions, g — 
9* = 9** = in (5) and (6), the following rates 

Cond_E=Cond_EE=0(l), (80) 

are observed from Table 1, to verify perfectly Theorem 2.1 and Corollary 2.1. 
Next, for Model II with the boundary conditions (5) and (6) with 

g = g* = 0, g** = 2ttx{1 — x) sin(7ra;). (81) 

we can sec numerically from Table 2, 

Cond_EE| Af _ 64 21.0641 , - 

cond_E E !:::: - T829C7 - 2 - 69 ° 5 - 2i - 5 - 2 - 83 < ( g2 ) 
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Table 1: The condition numbers and effective condition numbers for Model I 



N 


8 


16 


32 


64 


■^vnax \**) 


59.38 


62.79 


63.69 


63.92 


Aniin\-<*-) 


0.1841 


0.124(-1) 


0.800(-3) 


0.603(-4) 


Cond 


0.322(3) 


0.506(4) 


0.796(5) 


0.106(7) 


II&II2 


0.542(-l) 


0.712(-2) 


0.920(-3) 


0.117(-3) 


0n 


0.230(-l) 


0.282(-2) 


0.351(-3) 


0.439(-4) 


Cond_E 


2.3565 


2.5248 


2.6211 


2.6651 


CoikLEE 


2.3565 


2.5248 


2.6211 


2.6651 



Tabic 2: The condition numbers and effective condition numbers for Model II 



N 


8 


16 


32 


64 


s^max \-™-) 


59.38 


62.79 


63.69 


63.92 


^mm[-^j 


0.1841 


0.124(-1) 


0.800(-3) 


0.603(-4) 


Cond 


0.322(3) 


0.506(4) 


0.796(5) 


0.106(7) 


\\b\h 


0.906(-l) 


0.198(-1) 


0.577(-2) 


0.194(-2) 


Pn 


0.478(-l) 


0.590(-2) 


0.737(-3) 


0.921(-4) 


Cond_E 


1.8954 


3.3559 


7.8290 


21.0641 


CoikLEE 


1.8954 


3.3559 


7.8290 


21.0641 
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to indicate the following rates 

Cond_E = Cond_EE=0(/i- 15 ), 



(83) 



which also verify the Theorem 2.1. 

Lastly, for Model III with the following boundary conditions in (5) and (6) 



9 = 0,.g* \ab = -2/(1 - y) 2 sm(TTy),g*\ ADuC D =0,#** = 

we can see numerically from Table 3, 

Cond_EE| J v^ 64 590.116 2 . 5 

Cond.EE|^ 32 = ^^ = ' 

to indicate the following rates, 

Cond_E = Cond_EE=0(fr- 2 - 5 ), 

which also validate Theorem 2.1. 



0. 



(84) 



(85) 



Table 3: The condition numbers and effective condition numbers for Model III 



N 


8 


16 


32 


64 


^max \-™-) 


59.38 


62.79 


63.69 


63.92 


^min\-"-) 


0.1841 


0.124(-1) 


0.800(-3) 


0.603(-4) 


Cond 


0.322(3) 


0.506(4) 


0.796(5) 


0.106(7) 


II&II2 


0.767(-l) 


0.417(-1) 


0.288(-l) 


0.203(-l) 


Pn 


0.172(-1) 


0.219(-2) 


0.275(-3) 


0.344(-4) 


Cond_E 


4.459 


19.041 


104.727 


590.116 


Cond_EE 


4.459 


19.041 


104.727 


590.116 



To close this paper, let us make a few concluding remarks. 

1. The bounds of effective condition number arc smaller or even much smaller 
than those of the traditional Cond.. This paper explores new stability analysis, 
based on effective condition number. 

2. The effective condition number is applied to the standard 13-point dif- 
ference equation for biharmonic equations. Their bounds are derived, to show 
Cond_EE = Cond_E = 0(/i~ 3,5 ), which are smaller than Cond. = 0(h~ A ) when 
h is small. However, for special cases, the effective condition number may be 
much smaller. For instance, the Cond_EE = Cond_E = 0(1) is achieved for 
the homogeneous boundary conditions. This result is surprising, compared to 
Cond. = 0(h~ 4 ). The small bounds of effective condition number arc significant 
to stability of numerical biharmonic equations, because its instability is severe, 
compared with the stability of numerical Poisson's equation. 

3. To reduce the bounds of effective condition number, we may employ a 
transformation v = u — u, where the function u satisfies the non-homogeneous 
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boundary conditions. Then wc obtain A 2 v = f — A 2 u with the homoge- 
neous boundary conditions and the small effective condition number as O(l) 
is achieved. 

4. Numerical experiments are carried out for the mixed types of the clamped 
and simply support boundary conditions, in which the computed results coincide 
with the new stability analysis perfectly. 
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STABILITY PROBLEMS OF CUBIC MAPPINGS WITH THE 
FIXED POINT ALTERNATIVE 

IN GOO CHO 1 *, DONGSEUNG RANG 2 , AND HEEJEONG KOH 2 



Abstract. We investigate the general solution of the cubic functional equa- 
tion 3/(2rr + y) + f(2x - y) + 6f(y) = 8/(x + y) + 24f(x) on the real vec- 
tor spaces and then we prove the generalized Hyers-Ulam-Rassias stability in 
quasi-/3-normcd spaces, the stability by using a subadditive function and then 
the stability by using the alternative fixed point method. 



1. Introduction 

The stability problem for functional equations is originated by S.M. Ulam [32] 
concerning the stability of group homomorphisms. The first result concerning the 
stability of functional equations was presented by Hyers [8] on the assumption that 
the spaces are Banach spaces. The famous Hyers stability result that appeared in 
[8] was generalized by T. Aoki [1] for the stability of the additive mapping involving 
a sum of powers of p-norms and by Th.M. Rassias [24] for the stability of the linear 
mapping by considering the Cauchy difference to be unbounded. 

The result of Th.M. Rassias lead mathematicians working in stability of func- 
tional equations to establish what is known today as Hyers- Ulam-Rassias stability 
or Cauchy-Rassias stability as well as to introduce new definitions of stability con- 
cepts. 

In [18] and [19], J.M. Rassias investigated a similar stability theorem for linear 
and nonlinear mappings with the unbounded Cauchy difference. 

During the last three decades, several stability problems of a large variety of 
functional equations have been extensively studied and generalized by a number of 
authors [2], [5], [6], [7], [9], [25], [10], [26], [27], and [28]. 

The quadratic function f(x) = ex 2 (c € K) satisfies the functional equation 
(i-i) fix + y) + f(x - y) = 2f(x) + 2f(y) . 

This question is called the quadratic functional equation, and every solution of 
the equation (1.1) is called a quadratic function. In fact, a function / : X — > Y 
is a solution of the equation (1.1) if and only if there exists a bilinear function 
B : X x X -> Y such that f(x) = B(x, x) for all x € X . 

A Hyers- Ulam stability theorem for the quadratic functional equation (1.1) was 
first proved by Skof [31] for functions / : X — > Y , where X is a normed space and 
Y is a Banach space. 
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The cubic function f(x) = ex 3 (c € R) satisfies the functional equation 

(1.2) /(2s + y) + /(2a: - y) = 2/(a; + y) + 2f(x - y) + 12/(x) . 

The equation (1.2) was solved by Jun and Kim [12]. Similar to a quadratic func- 
tional equation, actually, they proved that a function / : X — > Y is a solution of the 
equation (1.2) if and only if there exists a function F: XxXxX^Y such that 
f(x) = F(x, x, x) for all x G X , and -F is symmetric for each fixed one variable and 
is additive for fixed two variables; see [12]. We promise that by a cubic function we 
mean every solution of the equation (1.2) is called a cubic function. Also, Chu and 
Kang [15, Lemma 2.1] proved that the equation (1.2) is equivalent to the following 
equation: 

(1.3) f(x + 2y) + f(x - 2y) + f(2x) = 2f(x) + 4f(x + y) + 4f{x - y) . 

Let (3 be a real number with < /3 < 1 and K be either R or C . We will consider 
the definition and some preliminary results of a quasi- /3-norm on a linear space. 

Definition 1.1. Let X be a linear space over a field K. A quasi- (3 -norm || • || is a 
real-valued function on X satisfying the followings: 

(1) \\x\\ > for all x £ X and ||x|| = if and only if x = . 

(2) ||Ax|| = |Ap • ||a;|| for all A e K and all x&X. 

(3) There is a constant K > 1 such that ||a;+y|| < if(||a;|| + ||y||) for all x, y E X . 

The pair (X, 1 1 • 1 1) is called a quasi-fl-normed space if 1 1 • 1 1 is a quasi-/3-norm on X . 
The smallest possible K is called the modulus of concavity of 1 1 • 1 1 . A quasi-Banach 
space is a complete quasi-/3-normed space. 

A quasi-/3-norm || • || is called a (/?, p)-norm (0 < p < 1) if 

ik+yir<iNr + iMr, 

for all a;, y £ X . In this case, a quasi-/3-Banach space is called a (/3,p)-Banach 
space; see [3], [29] and [23]. 

In this paper, we consider the following the cubic functional equation: 

(1.4) 3/(2a; + y) + f(2x - y) + 6/(y) - 8f(x + y) + 24/(x) 

for all x, y <E X . We investigate the generalized Hycrs-Ulam-Rassias stability prob- 
lem in quasi-/3-normed spaces and then the stability by using a subadditive function 
and then the stability by using the alternative fixed point method for the cubic 
function / : X — > Y satisfying the equation (1.4). 

2. Cubic functional equations 

Lemma 2.1. Let X and Y be real vector spaces. A function f : X — > Y satisfies 
the functional equation (1.3) for all x , y € X if and only if f is cubic. 

Proof. See [15, Lemma 2.1]. □ 

Lemma 2.2. Let X and Y be real vector spaces. A function f : X — > Y satisfies 
the equation (1.4) if and only if f is cubic. 

Proof. Lemma 2.1 implies that it is enough to show that (1.4) and (1.3) are equiv- 
alent. Letting x = y = in the equation (1.4), we have /(0) = 0. Also putting 
y = in the equation (1.4), we get 4/(2x) = 32/(x) , that is, /(2a;) = 8/(x) , for 
all x € X . Now letting x = '^ M - in the equation (1.4), 
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(2.1) 3/(x) + f(x - 2y) + 6/(2/) = /(a; + y) + 3f(x - y) , 
for all x , y G X . Also, letting y = 2y in the equation (1.4), we have 

3/(2* + 2y) + /(2a; - 2y) + 48/(y) = 8f(x + 2y) + 24/(x) , 
or 

(2.2) f(x + 2y) + 3/(x) = 3/(x + y) + f(x - y) + 6f(y) , 

for all x , y <G X . Adding equations (2.1) and (2.2), 

f(x + 2y) + 3/(x) + 3f(x) + f(x - 2y) + 6/(y) 

= f(x + y) + 3f(x -y) + 3f(x + y) + f(x - y) + 6/(y) , 

i.e., 

f(x + 2y) + f(x - 2y) + f(2x) = 2f(x) + Af(x + y) + Af{x - y) , 

for all x ,y E X . Hence (1.4) implies (1.3). Conversely, it is easy to show that 
/(0) = , f(-x) = -f{x) , and /(2a;) = 8/(x) , for all a; € X . Letting x = 2x in 
the equation (1.3), we have 

(2.3) /(2.x + y) + f(2x - y) = 2f(x + y) + 2f(x - y) + 12f(x) , 
for all x , y G X . Now switching x and y in the equation (1.3), we get 

(2.4) /(2a; + y) - f(2x - y) + f(2y) = 2f(y) + 4f(x + y) - 4f(x - y) , 
for all x , y S X . By (2.3) and (2.4), 

3/(2as + y) + f(2x - y) + f(2y) = 2/(y) + 8/(x + y) + 24/(x) , 
for all x , y e X . Since f(2y) — 8f(y) , we have the desired result. □ 

3. Stabilities 

Throughout this section, let X be a quasi-/3-normed space and let Y be a quasi- 
/3-Banach space with a quasi-/3-norm || • \\y ■ Let K be the modulus of concavity 
of || • \\y ■ We will investigate the generalized Hyers-Ulam-Rassias stability problem 
for the functional equation (1.4). After then we will study the stability by using 
a subadditive function and alternative fixed point method. For a given mapping 
/ : X -> y , let 

Df(x, y) = 3/(23 + y) + f(2x - y) - 8f(x + y)- 24/ (x) + 6/(y) , 

x, j/ e x . 

Theorem 3.1. Suppose that there exists a mapping <j> : X 2 — ► M + := [0, oo) /or 
which a mapping f : X —*Y satisfies /(0) = , 

(3.1) \\Df(x,y)\\ Y < cp(x,y) 
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and the series Y^jLo ( W& ) 0(2 J 'ar, 2 J 'y) converges for all x, y £ X. TTien i/iere 

exists a unique cubic mapping C : X — > V which satisfies the equation (1.4) and 
the inequality 

(3.2) ||/(x) - C(s)||y < -^ £ (^y^TPx, 0) , 

/or all x £ X . 

Proof. By letting y = in the inequality (3.1), since /(0) = , we have 

||£>/(x,0)||y = ||4/(2x) - 32.f(x)|| y < </>(x,0) , 
for all x £ X . Then 

(3-3) \\f(x)-^f(2x)\\ Y <^<Kx,0), 

for all x £ X . Now, putting x = 2a; and dividing by 2 3/3 in the inequality (3.3), we 
get 

(3-4) ill/(2-)-^/(2 2 -)llr<^(^)0(2x,O), 

for all x £ X . Combining two equations (3.3) and (3.4), we have 
ll/(*) - (^) 2 /(2 2 x)||y < K(\\ f{x) ^/(2x) ||y + || ^/(2x) - (^) 2 /(2 2 x) ||y) 

< ^(</>(x,0) + ^cf>(2x,,0)), 
for all x £ X . Inductively, continue this way, 

n— 1 
ll/W-^^-^lly^^^^^^O), 

3=0 

for all x € X , and all n £ N . Let n ,m £ N with n < m . Replacing x by 2™ x and 
multiplying (ofe") in the inequality (3.3), 

(±) n \\f{2 n x)-±f{2^z)\\ r <(±) n <Krx,o) t 

for all x £ X . Also, inductively 

(3-5) \\(^) n f(2-x)-(^J n f(2-x)\\ Y <^J^(^Y^x,0), 

j=n 

for all x G X . As m —> oo , the right-hand side in the inequality (3.5) close to 0. 
Hence {( p- ) /(2™x)} is a Cauchy sequence in the quasi-/3-Banach space Y . Thus 
we can define a mapping C : X —> Y by 

C(x)= lim (l)"/(2"x), 
for all x G X . Hence we have 

||/(x) - C(x)\\ Y < §- p £ (^) V(2 J x, 0) , 

for all x <G A . Now, we will show that the mapping C : X —* Y satisfies the 
equation (1.4) and then the mapping is unique. 
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(^J \ U ' J{ ~ •''•- ' ,! ■■'■'>' 



A \\Df(2 n x,2 n y)\\, 



= (^)"||3/(2"(2x + y)) + f(2 n (2x - y)) - 8/(2"(x + y)) - 24/(2"x) + 6/(2»j,)|| 3 

^ (^)"ll 3 /( 2 "( 2a; + »)) + /( 2 "( 2 * - ?/)) - Wi* + V)) - 24/(2 n x) + 6/(2»|,)|| 

<(|,)V^2« y ), 

for all x, j/ € X . By taking n — > 00 , we know that the mapping C : X — > y is 
cubic. 

Now, assume that there exists a cubic mapping T : X — > y satisfying the 
inequalities (3.1) and (3.2). Then 



Y 



\\T(x)-C(x)\\ Y = ( w ) ||T(2"x)-C(2"x 
/ 1 \™ 



< (^) ^(||T(2"x)-/(2"x)||y + ||/(2"x)-C(2"x)|| r ) 

* iff (£rv*. .0., 

for all x s X . By letting n — > 00 , we immediately have the uniqueness of C : X — > 

y. □ 

Theorem 3.2. Suppose that there exists a mapping <f> : X 2 — > M + := [0, 00) /or 
which a mapping f : X —>Y satisfies /(0) = , 

(3.6) ||£>/(x,2/)||y<^(x,2/) 

onrf i/ie series X^i ( 2 3 K ) ^>{2~^x, 2 -J 'j/) converges for all x, y E X . Then there 

exists a unique cubic mapping C : X — > y which satisfies the equation (1-4) an d 
the inequality 

_. 00 

(3.7) ||/(x)-C(x)|| r <^^(2 3 ^)V(2-^,0), 

/or all x £ X . 

Proof. Letting y = in the inequality (3.6), 

||£»/(x,0)|| Y = ||4/(2x) -32/(x)||y < 0(x,O) , 

for all x € X . Now, replacing x by | , we have ||4/(x) — 32/(|)||y < <^(§,0) , that 
is, ||/(x) - 2 3 /(f)||y < 33-0(f,O) , for all x e X . Let ra,m € TV with n < m. 
Similar to the inequality (3.5) of the proof Theorem 3.1, we get 

-. m— 1 

l|2 3 "/(^)-2 3m /(^)||y<^^(2 3 ^)^(2^x,0), 

for all x G X . The remain parts of the proof follow from the proof of Theorem 3.1. 

□ 
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Now we will recall a subadditive function and then investigate the stability under 
the condition that the space Y is a (j3 , p)-Banach space. The basic definitions of 
subadditive functions follow from the reference [23]. 

A function <f> : A — » B having a domain A and a codomain (B, <) that are both 
closed under addition is called 

(1) a subadditive function if <f>{x + y) < 4>{x) + <p(y) , 

(2) a contractively subadditive function if there exists a constant L with < 
L < 1 such that <f>(x + y) < L(4>(x) + <fi(y)) , 

(3) a expansively superadditive function if there exists a constant L with < 
L < 1 such that (f>(x + y) > j(0(ar) + 0(j/)) , 

for all x, y <G ^4 . 

Theorem 3.3. Suppose that there exists a mapping <f> : X 2 — ► ]R + := [0, oo) /or 
which a mapping f : X — ► Y satisfies /(0) = , 

(3.8) \\Df(x,v)\\ Y <<Kx,v) 

for all x, y G X and the map <f> is contractively subadditive with a constant L such 
that 2 1 ~ 3/3 L < 1 . Then there exists a unique cubic mapping C : X — > Y which 
satisfies the equation (1.4) and the inequality 

(3.9) \\f{x)-C{x)\\ Y < " ! • r • <!, 



4/3 ^/2 3 ' 3 p - (2L)p ' 
/or all x (^ X . 
Proof. By the inequalities (3.3) and (3.5) of the proof of Theorem 3.1, we have 

< 



j=n 

1 m— 1 1 

. m—1 . 

%Efe) (2L)-0(x,Or 



32/3p 



that is, 



(3.10) H(l)"/(2».) - £)"/(»-,» < ^ £ (*-i)*. 

for all a; € X , and for all n and to with n < m . Hence {w^f(2 n x)} is a Cauchy 
sequence in the space Y . Thus we may define a mapping C : X — > Y by 

C(s) = Hm i/(2"x) , 
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for all x G X . Now, we will show that the map C : X — > Y is a cubic mapping. 
Indeed, 

n«™n - -«^» 

0(2"x,2"y)P 

< hm ^ 

~~ n^oo 2 3 ' 3 p™ 

< lim <t)(x,y) p (2 1 - 3l3 L) pn = 0, 

n — >oo 

for all x E X . Hence the mapping C : X — ► Y is a cubic mapping. Note that the 
inequality (3.10) implies the inequality (3.9) by letting n = and taking m —> oo . 
Assume that there exists another mapping T : X — ► Y satisfying (1.4) and (3.9). 
Then 

i™-(^)"/( 2 "« = (^) P V(2"z)-/(2"« 

/ 1 yn <ft(2 n x,0)P 
~ \¥p) 4*(2 3 * - (2L)p) 

- V J 4^(23* - (2L)p) ' 

that is, 



iit(x) - ri) B /(2"x)n y < (2-^r — /^ , 

" v ' \2?) Jy JU ~ V / 4/3p ^/(23/3p _ (2L)p) 

for all x € X . By letting n — > oo , we immediately have the uniqueness of C : X — > 
Y. □ 

Theorem 3.4. Suppose that there exists a mapping <f> : X 2 — ► M + := [0, oo) /or 
which a mapping f : X — > Y satisfies /(0) = , 

(3.11) ||A/(^,y)||y<^,2/) 

/or aZZ x, y E X and the map (ft is expansively superadditive with a constant L such 
that 2 3 P~ X L < 1 . T/ien there exists a unique cubic mapping C : X — ► Y which 
satisfies the equation (1.4) and the inequality 

(3.12) \\f(x) - C(x)\\y < f^' 0) 

for all x G X . 

Proof. By letting y = in the equation (3.11), we have 

||4/(2a;)-32 3 /(x)||y < 4>(x,0) , 
and then replacing x by |, 

(3-13) ll/W-2 3 /(|)llr<^0(|,O), 

for all x G X . For all n and m with n < m , inductively we have 

x n o3m,/ a; ,..„ ^ 0(»,O)» ^Vo3/3-lrV P 



(3-14) ||2 3 "/( J) -2*»/(£)|& < 5^ £ (^^ 

for all x G X . The remains follow from the proof of Theorem 3.3. □ 
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Now, we will investigate the stability of the given cubic functional equation (1.4) 
using the alternative fixed point method. Before proceeding the proof, we will state 
the theorem, the alternative of fixed point. 

Theorem 3.5 ( The alternative of fixed point [22], [30] ). Suppose that we are 
given a complete generalized metric space (Cl, d) and a strictly contractive mapping 
T : Cl — > Cl with Lipschitz constant L . Then for each given x G Cl , either 

d(T n x, T n+1 x) = oo for all n > , 

or there exists a natural number no such that 

(1) d(T n x, T n+1 x) < oo for all n > n ; 

(2) The sequence (T n x) is convergent to a fixed point y* of T ; 

(3) y* is the unique fixed point of T in the set 

A = {y€Cl\d(T n °x,y)<K>}; 

(4) d(y, V*)<t^z d (v> T V) f° r ally e A. 

Theorem 3.6. Let f : X — > Y be a function with /(0) = for which there exists a 
function <j> : X 2 — ► [0, oo) such that there exists a constant L , < L < 1 , satisfying 
the inequalities 

(3.15) || Df( X) y) \\ Y < <Kx,y) 

(f>(2x,2y)<8fiL4>(x,y), 

for all x,y G X . Then there exists a unique cubic function C : X —> Y defined by 
linXfj^oo 2 3n = C(x) such that 

(3-16) || f(x) - C(x) \\ Y < 32fj{ l_ L) 4>(x, 0) , 

for all x & X . 

Proof. Consider the set 

n = {g\g:X^Y,g(0)=0} 
and introduce the generalized metric on f2 , 

d(g, h) = inf{K G (0, oo) | || g(x) - h{x) \\ Y < K<j>{x, 0),i£l}. 
It is easy to show that (CI, d) is complete. Now we define a function T : CI — > CI by 

Tg(x) = 1 -g(2x) , g G Cl 

for all x G X . Note that for all g, h G Cl , let K G (0, oo) be an arbitrary constant 
with d(g, h) < K . Then 

|| g(x) -h(x) \\ Y < K<f>(x,0), for all x G X , 
=► || l -g(2x) - hi(2x) \\ Y < ^K<t>(2x, 0) , for all x € X , 

=> || -g(2x)- -h(2x) \\ Y < LK(j)(x,0), for all x G X , 
8 8 

=*> d(Tg, Th) < LK . 

Hence we have that 

d(Tg,Th)<Ld(g,h), 
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for all g, h G 51 , that is, T is a strictly self-mapping of f2 with the Lipschitz constant 
L. By setting y = in the inequality (3.15) and dividing both sides by 32^, then 
we have 

|| /(*)-^/(2*)||y< 3^0(3,0), 

for all x € X , that is, d(Tf, f) < =|^ < oo . We can apply the fixed point alternative 
and since linv^oo d(T r /, C) = , there exists a fixed point C of T in fi such that 

(3.17) C (x)=lim&-, 

n — >oo Z 

for all x E X . Letting x = 2 n x and y — 2 n y in the equation (3.15) and dividing by 

23n/3 

II nnr \ II r \\ DfV n x,2 n y)\\ Y 
\\DC(x,y)\\ Y = ^lim ^ 

< lim L n 4>{x,y) = 0, 

n — >oo 

for all x,y E X ; that is it satisfies the equation (1.4). By Lemma 2.2, the C is 
cubic. Also, the fixed point alternative guarantees that such a C is the unique 
function. Again using the fixed point alternative, we have 



d{f,C)<^-jd{Tf,f). 



Hence we may conclude that 



d(f,C)<- i —d(TfJ)< 



1-L y ■"■" " 32/3(1 -L) ' 
which implies the equation (3.16). □ 

Theorem 3.7. Let f : X — > Y be a function with /(0) = for which there exists a 
function <j> ■ X 2 — ► [0, oo) such that there exists a constant L , < L < 1 , satisfying 
the inequalities 

(3.18) || Df(x,y)\\ Y <<Kx,y) 

4>(x,y)<-^cf>(2x,2y), 

for all x,y G X . TTien t/iene exists a unique cubic function C : X —> Y defined by 
\im n ^ O0 2 3n f(^x) — C(x) such that 

(3-19) || f(x) - C(x) \\ Y < i2f3( ^_ (/>(x, 0) , 

for all x € X . 

Proof. We will use the same notation for f2 and d as in the proof of Theorem 3.6 
and then we define a function T : fl — > £1 by 

T ff (a:)=85(|) ) jefl 
for all x € X . Then 

||r 5 (x)-T/»(x)||y = 8"|| ff (|)-Mf)l|y 

< 8^(|,0)<L^(x,0), 
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for all X € X, that is, d(Tg,Th) < LK . Hence d{Tg,Th) < Ld{g,h) , for any 
g,h € 51 . Thus T is a strictly self-mapping of f2 with the Lipschitz constant L . By 
letting x = | and y = in the inequality (3.18) and dividing both sides by A? , 
then 

ll/(*)-8/(|)||y<^(|,0)<^ (x ,o), 

for all x <G X . Hence d(Tf, f) < ^j < oo . The remains follows from the proof of 
Theorem 3.6. □ 
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Abstract 

A new representation for fuzzy systems in terms of additive and mul- 
tiplicative subsystem inferences of single variable is proposed. This repre- 
sentation enables an approximate functional characterization of the inferred 
output. The form of the approximating function is dictated by the choice of 
polynomial, sinusoidal, or other designs of subsystem inferences. The paper 
is organized as follows. The first section gives a brief review on product sum 
fuzzy inference and introduces the concepts of additive and multiplicative 
decomposable systems. The second section presents the proposed subsystem 
inference representation. The third section focuses on subsystem inference of 
single variable. The sections 4 to 6 discuss the cases of polynomial, sinusoidal, 
orthonormal and other designs of subsystem inferences, and their applica- 
tions. The section 7 presents some conclusions. The paper one finishes with 
its references. 

AMS Subject Classification: 62-xx, 62Lxx, 62L10 
Keywords: subsystem inference representation, fuzzy systems, member- 
ship function, approximating function, universal approximators. 



1 Introduction 

Consider a fuzzy system of n input variables a,b, . . . ,y, z with input membership 
functions Ai, i = 1, m a , Bj, j = 1, mj,, . . . , Yj,, h = 1, m y , Z ri r = 1, m z and the 
m a ■ nit, ■ ■ ■ ■ ■ rriy • m z fuzzy rules: 

$i N : A { , Bj,...,Y h , Z r ->• <5(wj,.;,...,/i,r), (1) 

where N = [(i — 1) • mi, . . . ■ m z + . . . + (h — 1) • m z + r] and Wij,...,/i, r is the 
corresponding rule consequent. 

Given certain values for the variables a,b,...,y,z, the output u is inferred by 
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u = - 



E™ a i EJ1\ • • • E™=i E™ 1 ma, (a) • mb, (&)■••• m^ (y) ■ nz r 0) 

(2) 
where jj,A t (a), /Ub, (6), . . . , /j,y h {y), Hz r (z) are respectively, the membership degrees 
of a, &,..., y, z with respect to membership functions Ai, Bj,. . . ,Yh, Z r . 

The inferred output u of the fuzzy system from (1) is based on the m a x to^ x 
... x m y x m z hyper-dimensional matrix U ma _ mb ,....m m z > which contains the rule 
consequents Uij t ... t h,r as elements, namely we can write (2) as 

= a, fo, •■■,?/, z \Um a: mb,...,my . m z J- 

If there exist m a + mj + . . . + m^ + m z parameters ai, /3j, . . . , rjh, Cd for j = 
l,m a , j = 1, m;,, . . . ,h = l,m y , r = l,m z , such that 

Uij,...,h,r = a» + ft + ... + % + Cr (3) 

(2) becomes 



u 



E""i a » • MA, (a) E j=i ^ ' Mb, (&) Erli Cr 'fe r M 

i=lMA t (a) Ej = lMB 3 (0) Er=lMZ r (^) 



This leads to u = u A + u B + . . . + u y + u z , where u A , u B , . . . , u Y , u z are the 
inferred outputs of subsystems A, B . . . , Y, Z. 

The fuzzy rules of the subsystems are given by m a + m& + . . . + m y + m 2 
parameters a, , /3j , . . . ,rjh, Cr j f° r i = 1 , w a , j = 1 , m& , . . . , /i = 1 , m^ , r = 1 , m z , 
such that 



Subsystem A : Ai — > #(aj), /or j = 1, m a 
Subsystem B : Bj — > #(ft), for j = l,m& 



Subsystem Y : Y^^r <K%)i /ot ^ = l,TOj, 



Subsystem Z : Z r — ¥ 5(( r ), for r = \,m z . (4) 

Equation (3) is the necessary and sufficient condition for fuzzy systems (1) to be 
decomposable into n additive subsystems, each operating on the single variable of 
a,b,...,y,z. 

On the other hand, if there exist m a +mt,+. . .+m y +m z variables Qj, /3j, . . . , %, £ r , 
for i = 1, m a , j ' = 1, nib, ■ ■ ■ , h = 1, m^, r = 1, m z , such that 

Ui,j,...,h,r — OLi ■ f3j ■ . . . ■ Tfh ■ Cr, (5) 

u can be expressed as 
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EI 



MA, (a) 



i=iW ( (a) 









This results in u = u • u 



• u Y ■ u z , where u A , u i 



, u y , u z are the 



inferred outputs of subsystems A, B . . . , Y, Z given in (4). 

Equation (5) is the necessary and sufficient condition for fuzzy systems (1) to 
be decomposable into n multiplicative subsystems, each operating on the single 
variable of a, b, . . . , y, z. 

2 Subsystem Inference Representation 

Consider a fuzzy system with two input variables a and b with rule consequents 
embedded in the m a x mj, matrix 



The inferred output is 





/ «i,i 


Wl,2 


Ul,m b \ 


T 


"2.1 


"2,2 


u 2,m b 


m a ,mb 










\ U m a ,l 


u m a ,2 


y>m a .rtib J 



M T A -U„ 



■Mi 



(E™ a iMA,(c 



££=>*,(&) 



(6) 



where the column vector Ma and respectively Mb contain the membership de- 
grees of a and b: 



M, 



( MA X (a) \ 

UA 2 (a) 



V MA ma (a) / 



Mi 



( HbM \ 

Mb 2 (b) 



\VB mb (b) J 



(7) 



Let a set of linear independent m a by one column vectors f A , q = l,m a , be 
selected for variable a and, similarly, a linear independent set of mi, by one column 
vectors f B , I — l,rrib, be selected for variable b. One can associate with each 
vector f { * ] = [f A q \l) f A q) {2) . . . f A q) (m a )] T a subsystem A^ with the following 



fuzzy rules: Subsystem A^ : Rule i : A; L — > S(f A (i)), f 
The inferred output of subsystem A^ becomes 



l,m . 



2a(A W ) 



(<?h _ 




('/) 



i=iMA i (a) 
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f (0 



f(0, 



f(0/ 



c(0/ 



Similarly, for each column vector f B = [/g (1) f B (2) . . . f B (m&)] , one con- 
structs a subsystem B^> with the fuzzy rules: 

Subsystem B^ ' : Rule j : Bj — > S(f B (j)), for j = l,mj 
and inferred output 



Uf$ 



E"LVi%>/^(&) 



E™ b i^.(6) 



T7=ivbM 



The selection of vectors f A 9 ' and /jj should depend on the kind of approxima- 
tion function one desires for the problem at hand, be it polynomial, sinusoidal, or 
other designs. 

The inferred output Z a ,b{U ma .m b ) is now expressible in terms of the inferred 
outputs l a (f A ) and l b (f B ). Using the fact that the m a x m a and m b x m b 
matrices 

I? _ ( f(l) f(2) Am a )\ 

?A - (J A , J A , ■ ■ ■ , J A ) 

and 

fb - U B . Jb > • • • > 1b ) 



are invertible, (6) becomes 

-^a.byU m a ,mb ) I 



M T A - F A 



i=1 HAAa) J 
where the m a x m b matrix v mamh is defined by 



(F B ) T ■ Mb 
E"1>b,(&) 



(8) 



With 



M T A -F A 



and similarly, 



= Fa 1 ■ U„ 



(Fi 



M A ■ f A 



(i) 



M T A -f A 



(2) 



Ml ■ f A ma) 



i=i^(a) Ei=iMA 4 (a) Ei=iMA 4 (o) 

(l a (/«), I a (fW),...,I a (f^j 



( Uf B 1} ) \ 



(F B ) T -M B 

E7=ims,(6) 



^ b (/i 2) ) 



(mi,).. 



v wro / 



(9) 



(10) 



(11) 
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(8) becomes 



/ Mf B 1] ) \ 



Za,b(Um a ,m b ) — \^-a\J A )' -^a\j A )' ■ • ■ j-^qv/A )) 



^(/i 2) ) 



( m bh 



V UPb') J 



^^^.l a (/^).l 6 (/«), 

9=1 ( = 1 



where v„ i arc elements of the matrix u 



m a ,m b • 

one has 



(12) 



U„ 



Fa ■ Vr, 



{Fl 



(13) 



Equation (12) expresses the original inference in terms of multiplicative sub- 
system inferences of single variable a and b. A fuzzy system of two input variables 
is hence generally expressible as additive sum of m a x nib systems each of which 
is multiplicative decomposable into two subsystems of single variable. The previ- 
ous result can be extended to a fuzzy system with a general number of n input 
variables. The inferred output is expressible in the following form: 



--a.b.c.d.. 



,x.y.z \U', 



m a ,mb ,Tn c ,md ,- • ■ ,Tn x ,m.. 



,m z ) 



m a vn,b m c rrid 



m x vn y rn z 



E E E E • • ■ E E E "«.*.*,. 

i— 1 j — 1 k — 1 8=1 



,t,h,: 



t=l h=\ r=\ 



■T a {!f)-x h {fi)-x c {if)-x d {^) ■ ... -Uf {t) 



v r l y (f^)-l z (f ( z y )- (14) 



Equation (14) expresses a general fuzzy system of n variables into m a x m^ x 
... x m y x m z systems each of which is multiplicative decomposable into n sub- 
systems of single variable. 



3 Subsystem Inference of Single Variable 

This section is devoted to gaining a better understanding of single variable sub- 
system inference. Let the subsystem in consideration be A^ with m a — 3 input 
membership function, namely 

Subsystem A {q) : A % ->■ 6(f%\i)), for i = T^m~ a . 
The inferred output is 

£li/i 9) «-^(a) 



Uf A q) ) 



E„iW,(«) 



(15) 
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If the input membership function Ai, i = 1,3 are triangular with at most 
two overlapping and sum of membership degrees equals one (see Fig.l) then (15) 
becomes 

X a (/i 9) ) = ^/i 9) (i)-^(a). (16) 




t-L ~*-2 ^3 

Fig. 1. Triangular input membership functions. 



Since the membership degrees are given as 

-i a— a. 



MA, (a) 



-SJ-, a\ < a < an, 

<»2 — Ol ' — ' 



0, a 2 < a < 03, 



we shall have 



W. 



(«h 



MA 2 (a) = 



MA 3 (a) 



^-^- 01 < a < a 2 , 

, a 2 < a < 03, 



a*2 — a\ 

-1 a— a-2 



a^—a2 ■ 
0, Ol < a < 02, 

S- a 2 <a<a 3 , 



f A q \l) + (f A q) (2)-f A q \l)) 
f A q) (2) + (f A q \3)-f A q) (2)) 



-«=«i- for ai < a< a 2) 



— 52 -, /or a 2 < a < a 3 . 

o 3 — 02 ' J z — ° 



(17) 



Fig. 2 shows X a (f A ) as a function of a. As a increases from ai to a 2 , I a {f A ) 

follows a straight line from / A ?) (l) to /^ ) (2), and then from f ( A q) (2) to / A ?) (3) as 
a increases from a 2 to 03. 

Extending to the case of a general m a , X a (f A ) would follow a continuous, 

piecewise straight line joining the points f A (i) at a = aj, i = l,rn a . 

Fig 3 depicts the case where the input membership function are not triangular 
but still at most two of them overlap each other with sum of membership degrees 
equals one. Let A\ deviates from being triangular by an amount of Qi. 2 within 
»i < a < 0,2- 
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f A W (2)- 



"■1 ""2 "3 

Fig. 2. Subsystem inference with triangular input membership functions. 




*! ^2 ^3 

Fig. 3. Non triangular input membership functions. 



For simplicity, Qi,2 is assumed here to be zero at a — a\ and a — a 2 . In the 
case when a\ < a < a 2 , the membership degrees become 

i \ -t a — ai a — a\ 
fj,A 1 {a) = l \-Qi,2, MA 2 (a) = ; Qi,2 



and 



a 2 - ai 



a 2 - ai 



X a (/i 9) ) = /i 9) (l) + (A q \2) /£>(!)) • iL_?l - (/£>(2) - /£>(1)) • Q li2 . (18) 

The first two terms of (18) correspond to X a (/\ ) when Ai and A 2 are tri- 
angular. The third term gives the results when A\ and A 2 deviate from being 
triangular which is equal to -{ff{2) - ff (I)) ■ Qi, 2 . The resulting laiff) is 
depicted in Fig. 4 for a\ < a < a 2 . A similar derivation follows for a 2 < a < 0,3. 

Subsystem inferences for general profiles of input membership functions will 
be obtain similarly. 

Fig 5 shows the case where the input membership function are both trape- 
zoidal and triangular but still at most two of them overlap each other with sum 
of membership degrees equals one. 



7 
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^"(2; 



/;"(i;. 



fri' ) (2)-/ J (,) (i)')'3i, 2 



Fig. 4. Subsystem inference with non triangular input membership functions. 




Fig. 5. The membership functions for small, medium and big. 



MAx(a) = 



1- °=°*~ oi < a< o 2 , 

a2— ai " - 1 - — — ^ " 



0, a 2 < a < 03, 



/M 2 (a) 



MA 3 (a) 



a l < 1 < l2i 



1 - £Ef£, «2 < a < a 3 , 



0, ai < a < 02, 



S> «2<o<a 3 , 



4 Polynomial Subsystem Inferences 



A special choice of subsystem inferences is now introduced for the triangular input 
membership functions depicted in Fig. 1. 

Let the set of linear independent vectors /^ , q — l,m a , be selected as follows: 
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f (i) _ 
J A — 



( 1\ 

1 

1 
1 

v i y 



f (2) _ 



/ o \ 

(a 2 - oi) 
(o 3 - ax) 

(Oraa-l - a l) 
V ( a m a -Oi) J 



Al) _ 
■ • ■ j Ja — 




(02 - al) 9 " 1 
(o 3 - al) 9 " 1 

(Om -i -ai) 9-1 
V (a^-ai)'" 1 / 



r(m ) 

7a 



/ o 

(ag-ai)" 1 "- 1 

( a m a -l — Q>1) 



(19) 



The resulting subsystem inference I a (f^ ) depicting in Fig. 6 shows a contin- 
uous piecewise straight line joining the points (a*, (a* — a!) 9-1 ). 



i 


i 


wf)^JL 


1 


(aj-Oi)'" 1 - 




./ 




(Qj-ai)"" 1 




^^^ 






k 


a 2 a z 





(a-%)'" 



Fig. 6. Polynomial subsystem inference. 



The inference X a {f^) constitutes a piecewise linear approximation to the poly- 
nomial term (a — ai) q . 

The vectors f£ i n (19) are termed polynomial subsystem vectors and the 
corresponding set of X a {j^ ) "polynomial subsystem inferences. 

With column vectors fg, j — l,Wi>, selected similarly for variable b 



f (i) 



/1\ 

1 

1 
1 



f (2) 



/ o \ 

(62 - 61) 
(63 - 61) 

(b mb -i -h) 

V (&m 6 -6l) ) 






/ 

(62-fei)" 1 "- 1 

(63-61)" 1 "- 1 



(6 



nib — 1 



6l 



V (6m,,- 6l) 



jTOfc — 1 

mb — 1 



(20) 
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and substituting X a (f A ) = 1 and lb (/^ ) = 1 in (12), the inferred output becomes 

m b m a 

la,b(Um a ,m b ) = ^1,1 + £ "U ' Wfl ) + £ "9,1 ' ^(/iV 
;=2 9=2 

+ ££>,,« -Za^-Wi?)- (21) 

9=2 (=2 

This shows that I a ,b(Um a .m b ) is an approximation to the polynomial function 

m b m a 

p(a, b) = ^,i + ^ v u ■ {b - h) 1 - 1 + Y^ "9,1 ' (« - a 1 ) q - 1 + 

1=2 9=2 



m a m b 



+ SS«' g ,J-(o-oi)«- 1 -(6-6i)'- 1 . (22) 

9=2 (=2 

The function p(a, 6) contains polynomial terms up to orders of m a — 1 and 
TOb — 1 in a and 6. For the present case where input membership functions of Fig. 
1 are used, I a ,b{U mcL .m b ) yields exact values of p(a, b) at the m a x mi, rectangular 
grid points (a q , bi), q = 1, m a , I = 1, Wb and approximates in between points via 
linear interpolation over the corner values. 

Conversely, the function p(a, b) can be viewed as an approximate output of 
the fuzzy system. Subsystem inference representation produces an approximate 
functional characterization of the inferred output. 

The approximation error E(a, b) between Z a .b(U ma ,m b ) an d p{ a i b) is given by 

m b m a 

E(a, b) = l a M{U ma . mb ) - p(a, b) = ^ V U ■ E (U) + £ v q ,i ■ £ (9,1) + 

1=1 g=2 

m a Tn b 

+ EEV'E W) - (23) 

9=2 1=2 

where E^ q ^ is the error of the (q, I) term 

E^ = l a {f A q) ) .Zb(/i°) - (a - a,)"- 1 ■ {b - h) 1 - 1 . (24) 

The results can be extended to a system with n fuzzy variables a,b,c, . . . ,y,z 
having m a , mb, m c , • ■ • , m y , m z input membership functions. The approximating 
polynomial function would be of order up to m a — 1, mj, — 1, m c — 1, . . ., and m z — 1 
in a, b, c, . . . and z. 

Example Consider a two variable fuzzy system with m a = m^ = 3. Let the 
input membership functions Ai and Bj be located at a\ = —0.5, 02 = 0, 0,3 = 0.5, 
and 61 = —2, 62 = 0, 63 = 2. The rule consequents Ujj are embedded in the 
matrix 



10 
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V: 



:s.3 




Let the vectors f A and fg be selected according to (19) 





/£>=( 1 1, /£>=[ , /£> = 

With F A = (/£>, f A 2 \ff) and F B - (/£>, /j, 2) , /ij ), using (9) we shall 
have 

/ 2.5 

^ 3 .3 = i^ 1 • C/3,3 • (i^J) ' = 11 -0.5 0.25 

\ 2 -1 -0.5 

This yields a subsystem inference representation for the system (see (21)): 

Ia,b(Ua,3) = 2 - 5 ■ I b{I ( B ) ) + 11 -laifT) + 2 ^a{ff) ~ 0.5 • Z a (/f ) • Z fc ( jf >) + 

+0.25 • l a {ff ) ■ l b (f B 3) ) - l a {ff) ■ l b (f B 2) ) - 0.5 • l a {ff) ■ l b (f B 3) ). (25) 

Equation (25) indicates that I a ,h(t^3,3) is an approximation of the polynomial 
function 

p(a, b) = 2.5 • b + 11 • a + 2 • a 2 - 0.5 • a ■ b + 0.25 • a ■ b 2 - a 2 ■ b - 0.5 • a 2 ■ b 2 . 

The error of approximation from (23) is 

E(a, b) = 2.5 • E (h2) + 11 • E {2 ' 1} + 2 • £ (3ll) - 0.5 • E {2 ' 2) + 0.25 • E {2 ^- 

-£(3' 2 ) - 0.5 • £( 3 ' 3 \ 
where, using (24) 

EM = l a (f A q} ) ■ l b {f B l) ) - a*- 1 ■ b l -\ (V) q,l=T^. 

Of the seven terms in (25), the first three are subsystem inferences of a or b 
only. Together, they comprise an additive decomposable system. 

The remaining terms of (25) are cross products of subsystem inferences of a 
and b, and each constituting a multiplicative decomposable system. 

11 



IATAN: FUZZY SYSTEMS 



154 



Kosko [9], Wang [16] and later Alci [1], Kim [8] have shown that fuzzy systems 
are universal approximators to continuous functions on compact domain. 

The same conclusion can be reached here with subsystem inference represen- 
tation. 

A fuzzy system is expressible in terms of polynomial inferences, as in (21). As 
m a and mj, tend to large values, the polynomial inferences I a (f^) and 2j,(/g ) 
converge uniformly to the polynomial terms a^ l ~ x ' and b^~ l > . 

Since polynomials are universal approximators (see [12]), the same can be con- 
cluded regarding fuzzy system. 



5 Other Designs of Subsystem Inferences 



<■(</) 



The vectors /^ , q — l,m can also be selected to emulate other functions. In 
the example of sinusoidal subsystem inferences 



f (i) _ 

J A — 



i 

i 



f (2) _ 
J A — 



>JA 



w 



( ° - ^ 

cos(ai — a) 
cos(a2 — a) 

cos(a ma _! - a) 
\ cos(a„ la —a) ) 



( 



A3) _ 
J A — 



■ • ' J A 





sin(ai - 
sin(a2 - 



\ 



5) 
a) 



,(2r) _ 

' ' J A 



( cos(r ■ (ai — a)) \ 
cos(r • (a 2 — a)) 
cos(r • (a 3 — a)) 



f (2r+l) 



sin(a TOo _i - a) 
\ sin(a ma -a) / 



sin(r • (ai — a)) \ 
sin(r • (a 2 - a)) 
sin(r • (a 3 - a)) 



(26) 



cos(r • (a ma _i - a)) sin(r • (a ma -i - a)) 

\ cos(r • (a TOo -a)) J \ sin(r • (a„ la - a)) / 

and depending on whether m a is even or odd 



/ 



Am a ) 
J A 

(m a even) 



cos(^ 
cos(^ 

cos(^ 



cos(^ • 
V cos(^ 



(oi-o)) \ 

(02 - a)) 

(a 3 - a)) 

(«m,-i - a)) 
• (a TOa -a)) / 



J?(™»a) 

J A 

(m a odd) 



( sin(=^i 
sin(^i 
sin(=^ 



(oi - a)) 
(a 2 - a)) 
(a 3 - a)) 



\ 



sin(^-^ • (a TOa _i -a)) 
\ sin(^ • (a mo - 5)) / 



(27) 
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The vectors (26) and (27) give rise to subsystem inferences I a {f^) which 
approximate the sinusoidal terms of sin(r • (a — a)) and cos(r • (a — a)). Same as 
before for polynomial inferences, should the input membership functions of Fig.l 
be adopted, the fuzzy inferred output constitutes a piecewise linear approximation 
of the sinusoidal function; I a ,b(U ma ,m b ) will be an approximation to: 

1) the sinusoidal function (if m a is odd): 



p(a, b) = v 1A + ^ v hl sin 



1=2 



— — (b - b) J + ^2 v qA ■ sin ( — o - ( a ~ 5 ' 

' q=2 ^ 



q=2 1=2 ^ ' ^ 

2) the cosinusoidal function (if m a is even): 



p(a, b) = z/ M + J^ i/^j ■ cos ( - • (6 - 6) J + ^2 v <i-\ ' cos (9 ' ( a ~ 5 ) 

Z=2 ^ ' q=2 



XI X *V ' COS (f ' ( a ~ 5 )j ' COS ( 9 ' ( 5 ~ ^ 



9=2 1=2 



(29) 



With appropriate designs, sinusoidal inferences can be further manipulated 
into an orthonormal set. Dehne /\ ), <Z = l,Ti a as 



f (i) 

J A 





( l \ 




1 


1 


1 


^Jrn~ a 




1 




I 1/ 



,(2r) 



/ cos(^- r.(l-e)) \ 
cos(^- r-{2-e)) 
C0S (^. r-(3-e)) 



cos( 



2tt 



(to - 1 - e)) 



\ cos (^' r-(m„-e)) J 
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,(2r+l) 
J A 



I S in(^- r-(l-e)) \ 
sin(^- r-(2-e)) 
sin (^' r-(3-e)) 



sin(- 



r • (to,, - 1 - e)) 



V sin (^' r -(™a-e)) y 

and and depending on whether m a is even or odd 



/ 



J A 

(m a even) 



«»(^-^ ■(!-£)) 



cos(^-^-(2-e)) 



cos( 



2-tt m a 



(3-e)) 



J-("*a) 

J A 

(rn a odd) 



cos(^-^-(m a -l- £ ))) 
\ cos(^-^.(m„- e )) y 

sin(^-^i-(2- £ )) 



sin(- 



-1 2 

27T m a — 1 



(m a - 1 -e))) 



V sin(^.=^.(m„- e )) y 

where e is an integer parameter, between 1 and m a . 

The vectors in (30) and (31) satisfy the orthonormal condition 



(f { A qi V-l 



(92) 
A 



(30) 



(31) 



(32) 



Equation (32) can be readily observed when q\ and qi are both numbers, i.e, 
q\ = 2r\ + 1 and q^ = 2r2 + 1 for n, r2 > 1. In this case 

(/i 9l) f • f A q2) = 



1 



711 a 

E 



2tt ■ (i — e) , A /2w(i-e) . , 

cos I • (n - r 2 ) - cos : • (ri + r 2 ) 
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and orthonormality is derived using the formulae from Sirc^chi [14]: 



n—l ■ nh , , _ 1 

y^ cos(6< + i-h)= I cos ( 6 + — — h 



i=0 
n-1 



n h 



y^ sin(0 + i- h) 



j=0 2 

from which we have for integer p < K: 

K 



n — l 



v^ /2tt-A: 



fe=i 



V # 



K 

E 
fe=i 



2tt- fc 
cos ! -p 



/or p^O, 
X .for p = 0. 



A similar approach can be used to show orthonormality for other cases of qi 
and <72- 

In the example of exponential subsystem inferences, 



f W 

J A 



( 1 \ 

1 

1 
1 



f (2) 
J A 



I 1 \ 

g(«2 — Ol) 

(a 3 -ai) 



,(»» 



-Ol) 



V e 



(Ot» -»i) 



f (?) 



/ 1 

e (g-l)-(o2-oi) 

p (g-l)-(o 3 -oi) 



e (g-l)-(o mo _i-ai) 

y e (?-i)-(o mo -oi) j 



c{m a ) 



' J A 



1 
= (m a -l)-(a 2 -ai) 

s (m -l)-(o 3 -oi) 



e (m a -l)-(o ma _i-oi) 
\ e (m a -l)-(o mo -oi) / 



the inference I a (f^ ) constitutes a piecewise linear approximation to the expo- 
nential term e (9- 1 )-( a - a i). 



6 Applications 

Application 1 We shall use the polynomial and exponential inferences together 
for the fuzzy approximation of the differential equation solution 
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(33) 



y = xe , 
2/(0) = 0, 
1/(0) = 2, 

I y"(0) = 2. 

We shall consider the fuzzy systems with two fuzzy variables: a is for approx- 
imating the polynomial term of x, and variables b is for realizing the exponential 
term e~ x . 

Trapezoidal input membership functions of Fig. 8 and Fig. 9 are assumed for 
all variables. 

Let the domains of interest for a and b be [—0.7, 0.3] and [0.2, 0.8]. 

Trapezoidal input membership functions for the fuzzy variables: a 




-0.7 -0.4 



0.3 



Fig. 7. Trapezoidal input membership functions for the fuzzy variables: a. 



VA 1 (a) 



1, xe [-0.7,-0.4], 
l-3^i, xe (-0.4,0] 



H^, xe [-0.4,0] 



/M 2 (a) 

1, xe (0,0.3], 

For the variables a and b, one sets: 



m a = m b = 2, 
oi = -0.4, a 2 =0, 6i = 0.3, b 2 = 0.7, 



f (i) _ f (i) 



f (2) _ 





&2 — «1 



\ (2) _ 

' IB — 



0.4 



1 

s 6l-i>2 



1 

,-0.4 
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The inferred output of subsystem A^ 2 ' becomes 

Uff) = ff (1) • MA, («) + /f(2) • HaM, 
namely 



0.4. 



z+0.4 
0.4 - 



G [-0.4,0], 



UfT) 



0.4, i£ (0,0.3]; 



Trapezoidal input membership functions for the fuzzy variables: fe 




2 0'.3 0.7 O.tl 

Fig. 8. Trapezoidal input membership functions for the fuzzy variable fe. 



MBi ( b ) = 



HB 2 (b) 



1, be [0.2,0.3), 



1- 



*=£*, fee [0.3,0.7] 



<t^, fee [0.3,0.7], 
1, fee (0.7,0.8], 



The inferred output of subsystem B^ becomes 

Uf { B ] ) = /i 2) (l) ' MBx(6) + /i 2) (2) • MB 2 (6), 



namely 



therefore 



' 1, fee [0.2,0.3) 
Zb(/ (2) } I 1 + (1 - e-° A ) - b -l&^,be [0.3,0.7], 



e-°- 4 , fee (0.7,0.8] 
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Uf { B } ) = { 



e-° A , xe [0.2231,0.3567); 



1 + (1 



-0A\ b-0.3 
/ ' 0.4 



, xe [0.3567,1.204], 



1, x€ (1.204,1.6092] 



The values v q ,i are obtained from (12) and (33): v\_\ = 0, v\p — 0, ^2,1 

0, ^2,2 = 1- 

Using (12) we have 

2 2 

q=l 1 = 1 



Hence, a fuzzy system to achieve (33) is 



y"' =l a ,b( U 2,2) = 



E [0.2231,0.3]; 



0.4e~ u - 

0, xe [-0.4, 0]U (0.3, 1.6092] 



(34) 



where y(0) = 0, y'(0) = 2, y"(0) = 2 and t/ 2 , 2 is given by (13). 

Equation (34) will solve analytically using Matlab 7.0 using the function dsolve; 
let t/i (x) the analytical solution of the equation (33), 2/2(2^) and 2/3(2;) the analytical 
solutions of the equation (34) for x <G [—0.4,0] U (0.3, 1.6092] and respectively for 
X € [0.2231,0.3]. 

We shall obtain: 

|yi(-0.1) - 2/ 2 (— 0.1)| = 4.3376e - 006, 

|2/i(0.4) - 2/2(0.4)| = 9.1184e - 004, 

|yi(0.7) - 2/2(0.7)| =0.0076, 

|?/i(1.25)- 2/2(1.25)1= 0.0636, 

|j/i(0.25) - 2/3(0.25)| = 5.5080e - 004, 

|2/i(0.3) - 2/3(0.3)| = 9.0670e - 004. 

Application 2 We can use the polynomial and sinusoidal inferences together 
for the fuzzy approximation of the function 



v{x,y) 



1 

cos 2x 



(—22/ — 2sinx — 0.5 sin 2x + 2x cos x). 



(35) 



We shall consider generating the function v by two fuzzy systems: one for 
the numerator of v and one for its denominator. The one for the numerator is 
assigned three fuzzy variables, a, b and c. Variable a is for approximating the sine 
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and cosine terms of x, and variables b and c are for realizing the linear terms x and 
y. Triangular input membership functions of Fig. 1 are assumed for all variables. 
Let the domains of interest for x and y be [—(L x /2),L x /2] and [—(L y /2),L y /2\. 
For variable a let be m a membership functions evenly spaced at locations 

a t = -(L x /2) + (i - 1) • W2 ~ ( ~^ /2) , (V) i = T^r a . 

m a - 1 



Sinusoidal subsystem inferences are adopted for a by choosing the vectors f A 
according to (26): 



(</) 





( X \ 






/ cos 


ai) \ 






/ sin(oi) \ 




1 




cos(a 2 ) 




sin(ai) 


f (l) _ 

J A — 


1 


f (2) _ 
» J A — 


cos(a 3 ) 


f(3) _ 
> J A ~ 


sin(a 2 ) 




1 




cos(a„ la _i) 




sin(a ma _i) 




lW 




^ cos(a m J ) 




V sin(a m J / 






( cos(2ai) \ 




( sin(2ai) \ 








cos(2a 2 ) 




sin(2a2) 






f (4) _ 
J A ~ 


cos(2a3) 

cos(2a ma _i) 


f (5) _ 
' J A ~ 


sin(2a3) 
sin(2a TOa _i) 










\ cos(2( 


l m a ) / 






V sin(2 


J ^m a ) J 





For variables b and c, one sets: 



m b = m c = 2, 
6i = -(LJ2), b 2 = L x /2, Cl = -(L y /2), c 2 = L y /2, 



f (i) 

J B 



f(l) 

Jc 



f (2) 
■IB 



~(L x /2) \ (2 ) 
i,/2 ) ' ^ 



-(Ly/2) 
Ly/2 



-2, i/2, : 



The values ^g,i, r are obtained from (14) and (35): ^1,1,2 
2, ^3,1,1 — — 2, ^5.1,1 = —0.5 and zero otherwise. 

Using (13), the (i,j,k) element of matrix U ma .i.2 which yields the rule conse- 
quent Uij : k is given by: 



U ma , 2 , 2 (i,j,k) = ££$>,,,,,• ■ fA q) W ■ fsU) ■ f { c\k) = 
q=l l = \ r-1 

-2 ■ /«(*) • /«(j) • f^(k) + 2 ■ /f (i) • ff{j) ■ /«(fc)- 



tV>, 



rWi 



f (i), 



-2 • /r« • /^eo • /^w - 0.5 • /f « • f^u) ■ $\k). 



19 



IATAN: FUZZY SYSTEMS 



162 



The fuzzy system for the denominator utilizes a single fuzzy variable of d. The 
same input membership functions as for a is adopted, i.e., m^ — m a and d\ = a,. 
To effectuate a subsystem inference with approximates the term cos(2x), f^ is 
selected as 

/ 1 \ / cos(di) \ 

1 



f (l) 

J D 



1 
1 



f (2) 

■Id 



cos(di) 

cos(d 2 ) 
cos(d 3 ) 



cos(rf md _i) 
V cos(d m J y 



f (3) 

■Id 



( sin(di) 
sin(rfi) 

sin(d 2 ) 

sin(rf md _i) 
V s in(rfmJ / 



f (4) _ 



/ COS(2dl) 

cos(2d 2 ) 
cos(2d 3 ) 

cos(2d md _i) 
\ cos(2d m J y 



Note . Since the selection of vectors /jf , fg , Jq , /p 9 should depend on the 
kind of approximation function one desires we can choose 



A3) 

JA 







( M 








f 


3in( 


oi) \ 










i 




sin(a 2 ) 






AD _ 

■I A — 


i 


f (2) _ 
' J A — 


sin(a 3 ) 


) 








i 




sin(a mo _i) 










U; 




\ sin(a ma ) y 








/ cos(oi) \ 




/ sin(2ai) 


\ 




cos(ai) 




sin(2a 2 ) 




= 


cos(a 2 ) 


f (4) 
' J A — 


sin(2a3) 






cos(a ma _i) 




sin(2a TOa _i) 






\ cos(a m J J 




\ sin(2a m J 


/ 


Tiai 


e the numerator of v and 








/ cos(2di) \ 










cos(2<i 2 ) 








f (i) _ 
■Id — 


cos(2<i3) 

cos(2d md _i) 














V 


cos(2 


^m d ) 


/ 









to approximate its denominator. 
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7 Conclusions 

A new representation for fuzzy systems in terms of additive and multiplicative 
subsystem inferences of single variable is proposed. This representation enables 
an approximate functional characterization of the inferred output. 

The form of the approximating function is dictated by the choice of polynomial, 
sinusoidal, or other designs of subsystem inferences. 

With polynomial subsystem inferences, the approximating function is a sum 
of polynomial terms of orders depending on the numbers of input membership 
functions. The constant, linear, and nonlinear parts of the fuzzy inference can 
hence be identified. 

With sinusoidal inferences, the approximating function is comprised of sine, 
cosine, and cross product terms. With proper scaling, the sinusoidal inferences 
produce a set of orthonormal inferences. 

The present work also includes two applications about constructing a fuzzy 
approximator for a function expressible in terms of sums and products of functions 
of single variable. In this case, subsystem inferences which emulate the various 
single variable functions are adopted. 
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An Estimate for the Discrete Derivative Green's Function for the 
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Abstract 

In this paper, definitions of the regularized derivative Green's function dz,eG* z 
and the discrete derivative Green's function dz,iG z in four dimensions are first 
given. With complicated arguments, the IF^-seminorm estimate for d z ^G* z 
is then derived. Finally, applying the triangle inequality and the error estimate 
of the finite element approximation results in the IF 1, ^seminoma estimate with 
order 0(|ln/i|i) for dzjG z . 

Keywords: regularized derivative Green's function; discrete derivative Green's 
function; W 1,1 -seminorm estimate 

1. Introduction and preliminaries 

It is well known that estimates for the Green's function play very important roles in 
the study of super convergence (especially, pointwise superconvergence) of the finite 
element method (FEM) (see [1-8]). Recently, for the 3D Poisson equation, we studied 
the estimates for the Green's function and its applications to superconvergence of the 
FEM (see [5, 9]). However, for the higher-dimensional variable coefficient elliptic 
equation, it is difficult to derive estimates for the Green's function. The present 
paper, for the 4D variable coefficient elliptic equation, gives an estimate with order 
0{\ ln/i|J) for the discrete derivative Green's function. 
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Here we shall use the symbol C to denote a generic constant, which is independent 
from the discretization parameter h and which may not be the same in each occurrence 
and also use the standard notations for the Sobolev spaces and their norms. 

We consider the following variable coefficient elliptic problem: 

4 

Cu = — Y^ dj(a,ijdiu) + clqu = f in CI, u = on dfl, (1-1) 

where Cl C 1Z 4 is a bounded polytopic domain and diu = d Xi u(xi, X2, x^, x^),i = 
1,2,3,4 stand for usual partial derivatives. We assume a^,ao, and / are sufficiently 
smooth given functions, and aij = clji. Let {T h } be a regular family of uniform 
partitions of (see [10]). Denote the space of continuous piecewise m-degree (m > 
1) polynomials with respect to this kind of partitions by S h and let Sq = S h n 
Hq(Q). Discretizing the above elliptic equation using Sq as approximating space 
means finding Uh € Sq such that a(uh , v) = (/ , v ) for all v G Sq, where 

r 4 

a(n/j , v) = / ( y^ dijdiUhdjV + aoUhv) dxxdx^dx^dx^, 
Jq ■ 1 

and 

(/ , v ) = / fv dx\dx2dxsdx4. 

This gives the Galerkin orthogonality relation 

a(u-iift, «) = 0Vt)£ S#. (1.2) 

For every 2 £ fi, we define the discrete derivative 5 function d z (S z ^ '-'o an d the 
L 2 -projection P/jU £ S*q such that (see [11]) 

{v, d z ,tS z ) = d e v(Z) VvG^, (1.3) 

{u-P h u, v) = VvG^J, (1.4) 

where £ £ 7£ 4 and \£\ = 1. dev(Z) stands for the onesided directional derivative. 

Let 9z/G| G # 2 (fi)ni^(ft) be the solution of the elliptic problem CG* Z = d z ,e5 z . 
We may call d z ^G z the regularized derivative Green's function, and denote the finite 
element approximation to dz/G z by dz,eG z (the so-called discrete derivative Green's 
function). Thus, 

a{d z ,iG* z - d z/ G h z ,v) = V^eSj. (1.5) 

The main result of this work is the following optimal estimate: 

dz,iG h z <C\lnh\l 

J-5 J- 
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2. An estimate for the discrete derivative Green's function dz^G h z 

To derive the estimate for the discrete derivative Green's function, we introduce the 
weight function defined by 

1 2 , fl 2 x ~ ;i 



$ = </>(x) = l\x - x\ z + rj viefi, (2.1) 

where X G Cl is a fixed point, 9 = 7/1, and 7 G [4, +00) is a suitable real number. 
For every a £ 1Z, we give the following notations: 

1 2 / /■ \ I m 

|Y7™7,| 2 — V^ Tl^u IV ra 7;l —I / W) a l\7 n 7il 2 r/?T I IUjII 2 — V^ IV n ?;l 2 

l v v \ — Z^ \ u v ' I v U I<^ Q ,^ — [ v \ v v \ aJ ^ > ll w llm,^«,n — Z^ I v u l0 a 



n=0 



where = {01,02,03,0*), \0\ =01 + 02 + 03 + 0a, and ft > 0, i = 1,2,3,4 are 
integers. In particular, for the case of m = 0, we write 

\\v\\4°,a = Ur\v\ 2 dx\\ 

We assume that there exists an go (1 < Qo < °°) such that 

£ : VF 2 ' 9 (ft) n W^ q (Q) — ► L 9 (ft) (1< g < g ) 

is a homeomorphism (see [1]). It means that for all v G II^ 2 ' 9 (r2) n Wo' 9 (^)j we have 
the so-called a priori estimate: 

\\v\\2, q ,Ci<C(q)\\Cv\\ , qt n, (2-2) 

where C(q) denotes a positive constant only depending on q. Next, we give some 
lemmas used in the proofs of our main results. 

Similar to the arguments in [1] and [11], we may obtain the following Lemma 2.1 
and 2.2. 

Lemma 2.1. For 4> the weight function defined by (2.1), we have the following esti- 
mates: 

| V> a | < C(a, n)4> a+r i , a G 11, n = 1, 2. (2.3) 

Lemma 2.2. For (f> the weight function defined by (2.1), we have the following esti- 
mates: 

[ <f> a dX < C(a - l)- 1 ^- 4 ^- 1 ) Va > 1, (2.4) 

Jn 

f 4>dX< C(fc)|ln0|, 6< k< 1. (2.5) 

Jn 

In addition, with the similar arguments in [5], we may derive 
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Lemma 2.3. For dz/8 z the discrete derivative 5 function defined by (IS), we have 
the following estimates: 



\d z A^)\<ch-^- Ch - x \ x - z \ 



dz,eS h z 



3 <C, 

"2 



dzj.8%. <Ch-\ 



(2.6) 

(2.7) 
(2.8) 



where X, Z G Cl, and C is independent of h, X , and Z. 

Lemma 2.4. For P^w the L 2 -projection of w G W 1,q (Q) n C(Cl), and 1 < q < oo, 

we have the following stability estimate: 



\\Phw\\i,q < C\\w\\i tq . 



(2.9) 



Lemma 2.5. Let w G W ' {Q), then we have 



IHIo,<? < C<HIHIi,4, 



(2.10) 



where q » 1. 

Remark 1. This lemma can be found in [2]. 

Lemma 2.6. For dz/G* z the regularized derivative Green's function, we have weighted- 
norm estimate 

\\dzsG* z \\ i <C|ln/i|i. (2.11) 

2 

Proof. For simplicity, we write g = dz/G* z . Consider the problem 



u; = 0, 



<7, in il 
on 90. 



(2.12) 



Thus, from an inverse estimate, the stability estimate (2.9), a priori estimate (2.2), 
(2.10), the Sobolev Embedding Theorem [12], and the Poincare inequality, 



i i- 
\9\\ i 



= (4> 2 9 , a) = a(w , g) = {d z/ 5 z , w) = d e P h w(Z) 

_4 _4 

^ \ p hw\i tOQ <Ch i \P h w\ ltQ <Ch i\w\ 1>q 

- 4 ' 3 . , , 4 3 , , , 1 



< Ch "q* 

_4 3 

< Ch iqi 



w\\2 4 < C/l <?g4 



'5110,4 



i 
"25 



_4 3 

< Ch iqi 



1 



(2.13) 



Taking q = \\nh\ in (2.13) yields 



\g\r 1 <C|ln/i|4 



<Ce 



1 



+ Ce- i |ln/i| 



(2.14) 
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In addition, 



i 
' 2 9 



< a{4T*9 , <j>-^g) <C a(g, ^g) + C \\gfi 



Nevertheless, 



aig^-'g) = (dz^^-'g) 



< 



dzA 



2 1 2 

■i + t: \\g\\ i 



(2.15) 
(2.16) 

(2.17) 

The result (2.11) follows from (2.7) and (2.17). □ 

Lemma 2.7. For dz/G* z the regularized derivative Green's function, we have the 
following W 1 ' 1 -seminorm estimate: 



Combining (2.14)— (2.16) with a suitably small e > gives 



\g\\ i <c 



0z,*4 



+ C|ln/t|2. 



Proof. Obviously, 



|3z,/Gzlii<CMI 5 



\dz,iG z \\ x < JjdX ■ \\V{dz,iG* z )\\l-, • 



(2.18) 



(2.19) 



Furthermore, 



\\^(d z/ G* z )\\' < a{d z/ G z , r l d Z jG* z ) + C \\d z/ G z \\' h . (2.20) 



Combined with (2.16) yields 



\W{d z ,eG* z )\\U<C d z/ 5 z ^+C\\dz,iG z \\^ h . 



From (2.7) and (2.11), 



\V(dz,eG*z)\\U<C\lnh\^ 



(2.21) 



□ 



Applying (2.5), (2.19), and (2.21) immediately results in (2.18). 

Lemma 2.8. For Tl m u £ Sq the interpolant ofu, there hold the following interpolation 

error estimates: 



\u - U m u\ n:Pte < Ch k+1 - n \u\ k+l ^ e Ve e T h , 



\V n (u-U m u 



m^Jlthc 



<Ch 



k+l-n 



V k+1 u 



<j) a ,e 



VeeT h , 



(2.22) 
(2.23) 



\V s (cb a v 



H m (^v))\^ < C*- Q (iH^-, + |VtV-.) Vv e St (2.24) 
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where a, (3 G R, C* = C*(a,f3), n = 0, 1, 2, s = 0, 1, 9 > A\a\h, 1 < p < oo, 

1 < k < m, and k is an integer, C is independent of a, h and u. 

Remark 2. The proof of Lemma 2.8 is almost the same as that of Lemma 4 in [1] 

(see p. 110 in [1]). 

Lemma 2.9. For dz/G* z and dz,(G\, the regularized derivative Green 's function and 

the discrete derivative Green's function, respectively, we have the following estimate: 



dz,zG* z -d z/ G h z ix <C\\nh\ 



Proof. For simplicity, we write g = dz/G* z , and gh = dz/G z . Obviously, 

\g ~ 9h\l i < / 4>dX ■ \g - g h \l ,_i . 
Moreover, similar to the proof of (2.43) in [5], we have 



(2.25) 



(2.26) 



9 ~ 9h\l >el ,-i < Ch 2 V 2 g + C \\g - g h \\' 2 i . 



(2.27) 



Further, 

\\g-9hWl-i, = (0~2(g- gh), 9 - 9h) = a(w, g- g h ) = a(w -Il m w, g- g h ) 
< £\9-9h\l :(/> -i +C(e)\w-U m w\ 2 1(j) 
+V \\g ~ 9h\\ 2 i + C{rj) \\w - U m w\\l . 

(2.28) 
where Cw = <f>~*{g — gh)- Taking < n < 1 and applying the weighted interpolation 
error estimate (2.23) yield 



\g - 9h\\,-i <e\g- 9h\i 6-i + C{e)h 2 



V 2 w 



(2.29) 



From a priori estimate (2.2), (2.4), the Sobolev Embedding Theorem [12], and the 
Poincare inequality, 



V 2 w 



< 



l dX 



n 



V 2 w 



o, 1 



<ce~ 2 



4> 2 (g-gh) 



< C6' 



<t> 2 {g-gh) 



1,2 



<ce~ 



<t> 2 (g-gh) 



0,4 

2 

1.2 



< C8- 2 a(<p-2(g-g h ),cp-2(g-g h )) 



< CO' 



a(g - gh, 4> (g- gh)) 



+ \\9-9h\\i 



< C9 2 (\g- g h \ 2 h(j> -i + \\g- g h \\ 2 i) ■ 
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Thus, 



II 1 1 2 ^ i i2 . ni \ -2 A |2 . || n 2 

\\g - 9h\\ $ <e\9- ghh^-i + C{e)j \\g - gnh^-i + \\g - 9h\\ $ 

Taking an e € (0, 1) such that < AeC < 1, and Choosing 7 € [4, +00) such that 
< C(e)7~ 2 < min(e, ^), we then have 



Is - 9h\\ 2 1 < 4e \g - ghll^-i 



(2.30) 



Combining (2.27) and (2.30) yields 



\g-g h \l A -i<Ch 2 V 2 g 



(2.31) 



It is easy to see 

2 



V 2 <? 



n 



V 2 5 



dX 



< C 

< C 

< C 

< C 

< C 
= C 

< C 



v 2 (4>->g) 



dX + 



Q 



V z 5 
gV 2 <p- 



dX 

2 



dX + 



V0"2 • \7g 



V 2 (cp-ig) 



11 n2 1 i2 

+ \\g n + \g\ i 

11 n2 1 i2 

+ \\g n + S 1 

" " U m l,<£~2 



ll^ffllj-i + llsllo + bl! ,_i 



'l,rti"2 



5z,^| 



dzA 



6 _i + ll5 , llo + «(5', ^ 2 fiO 
L + llffllS + (3zA <H<7) 



<9z< 



(,-1 ni " 



• 



dX 



namely, 



V 2 5 



<c 



^4 ^ 1 + c|| 5 || 2 . 



We will now estimate ||g||o- Obviously, 



Iffllo = (9, g) = a(v, g) = (d z ,e5zi v ) = d ePhv(Z) 

< \Phv\i,oo < Ch- l \P h v\ 1A < C/i->|i, 4 

< Ch^Wv^ < Ch^WgWo, 



(2.32) 



where Cv = g. Thus, 



|<7||o < ch-\ 



(2.33) 
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Combining (2.8), (2.31)-(2.33), we have 

\g - ghllt-i < a (2.34) 

The result (2.25) follows from (2.5), (2.26), and (2.34). □ 

Combining (2.18) and (2.25) immediately gives the following result. 
Theorem 2.1. For dz/G^ the discrete derivative Green's function, we have the fol- 
lowing estimate: 

dz,fG h z <C|ln/i|i. (2.35) 
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Abstract 



For the Poisson equation in three dimensions, using the properties of the interpolation 
operator of projection type, we derive weak estimates for cubic block finite elements 
of intermediate families (CBFEIF). In addition, estimates for the discrete Green's 
functions are given. Finally, we prove that derivatives and function values of the 
finite element approximation and the corresponding interpolant of projection type 
are superclose in the pointwise sense of the L°°-norm. 

Mathematics subject classification: 65N30. 

Key words: cubic block finite elements of intermediate families; interpolant of projec- 
tion type; superconvergence; weak estimate; discrete Green's function 



I. INTRODUCTION AND PRELIMINARIES 

To the best of our knowledge, there have been some studies concerned with the superconver- 
gence of the three-dimensional (3D) finite element (FE) method [1-22]. Specifically, many 
superconvergence results were obtained for the 3D tensor-product FE and the serendipity FE, 
as well as for the tetrahedral FE. As for the serendipity FE, early in 1977, Zlamal [23] proved 
a superconvergence of the gradient at Gaussian points for serendipity rectangular elements 
(with incomplete cubic polynomials) applied to a variable coefficient elliptic equation. This 
result was later generalized to the 3D space (see [22]). Zhang and Lin [21] also discussed the 
serendipity element. Recently, the authors have reported some superconvergence results for 
several 3D FE, which are used to approximate the sufficiently smooth solution of the elliptic 
equation (see [12-17]). Among of them, the quadratic serendipity block FE considered in 
[22] was discussed and the pointwise superconvergence of the derivatives of the FE approx- 
imation was derived (see [16]). In this article, we will address the problem of the pointwise 
superconvergence of derivatives and function values of the CBFEIF. 

In this article, we use letter C to denote a generic constant which may not be the same in 
each occurrence and also use the standard notations for the Sobolev spaces and their norms. 
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The model problem considered in this article is 

-Au = f in fl, u = on dfl. (1.1) 

Here fi C R 3 is a rectangular block with boundary, dCl, consisting of faces parallel to the x-, 
y-, and z-axes. We assume the given function / is sufficiently smooth and fi is partitioned 
into a regular rectangulation T h with mesh size h G (0, 1) such that ft = U ee ^he. 
We now give the standard variational formulation of the above problem. Let 

a(u, v) = / Vm -Vv dxdydz, (f,v)= / fvdxdydz. 
Jn Jn 

Then the weak formulation of (1.1) reads, 

Find u € -ffo(Sl) satisfying , , 

a(u, v) = (/, v) for all w <= H^(Q). ( > 

We briefly describe the organization of this article. In Section 2, we discuss weak estimates 
for the CBFEIF, namely, Theorem 2.1, which is crucial for the superconvergence analysis. 
Two superconvergence results of the FE approximation are presented in Section 3. 

II. WEAK ESTIMATES FOR THE CBFEIF 

In this section, using the properties of the interpolation operator of projection type, we derive 
weak estimates for the CBFEIF. 
We write an element 

e = (x e - h e ,x e + h e ) x (y e - k e ,y e + k e ) x (z e - d e ,z e + d e ) = h x I 2 x I 3 . (2.1) 



Let {lj(x)}'jjL , {lj(y)}7Lo, an< ^ {(j( z )}?^o ^ e * ne normalized orthogonal Legendre polynomial 

li,j,k=0 



systems on L 2 (7i), L 2 (/ 2 ), and L 2 (I 3 ), respectively. It is easy to check that {h{x)lj(y)lk(z)}l 



is the normalized orthogonal polynomial system on L 2 (e). Set 

uo(x) = u>o(y) = uo(z) = 1, Wj+i(») = / h(£)d£, 



x G —h e 

u j+1 (y) = f lj (0 d£, Q j+1 (z) = f lj (0 de, i > o, 

which are called Lobatto functions. Suppose u € H 3 (e). Then we have the following expansion 
(see [14]): 

CO CO oo 

u(x,y,z) =^2^2^2f3 ijk uii(x)u)j(y)ui k (z), (x,y,z) G e, (2.2) 

i=o j=o fe=o 



where 



Aioo = "(^e - h e ,y e - k e ,z e - d e ), 
(3ioa = / d x u(x,y e -k e ,z e ~ d e )li-i(x)dx, 
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Pojo = / dyu(x e - h e , y, z e - d e )lj-i{y) dy, 



Pook = / d z u(x e -he,y e -ke,z)lk-i(z)dz, 

J Is 

Pijo = / d x d y u(x, y, z e - d e )l i ^ 1 (x)l j _ 1 (y) dxdy, 

JllXh 

(3 jk= / d y d z u(x e - h e ,y,z)lj-i(y)Tk-i(z)dydz, 

J I 2 xl 3 

Aofe = / d x d z u(x,y e - k e ,z)k-i(x)lk-i(z)dxdz, 
Jiixia 



Pijk= / d x d y d z uli-i(x)lj-i(y)lk-i(z)dxdydz, i,j,k>l. 

We denote by Tjg the 3D cubic polynomial space of the intermediate family with 38 degrees 

of freedom, namely, 

q(x,y,z)= ^2 ai]kx l y 3 z k , <7 G T 3 3 8 , (2.3) 

(i,j,k)eil s 

where 

lis = {{i,j,k)\0<i,j,k<3,i + j + k<4} 

U{(3, 1,1), (1,3,1), (1,1,3), (2,2,1), (2, 1,2), (1,2,2)}. [ZA) 

Define the interpolation operator of projection type by II e : H 3 (e) — *■ T^ s (e) such that 

U e u(x,y,z) = ^ Pi k^i{x)Cjj{y)u]k{z)- (2.5) 

(i,j,fe)€J| 8 

Also II e possesses the following properties: 

|u-Il e M| miPie < Ch 4 ~ m M 4 , p , e , l<p<oo, < m < 4, (2.6) 

Ii e u(x e ±h e ,y e ± fee, £ e ± d e ) = "(^e ± /l e , J/e ± fcei ^e ± d e ), (2.7) 

(u - n e w)wd/ = 0,Vti€ Pi(y, i = 1, • • • , 12, (2.8) 



H e iida — / uda, i = l, ■■■,6, (2-9) 

J Oi 

where l^ i = 1, . . . , 12 are the edges of e, and a il i — 1, • • • , 6 the faces of e. 
We now introduce the CBFEIF space defined by 

S#(fi) = {v e H%(il) : v \ e e T 3 3 8 (e) Ve e T' 1 } . (2.10) 

Then the CBFEIF method to approximate the solution of (1.2) is given by 

J Find Uh € Sq(£Y) satisfying 

\ a{u h ,v) = (f,v) for all v € S#(fi). 

Obviously, there holds the following Galcrkin orthogonality: 

a(u-u h ,v)=OVv€Si}(Q). (2.11) 
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From (2.7)-(2.9), 

n : ff 3 (fi)n#£(ft)->-s#(fi), 

where (Hu)| e = H e u. 

Theorem 2.1. Suppose {T h } is a regular family of rectangular partitions of fl, and u G 
M /r5,00 (i7)ni?Q (51). Then for allv G Sq (ft), the interpolation operator II satisfies the following 
weak estimates: 

|o(«-n«, v)| < C/» 4 ||«|| 6 ,oo,n|t;|i,i,n, (2.12) 

|o(«-n«, v)| < C/» 6 ||«|| 6 , o,n|v|§,i,n, (2.13) 

where \v\ 2 \ in = £ e |v|2,i,e- 

Proof. For simplicity, we write A^fc = f3ijkOJi(x)u}j(y)uik{z). By the orthogonality of the 
Lobatto functions and the Legendre polynomials, we have 

/ V(w - Uu) • Vvdxdydz = Vr ■ Vvdxdydz, Vw G Sq(Q), 

J e J e 

where r = A023 + A014 + r* . The r* contains finite high-order terms as well as terms similar 
to A023 and A014. So it suffices to bound the two terms A023 and A014. 
As for the integral 

J023 = / VA023 • Vvdxdydz. (2.14) 

J e 

Obviously, 

^023 = / d x \ 2 3 d x vdxdydz = 0. (2.15) 



In addition, 

^023 = / dy\ 23dyvdxdydz = /3 023 / h(y)ui 3 {z)d y v dxdydz, (2-16) 

J e J e 

then 

|Jo y 23 l < 1/30231 [\h(y)u 3 (z)\\d y v\ dxdydz < Cfc 4 ||u|| 6 ,oo,nMi,i, e . (2.17) 

J e 

Integration by parts with respect to z in (2.16) yields 

\J% 23 \<Ch 5 \\u\\ 5i!x ,Cl\v\2,l,e- (2.18) 

For the integral 

^023 = / d z \ 2 3 d z v dxdydz = /3 023 / Q 2 (y)l2{z)d z v dxdydz, (2-19) 

we have 

IJ023I < lAml [\u>2(vMz)\\d x v\ dxdydz < C7i 4 ||u||5,oo,n|«|i,i,e. (2.20) 

Similarly, integration by parts with respect to z in (2.19) yields 

|J 2 23 |<CTi 5 N| 5l oc,nM2,i,e. (2.21) 

Combining (2.14), (2.15), (2.17), (2.18), (2.20), and (2.21) gives 

|Jb23|<C7i 4 |M|5,oo,nMi,i, e , (2.22) 
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and 



Next wc bound the term 



| ^023 I < C/7. 5 ||u|j 5 , oo,o|^|2, 1, e- 



Joi4 = / VA014 • Wv dxdydz. 



Obviously, 



and 



Ji 



014 



d x XondxV dxdydz = 0, 



JJ 14 = / d z \oi±d z v dxdydz = (3ou / CJi{y)h{z)d z v dxdydz = 0. 

J e J e 

Thus we have 

^014 = ^014 — / dyXoudyV dxdydz = /3 i4 / h{y)Co A {z)d y v dxdydz. 
It is easy to prove 



and 



l^oul < C/i 4 ||«|| 5i00; nM 



\Jou\ < C/i 5 ||u||5, oo,^k|2, : 



From (2.22), (2.23), (2.27), and (2.28), 



/ 



Vr • Vv dxdydz 



and 



Vr • Vv dxdydz 
Hence summing over all elements yields 

\a(u — Hu, v) | < y^ I Vr • Vw dxdydz 

and 

\a(u — Hu, v)\ < 2_^, I Vr • 'Vv dxdydz 

e Je 

This completes the proof of Theorem 2.1. 



< C/l 4 ||u|| 5)00) n|«|l,l,e, 

< C7i 5 ||u|| 5i00 ,n|v|2,i,e- 



< C/i 4 ||u|| 5i0O) r2|«|i,i,n, 



<^ 5 ||«|| B ,oo,nKi,n. 



(2.23) 



(2.24) 

(2.25) 

(2.26) 

(2.27) 
(2.28) 

(2.29) 
(2.30) 



□ 



III. SUPERCONVERGENCE OF THE FINITE ELEMENT APPROXIMATION 

To derive superconvergence of the finite element approximation, we need to introduce discrete 
Green's function G z € Sq(CI) and discrete derivative Green's function d z ^G z € Sq(CI), 
defined by 

a(v, G h z ) = v(Z), a{v, d Z jG h z ) = d e v(Z) Vv e Sj(fi). (3.1) 
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Here, for every Z E ft and any direction I e R 3 , \£\ = 1, d z ^G z and dgv(Z) stand for the 
following onesided directional derivatives, respectively. 

dzlG H z= lim G z+ ^-G z v(Z + AZ)-v(Z) AZ=lAZ{t 

' z \az\^o \AZ\ v ; |az|-co \AZ\ ' ' ' 

Remark 1. Since AZ = \AZ\£, that is, AZ is of the same direction as t. Thus, provided 
that the direction I is given, the above limits exist. Hence, no matter what direction is given, 
the above definition has good meaning. 

Lemma 3.1. For G z and d Z jG z , the discrete Green's function and the discrete derivative 
Green's function, defined by (3.1), we have the following estimates: 

K&lJ.i.n^MI 1 - ( 3 - 2 ) 

\d Z jG h z \ hhn <C\\nh\ l . (3.3) 

Remark 2. The proof of Lemma 3.1 may be found in [17] and [18]. 

Finally, we give the following superconvergence estimates between Uh and Uu. 
Theorem 3.1. Suppose {T h } is a regular family of rectangular partitions of £1, and u G 
H /r5,00 (i7) n Hq(£1). For u^ and TLu, the CBFEIF approximation and the corresponding in- 
terpolant of projection type to u, respectively. Then we have the following superconvergence 
estimates: 

l«fc-n«| li00i n<C/i 4 |liift|»||«||5,oo,n. (3.4) 

\u h - n«| 0iOOiO < Ch 5 |ln/i|s ||«|| 6)00i n. (3.5) 

Proof. For every Z £ $7, from (2.11) and (3.1), 

d e («,, - n«) (Z) = a(u h - Uu, d Z jG h z ) - o(« - n«, d ZA G h z ). 

Combined with (2.12) and (3.3), we get the result (3.4). In addition, 

(u h - Uu)(Z) = a{u h - Uu , G z ) = a(u - Uu , G%). 

Combined with (2.13) and (3.2), we get the result (3.5). 

This completes the proof of Theorem 3.1. □ 

Comments 

• Although the degrees of freedom of the CBFEIF are much less than those of the tensor- 
product cubic block finite clement (with 64 degrees of freedom) , the CBFEIF is of the same 
accuracy as the tensor-product element on the regular meshes. Therefore, in this sense, the 
superconvergent results of the CBFEIF are more significant. 

• For the other CBFEIF with 50 degrees of freedom, the finite element space is 

S*(Sl) = {ve H£(n) : v\ e E Ti (e) Ve G T h ) 
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where Tf = spa,n{x l y : ' z k : (i,j, k) e ifo}, and 

7| = {(»,j,fe)|0<*,j,fc<3, i+j + fc<5} 

U{(3, 2, 1), (3, 1, 2), (2, 3, 1), (2, 1, 3), (1, 3, 2), (1, 2, 3)}. 

We also construct the interpolation operator of projection type n e : H 3 (e) — >■ T| (e) defined 

by 

U e u(x,y,z) = ^2 0ijkUi(x)&j{y)uk(z), (x,y,z)ee. 
(i,j.k)eq Q 

Further, we may get the global interpolation operator of projection type II: H 3 (£1)C)Hq(£1) — > 
Sft(£l), where (Uu)\ e = U e u. 

Similar to the proof of Theorem 2.1, we may derive the following weak estimates: 

(1) on regular meshes, 

\a(u -IIu, v)\ < Ch 4 \\u\\5,oc,n\v\i,i,n, 

|o(u-IIu, v)\ < Ch 5 \\u\\ 5 ,oo,n\v\2,i,a- 

(2) on uniform meshes, 

\a(u -IIu, v)\ < Ch 5 \\u\\6,oo,a\v\i,i,a, 

|o(u-nu, v)\ < Ch 6 \\u\\ 6t00 ,a\v\2 >lin . 

From the above statements, no matter what meshes (regular or uniform) are given, the 
CBFEIF with 50 degrees of freedom is of the same accuracy as the tensor-product cubic 
block finite element. 
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Abstract 

By using the Avery-Henderson fixed point theorem and the five functionals fixed point theorem, this 
paper investigates the multiplicity of positive solutions of an nth order multi-point boundary value problem. 
In addition, we also give some examples to demostrate our results. 
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1 Introduction 

In this paper, we consider the nth order multi-point boundary value problem (BVP) 

y(") {t) + Q(t, y, y', ..., j/"- 2 ') = P(t, y, y', ..., yC"" 1 )), * e [a, b], 

j/M(a)=0, 0<i<n-3, (1.1) 

YZi^y {n - 2 Kii) = y (n - 2 \b) 

where A > is a parameter, n > 3, m > 1 arc integers, a < £i < £2 < ••• < Cm < b, a.i € (0, 00) 
for 1 < i < m, Ylj—i on < 1 and D = b — a — X)i=i a i(£i — a) > 0. 

The existence and multiplicity of positive solutions for second order multi-point boundary value 
problems have received a great deal of attention [6, 7, 9— 16]. There are fewer results in the literature 
on nth order multi-point boundary value problems [3 — 5, 8]. 

We cite some appropriate references here [4, 5]. 
Graef and Yang [5] considered higher order multi-point boundary value problem 

u ( - n \t) + \g(t)f(u(t))=0, < i < 1, 

«(0) = «'(0) = ... = u^-^iO) = w("- 2 )(0) (1.2) 

The authors established some existence and nonexistence results for positive solutions of the (1.2) 
by using Krasnoscl'skii fixed point theorem. 

Graef, Henderson, Wong and Yang [4] were interested in the following nth order three-point boundary 
value problem 

u ^)(t) = F(t,u(t)), *G [0,1], 

u«(0)=0, 0<i<n-3, (1.3) 

u ("-2)(p) =0) u ("- 1 )(l) = 0. 

They studied the existence of at least three positive solutions of the (1.3). For this purpose, they 
used the Leggett- Williams fixed point theorem and the five functionals fixed point theorem. 

In this paper, motivated by above research efforts on multi-point boundary value problems, 
criteria for the existence of at least two or three positive solutions of the BVP (1.1) are established 
by using the Avery-Henderson fixed point theorem and the five functionals fixed point theorem. 
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Moreover, the examples are also included to illustrate our results. Thus, our results are new for 
differential equations. 

2 Preliminary lemmas 

We give the following conditions and lemmas which will be used later. 

We assume that there exist continuous functions / : [0, oo) — )• (0, oo), and p, pi, q, q\ : [a, b] — > R 
such that 

(HI) The maps aelM P(t, u) el and u e W 1 ^ 1 -¥ Q(t, u) e M arc continuous for all 
t £ [a,b\; 



(H2) For y£ [0,oo), 



/.-, <, Q(t,y,yi,-y n -2) , ,., 

m< — m — < ft w. 



(if 3) q(t) — pi(t) is nonnegative for t £ [a, b]. 

Let G2 (t, s) be the Green's function for the boundary value problem 

y"(t) = 0, te [<*,&], 

y(o) = 0, 
E£li "»?/(&) =2/0)- 



Then, 



(fc-t)(s-q)-X:7L iQ ! 3(^- t )( s - a )+Ej = l a j(4j-a)(t-'i) 
b-a-X]™ i a«(€i-o) 



_ o- < t < b, £j_i < s < min{^, £}, i = 1, m + 1, 



G 2(M) - < (t-a)[fc-«-Sr =i ^fe- S )] 

b-a-IZ™ i a»(?t-o) ' 

a<t<b, max{(i_i, £} < s < £j, i = l,m+l. 
Lemma 2.1 There exist a number k £ (0, 1) anii a continuous function ip : [a, 6] — > M + such that 

G 2 (t, s) < <f>(s) t£[a,b], s £ [a, b] 
and 

G 2 {t,s) > k<j)(s) for t e [£i,b], s £ [a, b], 
where 

fc = min 2 <,< m {lE™,^(&-0), fc?[l-E™,«,]}. (2.1) 

Proof. Now, we will show that we may take <j>(s) = - — s ^ . 
Upper bounds: 
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Case 1. Consider a < s < £1, s <t. Then 

G 2 (i, s) = s-g (s - a) 

Since X^i=i a j < 1: the maximum occurs when t = s and then 

G 2 {t, s) < ^ (s - a) 

^ (b-s)(s-a) 
— D ' 

since J2]Li a j( s ~ Cj) < for s < £i and £j e (a, b) with a < £i < £ 2 < ••• < £m-2 < &• 
Case 2. For £, r -i < t < £ r , 2 < r < m + 1, £j_i < s < ^, 2 < i < r, s < £, we have 

<J-2(,I, SJ — j 

_ (b-t)(s-a)-Y;]Li a A€j- s )( s - a )+T,T=l "j(«- s )( <i - a )+£)} = i a jfe-s)(*-s) 
— D 

< "" t+E % aj(t " s) ( g -a) 

< ^z^Ik^l^Ik^zl) (s _ ) 

since X^j=j a j( s — £j) — and X^=i a j(€j ~ s ) — f° r &-i — s — £*j 2 < i < m + 1. 



Since X^, =1 <x/ < 1, the maximum occurs when t = s so 

(b — s)(s — a) 



G 2 (t,s)< 



D 



Case 3. For £ r -i < t < £ r , 1 < r < m, £j_i < s < ^, r < i < m, t < s, we obtain 

G 2 (t,s) = ^ 

< (b~s)(t-a) 

— D 

<- (fc-s)(s-a) 

— D 

since YljLi a j(£j ~ s ) > ° for &_i < s < &, 2 < i < m. 

Case 4. For £ TO < s < 6, t < s, we clearly have 

(fr-s)O-a) 
G 2 (i,s) < . 

Lower bounds: We shall show that we may take an arbitrary interval [£i, b] C (a, b]. 

We are looking for min{G2(i, s) : £ € [£i, &]} as a function of s of the same form as the upper 
bound. 
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Case 1. Consider a < s < £1, s < t, we get 



G 2 (t, s) = ^ ( s - a) 

_ b-J2T=l a i£j+ t (Y.J=i "j- 1 ) / _ \ 
— D V s a /' 

Since £ 7=1 a j < 1' the minimum occurs when t = b and then 

G 2 (t, s) > 6 ~ Er=1 a ^+ b( ^ a '-V ( s - a ) 

Case 2. For £ r _i < t < £ r , 2 < r < m + 1, £,_i < s < £j, 2 < i < r, s < £, we have 

„ , x_ (b-*)(s-a)-Z]JLi a j(?j- s )( ;s - a )+E7Li «;X*- s )( s - a )+]Cj=i a ;/fe-s)(*-s) 
<^2(,t, SJ — 5 

_ *[(EJLi Q j- 1 )( s - a )+Ej=l a j(£j- s )]+l b - s I2? = i a J-T,? =i a j(^- s )]( s - a )-«Z)}=l "j({j- s ) 

Since (X) 7 =i a j — l)( s ™ a ) + £?=i a i(0 — s ) < 0> the minimum occurs when t = b, then 

^, /, \ ^ -T,T=i a i(£j- b )( s - a )+T,}Z: 1 i a j(£j- a )( b - s ) 

^2{t,S) £ j 

> i6 =£ K£=-il E m_ a . (6 _ 0- 

Case 3. For £, r -i < £ < £ r , 1 < r < m, £j_i < s < £j, r < i < m, t < s, we obtain 

G 2 {t,s) = ^ 

= (t-a)[(fe-«)(l-S J m =i « j )-S J m =i a J fe-fc)] 
D 

> (t-o)(b-a) r-, _ -r^" 1 „, 1 

— D I 1 Z^j=i a jJ 

> (gl ~°2 (> " a) [i-E7=i«i] 

> (s-q)Q-s) ji-a r-i _ v^m 1 

- D b-a I 1 Z-,j=i a Ji- 



Case 4. For £ m < s < b, t < s, we have 

G 2 (M) = «- a f-* 



> ( gl -a)(b-s) 
— D 



> (s-a)(b-s) gi-q 
— D b-a ' 



Thus we can take 
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k = min 2 <,< m {i J2T=i a o( b - &)i feM 1 - T^ =l a i\}- 

Lemma 2.2 immediately comes from [5, Lemma 2.1]. 
Lemma 2.2 If y satisfies the boundary conditions 

/ yW(o)=0, 0<i<n-2, 

and 

y (n) (t)<0, t£[a,b}, 
then 

y {n - 2) (t) > 0. 

Let B be the Banach space defined by 

B = {y : y(") is continuous on [a, b], y {i) {a) =0 < i < n - 3}, (2.2) 

with the norm \\y\\ — max te [ a . fc ] \y^ n ~ 2 \t)\ and let 

P = {yGB:y("- 2 )(t)>0, min te[il M y( n ^ (t) > k\\y\\ } (2.3) 

where k is as in (2.1). 
Solving the BVP (1.1) is equivalent to finding fixed points of the operator A : B — >• B defined by 

Ay(t) = ^G n (t, S )[Q(s,y,y',...y^-^) - P(s,y,y',...y^-^)]ds, te[a,b}. (2.4) 

It can be verified that 

g 2 (m) = g1"- 2) (m). (2.5) 

From (2.5), it follows that 

(Ay)^ (t) = J b a G 2 (t, s)[Q(s, y, y' , ...j/"- 2 )) - P(s, y, y' , ...y("-»)]d8. (2.6) 

Solving the BVP (1.1) in B is equivalent to finding fixed points of the operator A("~ 2 ' defined by 
(2.6). 

Lemma 2.3 The operator A is completely continuous such that A(V) C V '. 

Proof. From the continuity of G2(t, s) and f(t) it follows that the operator A defined by (2.4) is 
completely continuous in B. By Lemma 2.1, Lemma 2.2, and definition of V, we get A{P) C V . 

Lemma 2.4 follows from [4, Lemma 3.3]. 
Lemma 2.4 (a) Let y € B. Then, 



(n-2-i) 

In particular, 



\y {l) (t)\< {t r n a }Z7 hl *e[o,6], o<*<n-3. 
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\y(t)\<^f\\y\\ te[a,b}. (2.7) 

(b) Lety £ P. Then 

y (l) (t)>0, t£[a,b], 0<i<n-3, 
and 

y®(t)> ^gp fc|M|, *€&,&], 0<z<n-3. 
In particular, 

y(t) > ( V-2)T 2 fellwll *e[6,&]. (2.8) 

3 Existence of two positive solutions 

In this section, using Theorem 3.1, the Avery- Henderson fixed-point theorem, we prove the 
existence of at least two positive solutions of the BVP (1.1). 

Theorem 3.1 [2] Let V be a cone in a real Banach space S. If rj and ip are increasing, nonnegative 
continuous Junctionals on V , let 9 be a nonnegative continuous functional on V with 9(0) = such 
that, for some positive constants r and M , 

ijj(u) < 9(u) < n(u) and \\u\\ < Mi(i(u) 

for all u £ V(ip,r). Suppose that there exist positive numbers p < q < r such that 

9(Xu) < \0(u), for all < A < 1 and u £ dP(9, q). 



If A : V(ip,r) — > V is a completely continuous operator satisfying 

(i) i/j(Au) > r for all u £ dP(il>,r), 
(ii) 9{Au) < q for all u £ dV(9, q), 
(Hi) V(r],p) t^ and n(Au) > p for all u £ dV(r],p), 

then A has at least two fixed points U\ and u 2 such that 

p < n(ui) with 9(u\) < q and q < 9(u2) with ip(u2) < r. 

Again define the Banach space B by (2.2), the cone PcBby (2.3) and the operator A : V — > V 
by (2.4). 

Let the nonnegative, increasing, continuous functionals ip, 9, and 77 be defined on the cone V by 
iP(y) := min teKl;6] y^~ 2 \t), 9(y) := max teKl , 6] y^^t), n(y) := max feK6] y^Ht) (3.1) 

and let V(ip,r) := {y £ V : ip(y) < r}. 
Finally, define constants 

R:=f b a t(s)( qi (s)-p( S ))d S , (3.2) 

N := jU(s)(q( S ) - Pl ( S j)ds. (3.3) 
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Theorem 3.2 Assume (HI) — (H3) hold. Suppose there exist positive numbers < p < q < r 
such that the function f satisfies the following conditions: 

(0 m > Jh fort€&,b] andy€[ kp %-_^r , P -^f], 
(ii) f(y) < J, forte [a, b] and y € [0, ^[Sy ], 
(Hi) f(y) > ^ fort€fa,b] andv€[ r %%~' , r -$$f] 

where k, m, M are as defined in (2.1), (3.2) and (3.3) respectively. Then the BVP (1.1) has at least 
two positive solutions y\ and y 2 such that 

p < max yi (t) with max y\(t) < q, 

te[o,6] te[£i,b] 

q < max y 2 (t) with min y 2 (t) < r. 

te[?i,b] te[ii,b] 

Proof. From (3.1), for each y € V we have 

</%) < 0{y) < v(y), (3.4) 

||y|| < \ min teKli6] y<"- 2 )(t) = \^(y) < \0(y) < \n(y). (3.5) 

For any )/£?, (3.4) and (3.5) imply 

1>(v) < %) < v(y), \\y\\ < \Hv)- 

For all y € V, A € [0, 1] we have 

6(\y) = max (Xy) (n - 2) (t) = X max y ( ™" 2) (0 = A%). 
te[£i,b] teKi,6] 

It is clear that 9(0) = 0. 

We now show that the remaining conditions of Theorem 3.1 are satisfied. 

Firstly, we shall verify that the condition (Hi) of Theorem 3.1 is satisfied. Since OeP and p > 0, 
V(r/ lP ) ^ 0. Since y e &P(r),p), kp < y {n ~ 2) (t) < \\y\\ =p for t e [&,&]• In view of (2.7) and (2.8), 
it follows that y(t) € [ ^l^""' . E ^jr-]. for *€[&,&]. Therefore, 

n(Ay) = m a x te[aM (Ay)( n - 2 Ht) 

> (Ay) (n - 2 \b) 

= J b a G 2 (b, s)[Q(s, y, y', ...y^ 2 )) - P(s, y, y' , ...y^-^ds 

> J b a G 2 (b, S )( q ( S ) - p 1 ( S ))f(y(s))d S 

> &/& <£(*)(«(*) -pi(s))ds >p 

using (3.3) and hypothesis (i). 

Now we shall show that the condition (ii) of Theorem 3.1 is satisfied. Since y e dT J (9 1 q), from 

(3.5) we have that < y {n ^ 2) (t) < \\y\\ < q/k for t e [a,b]. By (2.7), we have y(t) e [0, g( fe b ~°^" 2 ], 
for t e [a, &]. Thus, 



^^)=max teKli6] (^)("- 2 )(i) 
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= max teKl , 6] f a G 2 (t, s)[Q(s, y, y' , ...y^^) - P(s, y, y', ...y^-^)]ds 

< max teKli6] f a G 2 (t,s)(q 1 (s) - p(s))f(y(s))ds 

< r la <K s )(«i( s ) " P(s))ds = q 

by hypothesis (m) and (3.2). 

Finally, using hypothesis (iii) and (3.3), we shall show that the condition (i) of Theorem 3.1 is 
satisfied. Since y G dV(ip,r), from (3.5) we have that minjgr^M y^ n ^ 2 ^(t) = r and r < y( n ~ 2 \t) < 

\\y\\ < r/k. This implies y(t) E [ r{ %%" , r $=^], for t E [&,&]. By the concavity of {Ayf n - 2 \ 

MAy) = min {Ay)^ n - 2 \t) = min{My)("- 2 )(M, (Ay)^ n - 2 \b)}. 

teiiiM 

Now, we suppose ip(Ay) = (Aj/)( n_2 ) (£i) . Thus, 

V(^I/) = (^y) (n - 2) Ki) = f"G^ 1 , S )[Q(s,y,y',...y( n -^)-P( S ,y,y',...y( n -^)}d S 
>/«?*;#*)(«(*)- Pi(*))/(y(*))ete 

Now, we suppose V(^y) = (^2/) ( "~ 2) ( & )- Then 

MAy) = (Ay)^- 2 ){b) > f a G 2 (b, s)(q(s) - P i(s))f(y( S ))ds 

> J? 4, <K S ) (l( s ) - V\ (s))ds > r. 
This completes the proof. □ 

4 Existence of three positive solutions 

In this section, using Theorem 4.1, the five functionals fixed-point theorem, we prove the existence 
of at least three positive solutions of the BVP (1.1). 

Let 7, j3, 9 be nonnegative continuous concave functionals on V . For nonncgative real numbers 
l,p,q,r, and h, define the convex sets 

P(7. h) = {y € V : 7(») < h} 

V(j,a,p,h) = {y EV : p < a(y), -y(y) < h} 
Q( 7 , /3 7 r 7 h) = {yeV: (3{y) < r, 7 (y) < h} 
V{-i,9,a,p,q,h) = {y ET :p< j(y),0(y) < q,j(y) < h}, 

Q( 7 , 0,i/>,l,r,h) = {yeV:l< ip(y),P(y) < r, j(y) < h}. 

Theorem 4.1 [1] Suppose there exist h > and m > such that a{y) < /3(y) and \\y\\ < rrvy{y) for 
all y € 7^(7, ft.). Let V{^f 1 h) — > V(pj, h) be a completely continuous operator. If there exist nonnegative 
real numbers p, q, r and I with < r < p such that 

(i) {y € P(j,6,a,p,q,h) : a(y) > p} ^ and a(Ay) > p for y e V(j,9,a,p,q,h); 
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(ii) {y e 2(7, & V>, I, r, h) : f3{y) < r} ^ and /3(Ay) < r /or y e Q( 7 , (3, ip, I, r, h); 
{Hi) a{Ay) > p for y e V{~f,a,p,h) with 6{Ay) > q; 
(iv) (3(Ay) <r for ye Q{-f,(3,r,h) with 6 {Ay) < I. 



Then A has at least three positive solutions y\, y 2 and y 3 in V{^, h) satisfying 
fi{yi) <r, p < a{y 2 ), r < fi{y 3 ) with a{y 3 ) < p. 

Again define the Banach space B by (2.2), the cone V C B by (2.3) and the operator A : V — > V 

by (2.4). 

Let I = 0, m = 1 and define the nonncgative, continuous, concave functionals a,ip and the 
nonnegative, continuous, convex functionals 7, [3,9 on V by 

a{y) = min te[6;6] y{t), ip{y) = 0, ~f(y) = (3{y) = B{y) = \\y\\. 

In addition to this 

ot{y) < /?(y) and ||j/|| < 7717(2/) f° r !/£f- 

Theorem 4.2 i«Mme (-H4) — (-^3) /zoZd. Suppose there exist positive numbers < r < p < 
h {h> RN~ 1 k~ 1 p) such that 

{Dl) f{y) < £ forte [a, b] and y e [0, r %^' ], 

(D2) f{y) < j?- k p for t e [a, b] and y e [^^f, hJ ^f] 

{D3) f{y) > ^pfortel^b] and y e[ p{ %%~\ *^f-], 

where €q > 1 with t^RN k p < h, k,R,N are as defined in (2.1), (3.2) and (3.3) respectively. 
Then the boundary value problem (1.1) has at least three positive solutions j/i, y 2 , and y 3 satisfying 

f3{y 1 ) < r, a{y 2 ) > p, r < /3{y 3 ) with a{y 3 ) < p. 

Proof. The conditions of the five functionals fixed point theorem (Theorem 4.1) will be shown to be 
satisfied. From Lemma 2.3i:P^P. For y e V{"f, h), by using (2.7), we get y{t) e [0, K^zb\ ], 
for t e [a, b]. Since R > Nk, r < p and e > 1 ; we have ^ < jf^P- Then we obtain 

{AyY n -V{t) < J h a G 2 {t,s){ qi {s)-p{s))f{y{s))ds 

<J b a cj ) {s){ qi {s)-p{s))f{y{s))ds 

<^p/„ 6 0(*)(?i(*)-P(*))d« 

= e RN- l k- l p < h 



using hypothesis (-D2). Therefore A : "P(7, /1) — >• ^(7; h). 

In the following, we now prove that the conditions of Theorem 4.1 satisfy with q = h. 
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It is obvious that 

{yeV{j,9,a,p,q,h):a{y)>p} = {yeV: min ^(t) >p, ||y|| < h} ^ 

teKi,6] 



Let y € V(j,0,a,p,q,h), then p < miiitgr^M y( n 2 \t) and ||j/|| < ft,. This implies y(t) € 

e 2 -gl)"' 2 h(b-a)"- 
(ra-2)! ' (n-2)! 



r r(ft-fr)"- h ( b - a r- j for tG [&,&]. 



By the concavity of (.Ay)^™ 2 \ there are two cases: 
cither a(Ay) = (Ay)("- 2 )(£i), or a(Ay) = (Ay)^-^(b). 
First, suppose a(Ay) = (,4y)( n_2 )(£i). 

a(Ay) = (Ay)("- 2 )(d) - J a 6 G 2 (£i, *)[Q( 8) y, y', ...y ( "- 2) ) - P(«, y, y', ...y^-^ds 
> kf*cP( S )( q ( S )- Pl (s))f(y( S ))ds > fc& /£#«)(«(*) - Pl (s))ds=p. 
Now, we suppose a(Ay) = (Ay)("~ 2 ) (b) . Then, 

a(Ay) = (Ay)(™- 2 )(6) = f* G 2 {b, s)[Q{s, y, y' , ...y^) - P{s, y, y' , ...y^)]ds 
> k L ^(qis) - pi(s))f(y(s))ds > fcj4 j* 6 0(s)(g(s) -pi(s))ds=p. 
Hence, using (3.3) and hypothesis (£>3), condition (i) of Theorem 4.1 holds. 
It is clear that 

{y G V{n,M,l,r,h) : P(y) < r} = {y e V : ||y|| < r} ^ 0. 

By hypothesis (-D1) and (3.2), we get for y e P(7, /?, ^, ^ r i h), 
(AyY n -V(t) < J b a G 2 (t, S )( qi ( S )-p( S ))f(y( S ))ds 
<f^(s)( qi (s)- P (s))f(y(s))ds 

<%f b a <t>(s)(qi(s)-p( S ))ds = r. 
Thus, condition (ii) of Theorem 4.1 holds. 
Since 

V( 1 ,a,p 7 h) = {yeV: min y {n - 2) (t) > p, \\y\\ < ft}, 
te[ii,b] 

we get a{Ay) > p for y € P(7, ck,p, ft). Therefore, condition (m) of Theorem 4.1 is satisfied. 

Finally, as far as (iv) is concerned, we omit the condition (iv) since ip(Ay) < I = is impossible. 
Since all conditions of Theorem 4.1 arc verified, the BVP (1.1) has at least three positive solutions 
such that 
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|yi||<r, min « 2 (t)>P, r < \\y 3 \\, with min y 3 (t) < p. 

te[i 2 ,b] te[| 2 ,&] 



5 Examples 



Example 5.1. Let us introduce an example to illustrate the applicability of Theorem 4.2. Consider 
the BVP: 

y {iv) {t) + (9(t,y,y',y")+4) J^ els = g(t,y,y',y",y'") J^ZC^ *e[0,5], 

y(0) = y'(0) = 0, (5.1) 

\y'{l) + y{2)=y'{b). 

I „,//\ 22000e" 



Then a = 0, 6 = 5, ai = |, a 2 = i, 6 = 1, 6 = 2, P(t,y,y',y",y>") = g(t,y,y',y") 

and Q(t,y,y',', 

for all £ e [0, 5] 



and Q(i, y, y' , y") = (g(t, y, y', v'l + fy JI^lis , where the map «el 3 4 g{t, u) E R is continuous 



Taking /(y) = JHZt^ ■ we g et 

Q(t ' / ^" ) =ffft,j/,y / ,y // ) + 4 and P(t| "-3!y- y,,,) =g(t,y,y / ,y // )- 
Hence, we may choose 

q (t) = g(t,y,y',y") + 1, qi (t) = g{t,y,y',y") +4, 
and 

p{t)= Pl {t) = g{t,y,y',y"). 

Clearly f is continuous and increasing on [0, oo). 

By (2.1), (3.2) and (3.3), we get fc = ^, i? = ^, TV = f||. If we take p = e~ 17 , g = e~ 12 , and 
r = 5800 then 

< p < q < r. 

It is clear that (i), (ii), (Hi) arc satisfied. Thus by Theorem 3.2, the BVP (5.1) has at least two 
positive solutions y\ , 2/2 with 

e -i7 < jj^y^ w ith 8(y 1 ) < e~ 12 and e~ 12 < 9(y 2 ) with V(j/2) < 5800. 

Example 5.2. Let us introduce an example to illustrate the applicability of Theorem 3.2. Consider 
the BVP: 

y'"(t) + (g(t, y, y') + 2)™£ = g(t, y, y') 5 ^, t G [1, 10], 

y(l) = y'(l) = 0, ' (5.2) 

ij/(2) + |2/(5) + ^2/(7) = 2/(10). 

Then a = 1, 6 = 10, a x = |, a 2 = |, a 3 = ^, Ci = 2, £ 2 = 5,6 = 7, P(t,y,y',y") = 
ff (i,2/,?/)f^ and Q(£, 2/, 2/') = ($(*, 2/, 2/') + 2) f^, where the map u G R 2 ->■ <?(*, u) G R is 
continuous for all t G [1, 10]. 

Taking /(2/) = f^M 2 , we get 
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Hence, we may choose 
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^§p=g(i,y,y') + 2 and P <* ■%«'*"> = g(t, y, y'). 



and 



q(t) = g(t, y, y') + 1, qi{t) = g(t, y, y') + 2, 

p(t) =pi{t) = g(t,y,y'). 

Clearly f is continuous and increasing on [0, oo). 

By (2.1), (3.2) and (3.3), we get k = ^, R= ±f^, N = ^f . If we take p = 1000, h = 975000, r = 
10~ 7 and eo = 17 then 

< r < p < /i, /i > RN~ 1 k~ 1 p and e RN^ 1 k^ 1 p < h. 

It is clear that (Dl), (D2), (D3) are satisfied. Thus by Theorem 3.2, the BVP (5.2) has at least 
two positive solutions y\ , y^ with 

|| yi ||<10- 7 , min te[2ilo] j4"- 2) (i)>10 3 , 10- 7 <||y 3 || with min te[2 , 10] y^~ 2) < 10 3 . 
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WEAK ^-CONTRACTION ON PARTIAL METRIC SPACES 



ERDAL KARAPINAR 



Abstract. In this manuscript, the notion of weak ^-contraction is considered 
on partial metric space. It is shown that a self mapping T on a complete 
partial metric space X has a fixed point if they satisfied weak (^-contraction. 



1. Introduction and Preliminaries 

In 1992, Matthews [TJ [5] introduced the notion of a partial metric space which 
is a generalization of usual metric spaces in which d(x, x) are no longer necessarily 
zero. After this remarkable contribution, many authors focused on partial metric 
spaces and its topological properties (See e.g. [3J, HI El E]) 

A partial metric space (See e.g.[TJ[2]) is a pair (X,p : X x X — » M. + ) (where R + 
denotes the set of all non negative real numbers) such that 

(PM1) p(x, y) = p(y, x) (symmetry) 

(PM2) If p(x, x) = p(x, y) = p(y, y) then x — y (equality) 
(PM3) p(x, x) < p(x, y) (small self-distances) 
(PM4) p(x, z) + p(y, y) < p(x, y) + p(y, z) (triangularity) 

for all x,y, z £ X. We use the abbreviation PMS for the partial metric space (X,p). 
Notice that for a partial metric p on X, the function d p : X x X — ► M + given by 

d P (x, y) = 2p(x, y) - p(x, x) - p(y, y) (1.1) 

is a (usual) metric on X. Notice also that each partial metric p an X generates a To 
topology t p on X with a base of the family of open p-balls {B p (x, e) :i£l,£>0}, 
where B p (x, e) = {y € X : p(x, y) < p(x, x) + e} for all x € X and e > 0. 

Definition 1. (See e.5. [TJ [2j [6] ) 

(i) A sequence {x n } in a PMS (X,p) converges to x € X if and only ifp(x, x) — 

Y\ni n ^ 00 p(x 1 x n ), 
(ii) A sequence {x n } in a PMS (X,p) is called a Cauchy if and only ifY\m nm ^r X1 p{x n , x m ) 

exists (and finite), 
(Hi) A PMS (X,p) is said to be complete if every Cauchy sequence {x n } in 
X converges, with respect to T p , to a point x G X such that p(x,x) = 

lim n , m ^oo pyX n , Xjyi) . 

(iv) A mapping f : X — > X is said to be continuous at xq £ X , if for every 
e > 0, there exists S > such that f(B(xo,5)) C B(f(xo),e). 

The following lemma will be useful in the proof of main theorem. 

Lemma 2. (See e. 5 .[U[2E] ) 
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(A) A sequence {x n } is Cauchy in a PMS (X,p) if and only if {x„} is Cauchy 
in a metric space (X,d p ), 

(B) A PMS (X,p) is complete if and only if a metric space (X,d p ) is complete. 
Moreover, 

Km d p (x, x n ) — <^> p(x,x) = Km p(x, x n ) = Km p(x n ,x m ) (1-2) 

n — >oo ' n — >oo n,m^oo 

Boyd and Wong j7] introduced the notion of ^-contraction: a self mapping T on 
a metric space X is called ^-contraction if there exists an upper semi-continuous 
function <f> : [0, oo) — > [0, oo) such that 

d(Tx, Ty) < $(d(%, y)) for all x,y e X. 

Alber and Guerre-Delabriere [8 , generalized the notion of ^-contraction by defining 
the notion of weak (^-contraction for Hilbert spaces: A self mapping T on a metric 
space X is called weak (^-contraction if <j> : [0, oo) — ► [0, oo) is a strictly increasing 
map with 0(0) = and 

d(Tx, Ty) < d(x, y) - (f>(d(x, y)), for all x,y £ X. 

They also proved the existence of fixed points in Hilbert spaces. If we replace 
Hilbert spaces with an arbitrary Banach spaces [8] still we have fixed points (See 
e.g. |H]). We should notice that for a lower semi-continuous mapping 0, the function 
$(u) = u — <j)(u) coincides with Boyd and Wong types. 

In fixed point theory, ^-contraction and weak (^-contraction have been studied 
by many authors, (See e.g., [101 El LEI ESI LH], also [15]). In this manuscript, by 
using weak ^-contraction on a complete partial metric space, we obtain a unique 
fixed point. 

2. Main Results 

We start with the definition of weak ^-contraction. 

Definition 3. Let (X,p) be a PMS. An operator T : Y — > Y is called a weak <fi- 
contraction if there exists a continuous, non- decreasing function cf> : [0,oo) — ► [0, oo) 
with (f)(t) > for t € (0, oo) and 0(0) = 0, such that 

d(Tx,Ty)<d(x,y)-<j>(d(x,y)) (2.1) 

for any x, y £ X. 

Theorem 4. Let {X,p) be a complete partial metric space. Suppose that <fi : 
[0, oo) — ► [0,oo) is a continuous, sublinear, non- decreasing function (f> : [0,oo) — ► 
[0, oo) with 4>{t) > for t £ (0, oo) and 0(0) = 0. Suppose also that T : X — ► X is 
a weak (^-contraction. Then, T has a unique fixed point. 

Proof. Let xq £ X and set x n +\ = Tx n . Notice that, if x n = x n +i for any n > 0, 
then obviously T has a fixed point. Thus, suppose x n ^ x n +i for all n > 0. Due to 



(2.1 1, we have 

p(x n+1 ,x n+2 ) = p(Tx n ,Tx n+ i) <p(x n ,x n+ i) -(j){jp{x n ,x n+ i)). 
Define t n = p(x n ,x n -{-\). Then one can obtain 

t n +l < t n ~ 4>{t n ) < t n (2.2) 

which implies that {t n } is a non-negative non-increasing sequence. Hence, {t n } 
converges to L where L > 0. So there are two cases: L > or L = 0. Assume that 
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L > 0. Regarding that </> is non-decreasing, we get < <p(L) < 4>{t n ). Due to (2.2 1 



we have t n+ i < t n 



(tn) < tn — 4>{L) and so 

tn+2 < t n+ l - 4>{t n+ \) < t„ - 4>{t n ) - 4>{t n+ l) < t n - 2(j)(L). 

Inductively we obtain t n+ k < t n — k<j)(L) which is a contradiction for large enough 
k G N. Hence we have L = 0. Thus, we have lim r i^ 00 p(a; r i+i, x n ) = 0. 
Due to (PM3) we have 



and hence 
By definition 



p(x n ,x n ) <p(x n+ i,x n ) and p(x n+1 ,x n+1 ) <p(x n+1 ,x n ) 
lim p(x n ,x n ) = and lim p(x n +i,x n+ i) = 



d p {x n+ i, x n ) — 2p(x n+ i, x n ) — p(x n+ i, x n+ i) — p(x n , x n ) 



(2.3) 



(2.4) 



and thus regarding (2.3l and ( 2.4 1 one can obtain that limn^oo d p (x n +i,x n ) = 0. 

Take e > 0. Choose iVo € N in a way that d p (xjsr ,XN +i) < min{|, 0(f)}. 
We assert that T is a self mapping on the closed ball Bd (xn ,s). To proof our 
assertion, take x € Bd p (xN 07 £)- 



Case 1. d p (xN a ,x) < |, then due to (1.11,(2.1) and triangle inequality, we have 



d p (Tx, x No ) < d p (Tx, Tx N(> ) + d p (Tx No ,x No ) 

< 2p(Tx, Tx No ) - p(Tx Nal Tx No ) - p(Tx, Tx) + d p (Tx No ,x No ) 
= 2[p(x,x No ) - cj)(p(x,x No ))} - [p(x No ,x No ) - <f>(p(x No ,x No ))} 
-\p{x,x) - (j)(p(x,x))} + dp(x N()+1 ,x No ) 

< 2p(x 1 x No ) -p(x Na ,x No ) -p(x,x) 

~[2cj)(p(x,x No )) -<p(p(x No ,x No )) -<j)(p(x,x))) +d p (x No+1 ,x No ) 
= d p {x,x No ) - [2c/)(p(x,x No )) - (f)(p(x No ,x No )) - (j>(jp{x,x))\ 
+d p (x No+ i,x No ) 



Due to (PM3), we have 

p(x,x) <p(x,x No ) and p(x N() , x No ) < p(x, x No ) 
by the properties of <f> 

<f>(p(x,x)) < c/)(p(x,x No )) and <j){p{x N() , x No )) < 4>(p(x , x No )) 
which implies that 

< 2(j>(p(x,x No )) - <p(p(x,x)) - <j)(p(x,x No )) 



Combining (2.5 1 and (|2.6| we get 



dp(Tx,x Na ) < d p (x,x N() ) +d p (x No+1 ,x No ) 



(2.5) 



(2.6) 



(2.7) 



Now consider the other case: d p (x,XN„) > §• Thus, | < d p (x,XN ) < e which 
implies that 0(|) < cf)(d p (x, xn )). Regarding (1.1 1, we have 



d p (x,x No ) =2p(x,X No ) -p(x No ,x No ) -p(x,x) 
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and by properties of </>, 

<M§) < 0(d p (x,x No )) = c/)(2p(x,x No ) ~p(x N(t ,x No ) -p(x,x)) 

< ^{p{x,x Na )) - (j){p(x No ,x No )) - cf>(p(x,x)) ( - 8 ^ 



Thus, due to (2.1|, ( |2.8[ ) and triangle inequality, we have 
d p (Tx,x No ) < d p (Tx,Tx Na ) + d p (Tx No ,x No ) 

= %p(Tx, Tx No ) - p{Tx No ,Tx No ) - p(Tx, Tx) + d p (Tx No ,x No ) 

< 2\p(x,x No ) - (f)(p(x,x Na ))} - [p(x No ,x No ) - (/)(p(x No ,x Na ))) 
~[p(x,x) - 4>(p(x,x))] +d p (Tx Na ,x No ) 

< 2p(x,x N() ) -p(x No ,x No -p(x,x) + d p (Tx No ,x No ) 
-[2<j)(p(x,x No )) -c/)(p(x No ,x No )) - <j){p{x,x))] 

< d p (x, x No ) + d p (x No+ i,x No ) 
~[2(f>(p(x,x Na )) -cj)(p(x No ,x Na )) -<p(p(x,x))) 
<e + 0(f)-0(§) 

<£■ 

. (2 ' 9) 
Thus, in any case, Tx £ Bd (xN a ,e). In other words, T is a self mapping on 

the closed ball Bd (xn ,s) and thus x n € Bd (xn ,£) for each n > Nq. Therefore, 



the sequence {x n } is Cauchy in X. Since {X,p) is complete, then by Lemma 1.2 
(X, d p ) is complete either. Taking into account that B dp (xN ,e) is closed, the 
sequence {x n } is convergent in X, say z e X, that is linin^oo d p {x n , z) = 0. By 
Lemma |1.2[ 

p(z,z)= lim p(x n ,z) = lim p(x n ,x m ) (2.10) 

n — >oo n,m — ^cjo 

Claim that p(z, z) — 0. Consider 

p(x n+ i,x n+1 ) < p(x n ,x n ) - 4>(p{x n ,x n )). (2-11) 

Letting n — > oo and taking continuity of <j> into account, we obtain p(z, z) < p{z, z) — 
<j){p{z, z)) which is possible only if p(z, z) = 0. 
We assert that Tz — z. Due to (PM4), we have 

p(Tz, z) < p(Tz, Tx n ) + p(Tx n , z) - p(Tx n , Tx n ) 

< p(z, x n ) - c/)(p(z, x n )) + p(x n+1 ,z) - [p(x n ,x n ) - <j){p(x n , x n ))] 

(2.12) 
Letting n — > oo and regarding the continuity of <fi, the expression ( 2.12[ ) yields that 
p(Tz, z) < 0. Hence Tz = z. 

Now we show that z is unique fixed point of T. Assume the contrary, that is, 
there exists w £ X such that z ^ w and p(w, Tw) = 0. 

p(z, w) — p{Tz, Tw) < p{z, w) — (p(p(z, w)) 

which is a contradiction. Thus z is a unique fixed point of T. □ 

Example 5. Suppose X = [0, 1] and q(x, y) — \x — y\ and also p{x, y) = max{x, y}. 
Then (X, q) and (X, p) are PMS. Suppose T : X — > X such that Tx = | for all 
x E X and <fi(t) : [0, oo) — ► [0, oo) such that <j)(t) = \ft. Clearly, all conditions 
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of Theorem^ are satisfied by (X,q) and (X,p). In any case T has a unique fixed 
point, indeed x = 0. 
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Non- Archimedean stability of an AQQ functional equation 

Hassan Azadi-Kenary, Jung Rye Lee* and Choonkil Park 

Abstract. Recently, Mohammadi et al. [2 '] proved the Hyers-Ulam stability of the following additive- 
quadratic-quartic functional equation 

f(x + 2y)+f(x-2y) = 2f(x + y) + 2f(-x-y) + 2f(x-y) 
+ 2f(y -x)- 4/(-a;) - 2/(x) + f(2y) 
+ f(-2y) - 4/(i/) - 4/(-y) 

in random normed spaces. 

In this paper, we prove the Hyers-Ulam stability of the above functional equation in non- Archimedean 
normed spaces. 

1. Introduction and Preliminaries 

The stability problem of functional equations is originated from a question of Ulam [34] concerning 
the stability of group homomorphisms. Hyers [15] gave a first affirmative partial answer to the question 
of Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [ ] for additive mappings and by 
Th.M. Rassias [30] for linear mappings by considering an unbounded Cauchy difference. 

Theorem 1.1. let f be an approximately additive mapping from a normed vector space E into a Banach 
space E' , i.e., f satisfies the inequality 

\\f(x + y)-f(x)~f(y)\\<e(\\x\\ r + \\y\n 

for all X,y G E, where e and r are constants with e > and < r < 1. Then the mapping L : E — > E' 
defined by L{x) = lim„_ i . 0O 2~ n f(2 n x) is the unique additive mapping which satisfies 

\\f(x + y)-L(x)\\< 2< 



2-2 r " " 
for all x G E. 

The paper of Th.M. Rassias [30] has provided a lot of influence in the development of what we call 
Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional equations. A generalization of the 
Th.M. Rassias theorem was obtained by Gavruta [ ] by replacing the unbounded Cauchy difference by 
a general control function in the spirit of Th.M. Rassias' approach. 

The functional equation 

fix + y) + f(x -y) = 2f(x) + 2/(j/) 



2010 Mathematics Subject Classification: 11J61, 32P05, 39B52, 46S10, 47S10. 
Keywords: Hyers-Ulam stability; non-Archimedean normed space; p-adic field. 
f The corresponding author. 
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2 Non- Archimedean stability of AQQ functional equation 

is called a quadratic functional equation. In particular, every solution of the quadratic functional equa- 
tion is said to be a quadratic mapping. A Hyers-Ulam stability problem for the quadratic functional 
equation was proved by Skof [ i] for mappings / : X —¥ Y, where X is a normed space and Y is a Banach 
space. Cholewa [()] noticed that the theorem of Skof is still true if the relevant domain X is replaced 
by an Abelian group. Czerwik [8] proved the Hyers-Ulam stability of the quadratic functional equation. 
The stability problems of several functional equations have been extensively investigated by a number of 
authors, and there are many interesting results concerning this problem (see [3]-[5], [7, 11, 12], [16]— [19], 
[22, 26, 28, 29, 31, 32]). 

In 1897, Hensel [14] introduced a normed space which does not have the Archimedean property. It 
turned out that non- Archimedean spaces have many nice applications [9, 20, 21, 27]. 

In [23], Lee et al. considered the following quartic functional equation 

f(2x + y) + f(2x -y) = Af(x + y) + 4f(x - y) + 24f(x) - 6/(y) (1.1) 

It is easy to show that the function f(x) = x 4 satisfies the functional equation (1.1), which is called a 
quartic functional equation and every solution of the quartic functional equation is said to be a quartic 
mapping. 

Definition 1.1. By a non-Archimedean field we mean a field K equipped with a function (valuation) 

| • | : K — > [0, oo) such that for all r, s £ K, the following conditions hold: 

(i) \r\ = if and only if r = 

(ii) \rs\ = \r\\s\ 

(Hi) \r + s\ < max{\r\, \s\}. 

Remark 1.1. Clearly |1| = | - 1| = 1 and \n\ < 1 for all n £ N. 

Definition 1.2. Let X be a vector space over a scalar field K with a non- Archimedean non-trivial 

valuation | • | . A function \\ • \\ : X — > R is a non- Archimedean norm (valuation) if it satisfies the 

following conditions: 

(i) \\x\\ =0 if and only if x — 

(ii) \\rx\\ = \r\\\x\\ (r £ K, x £ X) 

(Hi) The strong triangle inequality( ultrametric); namely 

\\x + y\\ < max{||a;||,||y||}, x,y £ X. 

Then (X, || • ||) is called a non- Archimedean space. 

Definition 1.3. A sequence {x n } is Cauchy if and only if {x n+ i — x n } converges to zero in a non- 
Archimedean space. By a complete non- Archimedean space we mean one in which every Cauchy sequence 
is convergent. 

The most important examples of non-Archimedean spaces are p-adic numbers. A key property of 
p-adic numbers is that they do not satisfy the Archimedean axiom: "for x, y > 0, there exists n £ N 
such that x < ny" . 
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Example 1.1. Fix a prime number p. For any nonzero rational number x, there exists a unique integer 
n x G Z such that x — ^p n * t where a and b are integers not divisible by p. Then \x\ p := p~ n * defines 
a non- Archimedean norm on Q. The completion of Q with respect to the metric d(x,y) = \x — y\ p 
is denoted by Q p which is called the p-adic number field. In fact, Q p is the set of all formal series 
x = X)fc>n a kP where \ak\ < p~ 1 are integers. The addition and multiplication between any two 
elements o/Qp are defined naturally. The norm | X)fc> n a kP k \p — p~ n * is a non- Archimedean norm on 
Q p and it makes Q p a locally compact filed. 

Arriola and Beyer [. ] investigated the Hyers-Ulam stability of approximate additive functions / : 
Q p — ► M. They showed that if / : Q p — > R is a continuous function for which there exists a fixed e: 

\f(x + y)-f(x)-f(y)\<e 

for all x,i/G Q p , then there exists a unique additive function T : Q p — > R such that 

|/(aO-T(aO|<e 

for all x € Qp. Moslehian and Th.M. Rassias [_'•"»] proved the Hyers-Ulam stability of the Cauchy 
functional equation and the quadratic functional equation in non- Archimedean normed spaces. 

In this paper, we prove the Hyers-Ulam stability of the following additive-quadratic-quartic functional 
equation 

f(x + 2y)+f(x-2y) - 2f(x + y) + 2f(-x - y) + 2f(x - y) (1.2) 

+ 2/(y - x) - 4/(-x) - 2f(x) + f(2y) 
+ f(-2y)-4f(y)-if(-y), 

in non- Archimedean normed spaces. 

2. Non- Archimedean stability of the functional equation (1.2): odd case 

One can easily show that an odd mapping / : X —} Y satisfies 

f(x + 2y) + f(x-2y) = 2f(x + y)+2f(-x-y) + 2f(x-y) 
+ 2f(y - x) - Af(-x) - 2f(x) + f(2y) 
+ f(-2y) - 4/(i/) - 4/(-y) 
if and only if the odd mapping mapping / : X — > Y is an additive mapping, that is, 

f(x + 2y) + f(x-2y) = 2f(x). 
One can easily show that an even mapping / : X —t Y satisfies 

f{x + 2y) + f(x - 2y) = 2f(x + y) + 2f(-x - y) + 2f(x - y) 
+ 2f(y - x) - Af(-x) - 2f(x) + f(2y) 
+ f(-2y) - 4f(y) - 4/(-y) 
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4 Non- Archimedean stability of AQQ functional equation 

if and only if the even mapping mapping / : X — > Y is a quadratic-quartic mapping, that is, 

f{x + 2y) + f{x - 2y) = 4. f(x + y) + 4/(.x - y) - 6 fix) + 2/(2y) - 8/(y). 

It was shown in [ID] that gix) := /(2x) — 4/(a:) and h{x) : = /(2x) — 16/(x) are quartic and quadratic, 
respectively, and that 

Remark 2.1. in t/ie rest of this section, let 

Xf(x,y) = fix + 2y) + fix-2y)-2f{x + y) 

2fi-x -y)- 2/(a: - y) - 2/(y - x) + 4/(-s) + 2/(z) 
- /(2„)-/(-2i/)+4/(!/)+4/(-y) 

/or aZZ x,y € G. Also, G is an additive semigroup and X is a complete non- Archimedean space. 

Theorem 2.1. Let £ : G 2 — > [0, +oo) be a function such that 

lim |3r"C(3"x,3"y) =0, x,y 6 G, (2.1) 

n— *-oo 

Lei for each x £ G the limit 

A(.t) = lim max\\3\- k (i3 k x,3 k x) : < k < n\ 
exists for all x G G. Suppose that / : G — > X zs an odd mapping satisfying the inequality 

\xfix,y)\<Cix,y) (2.2) 

/or a/Z x,y *E G. Then the limit 

a(x) := lim 3- n /(3 n x) 
e:czs£ /or all x £ G and a(x) : G — >■ X zs an additive mapping satisfying 

\\f(x)-a(x)\\<\Z\- x b{x), xeG. (2.3) 

Moreover, if 

lim lim moa;{|3| _ - 7 'C(3 i a;, 3 J a;) : jfe < j < n + k\ = 0, (2.4) 

t/ien a(x) is the unique mapping satisfying (2.3). 



Proof. Putting x = y in (2.2), we have 

3-7(3a;) - fix) <\2\~ x <i{x,x). 



(2.5) 



Replacing x by 3" a; in (2.5), we get 

3-(»+i)/(3«+i a; )_3-™/(3» a ;) < |3|- ( " +1 )C(3 n a;,3™2;). (2.6) 

It follows from (2.1) and (2.6) that the sequence < 3 _ ™/(3™x) \ is a Cauchy sequence. Since X is 

I J n— 1 

complete, < 3 _n /(3"x) [ is convergent. Set 

I J n— 1 

a(x) := lim 3" n /(3"x). 
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Using induction we see that 

3- n f(Tx)-f(x) < |3|- 1 mox{|3|-*C(3 fc *,3*a;):0<A;<n}. 
Indeed, (2.7) holds for n — 1 by (2.5). Now, if (2.7) holds for n, then by (2.6), we obtain 

3-(n+l)^( 3 r.+l a .) _ /( x ) 



(2.7) 



(2i 



< 
< 



\f{Tx)-f{x)\) 



2,- {n+l) J{T +1 x) ± 3-"/(3 n x) - f(x) 
maxl 3- {n+l) f{3 n+1 x) - 3-"/(3 n a;) 

\i\- 1 maxi\i\- n (:{Tx,Tx) 1 maxUi\- k C{'i k x 1 i k x) : < k < n\\ 
= |3r 1 max||3r fe C(3 fc a;,3 fc a;) :0< fc<n+l|. 
So for all n € N and all ieG, (2.7) holds. By taking n to approach infinity in (2.8), one obtains (2.3). 
If f3(x) is another mapping satisfies (2.5), then for all x £ G, we get 
\\a{x) - [3(x)\\ = lim |3|- fe ||a(3 fe a:) - (3(3 k x)\\ 

k— >-oo 

< lim \3\- k max\\\a(3 k x)-f(3 k x)\\ , ||/(3 fe x) - /3(3 fe x)||| 

< |3| _1 lim hm ma:r(|3PC(3 J x,3 J x) : fc< j <n + fcj =0. 
Therefore for all x £ G, we obtain a(x) = /3(x). □ 

Corollary 2.1. Lei £ : [0, oo) — > [0, oo) be a function satisfying 

£(|3|t)<£(|3|)£(*)(t>0), £(|3|)<|3|. 
Lei k > anrf / : G — > X an odd mapping satisfying the inequality 

\xf(x,v)\\<K(t(\x\)+£{\v\J) 

for all x,y £ G. TTien i/ie limit 

a(x) := lim 3 _n /(3 n x) 

n— >-oo 

ea#s£ /or all x ^ G and a(x) : G -^ X is a unique additive mapping satisfying 

\\f(x)-a(x)\\<^^-, xeG. 

Proof. Using induction one can show that for all n £ N, 

edsr*) < K(i3i)) n e(i*i)) < I3i^(iti). 

Define (:G 2 ^ [0,oo) by ((x,y) := kU(\x\) + £(\y\j) ■ Since |3|-^(|3|) < 1, we have 

lim |3|-"C(3"x,3"y)< lim (|3|-^(|3|)) C(*,v) = 0, x, y e G. 
Also for all x £ G 

A(x) = lim maa;(|3|~' c C(3 fc a;,3' £ a;) : < k < n\ = ((x,x) = 2<(|x|) 

n— too I J 
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6 Non- Archimedean stability of AQQ functional equation 

exist and for all x G G we have 

lim lim max\ \3\~ 3 (^[2r , x, 3 J x) : k < j < n + k > = 0. 
By Theorem 2.1, we complete the proof. 

Corollary 2.2. Lei £ : [0, oo) — > [0, oo) be a function satisfying 

mm<a\m(t)(t>o), m)<w- 

Let k > and f : G — > X an odd mapping satisfying the inequality 

\xf(x,v)\\<K(t(\x\)-Z(\v\)) 

for all x,y G G. Then the limit 

a(x) := lim 3 _n /(3"x) 

n— >-oo 

exist for all x £ G and a(x) : G — f X is a unique additive mapping satisfying 



!!/(*)- a(*)ll< 



Theorem 2.2. Let ( : G 2 —¥ [0, +oo) 6e a function such that 



xeG. 



/or all x,y G G. Lef /or eac/i x G G i/ie limit 

A(x) = Jim TOfl2; {|3| fc c(^, J) : < fe < n} 
exists. Suppose that f : G — > X is an odd mapping satisfying the inequality 

Xf(x,y) <CO,y) 

for all x,y G G. Then the limit 

a(x) := lim Tf(^) 

exist for all x G G and a; : G — >■ X zs an additive mapping satisfying 

\\f(x)-a(x)\\<\3\- 1 A(x), xeG. 

Moreover, if 

lim lim max\ I3PCI — r, — r ) :fc<7<n + fc>=0. 
hoodoo I 1 ' S V3-J 2,1 J ~ J 

i/ien a(x) is the unique mapping satisfying (2.11). 



Proof. Letting y — x in (2.10), we obtain 

3- 1 f(3x)-f(x)\l<m \(r..rl 
Replacing x by ^ in (2.12), we get 



l f( 3 n-l) 3 "/( 3 n) ^ l 3 l" 1C ( 3 n' 3 n)- 



D 



(2.9) 



(2.10) 



(2.11) 



(2.12) 



(2.13) 
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It follows from (2.9) and (2.13) that the sequence W™/(^J > is a Cauchy sequence. Since X is 
complete, < 3 ra /( jpr ) f is convergent. It follows from (2.13) that 



■""'l £)-"'(£) 



< 
< 



n 

|E»"/(i)-^) 

k=p+l 

max {¥ k ~ lf (3^)- 3kf (¥)\\ : p + 1 ~ k<n } 

|3|-V aa; {|3| fc c(^,J): P + l<k<n} 



for all x G G and all non-negative integers n,p with n — 1 > p > 0. Letting p = and passing the limit 
n — > oo in the last inequality, we obtain (2.11). 



The rest of the proof is similar to the proof of Theorem 2.1. 
Corollary 2.3. Let £ : [0, oo) — > [0, oo) 6e a function satisfying 

£(131-4) ^(^-^M^O), £(|3|- 1 )<|3|- 1 . 
Let k > anrf / : G — > X an odd mapping satisfying the inequality 

\xf(x,y)\\<K(t(\x\)+S(\v\j) 

for all x,y G G. TTien i/ie limit 

a(x) := lim 3"/f^') 

exisi for all x G G and a : G — > X is a unique additive mapping satisfying 

2na\x\) 



a 



\\f(x)-a(x)\\< 



xeG. 



Corollary 2.4. Let £ : [0, oo) — > [0, oo) be a function satisfying 

^r 1 ;) ^(isr^M^o), e(|3|- i )<|3|- 1 . 

Let k > and f : G — > X an odd mapping satisfying the inequality 

\xf(x,v)\\<K(t(\x\)-Z(\v\)) 

for all x,y € G. TTien the limit 

a(x) := lim Tf 

n-^-oo 

exist for all x G G and a : G — >■ X is a unique additive mapping satisfying 

< 2 (M 



\f(x)-a(x)\\< 



xeG. 



However, the following example shows that the same result of Theorem 1.1 is not true in non- 
Archimedean normed spaces. 

Example 2.1. Let p > 2 and let f : Q p — > Q p be defined by f(x) = 2. Then for e = 1. 

\f(x + y)-f(x)-f(y)\ = l<6 
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for all x, y G Q p . However, the sequences < 2 „ f an ^ l 2 ™/( %i ) \ are not Cauchy. In fact, 

by using the fact that |2| = 1, we have 

f(2 n x) f(2 n+1 x) 



2 n+l 



12"" . 2-2~ ( ™ +1) -21 = |2 _n | = 1 



and 



"/( J) - 2 " +1 /(2^l) | - I 2 "- 2 - 2( " +1) - 2 l = l 2 " +1 ! = 1 



for all !,!/£ Q p and neN. Hence these sequences are not convergent in Q p . 



3. Non-Archimedean stability of the functional equation (1.2): even case 

In this section, we prove the Hyers-Ulam stability of the functional equation x(ir, y) — in non- 
Archimedean spaces: an even case. 



Theorem 3.1. Let ( : G 2 — >• [0, +oo) be a function such that 

for all x,y G G. Let for each x G G the limit 

A\x) = Jim TOa x{|16| fc c(^r, J), |4| • |16| fe C ( J, J) : < k < n} 
exists. Suppose that f : G —¥ X is an even mapping satisfying /(0) = and the inequality 

Xf{x,y) <((x,y) 
for all x,y G G. Then the limit 

exist for all x G G and (3(x) : G — > X is a quartic mapping satisfying 

f(2x)-4f(x)-f3(x) < liel-Wfr) 



for all x G G. Moreover, if 



lim lim max 



{\m{^4),\M-\m{^4):k<j< n+ k} 



= 0, 



i/ien /3(a;) is the unique mapping satisfying (3.3). 

Proof. Letting x = y in (3.2), we get 

/(3y)-6/(2») + 15/(y) || <<(//•//) 

for all y E G. Replacing a; by 2y in (3.2), we obtain 

f(Ay) - 4/(32/) + 4/(2y) + 4/(y) < C(2y, y) 



(3.1) 



(3.2) 



(3.3) 



(3.4) 



(3.5) 
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for all y £ G. By (3.4) and (3.5), we have 

/(4a;) - 20/(2x) + 64/(x) = /(4a;) - 4/(3x) + 4/(2x) + 4/(x) 

+ 4(/(3.x)-6/(2x) + 15/(x))| 

< maxhf{Ax) - Af{Zx) + 4/(2x) + 4/(x)||, 
||4(/(3x)-6/(2x) + 15/(x))||} 

< max< C(2x, a;), |4|£(a;, x) > 
for all x € G. Letting g(x) :— /(2a;) — 4/(x) for all i e I, we get 

ff(2ar) - lQg{x) < TOax{c(2x,x), \4\((x , x)\ . 
Replacing x by f in (3.7), we obtain 



(3.6) 



g(x) - 16.g 



Replacing x by ^h: in (3.8), we get 



< max 



M*.f).Hc(f.f)}- 



(3.7) 



(3.6 



1 6- 1 . 9 ( 2 ^ T )-16" 5 (|,)|| (3.9) 

<|16rWa;{|16rc( 2 ^ T ,|,),|4|.|16rc(|„|,)}. 

It follows from (3.1) and (3.9) that the sequence i 16 n g[ -§;) \ is convergent. Proceeding as in the 
proof of Theorem 2.1, we obtain that there exists a mapping f3{x) such that 



On the other hand, 



^ = }TJ 6n ^)=^ 16n Ma^r) - 4 '(£) 



/3(2ar) - 16/?(x) = lim 



16' 



lim 16 



16 






= 0. 



So the mapping /3(x) : G — > X is quartic. 

The rest of the proof is similar to the proof of Theorem 2.1. 

Corollary 3.1. Lei £ : [0, oo) — > [0, oo) be a function satisfying 

tfM- 1 *)^^- 1 )^) (*>()), ^(|2|- 1 )<|2|- 4 . 
Lei k > and / : G — > X an even mapping satisfying /(0) = and the inequality 

Xf(x,y) <kU(\x\)+S(\v\)] 



a 



for all x,y G G. Then the limit 



(x) := lim 16™ / 



4/ 
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exist for all x G G and (3(x) : G — > X is a unique quartic mapping satisfying 

2«£(M) 



f(2x) - Af(x) - 0(x) 



< 



|16| 



xeG. 



Proof. Defining C, : G 2 ->• [0, oo) by ((x,y) := k(£(|§|) + £(|j/|))j we obtain the result. 
Corollary 3.2. Let £ : [0, oo) — > [0, oo) be a function satisfying 

m\- l t)<m\- l nt)(t>v), ^n < 121- 4 . 

Let k > and f : G — > X an even mapping satisfying /(0) = and the inequality 

Xf(x,v)\\<K(t(\x\)-Z(\v\)) 



for all x,y G G. Then the limit 



^■-^j Q if(2^)-<^)) 



exist for all x G G and (3(x) : G — > X is a unique quartic mapping satisfying 

ne(\x\) 



< 



|16| 



xeG. 



/(2a;) - Af{x) - (3{x) 

Theorem 3.2. Let ( : G 2 —¥ [0, +oo) be a function such that 

lim |16r n C(2"x,2™ 2 /) = 
for all x,y G G. Let for each x G G the limit 

A 2 (x) = lim max\\16\- k C(2 k+1 x, 2 k x), |4| • |16|- fe C(2 fe x, 2 k x) : < k < n] 
exists. Suppose that f : G —¥ X is an even mapping satisfying /(0) = and i/ie inequality 

Xf( x ,v) <((x,y) 
for all x,y G G. Then the limit 

(3{x):= lim 16-"f/(2" +1 a;)-4/(2™x)') 
exist for all x € G and /3(x) : G — > X is a quartic mapping satisfying 

\f{2x) - 4/(x) - f3(x)\\ < |16|- 1 ^ 2 (cc), x G G. 
Moreover, if 

lim lim max{\l&\' j C{2 0+1 x,2 j x),\A\ ■ \IQ\- J C{2 ] x,V x) : k < j < n + k\ = 0, 

fe— >oo n— >oo I J 

i/ien /3(x) is the unique mapping satisfying (3.10). 

Corollary 3.3. Let £ : [0, oo) — > [0, oo) be a function satisfying 

£(|2|i)<£(|2|)£(i)(i>0), £(|2|)<|2| 4 . 
Let k > and / : G — > X an even mapping satisfying /(0) = and the inequality 

Xf(x,v)\\<K(t{\x\)+${\v\)] 



a 



(3.10) 
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for all x,y <G G. Then the limit 

(3(x):= lim 16- n (f(2 n+1 x)-4f(2 n x)) 

exist for all x € G and (3(x) : G — > X is a unique quartic mapping satisfying 

2<(M) 



11 



< 



|16| 



xeG. 



/(2a;) - 4/(s) - (3{x) 
Corollary 3.4. Let £ : [0, oo) — > [0, oo) be a function satisfying 

m\t)<m\m{t>Q), e(i2i)<i2i 4 . 

Let k > and f : G — ► X an even mapping satisfying /(0) = and ifce inequality 

x f (x,y) <kU{\x\)-Z(\v\)) 



for all x,y € G. TTien i/ie Kmit 

0(a;):= lim 16"" f f{2 n+1 x) - Af{2 n x)\ 

n—>oo \ / 

exist for all x € G and /3(x) : G — > X is a unique quartic mapping satisfying 

< 2 (M 



/(2a;) - 4/(s) - [3{x) 



< 



|16| 



ieG. 



Theorem 3.3. Let C : G 2 — >• [0, +oo) 6e a function such that 



Let for each x € G £/ie /zmii 

A3(,) = lim W ax{|4|^(^4)j4r 1C (J,J) :0 < fc <n} 

exists. Suppose that f : G — > X is an even mapping satisfying /(0) = and the inequality 

Xf{x,y) <((x,y) 

for all x,y G G. Then the limit 

exist for all x € G and (3(x) : G — > X is a quadratic mapping satisfying 

|/(2x) - 16/(x) - P(x)\\ < \4\- l A 3 (x), xeG. 
Moreover, if 

lim lim max{\4\ j c(-^r,^)M\ J+1 C,(^,^) : k < j < n + k) = 0, 
i/ien /3(x) is t/ie unique mapping satisfying (3.11). 



Proof. Letting g(x) := f(2x) — 16/(x) for all x € X in (3.6), we get 



3 (x)-4. (|)|<^{c(x,|),|4|c(|,|)}. 



(3.11) 
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Proceeding as in the proof of Theorems 2.1 and 3.1, we obtain that the sequence < 4™gl ^ 
convergent to a mapping /?(#), i.e., 



is 

71=1 



On the other hand, 



(3(2x) - 4:(3(x) 



16/ 



= lim 

n—>oo 

= lim 4 

n— >-oo 

= o. 



'"■''Ij^r) -**'«(£ 



<*-»«-*» 



So the mapping /3(x) : G — > X is quadratic. 

The rest of the proof is similar to the proof of Theorem 2.1. 
Corollary 3.5. Lei £ : [0, oo) — > [0, oo) be a function satisfying 

tfM- 1 *)^^- 1 )^) (*><)), C(|2|- 1 )<|2|- 2 . 
Lei k > and / : G — > X an even mapping satisfying /(0) = and the inequality 

Xf(x,v)\\<*(t(\x\)+Z(\v\)] 



for all x,y G G. Then the limit 



m-.-i^ n (f(^)-w 



exist for all X G G and /3(x) : G — > A" is a unique quadratic mapping satisfying 

2k£{\x\) 



f(2x) - 16f(x) - p(x) 



< 



xeG. 



Corollary 3.6. Let £ : [0, oo) — > [0, oo) be a function satisfying 

m\- l t)<m\- l w){t>$), c(|2|- i )<|2|- 2 . 

Let ac > and f : G — > X an even mapping satisfying /(0) = and the inequality 

Xf(x,v)\\<K(t(\x\)-t(\v\)) 



for all x,y G G. Then the limit 



ft*y-*3o An (K£i) 



-16/ 



exist for all x € G and /3(x) : G — > X is a quadratic mapping satisfying 

< 2 (M) 



/(2s) - 16/(x) - (3(x) 



< 



|4| 



xeG. 



Theorem 3.4. Let ( : G 2 — > [0, +oo) be a function such that 

lim \4\- ,l ({2 n x,2 n y) = 
/or all x,y G G. Lei /or eac/i x G G i/ie fowi 

A 4 (x) = lim max( |4|- fe C(2 fe+1 a;, 2' c a;),|4|^ fc+1 C(2' c x, 2 fe a;) :0<fc<n} 



a 
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exists. Suppose that f : G — > X is an even mapping satisfying /(O) = and the inequality 

Xf(x,y) <((x,y), 

for all x,y G G. Then the limit 

p(x) := lim 4- n (f(2 n+1 x) - 16f(2 n x)) 

n—too \ / 

exist for all x G G and /3(x) : G — $■ X is a quadratic mapping satisfying 

\f(2x) - 16/(x) - /?(z)| < W^A 4 ^), x e G. 
Moreover, if 

lim lim max{ \4\- j ((2 j+1 x,2 j x),\4\- j+1 ((2 j x,2 j x) : k < j < n + k\ = 0, 

fc— >co n— >oo I J 

then P(x) is the unique mapping satisfying (3.12). 

Corollary 3.7. Let £ : [0, oo) — > [0, oo) be a function satisfying 

m\t)<mw){t>Q), e(i2i)<i2i 2 . 

Let k > and f : G — > X an even mapping satisfying /(0) = and the inequality 

\vf(x,y)\\<K^(\x\)+^(\y\)] 

for all x,y € G. Then the limit 

(3{x) := lim 4-™f/(2 n+1 x) - 16f(2 n x)) 

exist for all x G G and (3(x) : G — > X is a unique quadratic mapping satisfying 

2«£(M) 



13 



< 



xeG. 



f(2x) - 16/(x) - I3(x) 

Corollary 3.8. Let £ : [0, oo) — > [0, oo) be a function satisfying 

£(|2|i)<£(|2|)£(i)(i>0), C(|2|)<|2| 2 . 
Let k > and / : G — > X an even mapping satisfying /(0) = and the inequality 

\xt(x,y)\\<K^m\)-m\y\\i) 

for all x,y <G G. TTien i/ie Kmii 

/3(a;) := lim ^ n (f(2 n+x x) - 16f(2 n x)) 

ro— >og \ / 

exist for all x G G and (3(x) : G — > X is a unique quadratic mapping satisfying 



f(2x) - 16f(x) - P(x) 



< 



< 2 (M) 



(3.12) 



xeG. 
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4. Non-Archimedean stability of the functional equation (1.2) 

Theorem 4.1. Let ( : G 2 —¥ [0, +oo) be a function such that 

lim \4\ n c(— ,— ) =0 
/or a/Z x,y G G and f : G —¥ X an even mapping satisfying /(0) = and i/ie inequality 

Xf{x,y) <((x,y) 

for all x,y G G. TTien t/iere exzsi a quartic mapping a : G — >• A and a quadratic mapping j3 : G — *• X 
swc/i i/ia£ 

/(*) - ^a(x) - 1^)| < max{-i-A^(x), ^U^)} 



/or all x £ G. 



Proof. Since lim„^ (x) |4|™C(#o Jr) = 0, Um„^ (x) |16|"C(#r, $ 
3.1 and 3.3. 



0. The result follows from Theorems 



□ 



Corollary 4.1. Lei £ : [0, oo) — > [0, oo) be a function satisfying 

^\2\-H)<^\2\- x m){t>% |2| 2 e(|2|- 1 )<l. 

Let k > and f : G — > X an even mapping satisfying /(0) = and the inequality 

\xf(x,y)\\<n(^(\x\)+^\y\)) 

for all !,!/£ G. Then there exist a quartic mapping a : G — > A and a quadratic mapping j3 : G — *• A 
swc/i i/iai 



/(*) - ^a(x) - ^(rc) 



< 



2k^(N) 

11921 



/or a/? x £ G. 

Corollary 4.2. Lei £ : [0, oo) — > [0, oo) be a function satisfying 

^(^r 1 *) <^(i2|- 1 )^(t) (i>0), |2| 2 e(|2|- 1 )<l. 

Lei k > and f : G — > X an even mapping satisfying /(0) = and the inequality 

\xf(x,y)\\<K^(\x\)-a\y\)) 

for all i,|/£ G. Then there exist a quartic mapping a : G — > X and a quadratic mapping f3 : G — > X 
such that 



fix) - ^a(x) - ±f3(x) 



< 



*e(\x\) 

11921 



for all x G G. 
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Theorem 4.2. Let ( : G 2 — > [0, +oo) be a function such that 

lim |16|-"C(2"x,2 n y) = 
for all x,y G G and f : G — > X an even mapping satisfying /(0) = and the inequality 

xti x ,y) <CO,y) 

for all i,|/£ G. Then there exist a quartic mapping a : G — > X and a quadratic mapping j3 : G — > X 
such that 



f{x) - ^a(x) - Ifts) 



< max 



im^'ik*™} 



for all x G G. 



Proof. Since lim„^ co |16|- n C(2"x, 2 n y) = 0, lim„^ 00 |4|-"C(2"a;, 2 n y) = 0. The result follows from 
Theorems 3.2 and 3.4. □ 

Corollary 4.3. Let £ : [0, oo) — > [0, oo) be a function satisfying 

£(|2|i)<£(|2|)£(t)(t>0), £(|2|)<|2| 4 . 
Let k > and f : G — > X an even mapping satisfying /(0) = and the inequality 

x f (x,y) < M(\x\) + a\y\)) 



for all i,i/e G. Then there exist a quartic mapping a : G — >• X and a quadratic mapping j3 : G — >• X 
such that 



f(x) - ^a(x) - ±[3(x) 



< 



2<(M) 
11921 



for all x G G. 

Corollary 4.4. Let £ : [0, oo) — » [0, oo) be a function satisfying 

£(|2|i)<£(|2|)£(t)(t>0), £(|2|)<|2| 4 . 
Let k > and / : G — > X an even mapping satisfying /(0) = and the inequality 

x f (x,y) < nU(\x\) ■ a\y\i 



for all x,y G G. TTien there exist a quartic mapping a : G — >• X and a quadratic mapping j3 : G — > X 
suc/i £/ia£ 



/(a;) - ^a(i) - ^(s) 



< 



< 2 (M) 
11921 



/or a/Z a; G G. 
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Three quasi-metric spaces 
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Abstract. A new fixed point theorem in three quasi-metric spaces is proved. This 
result generalizes and extends several of well-known fixed point theorems for metric 
spaces to quasi-metric spaces. Several corollaries determined by the form of implicit 
relations are obtained. 

Keywords: Cauchy sequence, complete quasi-metric space, fixed point, implicit relation. 

Mathematics Subject Classification: 47H10, 54H25 

1. Introduction and Preliminaries 

Fisher [3], Popa [11] and Ne s i c [7] proved some fixed point theorems on two metric 
spaces. Nung [8], Jain et al [5] and Kikina [6] proved similar results for three metric 
spaces. Using the implicit relation, other authors unified and generalized some of the 
well-known theorems. So Telci [12] and later Aliouche and Fisher [1] realized the 
generalization for two mappings on two metric spaces. Our aim is to unify, generalize 
and extend all the above theorems in quasi-metric spaces that are more general than the 
metric ones (see below the definition of a quasi-metric space). 

In this paper, using a new class of implicit relations, we prove a theorem as a 
corollary of which are taken propositions that extend and generalize theorems: Fisher [3], 
Nung [8], Jain et al [5], Popa [11], Nes ic' [7], Kikina [6], Telci [12], Aliouche and Fisher [1] 
etc, from metric spaces to quasi-metric spaces. 
Now we give some standard definitions and notation. 

Quasi-metric spaces concept is treated differently by many authors. In this paper our 
concept is in line with this treated on [9], [10], [13], [14], [15], [2], [4] etc: 

Definitionl.l Let X be a set. A nonnegative symmetric function d defined on X x X is 
called a quasi-distance on X if and only if there exists a constant k > 1 such that for all 
x, y and ze X the following conditions hold: 

(1) d(x, y) = <=> x = y; 

(2) d(x,y) = d(y,x); 

(3) d(x, y) < k[d(x, z) + d(z, y)] . 

Inequality (3) is often called quasi-triangular inequality and k is often called the 
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quasi-triangular coefficient ofd . 

It is well known that, exactly as for a distance, the balls 
B{a,r) = {x& X : d{x,a) < r) form a base for a complete system of neighborhoods of 

ae X and t = {Q cz X : \/a e Q, 3r > 0, B(a, r) c Q) is a topology on X 

The space X endowed with the topology t , is called a quasi-metric space. 

Metric spaces are a special case of quasi-metric space (for k=l), but contrary to a 
distance, the "open" balls B(a, r) are not always open sets in this topology and 
consequently a quasi-distance d is not always a continuous function of its variables with 
respect to the topology. For this reason, in some articles on fixed point theory, authors 
require the continuity of the used quasi-distance, as complementary conditions (see 
among others [2], [4]). The quasi-metric space constitutes a more general setting than the 
metric ones in many applications (see [9]). 

The following example illustrates the existence of the quasi-distance for an 
arbitrary coefficient A: > 1 . 
Example 1.2 Let X=RxR and x = (x l ,x 2 )e X,y = (y 1 ,y 2 )e X . The function 

d:XxX^R + such that 

At n \ k \ x \-y\A x i~yiVf or \ x \~y\-\ x i~yi\ 

d(x, y) = {, I 

[\x 1 -y l \ + k\x 2 -y 2 \,for\x l -y l \>\x 2 -y 2 \ 

is a quasi-distance. 

Let we verify the satisfying of the three conditions of the definition 1.1. 

fx -y.-O fx = v, 

(i) d(x, y ) = o^\ ■ n <*\ ax = (xi,x 2 ) = y = (y l ,y2) 

\x 2 - y 2 = I x 2 = y 2 



(2) d(x, y) = d(y,x),\/x,y& X , since \x^ -Vj| = 1^ -xj and]^ — y 2 | = |v 2 -x 2 | . 

(3) d(x,y) < /c[|x i -y 1 | + |x 2 -y 2 |] = /c[|x i -z 1 + z 1 -y 1 | + |x 2 -z 2 + z 2 -y 2 |]< 

<A;[|x 1 -z 1 | + |z 1 -y 1 | + |x 2 -z 2 | + |z 2 -y 2 |] = 
= fc[|x i -z 1 | + |x 2 -z 2 |] + fc[|z 1 -y 1 | + |z 2 -y 2 |]< 

< k[d(x,z) + d(z,y)]yx,y,ze X. 

We emphases the fact that this quasi-distance d is not distance. For example: if k = 2 
x = (a,0), y = (0,a), z = (0,0) , where a > , we have: 
d(x, y) = 3a> d(x, z) + d(z, y) = la 

Definition 1.3 A sequence {x n } in a quasi-metric space (X, d) is called Cauchy 
sequence if lim d(x n ,x n+ ) = 

Definition 1.4 Let cx,d) be a quasi-metric space. A sequence {x„}in X is said to be 
convergent to a point x e X (denoted by lim x n = x) if lim d (x n , x) = . 

Definition 1.5 A quasi-metric space (X, d) is called complete, if every Cauchy sequence 
is convergent. 
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2. Implicit relation 

Before stating the main theorem we define a new class of implicit functions, whose role 
will be crucial in the main result of this paper. 

Definition 2.1 Let7? + = [0,+°°). The set of all functions with 5 variables (p.R 5 + — >R 

satisfying the properties: 

(a), (p is upper semi-continuous in each coordinate variable 

(b). If <p(u,0, u, v, w) < or <p(u, u, 0, v, w) < for all u, v, w > , then there exists a 

real constant < c < 1 such that w < c maxjv, w) 
will be noted by <J> 5 and every such function will be called a<J> 5 -function with constant c. 
Some examples of <fr k -function are as follows: 

Example 2.2 Let F : R + —> R + a continuous function with ^(0) = . 

The function ^p(t l ,t 2 ,t 3 ,t 4 ,t 5 ) = tf - c max {t I , t% , t% ,t£}-F (min {t I , t% , t p A , t!- } ) , where 

< c < 1 and p > , is <§> k -function with constant c, = Vc < 1 
Proof: (a) is clear since (p is continuous. 

Suppose that u, v, w > and then 

<p(u,0,u,v,w) = u p -cmax{0,u p ,v p ,w p }- F(min{0,u p ,v" ,w p }) 

= u p -cmax{u p ,v p ,w p }-F(0) = u p -cmax{u p ,v p ,w p }<0 
We have u < max{v, w) since in contrary, ( if u > maxjv, w} ), 
thenu p < cmax{u p ,v p ,w p } = cu p < u p , a contradiction. 

Therefore, u p <c max {v p , w p } and so u<c x max {v, w} , where c, = yfc < 1 . Similarly, 
if ^>(m,m,0,v,w) < , then u <q max{v, w} . The proof of (b) is completed. 

Example 2.3 The function (p(t 1 ,t 2 ,t 3 ,t 4 ,t 5 ) = t l - (a 2 t p +a 3 t p +a 4 t% + a 5 t p y" , where p > 
and 0<a.,2^,a. <1, z = 2, 3, 4, 5 , is <J> 5 -function with constant c = (a 2 +a 3 + a 4 + a 5 y" 

(=2 

Proof: (a) is clear since <p is continuous. 
Suppose that u, v, w > and then 

<p(u,0,u,v,w) = u - (a 2 + a 3 u p + a 4 v p +a 5 w p y" < 
If m > max{v,w}, then 

u < (a 2 + a 3 u p +a 4 v p +a 5 w p y" < (a 2 u p +a 3 u p +a 4 u p +a 5 u p y p = 

= [(a 2 + a 3 +a 4 + a 5 )u P Y" ={a 2 +a 3 +a 4 +a 5 y"u <cu<u , 

i/ 
a contradiction, where c = (a 2 +a 3 +a 4 + a 5 ) /p < 1 . Therefore, 

u<(a 2 + a 3 u p + a 4 v p +a s w p y p <[(a 2 +a 3 +a 4 + a i )max{v p ,w p )Y" 
= cmax{v,w} . Similarly, if(p(u,u,0,v,w) < 0, then u <cmax{v,w} . 
The proof of (b) is completed. 
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Definition 2.4 The set of all continuous functions with 4 variables / : R* — > R 

satisfying the properties: 

(a'). / is non decreasing in respect with each variable. 

(b')« f(t,t,t,t)<t,t<=R + 
will be noted F 4 and every such function will be called a F 4 -function 
Denote I 4 = { 1 , 2, 3, 4} . Some examples of F 4 -function are as follows: 

!• f\t\^i-'h-'h) = max Ui ,t 2 > h > hf 

2. f(t l ,t 2 ,t 3 ,t 4 ) = [max {t.tj -.ijeljf 2 

3. f(t l ,t 2 ,t 3 ,t 4 ) = [max{t l t 2 ,t 2 t 3 ,t 3 t 4 }] }i 

4. f(t l ,t 2 ,t 3 ,t 4 ) = [max{t l p ,t p ,t p ,t p }] / ",p>0 

5. / (t u t 2 , t 3 ,t 4 ) = {a l t p +a 2 t p 2 +a 3 t p + a 4 t p ) // ", where p>0 and 
< a t : , a l +a 2 +a 3 + a 4 <\ 

The proof is done for the example 5: 

(a') It is obvious that the function / is non decreasing in respect with each 

variable 
(b') We have: f(t,t,t,t) = (a l t p +a 2 t p +a 3 t + a 4 t P Y P =[(a l +a 2 + a 3 +a 4 )t P Y" = 

= (a x + a 2 +a 3 + a 4 Y"t < t . The proof of (b') is completed. 
Definition 2.5 The set of all continuous functions with 4 variables g :R* — » R 
satisfying the property: 

^2*3*4 = ^> g{t v t 2 ,t 3 ,t 4 ) = 0, 
(The function g takes the value zero at the points for which at least one of the coordinates 
is zero), will be noted G 4 and every such function will be called a G 4 -function. 
Some examples of G 4 -function are as follows: 

6. g(t v t 2 ,t 3 ,t 4 )= mm{t v t 2 ,t 3 ,t 4 } 

7. g (f , , t 2 , t 3 , t 4 ) = mm{t p , t p , t p , t p } 

Let t be the set of continuous mappings F :R + — > R + such that 
F(0) = (for example F(t) = t\A>0). 

The following relationship between F 4 -functions and $ 5 -functions holds: 
Lemma 2.6 Iff s¥ 4 ,gsG 4 , F e <F and < c < 1 , then the function 
<p(t l ,t 2 ,t 3 ,t 4 ,t 5 ) = t i -cf(t 2 ,t 3 ,t 4 ,t 5 )-F(g(t 2 ,t 3 ,t 4 ,t 5 ) is $ 5 -function with constant c. 
Proof, (a') is clear since (p is continuous 
Suppose that u, v, w > and then 
cp(u,0,u,v, w) = u-cf(0,u,v,w)-F(g(0,u,v,w)) = 
= u-cf(0,u,v,w)-F(0) = u-cf(0,u,v,w)<0 (*) 

We have u < max{v, w) since in contrary, (ifw > max{v,w} ), by using the properties of 
/ we get: f(0,u,v,w)<f(u,u,u,u)<u and by (*) it follows u< cu <u, a contradiction. 
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Therefore, after replacing the coordinates of the point (0,u,v,w) by max{v, w} and using 
the properties of / we get u<cmax{v,w} . Similarly, if<p(u,u,0,v,w)<0 , then 
u <cmax{v,w} . The proof of (b) is completed. 

The above lemma gives us the possibility to construct other functions of type <J> 5 - 

function: 

Example 2.7 <p(t l j 2 ,t i j 4 j 5 ) = t l -c[max{t 2 t i ,t i t 4 ,t 4 t 5 }Y 2 -F(min{t 2 ,t 3 ,t 4 ,t 5 }), where 

0<c<l. 

Example 2.8 (p(t l ,t 2 ,t i ,t 4 ,t 5 ) = t x -{a 2 t[ + a 3 t p 3 +a 4 t p 4 +a 5 t p )^ p -min{t 2 p ,t p ,t p ,t p } , where 

5 

p > and < a t , V a i < 1 , etc. 

i=2 

3. Main results 

We prove now the main theorem. 

Theorem 3.1 Let (X,d),(Y,p) and (Z,cr) be complete quasi-metric spaces with 

coefficients k x ,k 2 ,k 3 and continuous quasi-distances d,p,<7 respectively. Suppose T is 



a mapping of X into Y , S is a mapping of Y into Z and R is a mapping of Z into X , 
such that at least one of them is a continuous mapping. Let <p t e 3> 5 with coefficients c ; 

fori = 1,2,3. If c ( e [0, \),k = maxl^, k 2 ,k 3 } and the following inequalities hold: 

ft(d(RSy,RSTx),d(x,RSy),d(x,RSTx),p(y,Tx),a(Sy>STx))<0 (1) 
<p 2 (p(TR Z ,TRSy),p(y,TRz),p(y,TRSy)Mz,Sy),d(Rz,RSy))<0 (2) 
<p 3 (a(STx,STRz),a(z,STx),a(z,STRz),d(x,Rz),p(Tx,TRz)) < (3) 

for all x g X , y e Y and zeZ, then RST has a unique fixed point ael, TRS 
has a unique fixed point /?e Y and STR has a unique fixed point y& Z . Further, 
Ta = /3,S/3=y an&Ry=a. 

Proof. Let x e X be an arbitrary point. We define the sequences (x n ),(y n ) and 
(z n ) in X,Y and Z respectively as follows: 

x n = (RST)"x ,y n = Tx n _„z n = Sy n ,n = 1,2,... 
We prove that (x n ), (y„) and (z n ) ere Cauchy sequences. 
Denote 

d n =d(x n ,x n+l ),p n =p(y n ,y n+l ),a n =a(z n ,z n+l ),n = \,2,... 
We will assume that x n # x n+l , y n t y n+l and z n ± z n+i for all n, otherwise if x n = x n+1 for 
some n, then y n+l = y n+2 , z n+1 = z n+2 we can take a = x n+l , fi = y n+1 , y = z n+l . 
By the inequality (2), for v = y n and z = z n _j we get: 
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(p 2 {p{TRz n _ l JRSy n ),p{y n JRz n . x ),p{y n JRSy n )Mz n . l ,Sy n ),di.Rz n . l ,RSy n )) 

= <P2(P(yn>yn + l)>P(yn>y n )>P(yn>yn + l), (T (Zn-l>Zn)> d ( X n-l> X n)) = 

= (p 2 (p n ,0,p n ,cr n _ 1 ,d n _ l )<0 
And from (b), we have 

P n <c 2 max {<?;_!, d^} (4) 

Where c 2 is a real constant satisfying (b) for #> 2 
By (3) for z = z n and x = x n _ x we get: 

^(aiSTx^STRzJMz^STx^Mz^STRzMix^Rz^piTx^TRzJ)- 
= <P 3 (<r(z„,z n+l ),(T(z n ,z n ),(T(z n ,z n+l ),d(x n _ 1 ,x n ),p(y n ,y n+l )) = 
= <p,(a n ,0,a n ,d n _ 1 ,p n )<0 
And from (b), we have o n < c 3 maxfrf^, ,/?„}. 

By this inequality and by (4) it follows 

£7„<c 3 max{rf n _ 1 ,£7„_ 1 } (5) 

In similar way, by (1) for x - x n and y = y n we get: 

^(^(x„,x n+1 ),c/(x n ,x n ),rf(x„,x n+1 ),p(y„,y„ +1 ),£7(z„,z n+1 ))= 
= ^(J M ,0,J„,/7„,a-„)<0 

And from (b), we have d n < c, max{/? n , <7„ } . 

By this inequality and by (4), (5) it follows: 

d n <c 1 Toax{d n _ v <7 nA \ (6) 

By the inequalities (4), (5) and (6), using the mathematical induction, we get: 
d ( x „> x n +i) ^ c"~ l max{d(x l ,x 2 ),<j(z l ,z 2 )} = c n ~ l l 
P(y„,y„ + i) ^ c" _1 max{J(x 1 ,x 2 ),o-(z 1 ,z 2 )} = c"" 1 / 
<r(z n ,z n+l ) < c n ~ l max{d(x 1 ,x 2 ),a(z 1 ,z 2 )} = c n ~ l l 

wherec = max{c 1 ,c 2 ,c 3 } and I = max{d(x l ,x 2 ),<j(z l ,z 2 )} 

Let's prove that the sequences (x n ),(y n ) and (z n ) are Cauchy sequences. 

d { X n> X n+ P )^K\- d { X n > X n + l) + d ( X n + l> X n +P )\^ 

< k l d(x n , x n+l ) + kf[d(x n+l ,x n+2 ) + d(x n+2 , x n+p ))] < 
<k l d(x n ,x n+l ) + kfd(x n+l ,x n+2 ) + k'd(x n+2 ,x n+J ) + ...+ 
+ k x [d (x n+p _ 2 , x n+p _ x ) + d(x n+p _ l , x n+p )J < 



< k 1 c n - 1 l + kfc n l + ... + krc n+l l + krc" +p - 2 l < 



r p-l n+p-3j .ip-l n+p-2] 

< kf n -%\ + {kf) + (k lC f +...+ (k lC y- 1 ] = 



=kf n -n l {k ^ c)P <k lC n - 1 — 

\ — kf 
Because kf < 1 . Letting n tend to infinity, we have: 



\-kf 1 - k x c 
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lim d l (x n ,x n+ ) = . So, (x n ) is a Cauchy sequence for c < j- 

In the same way we show that the sequences (y n ) and (z„) are Cauchy sequences 
respectively for c<j-and c<j-.For c = max{Cj,c 2 ,c 3 } < \ where k = max{k l ,k 2 ,k 3 } all of 

three sequences are Cauchy sequences. Since the quasi-metric spaces (X,d),(Y,p) and 
(Z,cr) are complete quasi-metric spaces we have: 

limx n =ae X,\imy n = fie Y,\imz„ = ysZ . 

Nov supposes that T is a continuous mapping, we have: 

lim Tx n = lim y n ^>Ta = j3. (7) 

To prove that a is a fixed point of ST . Using the inequality (3), for x = a and z = z n we 
obtain: 

<p 3 (a(STa, STRz n ), a(z n , STa), a(z„ , STR Z „ ), d (a, Rz„ ), p(Ta, TR Z „ )) = 

= <P, (cr(STa, z n+l ), a{z n , STa), a{z n , z n+1 ), d(a, x n ), p(ra, j n+1 )) < 
Letting n tend to infinity and using (a), the continuity of quasi-distance d,p, a and (7), 
we have: <p 3 (a(STa, y), a(y, STa), 0, 0, 0) < 
From (b), we have <j{STa, y) = and so 

STa = y (8) 

Using the inequality (1), for y = Ta and x = x n we obtain: 
ft (d(RSTa, RSTx n ), d(x n , RSTa),d(x n , RSTx n ), p(Ta, Tx n ), a(STa, STx n )) < 
Letting n tend to infinity and using (a), the continuity of quasi-distance d,p,o , (8) and 
(7), we have: (p x (d(RSTa,a), d(a,RSTa),0,0,0)< .It follows from (b) that 
d(RSTa,a) = and so 

RSTa = a (9) 



By (9), (8) and (7) we obtain: 



Ta = (3 

STa = Sj5 = y 

RSTa = RSj5 = Ry = a 



And 



TRSJ5 = T(RSTa) = Ta = fi 
STRy=S(TRSP) = Sfl = y 
Thus, we proved that the points a,/3 and y are fixed points of RST,TRS and STR 
respectively. In the same conclusion we would arrive if one of the mappings R or T 
would be continuous. Let we prove now the uniqueness of the fixed points a,j5 and y . 
Assume that there is a' a fixed point of RST different from a . 
By (1) for x = a and y = Ta we get: 

ft (d (RSTa, RSTa), d (a, RSTa), d (a, RSTa), p(Ta, Ta), a(STa, STa')) = 

= <p l (d(a,a'),d(a , ,a),0,p(Ta, Ta'), a(STa, STa') < 
And from (b), we have 
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d(a,a') <cmax{p(Ta,Ta),a(STa,STa')} (10) 

By (2) for z = ST a and y = Tec we have: 

fp(TRSTa, TRSTa), p(Ta, TRSTa), p(Ta, TRSTa),^ _ 
^\a(STa,STa'),d(RSTa',RSTa) ~ 

= <p 2 {p(Ta, Ta), p(Ta, Ta), 0, a(STa, ST a), d{a, a))<0 

and from (b), we have: 

p(Ta, Ta') < c max {<j(STa, STa'),d{a', a)} 
By this inequality and using (10), we get: 

p(Ta,Ta')<ca(STa,STa') (11) 

By the inequality (3), forx = RSTa,z = ST a' , in similar way, we obtain: 

a(STa, ST a) < ca(STa, ST a) 
and so 

a(STa,STa') = (12) 

Considering backwards from (12), (1 1) and (10) we have d{a,a) = . 
Thus, we have again a = a In the same way, it is proved the uniqueness of f5 and y. 
This completes the proof of theorem 

4. Corollaries 

Corollary 4.1 Let (X,d),(Y,p) and (Z,<j) be complete quasi-metric spaces, for 
coefficients k A ,k 2 ,k 3 and continuous quasi-distances d,p,<7 respectively. Suppose T is 
a mapping of X into Y , S is a mapping of Y into Z and R is a mapping of Z into X , 
such that at least one of them is a continuous mapping. Letfe F 4 ,g. e G 4 ,F { e fand 

c i e [0,j),k = max{k l ,k 2 ,k i } . If the following inequalities hold: 

d(RSy, RSTx) < cj x (d(x, RSy), d(x, RSTx), p(y,Tx), a(Sy, STx)) + 
+ F 1 (g l (d(x,RSy),d(x,RSTx),p(y,Tx),a(Sy,STx)) 
p(TRz,TRSy) < c 2 f 2 (p(y,TRz),p(y,TRSy),a(z,Sy),d(Rz,RSy)) + 
+ F 2 (g 2 (p(y,TRz),p(y,TRSy)Mz,Sy),d(Rz,RSy)) 
a(STx, STRz) < c 3 f 3 (a(z, STx), a(z, STRz),d(x, Rz), p(Tx, TRz)) + 
+ F 3 (g 3 (a(z, STx), a(z, STRz),d(x, Rz), p(Tx, TRz)) 
for all jce X, y e Y and z e Z , then RST has a unique fixed point ae X , TRS has a 
unique fixed point fi&Y and STR has a unique fixed point y& Z . Further, 
Ta = /3,S/3=y tm&Ry=a . 

Proof. The proof follows by theorem 3.1 in the case 
<p t (t x ,t 2 ,t J ,t 4 ,t 5 ) = t l - cj i (t 2 ,t 3 ,t 4 ,t 5 )-F i (g t (t 2 ,t 3 ,t 4 ,t 5 ). The function (p t is 3> 5 -function 

(lemma 2.6) 

The next corollary extends and generalizes the Theorem Nesic [10] from two 
mappings of two metric space to three mappings of tree quasi-metric spaces: 



8 
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Corollary 4.2 Let (X,d),(Y,p) and (Z,<j) be complete quasi-metric spaces, for 
coefficients k x ,k 2 ,k 3 and continuous quasi-distances d,p,<J respectively. Suppose T is 
a mapping of X into Y , S is a mapping of Y into Z and R is a mapping of Z into X , 
such that at least one of them is a continuous mapping. Let Fe <F . If there exists 
c e [0, -7), k = max {k^ ,k 2 ,k^} and p>0 such that the following inequalities hold 

(V) d p (RSy,RSTx) < cmax(d p (x,RSy),d p (x,RSTx),p p (y,Tx),<j"(Sy,STx)) + 

+ F(mm(d p (x,RSy),d p (x,RSTx),p p (y,Tx),(J p (Sy,STx)). 

(2') p p (TRz,TRSy) < cmax(p p (y,TRz),p p (y,TRSy),a p (z,Sy),d p (Rz,RSy)) + 

+ F(mm(p p (y,TRz),p p (y,TRSy),a"(z,Sy),d p (Rz,RSy)). 

(3 ') o p (STx, STRz) < c max(0-" (z,STx),a p (z, STRz), d p (x, Rz), p p (Tx, TRz)) + 

+ F(mm(a p (z,STx),a p (z,STRz),d"(x,Rz),p"(Tx,TRz)) 

for all xe X, y e Y and z& Z , then RST has a unique fixed point a& X , TRS has a 
unique fixed point /?e Y and STR has a unique fixed point y& Z . Further, 
Ta = P,Sfi=y an&Ry=a . 

Proof. The proof follows by Theorem 3.1 in the case ^ = (p 2 = (p 3 = (p& <I> 5 such 
that (p{t x , t 2 , t 3 , t 4 , t 5 ) = t p - c max {t p , t p , t p ,t p }-F (min {t p , t p , t p , t£ } ) . The function cp is 
<£> k -function with constant q = vc < 1 (example 2.2). 

Corollary 4.3 From the corollary 4.2 in casefc, = k 2 = k^ = 1 , we obtain the 

proposition which extends the Theorem Nesic [7] from two in three metric spaces. 
Corollary 4.4 Theorem Nung [8] is taken by Corollary 4.3 for p = 1 , 

K = k 2 = £3 = 1 andF = . 

Corollary 4.5 Theorem Jain et al (Theorem 3, [5]) is taken by Theorem 3.1 in case 
k x = k 2 = k 3 = 1 and (p x = (p 2 = (p i = (pe ¥ 5 such that 

(p(t x ,t 2 ,t 3 ,t 4 ,t 5 ) = tf-c max{t 2 t 4 , t 4 t 3 , t 3 t 5 , t 5 t 2 } . The function q> is 3> 5 - function . 

Corollary 4.6 Theorem Jain et al (Theorem 4, [5]) is taken by theorem 3.1 in the 
case fc, = k 2 = k 3 = 1 and cp x = q> 2 = q> 3 = (pe F 5 such that 

(p(t 1 ,t 2 ,t 3 ,t 4 ,t 5 ) = t x max{t 2 ,t i ) - ct s max{t i ,t s ) . 
The function (p is <J> 5 - function which it can be proved easily. 

Corollary 3.6 Theorem Kikina (Theorem 2.1, [6]) is taken by theorem 3.1 in the 
case k l =k 2 =k i =\ and (p x =(p 2 =(p l =(p such that 

^(t l ,t 2 J i J 4 J 5 ) = t('-cmax{t p ,t p ,t p }-F(min{t p ,t p ,t p }). 

Corollary 3.7 (Quasi-metric version of Theorem Nesic [7]) Let (X ,d),(Y ', p) be 
complete quasi- metric spaces with coefficients k { , k 2 respectively and continuous quasi- 
distances d , p . Suppose T is a mapping of X intoY , S is a mapping of Y into X and 

F 'e t If there exists ce [0,-y), where k = max{k x ,k 2 ) and p& N such that the 
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following inequalities hold: 

(1") d p (Sy,STx) < cmax{d p (x,Sy),d p (x,STx),p p (y,Tx)} + 
+ F(mm{d p (x,Sy),d p (x,STx),p p (y,Tx)}) 

(2") p p (Tx,TSy) < cm a x{p p (y,Tx),p p (y,TSy),d p (x,Sy)} + 
+ F(mm{p p (y,Tx),p p (y,TSy),d p (x,Sy)}) 

for all xe X,yeY, then ST has a unique fixed point a& X and TS has a 
unique fixed point /5eF. Further, Ta = J3, S/3 = a . 

Proof. The proof follows by Corollary 4.2 in the case Z = X,<j = d and the 
mapping R as the identity mapping inZ . Then the inequality (1') takes the form(l") , 
the inequality (2') takes the form (2") and the inequality (3) is always satisfied since his 
left side is a p (STx, STx) = . Thus, the satisfying of the conditions (1'), (2') and (3') is 
reduced in satisfying of the conditions (1") , (2") . 

The mappings T and S may be not continuous, while from the mappings T, S and 
R for which we applied Corollary 4.2, the identity mapping R is continuous. This 
completes the proof. In the special case k x = k 2 = 1 we get Theorem Nesic [7]. 

We emphasize the fact that in the Theorem Nesic the mappings F l and F 2 can be 
replaced by F(t) = max{F l (t),F 2 (t)} and c x ,c 2 can be replaced by c = max{c 1 ,c 2 } . 

Corollary 3.8 Theorem Fisher (Theorem 1, [3]) is taken by Corollary 3.7 for 
k x =k 2 =\, F = and p = \. We also emphasize here that the constants c x ,c 2 can be 

replaced by c = max {c 15 c 2 } . 

Remark. As corollaries of these results we can obtain other propositions determined 
by the form of implicit relations. 
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1 Introduction 

The theory of nonlinear analysis has come out as one of the momentous mathematical disciplines 
during the last 50 years. The study of random fixed point theorems was initiated by the Prague 
school of probability in the 1950s. Random operator theory is needed for the study of various classes 
of random equations (see [13] and references therein). Random fixed point theory has received much 
attention for the last two decades because of its importance in probabilistic functional analysis; the 
reader is referred to Itoh [13], Shahzad and Latif [38], Tan and Yaun [41], Yuan and Yu [47]. 
Generalizations of the random fixed point theorems for continuous selfmaps to the case of non- 
selfmaps have been considered by many authors (see e.g. Benavides et al. [9] Lorenzo [35] , [35] Xu 
[45] , [44] ) . The fixed point theory of multivalued nonexpansive mappings is much more complicated 
than the corresponding theory of single- valued nonexpansive mappings. It is natural to expect 
that the theory of nonself multivalued noncontinuous functions would be even harder. In 2002, 
Lorenzo Ramirez [35] was proved the existence of a random fixed point theorems for a random 
nonexpansive operator in the framework of a Banach spaces with a characteristic of noncompact 
convexity associated to the Kuratowski measure of noncompactness e a (X) is less than 1. On the 
other hand, Dominguez Benavides and Lorenzo Ramirez [7] was proved a fixed point theorem for a 
multivalued nonexpansive and 1-x-contractive mapping in the framework of a Banach spaces whose 
characteristic of noncompact convexity associated to the separation measure of noncompactness 
E/3(X) is less than 1. In 2004, Dominguez Benavides and Lorenzo Ramirez [8] was proved a fixed 
point theorem for a multivalued nonexpansive non-self mapping and 1-x-contractive mapping in 
the framework of a Banach spaces whose characteristic of noncompact convexity associated to the 
separation measure of noncompactness e a (X) is less than 1. 

In 2005, Shahzad and Lone [39] have replaced nonexpansive maps with SL maps in the results 
of Benavides and Ramirez [8]. In 2006, Dompongsa et. al [5] prove that if X is a reflexive Banach 
space satisfying the property (D) and E be a weakly compact convex subset of X, then every 
nonexpansive mapping T : C — > KC(C) has a fixed point. Recently many authors have studied the 
problem of random fixed point theorems; see, for instance, [16-32, 34-35, 37, 40, 42-44, 46] and the 
references therein. 

The purpose of the present paper is to prove some random fixed point theorems for multivalued 
nonexpansive non-self random operators. We will prove that the existence of a random fixed point 
theorem for a multivalued non-self random operator in the framework of a Banach spaces with 
property (D), and satisfying an inwardness condition. Our results can also be seen as are improves 
and extension of Theorem 3.2 in [19], [28], [39] and many authors. 



2 Preliminaries and notations 

We begin with establishing some preliminaries. By (f2, S) we denote a measurable spaces with E is a 
sigma-algebra of subset of Q. Let (X, d) be a metric spaces. We denote by CL(X)(resp.CB(X), KC(X)) 
the family of all nonempty closed (resp. closed bounded, compact convex) subset of X, and by H 
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the Hausdorff metric on CB(X) induced by d, i.e., 

H (A, B) = max sup d(a, B), supd(&, A) 

aeA beB 

for A,B £ CB(X), where d(x,E) — mt{d(x,y)\y £ E} is the distance from x to E C X. 

Let C be a nonempty closed subset of a Banach space X. Recall now that a multivalued mapping 
T : C — > 2 X is said to be upper semicontinuous on C if {x £ C : Tx C V} is open in C whenever 
V C X is open; T is said to be lower semicontinuous if T^V) := {x £ C : Tx n V 7^ 0}is open 
in C whenever V C X is open; and T is said to be continuous if it is both upper and lower 
semicontinuous (cf.[2] and [3] for details). There is another defferent another defferent kind of 
continuity for multivalued operator: is said to be continuous on C (with respect to the Hausdorff 
metric H) if H(Tx n ,Tx) — > whenever x„ —> x. It is not hard to see (see Deimling [3])that both 
definitions of continuity are equivalent if Tx is compact for every x £ C. 

A multivalued operator T : Q — » 2 X is call (E) — measurable if, for any open subset B of X, 

r _1 (s) --{ujen-. t(u) n s / 0} 

belongs to E. A mapping i : O -+ X is said to be be a measurable selector of a measurable 
multivalued operator T : Q — > 2 X if #(•) is measurable and x(w) £ T(w) for all u) £ fi. An operator 
T : n x C — > 2 X is call a random operator if, for each fixed x £ C, the operator T(-,x) : Q — » 2 X is 
measurable. We will denote by -F(oj) the fixed point set of T(w, •), i.e., 

F(u>) := {x £ C : x £ T(w, a;)} . 

Note that if we do not assume the existence of fixed point for the deterministic mapping T(u>, •) : 
C — > 2 X , F(uj) may be nonempty. A measurable operator x : Q — > C is said to be a random fixed 
point of a operator T : fi x C -» 2 X if x(w) £ T(w, as(w)) for all w £ fi. Recall that T:!!xC^2 x 
is continuous if, for each fixed w £ f2, the operator T(a>, •) : C — » 2 X is continuous. 

If C is a closed convex subset of a Banach spaces X, then a multivalued mapping T : C — > CB(X) 
is said to be a contraction if there exists a constant fc £ [0, 1) such that 

ff(T»,Ty)<*||a!-y||, x,y£C, 

and T is said to be nonexpansive if 

tf(Tx,Tj/)<||x-y||, i,v6C, 

A random operator T : fi x C — > 2 X is said to be nonexpansive if, for each fixed w £ O the map 
T : (u>, •) — > C is nonexpansive. For later convenience, we list the following results related to the 
concept of measurability. 

Lemma 2.1. ( Wagner cf. [42]) Let (X, d) be a complete separable metric spaces and F : Q — > CL(X) 
a measurable map. Then F has a measurable selector. 

Lemma 2.2. ( Itoh 1977, cf.[13]) Suppose {T n } is a sequence of measurable multivalued operator 
from n to CB{X) and T : -> CB(X) is an operator. If, for each uj £ n, #(T n (u>),T(w)) -» 0, 
i/ien T is measurable. 
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Lemma 2.3. ( Tan and Yuan cf.[41]) Let X be a separable metric spaces and Y a metric spaces. If 
f : fix X ^ Y is a measurable in to G SI and continuous in x G X , and if x : Q. — > X is measurable, 
then f(-,x(-)) : fl —* Y is measurable. 

As an easy application of Proposition 3 of Itoh[13] we have the following result. 
Lemma 2.4. Let C be s closed separable subset of a Banach space X,T : Q. x C — > C a random 
continuous operator and F : SI — > 2 a measurable closed-valued operator. Then for any s > 0, the 
operator G : SI — > 2 given by 

G{lo) = {x e F(lu) : \\x - TV, a) || < s} , u G SI 

is measurable and so is the operator cl{G(u)} of the closure of G(u>). 

Lemma 2.5. ( Dommguez Benavidel, Lopez Acedo and Xu cf.[9|) Suppose C is a weakly closed 
nonempty separable subset of a Banach space X, F : SI — > 2 X a measurable with weakly compact 
values, f : QxC — > R is a measurable, continuous and weakly lower semicontinuous function. Then 
the marginal function r : Q — * E defined by 

r(u>) := inf f(ui,x) 

and the marginal map. R : £1 — > X defined by 

R(uj) := {x e F(x) : f{uj,x) = r{u))} 

are measurable. 

Then a multivalued mapping T : C — > 2 X is called ^-condensing (resp., l-'y -contractive) where 
7 = a(-) or x(') if, for each bounded subset B of C with 7(B) > 0, there holds the inequality 

j(T(B)) < 7(B) (resp.7(T(B)) < j(B)). 

Here T(B) = [j xeB Tx. The random operator T : Q, x C — > 2 X is said to be l-'y -contractive if, for 
each u) G Q the map T : (w, •) — > 2 X is l-7-contractive. 

In order to study the fixed point theory for non-self mappings, we must introduce some termi- 
nology for boundary condition. The inward set of C at x G C defined by 

I c (x) ~{x + \(y-x):\>0,y£ C}. 

Clearly C C Ic(x) and it is not hard to show that Ic(x) is a convex set as C does. A multivalued 
mapping T : C — > 2 X {0} is said to be inward on C if 

Tx C 7cV) Va; G C. 

Let Ic{x) :— x + {\(z — x) : z G C, A > 1}. Note that for a convex C, we have Ic(x) — Ic(x), 
and T is said to be weakly inward on C if 

Tx C Ic(x) \/x G C. 

Let C be a nonempty bounded closed subset of Banach spaces X and {x„} bounded sequence 
in X, we use r(C, {x n }) and A(C, {x„}) to denote the asymptotic radius and the asymptotic center 
of {x n } in C, respectively, i.e. 

r(C,{x n }) = inf limsup \\x n — x\\ : x G C , 

n 

A(C,{x n }) = a; G C : limsup ||a;„ — x\\ — r(C,{x n }) . 
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If D is a bounded subset of X, the Chebyshev radius of D relative to C is defined by 

r c {D) := inf {supjja; - t/|| : y G D} : x G C} . 

Obviously, the convexity of C implies that A(C,{x„}) is convex. Notice that A(C,{x„}) is a 
nonempty weakly compact set if C is weakly compact, or C is a closed convex subset of a reflexive 
Banach spaces X. 

Let S be a set G C S and D be a directed set, we shall say that a net x a in S eventually in G 
if there exist ao G D such that x a G G for all a > «o- 

Definition 2.6. A net {x a } in a set S is call an ultranet if for each sunset C C S, either {x a } is 
eventually in G or {x a } is eventually in S\G. 

The following facts concerning ultranets can be found in [15]: 

(a) Every net in a set has an ultranet. 

(b) If / : Si — *• & is a map and if {x a } is an ultranet in Si, then {f(x a )} is a ultranet in S2. 

(c) If S is compact and {x a } is a ultranet in S, then lim a x a exists. 

Obviously, the convexity of C implies that A(C, {x a }) is convex. Notice that A(C,{x a }) is a 
nonempty weakly compact set if C is weakly compact, or C is a closed convex subset of a reflexive 
Banach spaces X. 

Let {x n } and C be a nonempty bounded closed subset of Banach spaces X. Then {x n } is called 
regular with respect to C if r(C, {x n }) — r(C, {x ni }) for all subsequences {x ni } of {x n }; while {x n } 
is called asymptotically uniform with respect to C if A(C, {x„}) = A(C, {x ni }) for all subsequences 
{x ni } of {x n }. 

Lemma 2.7. (Goebel[12] and Lim[34]). Let {x n } and C be as above. Then we have 

(i) There always exists a subsequence of {x n } which is regular with respect to C; 

(ii) if C is separable, then {x n } contains a subsequence which is asymptotically uniform with 
respect to C. 

A sequence {x n } is called asymptotically T-regular if linin-.oo d(x„,Tx n ) — 0. 

Definition 2.8. (Shahzad and Lone [39]) . Let C be a nonempty weakly compact convex subset of 
a Banach space X and T : C —> KC(X). The map T is called sub sequentially limit- contractive (SL) 
if for every asymptotically T-regular sequence {x n } in C, we have 

limsup H(Tx n ,Tx) < limsup ||a; n — x\\, for all x G A(C, {x n }). (2-1) 

n — >oo n — *oo 

Every nonexpansive map is an SL map but the converse does not hold (see Example 3.2 in [39]). 
The property (D) introduced in ([5]) is defined as follows: 

Definition 2.9. (Dhompongsa et. al [5]) A Banach space X is said to satisfy property (D) if 
there exists A G [0, 1) such that for any nonempty weakly compact convex subset E of X, any 
sequence {x n } C E which is regular asymptotically uniform relative to E, and any sequence {y n } C 
A(E,{x„}) which is regular asymptotically uniform relative to E we have 

r(E,{y n })<\r(E,{x n }). (2.2) 
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Definition 2.10. (Dhompongsa, Kaewcharoen, and Kaewkhao [4]) A Banach space X is said to 
satisfy the Dominguez- Lorenzo condition if there exists A £ [0, 1) such that for every weakly compact 
convex subset E of X, and for every bounded sequence {x n } in E, which is regular relative to E, 

r E {A(E, {x n })) < \r(E, {x n }). (2.3) 

Remark 2.11. (i) It is clear from the definition that property (D) is weaker than the Dominguez- 
Lorenzo condition (see [4]) but stronger than weak normal structure (see [5, Theorem 3.3]). 

(ii) From [4, Theorem 2.7], it can be seen that every Banach spaces X with £/}{X) < 1 satisfies 
the Dominguez- Lorenzo condition. 

Moreover, we also need the following Lemma 

The following result are now basic in the fixed point theorem for multivalued mappings. 

Lemma 2.12. (Dcimling [3]). Let X be a Banach space and 7^ D C X be closed bounded 
convex. Let F : D — » 2 X be upper semicontinuous ^—condensing with closed convex values, where 
7(-) = a(-)orx(-)- If Fx n Id{x) 7^ for all x £ C , then F has a fixed point. (Here Id{x) is call 
the inward set at x defined by Id '■= {x + \(y — x) : A > 0, y £ D}) 

3 The Main Results 

In order to prove our first result, we need the following Lemma which is prove along the proof of 
Kirk-Massa theorem as it appear in [46] . 

Lemma 3.1. Let C be a nonempty closed bounded convex subset of a Banach space X. T : C — > 
KC(X) is an SL map such that T(C) is a bounded set and which satisfies Tx C Ic{x), Va; £ 
C.If {x n } is asymptotically T -regular in C, then There always exists an ultrasubnet {x na } of the 
positive integer n such that Tx n I a 7^ 0, Va? £ A := A(C, {x Ua }) 

Proof. By Lemma 2.7, we may assume that {x n } is asymptotically uniform. Let A :— A(C,{x n }) 
and let r := r(C, {x n }). Let {n a } be an ultranet of the positive integer {n}. By the compactness 
of T(ui, Xn a (u>)) implies that for each n a fixed ui £ Q, we can take j/„ Q (w) £ T(lu, x„ a (u))) such that 

||a;„ a (u;) - jfr. a (w)|| = d(x„ a (uj),T(uj,x„ ol (u;))). 

Since T{ui,x{ui)) is compact, for each x(ui) £ A(ui), we can find z na (uj) £ T(u>,x(u>)) such that 

\\y„ a (u>) - 2n a (w)|| = d(y na (uj),T(uj,x(uj))) 

< H(T(cj,x na (Lu)),T(cj,x(cj))) 

< \\x„ a (cu) -x(w)\\. 

Let z(u>) = linio, z„ a (u>) £ T(u),x(uj)). It should remain to prove z(u) £ Ia(ui){x). Since T is an SL 
map and x„ a (w) is asymptotically T-regular, it follows that 

limsup^ H(T{ui,x na (cj)) — T(u), x(u)))) < \imsup a \\x„ a (t-o) — x(u>)\\ 
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For all x G A(u>) and w G fl . Now 

ll2/na( W )) ~ z n a (u)\\ = d(y na {to) - T(iU ,x(u)))) 

< H(T(cj,x na (Lo))-T(cu,x(cj)j), 

and so 

lim„ ||a;„ a (w) — z(u>)\\ — lim a ||y na (w) — z„ a (w)|| 

< limsup a ||x„„(w) - x(w)|| 

= r(w). 
where r(w) = r(C, {x na {oj)}). Since «(w) G T(uj,x(uj)) C Ic(x), f° r each fixed w G SI there exist 
A > and v(w) G E such that 

z(w) = x(u)) + A(v(w) — #(w)). 

If A < 1, then by the convexity of E, z{u>) G E and hence z(u>) G -<4.(u>) C Ia(u)(x) and we are done. 
So assume that A > 1. Then we can write 

v(lo) — jj,z(lu) + (1 — n)x(u>) with n — — £ (0, 1). 

A 

It follows that 

/(w,v(w)) = limsup a ||x„ a (w) - v(w)|| 

< ^limsup a ||a;„ a (w) — z(uj)\\ + (1 — /u)limsup a ||:r no (u;) — a:(w)|| 

< r(w). 

Therefore v(u>) G -A(w) and thus z(o>) = #(w) + A(v(w) — £(w)) belong to Ia(w){x)- That is 

T(w,a;(w))n/A( w )(a;) /0 Vx(u>) G A(w). 

n 

Next Theorem is stochastic version of Theorem 3.6 [5] extend for non-self mapping. With this 
observation, we are able to prove our main result. The proof below is inspired by same ideas in the 
proof of Theorem 3.2 in [19]. 

Theorem 3.2. Let C be a nonempty closed bounded convex separable subset of a reflexive Banach 
spaces X satisfying property (D). If T : fi x C —* KC(X) is a continuous 1 — x~ contractive SL 
map which satisfies the inwardness condition, then T has a random fixed point. 

Proof. Fix x Q G C, and consider the measurable function Xo(w) = Xo- For each n > 1, define 

T n (io,-):C^KC(X)by 

1 n—1 

T n (u,x) = -XoM + ( )T(u,x), VxeC. 

n n 

Then T n (u), •) is a multivalued contraction and T n (u),x) C Ic{x), Vx G C. Hence each T„ has a 
fixed point z n (uj) G C. It is easily seen that 

d(z n (ui),T(ui, Zn(w))) < —diamC — » as n — > co. 
n 
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Thus the set 

F„(w) = {x G C : d(x,T(io,x)) < -diamC}. 

n 

is nonempty closed and convex. By Lemma 2.1, each F n admits a measurable selector x n (u>) and 
d(x n (u>), T(lo, x n (u)))) < -^diamC — > as n — » 00. Defined a function / : £1 x C — > K + := [0, oo) by 

f(oj,x)—\imsup\\x n (uj)~x\\, x G C. 

n 

It is easily see that f(-,x) is measurable and /(w, •) is continuous and convex, therefore it is a weakly 
lower semicontinuous function. Since X is reflexive, C is a weakly compact. Hence, by Lemma 2.5, 
the marginal functions 

r(w) :=_inf /(w,a:) 

and 

.4(aj) := {x G C : /(w, a:) = r(w)} 

are measurable. It is clearly that -A(w) is a weakly compact convex subset of C. For any oj G fi, 
by Lemma 2.7, we may assume that the sequence {x n (co)} is regular with respect C. Denote 
A(uj) = A(C, {x na (u})}), and r(w) = r(C, {l no (w)}). Moreover, since X satisfies property (D) with 
a corresponding A G (0, 1), we have 

ro(A(w))<Ar(C, {&„„(«)}). (3.1) 

For each cj G fi and n > 1, we define the multivalued contraction T n (u), •) : A(u)) — > KC(X) defined 
by 

T„(w, a;) = -a;o(w) + (^^)T(w, x), 

n n 

for each (u),x) G £1 x C. By Lemma 3.1, we have T(u),x) n iA(o>)( a; ) 7^ 0,Va: G -A(w). Since /A(w)(aO 
is convex, it follow that T n (u>, •) satisfies the boundary condition i.e., 

T n {uj,x)C\I A (u,){x) /8,Vie4H. (3.2) 

Since T n (ui, •) is 1 — x~ contractive mapping, it follows by [3, pp.382] that T n (w, •) is \~ condensing. 

Hence by Lemma 2.12, T n (ui, •) has a fixed point 2„(u>) G -A(w), i.e..F(w)n j4(w) 7^ 0. Also it is easily 

seen that 

dist(z n (u)), T(u),z n (u)))) < —diamC ^Oasn-t 00. 

n 

Thus, F n (uj) := {a; G ^4(u>) : d(x,T(uj,x)) < -diamC} 7^ for each n > 1 is closed and measurable. 

Hence, by Lemma 2.1, we can choose x\ a measurable selector of F n , and from definition of it we have 

xjj(w) G A{ui) and d(xi(w),T(w,a:Jj(w))) -tOa^n^ 00. Consider the function fa : Q x E — > E + 

defined by 

fi(uj,x) — limsup ||a; nct (u>) — x||, Vw G O. 

As above, /2 is a measurable function and weakly lower semicontunuous function. Then the marginal 
function 

r 2 (w) := inf f 2 (u),x) 

xeA(uj) 

and 

A 1 (a;) := {x G A(w) : h(u,x) - r 2 (u)} 
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are measurable. Since A^ipj) — A(A(ui), {a^ a (u>)}), it follows that A 1 (ij) is a weakly compact and 
convex. Also r2(cj) — r(A(u>), {x^ Q (a;)}). We proceed as before to obtain that 

T(cu,x(iu))nI A i(x(Lj)) ^0 Va>(u>) e A 1 = A{A{u>),{xl a (uj)}), 

and by (3.1) we obtain that 

MA 1 ) < \r{A{Lo),{xl a {iu)}) < Xrc(A(u>)). (3.3) 

By induction, for each m > 1, we take a sequence {x™(cj)} n C A" 1 ^ 1 such that 
lim n d(x™(t-u),T(u>, x™{u)))) — for each fixed w € Q. By means of the ultranet {^^(a;)}^ we 
construct the set A m := A(C, {x™ a (cu)}) such that 

r c (A m ) < X m r c (A(io)). (3.4) 

Choose x m {uj) as a measurable selector of A m . We shall prove that {x m (uj)} m is a Cauchy sequence. 
For each m > 1, we have 

\\x m -i(u) - x m (u))\\ < ||a: m _i(w) -x™(u))\\ + \\x™(u;) - a; m (w)|| 
< dimA m -i(u>) + \\x™(u>) - Xm{u>)\\- 

Since dimA m < 2rc(A m ), taking upper limit asn-» +oo, we have 

\\x m -i(oj) — X m (oj)\\ < dimA m ~ 1 +limsup n ||a;™(w) — x m (iu)\\ 

= dimA™- 1 + r{C, {aCM» 

< dim A" 1 ' 1 + r c (A" 1 - 1 }) 

< 2r c (A m - 1 ) + r c (A m - 1 ) 
= 3A m -V c (AH). 

Since A < 1, hence {x m (io)} m >i is a Cauchy sequence we conclude that there exists x(ui) £ C such 
that i m (w) converges to x(u). Finally, we will show that x(u>) is a random fixed point of T. Indeed, 
for each m > 1, we have 

d(x m (oj),T{u,x m (oj)) < \\x m (u)-xZ(u)\\+d{xZ(u),T(u,xZ{u))) 
+ H(T(u,xZ(u>)),T(u,x m (v))). 

Since T is an SL map, and {x™(u})} asymptotically T-regular for m > 1, hence we have 

lim sup H(T(lu, x™(u>)),T(u!,Xm(u>))) < limsup ||a;™(w) — a; m (u;) ||. 

n — >oo n — >oo 

Taking the upper limit asn-» +oo, 

d(x m (u)),T(u),x m (uj)) < 21imsup n ||a; m (w) -x™(u))\\ 
< 2\ m+1 rc{A{io)) 

Now taking the limit m —* +oo on both sides we get d(x m (io), T(uj, x m (u)))) = 0, and the continuity 
of T(u), •) implies that d(x(co),T(uj,x(u>))) = 0, that is, x(u)) G T(u),x(u))). This completes the 
proof. □ 
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Corollary 3.3. Let C be a nonempty closed bounded convex separable subset of a reflexive Banach 
spaces X satisfying the property (D) and T : Q x C —* KC(X) be a multivalued nonexpansive 
random operator and 1 — \— contractive mappings such that satisfies the inwardness condition, 
then T has a random fixed point. 

Proof. This follows immediately from Theorem 3.2. □ 

Corollary 3.4. ([19, Theorem 3.2]) Let C be a nonempty closed bounded convex separable subset of 
a reflexive Banach spaces X satisfying the Dominguez-Lorenzo condition and T : Q x C — > KC(X) 
be a multivalued nonexpansive random operator and 1 — x~ contractive mappings such that for 
each io £ £1, T(u),C) is a bounded set, and which satisfies the inwardness condition, i.e., for each 
u> £ fl, T(u),x) C Ic{x), Va; £ C, then T has a random fixed point. 

Proof. Since every nonexpansive map is an SL map. This follows immediately from Theorem 3.2 
and by Remark 2.11 the Dominguez-Lorenzo condition implies property (D). □ 
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Abstract 

In this paper, we consider twisted (-Euler numbers and polynomials, and dis- 
cuss p-adic ^-integral representation of twisted Bernstein polynomials. By using 
these properties, we derive some identities on the twisted Bernstein polynomials. 



1 Introduction 

Throughout this paper, Z p , Q p and C p will, respectively, denote the ring of p-adic rational 
integers, the field of p-adic rational numbers and the completion of algebraic closure of 
Q p . Let v p be the normalized exponential valuation of C p with \p\ p = p^^v) — _1 . 

We say that / is uniformly differentiable function at a point a G Z p and write 
/ G UD(Z P ), if the difference quotient Ff(x,y) = lZ has a limit f'(a) as (x,y) — > 
(a, a). Let T p = U n >iC p n = limj^oo C p n be the locally constant space, where C p n = {£ G 
C p \( p " = 1} is the cyclic group of order of p n (cf. [4,6-7,16]). 
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We assume (eT p with |1 — (\ p < 1 and use the notation 

r i Iz^! a r i 1 ~ ("0° 
fJc = i — 7" anc ^ fJ-c ~~ 



i-C L J ^ i + C 

for all a; G Z p . For / G UD(1i p ), the p-adic (^-integral on Z p is defined by 



p^-i 



7_C(/) = f f{x)dn- Q {x) = Jim | ^ r - J2 f(x)(-0 X - (see [10-18]). (1) 

For n G N, let / n (x) = /(# + n). From (1), we can derive 

n— 1 

C n /-c(/n) = ("l) n /-c(/) + [2]cE(- 1 ) n_1 "'C7(0, (see [18]). (2) 



1=0 



As well known definition, the C-Euler numbers S n ^ and polynomials S n ^(x) are given 
by the generating functions as follows: 



t-'i 



7TZT = iXc^ and (3) 

Ce* + 1 ^ n! 



[ 2 k „tx_y^ c ^\ tr ' 

n=0 



c i*V= £«*<*>*■ (4) 



By (2), we can obtain the following equation 

C f f(x + l)dfi. c (x) + / f(x)d^ c (x) = (1 + C)/(0). (5) 

Thus, if we take /(x) = e* 3 ^, then 

/ e-C^ c (x) = -^- = E^ c -, and (6) 



n=0 



/ e'^C^-cd/) = 7^" = l>,c(*)S- (7) 

•/z p s "r n=0 

By (6) and (7), we have 

£ n £ = / x n ( x dn^(x), and (8) 
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£ rhC (x)= / (x + yTCdn-dy). (9) 

Let C[0, 1] denote the set of continuous functions on [0, 1]. For / e C[0, 1], Bernstein 
introduced positive operator in the field of real numbers R: 



fc=0 \ / \ / 



x) n " fc 



£/ - K*(*) ( 10 ) 



fc=0 x 

wh e r e (») = "("-D-->-fc+D = _^L_ ( see [l-3,5,8,9]). Here, B(/ : x) is called the 
Bernstein operator of order n for /. 

In this paper, we will define twisted Bernstein polynomials, we investigate the p-adic 
^-integral representation of twisted Bernstein polynomials and derive some identities on 
twisted Bernstein polynomials. 



2 Twisted Bernstein polynomials 

In this section, we assume £ e T p with |1 — (\ p < 1. The twisted Bernstein operator 
B^(/ : x) is defined by 



fc=o \ / \ / 



x) n ~ k 



fe=0 



£/ - K*,c(*) (ii) 



where (^) = — — ^^ — — = k u™-k)\ - H ere > B ny k y c,{x) is called the twisted Bernstein 
polynomials. 

From (7), we see that 



oc 



Ce' + l 
Thus we get 



(e , + r ' =!>.<(! -*> S - (12) 

s fc=0 



. e (l-x) 



1 -I- <^ -1 f n 

s s fc=0 

By comparing the coefficients on the both sides of (12) and (13), we can derive the 
following theorem. 
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Theorem 1. Let ( G T p with |1 — (\ p < 1. For n G Z + and x G Z p; we have 

£ nX (l-x) = (-l) n £ niC -i(x). (14) 



By (8) and (9), we have 






-J,C 

= (^ + C^c) n - (15) 

Thus, we obtain the following recurrence formula. 

Theorem 2. Let ( G T p with |1 — £| p < 1. For n G N 7 we /jave 

f [2] c i/ n = 0, 
[0 if n > 0, 

wzt/i itstta/ convention about replacing £™ by £ n ^. 
By Theorem 1, we easily get 

c(i-x) n dfi. c (x) = (-irj c(x-i) n dpi- c (x) 

= (-l)^J(-l)=^ c -!(2). (17) 

By (16) and (17), we obtain the following theorem. 

Theorem 3. Let ( G T p with |1 — £| p < 1. For n G Z +; we have 

C(l - x) n d^ c {x) = 1 + C + C 2 / Cx n d^-,{x). (18) 



By using the p-adic ^-integral on Z p for one twisted Bernstein polynomial in (18), 
we get 

B k , n ,cdlJ'-d x ) 

p 

(fjCx k (l-x) n - k dn. c (x) 
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(;)g(V>- iri -l cv -^ w 

E(";*)(-ir*-^- 



n—k 

£)Ei .■ K- i r ,_,v "-' £ »-i.c 

Therefore, we obtain the following theorem. 

Theorem 4. Lei ( £ T p with \1 — (\ p < 1. For k,n G Z + u;ii/i n> k, we have 

jT c(i - xr^_ c (x) = Q E ( n 7 fc ) (-i) w (20) 



It is known that Bk yn ^(x) = ( 1 B n _k n £-i(l — x). Thus, we have 
B k ^ c (x)dix-c,{x) 

C _1 S n _ fc)n)C -i(l - x)dju_ c (x) 

= C _1 / £„_*,„,£-! (1 - x)dn- < (x) 

Jzp 

-c-'( n :,)E(*)(-D-/ Zp (c-)-(i-,r-'*-cM 

= (I) E ( k i)(-v t+ 'l c*(i-xr'dM-c(x). (21) 

By Theorem 3 and (21), we obtain the following theorem. 

Theorem 5. Lei ( £ T p with |1 — £| p < 1. For k,n G Z + w£/i n> k, we have 



B Kn ^(x)dfi^(x) 
1 + C + C 2 ^n,c-i */ fc = 0, 

(SEwtiK-iHi + C + ^WO if k>o. 



By Theorem 4 and Theorem 5, we have the following corollary. 



(22) 
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Corollary 6. Let £ E T p with |1 — (\ p < 1. For k,n G Z + wift n> k, we have 



E( n ;>ife + « 



Ic^-W^r . !!:!' <-» 



1=0 



©1 + C + C 2 ^-^ */ A;>0. 



Let ( G T p with |1 — £| p < 1 and m,n,k G Z + with m + n > 2/c. By (18), j9-adic 
^-integral for multiplication of two twisted Bernstein polynomials on Z p can be given by 
the following relation: 

B k,n, ( ^ B k, m ,^ X)d ^ X) 
v 

= (I) L Cx2k{i - x ^ m ~ 2k ^-^ 

= 0f\ Of) f](-l) /+2fe / C x (l -x) 2k -\l - x) n+m - 2k dn- c (x) 

= (*) (l) £ ( " 1)/+2fc l c{1 - *r +m - l d»-dx) 

= (l) (l) B" 1 ^^) ( 1 + < + ?i C* n+m - l d^(x)) (24) 
By (24), we obtain the following theorem. 
Theorem 7. Lei ( £ T p with |1 — £| p < 1. For k,m,n G Z + itrai/i m + n > 2/c 7 we have 

/ Z? i (x)S i (x)du-c(x) 

1 + C + CX+m^ 1 if k = 0, 

(25) 

(I) E£o (?)(-i) 2fc+/ (i + C + (X+m-U-O tf k > o, 

By using the p-adic (^-integral on Z p for two twisted Bernstein polynomials in (18), 
we get 

B Kn^ X)B Km^ X)d ^^ X) 



v 



fcJU) ' ^(l-x)" +m - 2fc *-c(x) 



/< 
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n+m— 2fc 



(DC) t (" + r*)^i^^-> 



Z=0 v / «/*- p 



\ / \ n+m— 2fc / 

n\ I m\ *-^ n + m — Ik 



,J K ,J £ ' ,">1)W (26) 

7 v 7 z=o v 7 

By comparing the coefficients on the both sides of (25) and (26), we can derive the 
following corollary. 

Corollary 8. Let ( G T p with |1 — (\ p < 1. For m,n,k G Z + ™£/i m + n > 2k, we have 

m+n—2k / „ , 

m + n — 2k 



e , (-i)'w< 



1 + C + C^m+n^- 1 «/ fe = 0, 

(27) 

EKo©(-iy +2fe (i + C + C 2 ^ m+ n-,c-0 tf ^>o. 

Let ( G T p with |1 — £| p < 1 and ni,n 2 , • ■ • ,n s , k G Z+ with ni + • • • + n s > s/c, by 
induction, we get 

B Kn l ,eM--- B k , ns ^MW-^) 



n (?) J / C 3 ^ 1 -a;) ni+ " -+n '"*d/i-c(x) 

n (?) ) b-d™ (f ) & + c + c 2 ^ 1+ ... + „ s -,c-o • (28) 

i=l ^ 7 / Z=0 ^ 7 

By (28), we obtain the following theorem. 

Theorem 9. Let ( G T p with |1— (\ p < 1. Forni,ri2, ■ ■ ■ ,n s , k G Z + to& rii + - • -+n s > 
s/c 7 we have 

B, i(x)---B, i(x)da_ c (x) 

1 + C + C 2 ^ni+-+n s ,C- 1 if k = 0, 

(UU ft)) ESo(-i) /+sfc (f ) (i + C + CX 1+ ... +ns -«-0 tf * > o. 

By using the p-adic (^-integral on Z p for twisted Bernstein polynomials B i (x) • • • -B i (x) 

in (18), we get 



5 , 



i (rr) • • • B, i(x)du-c(x) 

,ni,(s v ' k,n s ,(, s s 



/< 



JANG ET AL: TWISTED BERNSTEIN POLYNOMIALS 259 



A (?) ) / C xSk ( l - x) ni+ - +ns - sk dfi^(x) 



,1=1 \ / I "*p 



n(:)j e f ,f T'"")(-')w. (30) 

By comparing the coefficients on the both sides of (29) and (30), we can derive the 
following corollary. 

Corollary 10. Let ( G T p with |1 — (\ p < 1. Forni, ■ ■ ■ ,n s , k G Z + ™i/i ni + - • ■ + n s > 
sk, we have 

1 + C + C 2 £n 1+ ...+n s ,C »/ A; = 0, 

E/=0 (f)("l)' +Sfc (1 + C + C 2 £n 1+ ... + n s -Z, C ) if k > 0. 



(31) 
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Abstract 

In the present paper we establish several strong differential subordinations regardind the operator 
I(m,X,l), given by I (to, X, I) : A* nC , -► -A^(, I (m,\,l) f(z,C) := z + Ej°l„+i ( 1+A |+~i 1)+ ' j a i (C) z ° . where 



in 



G NU {0}, A, I > and A* n( = {/ 6 H(U x U), f(z, C) = z + a n+1 (() z n+1 + ..., z G U, ( € U} is the 



class of normalized analytic functions. 

Keywords: strong differential subordination, univalent function, convex function, best dominant, differential 

operator. 

2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane U = {z G C : \z\ < 1}, U = {z G C : \z\ < 1} the closed unit 
disc of the complex plane and H(U x U) the class of analytic functions in U X U. 

Let A* nC = {/ G H(U x U), f(z, C) = z + a n+1 {() z n+1 + ..., zeU,(eU}, where a k (() are holomorphic 
functions in U for k > 2, and ft* [a, n, C] = {/ e W(f/ x 17), /(z, () = a + o„ (C) z n + a n+1 (() z n+1 + ..., z G U, 
C G U}, for a G C and n G N, a^ (£) are holomorphic functions in J7 for k > n. 

Definition 1.1. /$/ Let f (z, C), -ff (a;, C) analytic in Ux U. The function f (z, £) is said to be strongly subordinate 
to H(z,C) if there exists a function w analytic in U, with w (0) = and \w (z)\ < 1 such that f(z,C) = 
H (w (z) , C) for all £ € Z7. In suc/i a case we urite / (0, C) — < — < -f^ (2;, C) ? z € U, ( G ?7. 

Remark 1.2. /#/ (%) 5mce / (z, £) is analytic in U x U , for all C, G U , and univalent in U, for all (€ [/, 
Definition 1.1 is equivalent to f (0, () = H (0, C) , /or a// £ G U, and / ([/ x 17) C H (U xTT) . 

(ii) If H (z, () = H (z) and f (z, () = f (z) , the strong subordination becomes the usual notion of subordina- 
tion. 

Lemma 1.3. [5, p. 71] Let h (z, C) be a convex function with h (0, £) = a for every ( £ [/ and let 7 G C* 
be a complex number with Re 7 > 0. If p G H.*[a, n, C] a ^d p (z, £) H — zp' (-z, C) ""^ ^ ( z i > then p (z, £) -<-< 
g (z, £) -<-< /i (z, C) , where g (z, £) = — _■ L h (t, £) £" ' dt is convex and it is the best dominant. 

nz n u 

Lemma 1.4. [4] Let g (z,C) be a convex function in U , for all £ G U, and let h(z,() = g(z,()+nazg'(z,£), zG 
U, C G U, where a > and n is a positive integer. If 'p(z, £) = g(0, C) +Pn (C) 2;rl +Pn+i (C) ^ rl+1 + • • • , z £ U, 
( £ U ', is holomorphic in U, for all C G U, and p{z, £) + azp'{z, C,) -<-< h(z, C), z £ U, ( £ U, then p(z, C) -<-< 
<7(z, C) and i/i«s result is sharp. 
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Definition 1.5. [1] For n £ N, to £ N U {0}, A, I > 0, / £ A* nC , f(z, () = z + Ejl„+i a j (0 ^ , the operator 

1 (m, A, I) f (z, C) is defined by the following infinite series I (to, A, I) f (z, £) = z+E^ln+i f i+i — " ) a i (C) z\ 

forz£U,(£U. 

Remark 1.6. It follows from the above definition that (1 + 1)1 (m+ 1, A, 1) f(z, () = [I + 1 — A] I (to, A, I) f(z, ()+ 
Xz(I(m,X,l)f(z,())', for z£U,Q£U. 

Remark 1.7. For I = 0, A > 0, the operator D™ = / (to, A, 0) was introduced and studied by Al-Oboudi , which 
reduced to the Sdldgean differential operator S m = I (m, 1, 0) for A = 1. 

2 Main results 

Definition 2.1. Let 8 £ [0, 1), A, I > 0, n £ N and m £ N U {0}. A function f (z, () £ A* nC _ is said to be in the 
class S m (8, A, I) if it satisfies the inequality 

Re(I(m,XJ)f(z,C)y>S, for z£U,(£U. (1) 

Theorem 2.2. The set S m (8, A, /) is convex. 

Proof. Let the functions fj (z, () = z + E?lra+i djk (C) z^ , for k — 1,2, z £ U, (, £ U, be in the class S m (8, A, I). 
It is sufficient to show that the function h (z, £) = n 1 fi (z, C) +^2/2 ( z > C) i s i n the class S'm ((5, A, I) , with 7^ and 
n 2 nonnegative such that i] 1 + n 2 — 1. 

Since ft (z, £) = 2 + Ejl„+i fai^'i (0 + ^2^2 (C)) ^ J , for z £ U, ( £ U, then 

■l + \(j-l) + l 

j=n+l 



I(m,X,l)h(z,0 = z+ E 1 ; +1 ; ) (Via j i(C) + V2a j 2(C))z\ for z £ U, C e U. (2) 



Differentiating (2) we obtain (I (to, A, I) h (z, ())' = l + E°l„+i ( 1+A ? 4 T 1 1)+ ' ) T " (^1 (C) + ?72%2 (C))^' -1 , for 

z£U,(£U. 
Hence 

Re(J(ro,A,OM*,C))' = 1 + ReL £ 3 ( ~ + A p,~ ~ + T fl Ji (0 ^ I ( 3 ) 



j=n+l s - I + 1 



Re r? 2 E J r— ; a j2 (C) « J 



j=n+l \ I + 1 

Taking into account that /1, J2 £ <5Vn (<*>, A, I) we deduce 

^kj^il^^)" 1 ^^^ 1 ) >»/ fc («-l). for fc = l,2. (4) 

Using (4) we get from (3) Re (I (to, A, I) h (z, ())' > 1 + r\ x (8 - 1) + j? 2 (6 - 1), for z £ U, ( £ U, that is 
Re (I (m, A, I) h (z, ()) > 8, for z £ U, £ € £/, which is equivalent that S m (8, A, I) is convex. ■ 

Theorem 2.3. Let g(z,Q be a convex function such that g(0,() — 1 and let h be the function h(z,C t ) = 
g (z, C) + -^zg' (z,(), z £U,( £U,c>0. Ifn£N,m£NU {0}, A, I > 0, / £ S m (8, A, I) and F (z, () = 
h (/) (Z, C) = 0r Jo t c f (t, C) dt,Z£U,(£ U, then 

(I (to, A, I) f(z, C))' «h( Zl Q, z£U, (£ U, (5) 

implies 

(I (to, A, I) F(z, C))' « g (z, , z£U, C € U, 

and this result is sharp. 
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Proof. We obtain that 

z c+1 F(z,C) = (c+2) / t c f(tX)dt. 



Differentiating (6), with respect to z, we have (c + 1) F (z, £) + zF' (z, £) = (c + 2) / (z, () and 

(c+1) I (m,\,l) F (z,() + z(I (m,\,l) F (zX))' = (c + 2) I (m,\,l) f (zX) , z £ U, ( £ U. (7) 

Differentiating (7) we have 

(I (m, A, F (z, C))' + -^ (/ (m, A, I) F (z, C))" = (/ (m, A, I) / (z, C))' , zeU, (eU. (8) 

c + 2 

Using (8), the differential subordination (5) becomes 

(I (m, A, F (z, C))' + ^—-z (I (to, A, I) F (z, ())" ■<■< 9 (z, C) + ~^zg' (z, C) . (9) 

c+ 2 c + 2 

Denote 

p (z, C) = (/ (m, A, I) F (z, C))' , * e (7, C e U. (10) 

Replacing (10) in (9) we obtain p (z, () + ^r^zp' (z, £) -<-< g (z, £) + -^.zg' (^> 0) Z £U, C, £ U. 

Using Lemma 1.4 we have p (z, £) -<-< 5 (z, £) , z G U, ( £ t/, i.e. (I (m,X,l) F (z,()) ~<~< 5 (2;, C); 
z € [/, (" G U, and this result is sharp. ■ 

Theorem 2.4. Lei g(z, C) &e a convex function such that g(0,C) ~ 1 anc ^ ^£ ft ^e ^ e function ft(z,£) = 
g(z,() + zg 1 (z,(), z £ U, ( £ U. If n £ N, m £ N U {0}, X,l > 0, / £ A* n( - and the strong differential 
subordination 

(I (m, A, /) /(z, C))' ^ h (z, C) , z £ U, C e 17 (11) 

holds, then 

I(m,X,l)f(z,Q , , ( ,, all rail 

«g{z,t), z e U, C e U 

and this result is sharp. 

Proof. Consider p(z, () = UnhMM^ = z +£r=.+ 1 ( H % 1H ')^(» ] = 1 +pn ^ z „ +pn+i ^ z „+i + ; z g 

(7, CeF. 

Let I (m,X,l) f(z,() = 2p(2,C)i z £ U, C. £ U. Differentiating we obtain (I (m,X,l) f(z,C.)) = p{z,() + 
zp'{zX),z£U,Q£U. 

Then (11) becomes p(z, () + zp'(z, () -<-< h(z, () = g(z, C) + ^'(«, C). Z G £/, C ^ U. 

By using Lemma 1.4, we have p{z,C) -<-< g(z, Q, z £ U, C. £ U, i.e. ("■ •jn z ,() _,_, g( Zj £) ; z £ U, 
(£U. m 

Theorem 2.5. Let h(z,() be a convex function such that h(0,() = 1. Ifn£N,m£ NU{0}, X,l >0, f £ A^ 
and the strong differential subordination 

(I (to, A, /) /(z, C))' ^ ft (*, C) , z£U, (£U (12) 

holds, then 

I{m,X,l)f(z,C.) r\^^ui r\ r-irraTT 

« g {z, C) -<-< h (z, C) , 2 g u, C e t/, 



where g (z, £) = — i^- L /i (i, C) i" 1 c?t is convex and it is the best dominant. 



Proof. With notation p(z,C) = feM/feO = x + ^~ n+i ^ i+Aa~i)+A m flj . ^ ^-i and p (0j ^ = ^ we 

obtain for /(z, C) = « + E^L„+i «j (0 ^ , P (z, C) + V («i 0_= U ( TO > A, Z) /(z, C))' • 

We have p(z,() + zp' (z,() -<-< h(z,(), z £ U, ( £ U. Since p(z,() G 7Y* [l,n, C] , using Lemma 1.3, 
for 7 = 1, we obtain p(z,Q ■<■< g{z,Q « h(z,(), z £ U , Q £ U , i.e. 7(m ' A f /(z ' C) « g(z,() = 
—^t: L h (t, C) t™~ 1 dt -<-< ft (z, C), z G U, C G f7, and g (z, C) is convex and it is the best dominant. ■ 
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Theorem 2.6. Let g{z 1 Q) be a convex function such that g(fi,() = 1 and let h be the function h(z,() = 
g(z,() + zg' (z, C), z e U, ( e U. If n e N, m e N U {0}, A,/ > 0, / e A* n( - and the strong differential 
subordination 

'zl(m + l,\,l)f(z,()\' , 

-^ h{z,Q, ze U, ( e U (13) 



7(m,A,Z)/(*,C) 

holds, then 

I(m + l,X,l)f(z,C) 



«g{z t Q, zeU, (eU, 



I(m,X,l)f(z,C) 

and this result is sharp. 

Proof For / € A* n0 f(z, C) = «+E£n+i a i (0 ^ we have ' K A > /(*> = *+££„+! ( 1+A fc 1)+ ' ) ™ «, (0 *', 

zeU,(&U. 

Consider p(z,C) 



r/ , ,n« a\ ,iv» n+x(j-i)+n m+i ■ 1J.V 00 f i+M]-i)+' r+ 1 „ Crl-J- 1 

J(ro+l,A,Z)/(,z,C) _ ^+Z^ J= r.+ U l+l J a jlU z _ 1 +Z^j = „ + l^ i + i J a Ai) z 



/(m,A,0/(».O *+E£„ +1 ( 1+A fr- 1 1)+ T MO*'- i+£°l n+1 ( 1+A fc 1)+ ' ) m « J (C)^- 1 ■ 

We haven' IV n - (7(m+1 ' A| ' )/( ' ,C)) ' n fr ^ (J(m,V)/(*,C))' Th / n + ZT>'(z ^- f ' J KW)/M V 

wenavep [z,c,) - i( mt x,i)f(z,Q P\ z ^> i( m ,x,i)f(z,o • inen 2H z >sJ + z P l^U - ^ i( m ,x,i)f(z,o J • 
Relation (13) becomes p (z, () + zp' (z, £) -<-< h (z, C) = 5 ( z , Q+zg' (z, £), z <G U, C, € U and by using Lemma 
1.4 we obtain p (z, C) ^ .9 (*, CM e (7, C £ F, i.e. ^^i/Kcf ^ 3 ( z ' C )' z G ^ C G ^ " 

Theorem 2.7. Let g(z, C) &e a convex function such that g(0,() — 1 awrf Zet /i 6e i/ie function h(z,() = 
g(z,() + zg' (z,(), z £ U, C e U. If n e N, m G N U {0}, A,Z > 0, / G A* n< and the strong differential 
subordination 

l±i/(m + l,A,0/(*,C)+(2-^^J(m,A,0/(*,C)^M*.C), zeU,(eU (14) 

holds, then 

This result is sharp. 
Proof. Let 



[J (m, A, J) f(z, ()}' -<-< g(z, 0, zeU, (e U. 



p(z,0 = (I(m,X,l)f(z,0)' (15) 

= 1+ g ( 1 + A j J , 1)+ T Jflj (c)z^ i = i+ P „(c)z"+ P » +1 (c)^ +1 + ..- 

We obtain p{z,Q + z- p' (z, C) = / (m, A, / (*, C) + « (J (m, A, J) / (*, ())' = 

J ( mj A) A J ( Z; £\ + (l+l)Hm+l.\A)f(z,t)-(l + l-\)I( m ,\,l)f(z,j) _ 

^ i /(m + l,A ) 0/(«,C) + (2-^ 1 )/(m,A,0/(«,C)- 

Using the notation in (15), the strong differential subordination becomes p(z,C) + zp'(z, £) -<-< h(z,() = 
9(z,()+zg'(z,(). _ 

By using Lemma 1.4, we have p(2,C) -<-< g(z,(), z £ U, ( £ U, i.e. (7 (to, A,/) f(z,())' -<-< g{z, C), 
z £ U, ( £ U, and this result is sharp. ■ 

Theorem 2.8. Let h(z,() be a convex function such that /i (0, C) = 1- 7/n <G N, m £ NU{0} ; A, Z > 0, / <E ^l* c 
anrf t/ie strong differential subordination 



A 
holds, then 



1 X I ( m + i,\,i) f (z,() + (2- l -±± ) I (m,\,l) f (z,() « h(z,() , zeU, (el (l(») 



(7 (m, A, J) /(«, C))' ^ .9 («, C) «h{z,0, z e U, C e [/, 

where g (z, £) = — x" Jn ^ (^' ^" 1 ^i is convex and it is the best dominant. 
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Proof. For / G A* n( , f(z, C) = *+E£„+i Oj (0 *' we have I (m, A, J) /(z, C) = *+E£ n+ i ( 1+A fc 1)+ ' ) ™ «, (0 « J ', 
zeU,(£U. 

Consider p (z, () = (I (m, A, J) /(z, £))' = 1 + £°1„ +1 ( 1+A fc 1)+ ' ) ™ ^ (C) « i " 1 € 7i* [1, n, C] • 

Wehavep(«,O + ^(«,C) = ^(m + l,A,0/(«,C) + (2-^ 1 )/(m,A,0/(«,C),«J^Cetr. 

Then^ti J ( m + i ; A, J) / (z, () + (2 - ^±1) / (m, A, J) / (z, C) ■«-« ft (z, C), z e U, ( E U becomes p (z, C) + 
zp' (z,C) -<-< ft. (z, C), z € f , C € J7. By using Lemma 1.3, for 7 = 1, we obtain p(z,() ~<~< 9 ( z ,() ^^ h(z,C), 
z e U, ( eU, i.e. (/(m, A, l)f(z,()Y ■<■< g(z,Q = -t: / *M*>C)t* -1 «K ■«-« M*>0> z eU, ( eU, and 
<7 (z, £) is convex and it is the best dominant. ■ 



nz 1 
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Abstract 

In the present paper we establish several strong differential subordinations regardind the new operator 
L2, given by L™ : A* c -> A* ( , Z£/(z,C) = (1 - a)R n f(z,() + aS n f(z,(), where R n f(z,() denote the 
Ruscheweyh derivative, S n f(z,£) is the Salagean operator and .4*^ = {/ G Ti(U x U), f{z,Cf) — z + 
a-n+i (C) z n+1 + . . . , z G U, £ G U} is the class of normalized analytic functions with A\^ — Aq. 

Keywords: strong differential subordination, univalent function, convex function, best dominant, differential 

operator. 
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1 Introduction 

Denote by U the unit disc of the complex plane U = {z £ C : \z\ < 1}, U = {z G C : \z\ < 1} the closed 
unit disc of the complex plane and H.(U x U) the class of analytic functions in U X U. 

Let A* nC = {/ G H(U x U), f(z,() =J + a n+1 (C) ^" +1 + . • • , z G U, C G U}, with .4* c = .4*, 
where a^. (£) are holomorphic functions in U for k > 2, and 7i*[a, n, £] = {/ <G 7Y(l7 x U), f(z,() — 
a + a n (£) z n + a n+ i (£) z n+1 + . . . , z £ U, ( G £/}, for a G C and n G N, aj, (£) are holomorphic functions in 
U for k > n. 

Definition 1.1 /#/ Lei / (z,Cf), H(z,C) analytic in U xU. The function f(z,() is said to be strongly sub- 
ordinate to H{z^C t ) if there exists a function w analytic in U, with w (0) = and \w (z)\ < 1 such that 
f (z, C) = H (w (z) , C) for all £ G U. In such a case we write f (z,() -<-< H (z, C) , z G f7, £ G (7. 

Remark 1.1 [2] (i) Since f (z, £) is analytic in U x U, for all ( S [/, and univalent in U, for all ( G U, 
Definition 1.1 is equivalent to f (0, £) = H (0, () , for all ( G U, and f (U xTJ) C H (U xU) . 

(ii) If H (z, C) = H (z) and f (z, () = f (z) , the strong subordination becomes the usual notion of subor- 
dination. 

Lemma 1.1 [4, p. 71] Let h (z, £) be a convex function with h (0, £) = a for every £ G U and let 7 G C* be 
a complex number with Re 7 > . If p G H*[a,n,^] and p(z,£) + -zp' (z,C) -<~t, h(z,£) , then p{z 1 £)-<-< 

g (z, £) -<-< /i (2, C) , where g (z, £) = — _■ f„ /i (t, £) t~^ 1 dt is convex and it is the best dominant. 

Lemma 1.2 [3] Let g (z, £) be a convex function in U , for all £ G U, and let h(z, £) = g{z, Cf) + nctzg' (z, £), 
Z G U, £ G U, where a > and n is a positive integer. If p(z,() = ff(0, C) + Pn (C) 7 - n + Pn+i (C) - 2 ™ +1 + 
. . . , Z G U", ^ G U, is holomorphic in U, for all ( G U, and p(z, () + azp'(z, () -<-< h(z, (), z G U, £ G ?7, 
f/ien p(z,C) -<-< 17(2, (^) anrf i/izs result is sharp. 
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Definition 1.2 (Salagean [6]) For f £ A*q, tt, <G N, the operator S n is defined by S n : A*q — > A*q, 

S°f(z,0 = f(z,0 
S'fizX) = zf(z,0 

S n+1 f(z,0 = z(S n f(z,()Y, z£U,Q£U. 
Remark 1.2 If f £ A* c> f(z, () = z + £°1 2 a, (C) *', then S n f (z, Q = z + £°1 2 j"a, (C) zJ,z£U,(£U. 
Definition 1.3 (Ruscheweyh [5]) For f £ A*q, n £ N, the operator R n is defined by R n : A*q — > .4.£, 



(n + l)i?" +1 /(z,C) = z(R n f(z,0) +nR n f(z,C), z£U,(£U. 
7=2 % (0 z*, then R n f (z, () = z + £°1 2 C™ + .. 



Remark 1.3 If f £ A* c , f(z, () = z + J2f =2 a 3 (() z* , then R n f (z, = z + £~ 2 C^^a, (() zJ , z £ U, 
(£U. 



2 Main results 

Definition 2.1 [1] Let a > 0, n € N. Denote by L™ the operator given by U^ : A% — ► A%, 

L n J(z, C) = (1 - a)i?"/(2r, C) + aS n f(z, (), z£U, ( &U. 
Remark 2.1 L™ is a linear operator and if f £ A% f{z,() = z + YlT=2 a i (C)- 2 "'; ^ en ^S/( Z ;C) = z + 

E°°= 2 (ai n + (1 " a) Q+i-i) a i (0 ^^^CeF. 

Remark 2.2 Por_a = 0, L%f(z,() = R n f{z,(), where z £ U, ( £~U and for a = 1, L?f(z,C) = S n f(z,(), 

where z £U, Q £U . 

For n = 0, L°J (z, () = (1 - a) R° f (z, C) + aS / («, C) = / («, C) = R°f (z, C) = S°f (z, (), where z £ U, 
C £U and for n = 1, L* / (z, C) = (1 - a) #7 ( z , + aS 1 f (z, () = zf (z, C) - i? 1 / (z, () = S 1 / (z, C), 
where z £U, Q £ U . 

Definition 2.2 Let 6 £ [0, 1), a > and nGN.yl function f (z, C) G .A? is said to 6e in t/ie c?ass iS n (5, a, £) 
i/ it satisfies the inequality 

Re(Llf(z,C))'>6, z£U,(£U. (2.1) 

Theorem 2.1 The set S n (5, a, () is convex. 

Proof. Let the functions fj(z,() = z + E°l 2 a J fe (0 ^ > f° r k = 1,2, z £ U, ( £ U be in the 
class S n (S, a, (). It is sufficient to show that the function h (z, () = n 1 fi (z, () + n 2 f2 (z, C) is in the class 
S n (6, a, C) with 77 1 and rj 2 nonnegative such that n 1 + n 2 = 1. 

Since h(z,() = z + J2% 2 (Vidji (C) + %«j2 (0) « J . z£U,(£U, then 

OO _ 

LS« (z,C) = z+E N" + (1 - a) C^-i] (t/iOj-i (C) + %a,2 (0) zJ , z£U, (£U. (2.2) 

.3=2 

Differentiating (2.2) we obtain 

{Llh (z, C))' = 1 + Ef=2 [<*3 n + (1 - «) Cn+,-i] (r?!^! (C) + %0,-a (O)i^- 1 , « e J7, C e U. 
Hence 

Re (L n a h (z, C))' = 1 + Re L g j [aj n + (I - a) C^-i] <*;i (0 ^' _1 j (2-3) 

+ Re L £ i ["J" + (1 - a) C +j -i] o i2 (C) 2 3 '" 1 J • 
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Taking into account that /i, fa <G S n (6, a, £) we deduce 

Re L k E j [aj n + (l-a) C^ +j _ x ] a jk (C) z^ 1 J > r? fe (5 - 1) , k = 1,2. (2.4) 

Using (2.4) we get from (2.3) Re (L> (2, ())' > 1+^(6 - 1) +ti 2 (6 - 1) = 6, z G U, { GU, which is 
equivalent that S n (6, a,() is convex. ■ 

Theorem 2.2 Let g (z, C) &e a convex function such that g (0, £) = 1 and let h be the function h (z, £) = 
5 (z,C) + ^zg'(z,0, zeU,C_eU,c>0. If a > 0, n e N. / g S„(<S,a,C) ™^(^C) = Ic(f)(z,() = 

(!£/(*, C))' -^ ft (*, C) , * e U, ( g U (2.5) 

implies 

(L n a F(z,C)y ^ g(z,0, z€U, {€U 
and this result is sharp. 

Proof. We obtain that 

z c+1 F (z, C) = (c + 2) f" t c f (i, C) alt. (2.6) 

Jo 

Differentiating (2.6), with respect to z, we have (c+1) F (z, £) + zF' (z, £) = (c + 2) / (z, £) and 

(c + 1) L£F (z, C) + z (L"F (z, C))' = (c + 2) L™/ (z, C) , z g U, ( g 17. (2.7) 

Differentiating (2.7) we have 

(^ (*, 0)' + -^ (^ (z, C))" = (L n J (z, C))' , z€U,(€U. (2.8) 

c + 2 

Using (2.8), the differential subordination (2.5) becomes 

(L n a F (z, C))' + -^—z {LIF (z, C))" ■<■< g (z, C) + -^—zg' (z, C) . (2.9) 

c + 2 c + 2 

Denote 

p(z,() = (L2F(z,0)', zeU,(eU. (2.10) 

Replacing (2.10) in (2.9) we obtain p{z,() + -^zp' (z,() -<-< g(z,() + -^zg 1 (z,C), ztU, ( &U. 

Using Lemma 1.2 we have p(z,() -<~< g( z X), z G U, ( g ?7, i.e. (i^F(z,^))' -<-< g(z,(), z e U, 
(£(7, and this result is sharp. ■ 

Theorem 2.3 Let g (z, £) oe a convex function such that g (0, £) = 1 and let h be the function h (z, Q) = 
g (z, £) + zg' (z, £), z € [7, £ € [/. // a > 0, n g N. / g .4J anrf i/ie strong differential subordination 

(L n J(z, C))' -<-< ft (*, C) , ^^,Cet/ (2.11) 

holds, then 



LnJ{zX) ^g(z,0, zeu, (eu 



and this result is sharp. 



Proof. By using the properties of operator L™, we have 

Lif{z, = z + E°°= 2 ("J' n + (i - ") Cn +j -i) *j (0 ^', « e 17, C e 17. 

Consider p(z,C) = ^4^ = ^r^^+^-^^-O^ffl^ = 1+pi {( - )z + ( C ), 2 + ..., * g [7, C g t7. 
Let L™f(z, C) = 2;p(-2) C), 2 € £7 C e £7- Differentiating we obtain (L™/(z, £)) = p(z, £) + zp'(z, (), z g [7, 

CeTJ. 

Then (2.11) becomes p(z, C) + «*/(«, C) ■<■< M*> = <?(*, + zg\z, C), 2 € t7, C e [7. 

By using Lemma 1.2, we have p(z,£) ~<~< <?(<Z>C)i z •= U, ( g t/, i.e. aZifiii _^ g(z, £), z e U, 

(eU. m 
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Theorem 2.4 Let h(z,Q) be a convex function such that /l(0, £) = 1. // a > 0, n € N, / G .4.J and £/ie 
strong differential subordination 

(L n a f(z, C))' ^h(«.C), * e t/, C e 17 (2.12) 

holds, then 

L2f(z,{) ^ 9 ( Zi Q^h(z,0, zeU,(eU, 

where g (z, C) — ~ Jo h (^> ^ * s convex and it is the best dominant. 

Proof. With notation p (z, () = L ° / z (z ' C) = 1 + ]T~ 2 (aj n + (1 - a) C™^-^) a } (() z^ 1 and p (0, C) = 1, 
we obtain for f(z, () = z + ^°1 2 a j (0 z 3 » P («, + V (z, C) = (££/(*. ())' 

We have p(z, () + zp' (z,£) -<-< h(z,(), z e U, ( e U. Since p(z,C) G W*[1,1,C], using Lemma 1.1, 
for n = 1 and 7 = 1, we obtain p (z, () ■<-< g (z, () -<-< /i (z, C), z G [/, ( € U, i.e. aZlfiii _<_< g ( z , £) — 
- L h (t, £) dt -<-< h(z,C), z £ U, (, £ U, and g (z, £) is convex and it is the best dominant. ■ 

Theorem 2.5 Let g (z, £) be a convex function such that g (0, £) = 1 and let h be the function h (z, £) = 
g (z, £) + zg' (z, (), z € t/, ( € t/. If a > 0, n G N. / G *4J and i/ie strong differential subordination 

rn+l f I CW' 

holds, then 

rn+l f l 7 (-\ 

i%/(*,C) g(z ' a ze[/ ' CGf/ ' 

and i/jis result is sharp. 

Proof. For / G ^, /(z, C) = z + £°1 2 % (0 z 3 we have 

z»/(z, = z + E°l 2 ("J" + (i - «) Q +J ._ 1 ) ^ (C) z*,zeu,(eu. 

Consider n ^ n - L S +1 /(^C) _ ^^('J^' + tl-^O^KV _ l+£^ 2 (aj" +1 + (l-a)C^)a j (C)» J '- 1 

n ' u L S/(*.0 - ,+E» 2 (« J »+(i-«)c; w _ 1 )M()z> i+i;» 2 («j»+(i-«)c; w . 1 )« ) (t) 2 »-i' 

We have p' (z, Q = { % f f ^ Y P (z, C) • ^g' ■ Then p (z, C) + zp' (z, C) = ( '%7g) ) ' ■ 
Relation (2.13) becomes p (z, () + zp' (z, () -<-< h (z, () = g (z, £) + zg' (z, (), z € (7, ( e [/ and by using 
Lemma 1.2 we obtain p (z, () -<-< g (z, £), z G U, ( G ?7, i.e. °„ ,|| z 'j' -<-< 5 (z, (), z e U, ( E U. m 

Theorem 2.6 Let g (z, £) &e a convex function such that g (0, £) = 1 and let h be the function h (z, £) = 
g (z, £) + z</ (z, (), z £ [/, ( £ [/. If a > 0, n € N, f € A% and the strong differential subordination 

(LZ +1 f(zX))' + {1 - a)nz{ f/ My ' ^h(z,C), zeu,(eu (2.14) 

n + 1 

holds, then 

[L n J{z,Q]' «g{z,Q, zeU,(eU. 

This result is sharp. 

Proof. By using the properties of operator L™, we obtain 

££ + 7(*, = (i - a)R n+1 f(z, C) + c*S"+7(*, C), z g J7, C e V. (2.15) 

Then (2.14) becomes ((1 - a) R n+1 f(z, () + aS n+1 f(z, ())' + ^-"W^/^C))" _,_, / l (^^) ) with z g f/, 

CgTJ. 

After a short calculation, we obtain 

(1 - a) (R n f (z, C))'+a (S n f (z, C))'+2 ((1 - a) (R n f (z, ())" + a (S n f (z, ())") « h (z, (), z G U, ( G F7. 

Let 

p(z, C) = (1 - a) (i?"/(^, 0)' + " (S n /(^ 0)' = (iS/(«. 0)' (2-16) 
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= 1 + J2 (^'" +1 + (1 - a) JCfi-i) «, (0 « J '" 1 = 1 +Pi (0 Z + P2 (C) ^ 2 + •■■• 

J'=2 

Using the notation in (2.16), the strong differential subordination becomes p(^,C) + zp'(z,C) ^^ M z ;0 = 
g(z,() + zg'(z,()- _ 

By using Lemma 1.2, we have p{z,£) « 0(-«,O> z e ^ C e ^ *-e- (!£/(*, 0)' -<-< 5(2,0, 
z £ U, ( £ U, and this result is sharp. ■ 

Theorem 2.7 Lei h(z,Q be a convex function such that h(0, = 1. // ct > 0, n £ N. / £ *4.J and tfte 
strong differential subordination 

[iz»f{z, or + (1 ' Q)nz(fi : /(z ' or ^ m*, o , z e J/, c € rr (2.i7) 

n + 1 
holds, then 

{L n j{z, 0)' -^ s (2, -^ /i (*, , * e u, C e 77, 

where g (z, — ~ /n ^ (£> ^ * s convex and it is the best dominant. 

Proof. For / £ A*-, f(z, ()=Z + £~ 2 a J (0 ^ we have 
Llf{z, = z + E°l 2 (aj» + (1 - a) C^) a, (0 zi,z£U,(€U. 

Consider p (z, C) = (I£f(z, ())' = 1 + ££L 2 (^'" +1 + (!"«) j'Q+,-i) «, (0 z*~ x € W* [1, 1, C] • 
We have p (z, () + zp' (z, = [L n a +1 f{z, ()}' + (1 '" ) "lf 1 /(z ' C)) " , z £ U, ( £ U. 

Then [Lg+ 1 /(^0] , + (1 '" ) "1+i /(z ' C)) " «Hz,Q, z£U,(£Ubecomesp(z,0+zp'(z,0^h(z,0, 
z £ U, £ £ U. By using Lemma 1.1, for n — 1 and 7 = 1, we obtain p(z,Q -<-< g( z ,() ^^ h(z,Q, z £ U, 
C e 17, i.e. (L™f(z, 0)' -<-< 3 («) = i Jo" ^ (*' rfi "^ ^ ( z 7 0j z e U, C e 77, and p (z, is convex and it 
is the best dominant. ■ 

References 

[1] Alina Alb Lupa§, On special differential subordinations using Sdlagean and Ruscheweyh operators, Math- 
ematical Inequalities and Applications, Volume 12, Issue 4 (2009), 781-790. 

[2] G.I. Oros, Gh. Oros, Strong differential subordination, Turkish Journal of Mathematics, 33 (2009), 249- 

257. 

[3] S.S. Miller, P.T. Mocanu, On some classes of first- order differential subordinations, Michigan Math. J., 
32 (1985), no. 2, 185-195. 

[4] S.S. Miller, P.T. Mocanu, Differential Subordinations. Theory and Applications, Monographs and Text- 
books in Pure and Applied Mathematics, vol. 225, Marcel Dekker Inc., New York, Basel, 2000. 

[5] St. Ruscheweyh, New criteria for univalent functions, Proc. Amet. Math. Soc, 49 (1975), 109-115. 

[6] G.St. Salagean, Subclasses of univalent functions, Lecture Notes in Math., Springer Verlag, Berlin, 1013 
(1983), 362-372. 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 14, NO.2,271-277 , 2012, COPYRIGHT 2012 EUDOXUS PRESS, LLC 



Coupled fixed point theorem for generalized fuzzy meir keeler 
contraction in fuzzy metric spaces 

1 M. Eshaghi Gordji, 2 S. Ghods, 3 M. Ghods and 4 M. Hadian 



department of Mathematics, Semnan University, 

P. O. Box 35195-363, Semnan, Iran 

2 Department of Mathematics, Islamic Azad University, Semnan Branch, Semnan, Iran 

3 ' 4 Department of Mathematics, Iran University of Science and Technology, Narmak, 

Tehran, Iran 

Abstract: In this paper, motivated by the definition of coupled fixed point [T. Gnana 
Bhaskar, V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and 
applications, Nonlinear Anal. 65 (2006) 1379-1393], we introduce the definition of gener- 
alized fuzzy Meir-Keeler type functions and we prove a coupled fixed point theorem under 
generalized fuzzy Meir-Keeler contractive condition. 

Keywords: Coupled fixed point, Fuzzy Meir-Keeler Contraction, Fuzzy metric spaces. 



1. Introduction 

Recently, Bhaskar and Lakshmikantham [1] introduced the notion of a coupled fixed point 
of a mapping of two variables. More precisely, let X be a non-empty set and F : X x X — > X 
be a given mapping. An element (x, y) G X x X is called a coupled fixed point of the 
mapping F if 

F(x,y) = x, F(y,x)=y. 

They also showed the uniqueness of a coupled fixed point and applied their theorems to 
the problems of the existence and uniqueness of a solution for a periodic boundary value 
problem. 

Later, in [3], Sedghi and Shobe investigated some more coupled fixed point theorems in 
Fuzzy metric spaces. 

In [4] , Meir and Keeler generalized the well known Banach fixed point theorem as follows. 
Theorem 1.1. (Meir-Keeler [4]). Let (X, d) be a complete metric space and T : X — + X be 
a given mapping. Suppose that for all e > there exists 8(e) > such that 

e < d(x, y)<e + S(e) => d(T(x), T(y)) < e. (x, y e X) 

Then, T admits a unique fixed point x G X and for all x G X, the sequence {T n (x)} 
converges to xo. 

On the other hand, B Samet [2] introduced the generalization Meir-Keeler type functions 
on partially ordered metric space as follows: 

°E-mail:madjid. eshaghi@gmail. com,s . ghods@semnaniau.ac. ir , 
mghodsOiust . ac . ir , mhadian@iust . ac . ir 

°2000 Mathematics Subject ClassificatiomPrimary 47H10 secondary 54H25,34B15. 



272 



2 Coupled fixed point theorem for ... 

Definition 1.2. ([2]). Let (X,d) be a partially ordered metric space and F : X x X — > X be 
a given mapping. We say that F is a generalized Meir-keeler type function if for all e > 
there exists 8(e) > such that 

x > u,y < v,e < - [d(x, u) + d(y, v)] < e + 8(e) => d(F(x, y), F(u, v)) < e. 

B. Samet in [2] proved some fixed point results for this type functions. 

Motivated by the results of Bhaskar and Lakshmikantham [1] , Sedghi and Shobe [3] and 
Samet [2], in this paper, we introduce the definition of generalized fuzzy Meir-Keeler type 
functions and we prove a coupled fixed point theorem under generalized fuzzy Meir-Keeler 
contractive condition. 

The theory of fuzzy sets was introduced by Zadeh in 1965 [5] . After the pioneering work 
of Zadeh, there has been a great effort to obtain fuzzy analogues of classical theories. Among 
other fields, a progressive development is made in the field of fuzzy metric spaces. In the 
sequel, we adopt the usual terminology, notations and conventions of the theory of fuzzy 
metric spaces as in [6], [7]-[9]. 

We note that a binary operation * : [0, l] 2 — > [0, 1] is called a continuous t— norm if 
([0, 1], *) is an abelian topological monoid; i.e., 

(1) * is associative and commutative, 

(2) * is continuous, 

(3) o* 1 = o for all a G [0,1], 

(4) a * b < c * d whenever a < c and b < d, for each a, b,c,d£ [0, 1]. 

Two typical examples of continuous t — norms are a *i b — min{a, b}, a *2 b — ab. 

Definition 1.3. ([2]). The 3-typle (X, M, *) is called a fuzzy metric space if X is an arbitrary 

nonempty set, * is a continuous t-norm and M is a fuzzy set on X 2 x [0, oo) satisfying the 

following conditions, for each x,y,z £ X and t, s > 

(FM-1) M(x,y,i)>0, 

(FM - 2) M(x, y,i) = l if and only ifx = y, 

(FM-3) M(x,y,t) = M(y,x,t), 

(FM - 4) M(x, y, t) * M(y, z, s) < M(x, z,t + s), 

(FM - 5) M(x, y, .) : (0, oo) — > [0, 1] is continuous. 

Definition 1.4. ([2]). Let (X,M,*) be a fuzzy metric space. 

(i) A sequence {x n } in X is said to be convergent to a point x £ X i/linin^oo M(x n , x, t) — 1 

for allt>0. 

(ii) A sequence {x n } in X is called the Cauchy sequence if for each < e < 1 and t > 0, 

there exists no £ N such that M(x n , x m , t) > 1 — e for each n,m > no . 

(Hi) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete. 

Definition 1.5. ([2]). Let (X,M,*) be a fuzzy metric space. M is said to be continuous on 
X 2 x (0,oo) if 

lim M{x n ,y„,tn) — M(x,y,t) 

n — >oc 

whenever {(x n ,y n ,t n )} is a sequence in X 2 x (0, oo) which converges to a point (x,y,t) G 
X 2 x (0,oo) ; i.e., 

lim M(x n ,y,t) — lim M(y n ,y,t) = 1 and lim M(x,y,t n ) = M(x,y,t). 
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Definition 1.6. ([6]). Let (X,M,*) be a fuzzy metric space. M is said to satisfies the 
n-property on X 2 x (0, oo) if 

lim [M(x,y,k n t)]^ P) = 1, 

n — >oo 

where x, y £ X, k > 1 and p > 0. 

Example 1.7. Let (X,d) be an ordinary metric space, a * b = ab for all a,b £ [0,1] and 
M(x, y,t) — e * for every x, y £ X and t > 0. Then we have 

lim [M(x,y,k n t)] (nP) = lim (e^r 1 )^ = lim e ~ d *""'"" = 1. 



n — * _x: 



Therefore M is satisfies the n-property on X 2 x (0,oo). 

Lemma 1.8. Let (X, M, *) be a fuzzy metric space, a*b > ab for all a,b £ [0, 1] and let M 
satisfies n —property. Suppose ji„) is a sequence in X such that for all n£N, 

M(x„,X„+l,kt) > M(Xn-l,X n ,t) 

for every < k < 1, then the sequence {x n } ts a Cauchy sequence. 
Lemma 1.9. For all x,y £ X, M(x,y, .) is a non-decreasing function. 

2. Main Results 

We start by introducing a definition. 

Definition 2.1. Let (X, M, *) be a fuzzy metric space. Let F : X x X — > X be given 
mapping. We say that F is a generalized fuzzy Meir-keeler type function if for all e > 
there exists 8(e) > such that for every x, y,u,v £ X, 

1 - k(e + S(e)) < M(x, u, t) * M(y, v,t)<l-e=* M(F(x, y), F(u, v), kt) > 1 - e (1) 

for every < k < 1. 

Proposition 2.2. Let (X,M,*) be a fuzzy metric space, and let F : X x X — > X be a 
given mapping. If 

M(F(x,y),F(u,v),kt)> M(x,u,t) * M(y,v,t);Vx,y,u,v £ X, 0<fe<l (2) 

Then F is a generalized fuzzy Meir-keeler type function. 

Proof. Suppose that (2) is satisfied. For all e > 0, give 
S(e) = (i=^)e > 0, then if 

1 - k(e + 8(e)) < M(x, u, t) * M(y, v, i) < 1 - e 

it follows from (2) that 

M(F(x, y), F(u, v), kt) > M(x, u, t) * M(y, v,t)>l- k(e + 8(e)) 

i.e. M(F(x,y),F(u,v),kt) > 1 - e. □ 

The following lemma will be useful in the proof of the main result. 
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4 Coupled fixed point theorem for ... 

Lemma 2.3. Let (X,M,*) be a fuzzy metric space. Let F : X x X — > X be a given 
mapping. If F is a generalized fuzzy Meir-keeler type function, then 

M(F(x, y), F(u, v), kt) > M(x, u, t) * M(y, v, t) 
for all x, y, u, V € X whenever x ^ u or y ^ v. 

Proof. Let x, y, u, v G X such that x 7^ u or y 7^ v. then, 

M(x,u,t) * M(y,v,t) < 1. 

Since F is a generalized fuzzy Meir-keeler type function, for e = 1 — [M(x, u, t) * M(y, v, t)], 
there exists a 5(e) > such that 

1 - k(e + 8(e)) < M(x ,u ,t) * M(y ,v , t) < 1 - e =4> M(F(x , yo), F(u ,v ), kt) > 1 - e; 

for all £0, 2/o, wo, Vo £ X. Now putting ceo = £, J/o = 2/, «o = w,i>o = v; we have 

M(F(x,y),F(u,v),kt) > M(x,u,t) * M(y,v,t). 

D 

Now we prove our main result. 

Theorem 2.4. iei (X, M, *) fee a complete fuzzy metric space. Let M has n-property and 
let a * b > ah for all a, b G [0, 1]. Let F : X x X — > X be a generalized fuzzy Meir-keeler 
type function. Then, there exists a (x, y) G X x X such that x — F(x, y) and y = F(y, x). 

Proof. Let xq, yo be two arbitrary points of X. since F(X x X) C X, we can choose xi, 3/1 € X 
such that x\ = F(xo,yo) and j/i = F(j/o,£o)- Again from F(X x X) C X we can choose 
£2,2/2 £ X such that £2 = F(x 1 ,yi) and 7/2 = F(y 1 ,x 1 ). Continuing this process we can 
construct two sequences {x„} and {y„} in X such that 

x n+1 - F(x n ,y n ), y„ +1 = F(y n ,x n ) (3) 

for all n > 0. Now, we denote 

S n (t) = M(x„,X„+i,t)* M(y n ,y n+1 ,t). (4) 

So, S n (t) < 1. It follows from (3) that 

M(x n ,x n+1 ,t) = M(F(x„-uy n -i),F(x n ,y„),t). (5) 

Now if x n +i = x n , and y n +i = 2/n then from (3), we have 

F(x„,y„) — x n ,F(y n ,x n ) = y n . (6) 

Therefore (x n ,y n ) is a couple fixed point of F. If a:„_i 7^ £„, or j/ n _i 7^ j/ n then from (5) 
and Lemma 2.3 we have 

M(x„,x„ + i,t) = M(F(x„-i,y n -i),F(x„,y n ),t) > M(a;„_i,x„, -r)*M(y„- 1 ,y n , -) = 5„_i(-) 

(7) 
similarly, from (3), we have 

M{y„, y n +i,t) = M(F(y n - 1 ,x n - 1 ), F(y n , x n ), t). (8) 

If Xn-i 7^ x n , or y„-i 7^ y„ then from (8) and Lemma 2.3 we have 

M(y n ,y n+1 ,t) = M(F(y n _ 1 ,x„-i),F(y n ,x n ),t) > M(y n _ 1: y n , -)*M(x„-i,x n , -) = 5„_i(-). 

(9) 
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By (7) and (9) we obtain 



Thus, we have 



6„(t) > S n -l(-) * 6„-l(-) > [S n -l({ 



S n (t) > [S n -l{\)\ 2 > [8n-2(^)f >■■■ > Mj^)} 2 "- 



That is, 



. We have 



M(x n ,Xn+i,t)*M(y n ,y n+1 ,t)> [M(x ,xi, —) * M{y , yi , —)] 2n . (10) 

i(l - k m - n ) = t(l - fc)(l + k + • • • + fc m_7l_1 ) < t 



for every m > n and < k < 1. Then, by Lemma 2.3, the triangle inequality and (10), we 
have 

M{x n ,x m ,t)*M(y n ,y m ,t) > M(x n ,x m , t(l - fc)(l + k + ■ ■ ■ + fc m " n_1 )) 

* M(y n , y m , t(l - *)(1 + fc + • • • + fc™-"- 1 )) 

> M(x„,x„+i,t(l - fc)) * M(j/„,j/„+i,t(l - fc)) 

* M(a;„ + i,x„+2,t(l - fc)fc) * M(y n+ i,y n+ 2,t(l - k)k) 



* M(x m -i,x m ,t(l - k)k m ~ l x ) * M(y m _i,y m ,t(l - fc)fc m ~ " : ) 

r.,/ *(l-fc) N ,,, £(l-fc) Nl2 ™ 

> [M(xo,xi, y kn J )*M{yo, Vl , K kn > )] 2 

,„,. t(l-fc), ,,, i(l - fc) xl2 ™+ 1 

* [M(x ,xi, V fcn ; ) * Af (jto.yi, V fcn ; )] 2 



*[M(xo,a:i,^^)*Af(i w ,i, 1 ,*^*))] ara - 1 
>[M(xo,«i,^).^(»,, Wl ,^)r +a " +1+ "- +am - 1 ' 

= [M ( xo,, 1 , i ^).M( 2/0 ,y 1 , i ^)] (2n)(1+2+ -- +2m -' l - 1) 

rnjv *(! ~~ fe)\i(2 m -2 n ) r,,, *(1 - A;),,(2"'_2 n ) 

= [M(a; ,xi, fcn ' )] ; .[Mfa ,yi, fcn )} { 

> [M(x , Xl , t -^-)r ' \M{y (> ,y 1 , t{ ^)r 

> [M { Xo , Xu t ±^)T\[M{ yo ,y 1 , t ^^)f 
where p > such that 2 m < n p . Therefore, 

lim (M(x n ,x m ,t)*M(y n ,y m ,t)) > lim ([M(aso,Si, ^ . k) )] n " \M{y ,y u *^M )]"") = 1 
i.e., for each <£< 1 and i > 0, there exists no £ N such that, for n,m> no, 

M(x n ,x m ,t) * M(y n , y m , t) > 1 - e 



276 



6 Coupled fixed point theorem for ... 

Hence, 

M(x n ,x m ,t) > 1 - e 
and 

M(y n ,y m ,t) > 1-e. 

This shows that {x n } and {y n } are Cauchy sequences in X. Since X is complete, then there 
exist x, y £ X such that 

lim x n = x and lim y n — y. (11) 

n — >oc 71 — >oo 

We now show that x — F(x,y) and y — F(y,x). Since x n — ► x and y n — > y as n — > oo, 
then from (3) and Lemma 2.3, we get 

M(x n+ i,F(x, y), kt) = M(F(x„, y„), F(x, y), kt) > M(x„,x, t) * M(y n , y, t). 

It follows that 

lim M(x„+i,F(x,y),kt) > lim n ^ oc (M(x n ,x,t) * M(y n ,y,t)). 

n — >oo 

From Lemma 1.9, we have 

M(x,F(x,y),kt) > 1. 
Hence x = F(x,y). Similarly we can show that y = F(y,x). □ 

Theorem 2.5. In addition to the hypotheses of theorem 2.4, suppose that for every n G N, 
x n -i t^ x n or j/n-i 7^ y-n- Then there exists a unique x £ X such that x = F(x, x). 

Proof. From theorem 2.4, there exists a (x, y) G XxX such that x = F(x, y) and y = F(y, x). 
Now, we prove that x = y. Suppose, to the contrary, x 7^ y. By (3) and Lemma 2.3, we 
get 

M(x n +i,y n +i,kt) = M(F(x n ,y„),F(y n ,x„),kt) > M(x„,y„,t) * M(y n ,x n ,t) 

so letting n — > 00 yields 



Thus 



M{x, y, kt) > Mix, y, t) * Mix, y, t) > [Mix, y, t)] 2 . 



Mix,y,t) > [Mix,y,t)f > [Mix, y, ^)f > •••> [M(x,y, ±] 



as n — > 00. Thus we proved that x — Fix, x). Now, we prove the uniqueness property of x. 
Suppose, there exist x, z £ X such that x — Fix, x) and z — -F(z, z). If x ^ z, from Lemma 
2.3, we have 

M(x, z, kt) = M(F(x, x), F(z, z), kt) > Mix, z, t) * M(x, z, t) > Mix, z, t) 2 
= M(F(x, x), F(z, z), l -) 2 > [Mix, z, A) * Mix, z, ^)] 2 
>[Mix,z,±)] 4 >--- 

i.e., 

Mix, z, t) > [Mix, z, f -)] 2 > [Mix, z ,^)} 4 >---> [Mix, z, ^)] 2 " — ► 1 
as n — > 00. Thus we have Mix, z, t) — 1 i.e. x — z. This makes end to the proof. □ 
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Example 2.6. Let X = [-1, l],o * b = ab for all a,b G [0,1]. If M(x,y,t) = e ~t ~ for 
every x, y G X and t > 0, then (X, M, *) is a complete fuzzy metric space and from example 
1.7 M is satisfies the n — property on X 2 x (0, oo). Define a map F on X x X as follows: 

It is easy to see that 

F(X x X) = [-1, ^] C X. 
Let x,y,u,v G X. Since |§ + §| < 1 and j f + f 1—1 an d ^V the triangle inequality, we have 

2222 22 22 

„.i y u v , „„,,£ u , ,y v ,. , . . . . 

2 h^ <2( + \) <\x-u\ + \y-v\ 

44 4 44 44 4 



M(F(a;, »), F(«, v), -) = e « 

> e * 



= e < .e * 

= M(x,u,t).M(y,v,t). 

So, from proposition 2.2, F is a generalized fuzzy Meir-keeler type function. Therefore all 
conditions of Theorem 2.5 hold. Thus F has a unique fixed point in X indeed, x — 1 — v3 
is a unique fixed point of F. 



[9 
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ESTIMATING THE APERY'S CONSTANT 



CRISTINEL MORTICI 



Abstract. In this paper we propose new simple sequences approximating the 
Apery's constant, by defining the new series 1 + 5Z 3 7 which converges to 
C(3) as n" 6 . 



1. Introduction 

In 1979 the French mathematician Roger Apery first proved that the number 
C, (3) = 1.202056903... (now known as the Apery's constant) is irrational, where 

(1.1) C(*)= lim (l + ^ + ... + ^V *>1, 

denotes the Ricmann-zcta function. Other proofs were given later by Beukers [4], 
Zudilin [13], Sorokin [11], or Nesterenko [10]. Whether £ (3) is a transcendental 
number still remains an open question. 

Apery's proof [3] was based on the fact that a number uj is irrational if there are 
infinitely many coprime integers p and q such that \u> — p/q\ < cq~ , for some fixed 
c > and S > 1. The sequence (1.1) converges very slowly to its limit, but faster 
convergences were defined. See, e.g., [1], [2], or [6]. 

We show in this paper how can be added a convenient term to substantially 
improve the rate of convergence. More precisely, we introduce the new faster series 



fc 3 + 4fc 7 ' 



c(3) = i + £i^ 

k=l 

Moreover, we can state the following lower and upper bounds for £ (3) 
Theorem 1. For every positive integer n, we have: 

1 



1 



fe=i fc3 ' 2n 2 + 2n+l-^ + ^-r T ^ 



— <C(3) 



1 



k—1 6n 2 6n d 12n 4 3n 5 

Other direction to improve the convergence is to use the continued fractions 
approximations, as we can see from the following: 



Date: November 20, 2009. 
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Theorem 2. For every integer n > 7, we have 
A 1 1 



k 3 2n 2 + 2n + 1 



fe=i "'" z, ' t "i-^'"'-r ' 6 „2 +6rl+9 ^ M 



<C(3) 



v^ 1 1 

< 



f^k 3 2n 2 + 2n + l- . 2 ^ K ^„ 1 g, ' 

ft/ie fe/i /land side inequality holds for every n > 1). 

2. The Results 

In the first part of this section we define the sequence w n — w n (a, b, c) by 

^ 1 1 l 

w n = 1 



2 3 n 3 an 2 + bn + c 

and we search the real parameters a, b, c which provide the best approximation 
of the form £ (3) « w n . In this sense, we use the elementary idea that such an 
approximation is better as (w n ) n>1 faster converges to ( (3) . 

An important tool for measuring the rate of convergence is the following: 

Lemma 1. // (x n ) n>1 is convergent to x and there exists the limit 

lim n '(x n — x n+ i) = I £ R, 

n — >oo 

with k > 1, then there exists the limit: 



lim n k 1 (x n - x) = -. 

n^oo K — 1 

This Lemma was used in [7]- [9] to improve some convergences, or to construct 
some asymptotic expansions. 

Using Lemma 1 for the sequence 

_ 1_ 1_ l^ 

we have linin^oo n 3 (x n — X n +i) = —1 and linin^oo n 2 (x n — £ (3)) = —1/2, that 
means (x n ) n>1 converges to £ (3) as n~ 2 . 

Evidently, the sequences w n = w n (a, b, c) with general term 

11 1 1 

Wn = 1 



2 3 3 3 n 3 an 2 + bn + c 

converge to £ (3) , indifferently of the real values a, b, c, with a ^ 0. By introducing 
the last fraction, we expect to obtain faster convergences, for some convenient reals 
a, b, c. The result is given by the following 

Theorem 3. For the sequence w„ — w n (a, b, c) , the following assertions hold true: 
(i) If a ^ 2, then the rate of convergence of the sequence (w n ) >1 is n~ 2 , since 

lim n 2 K-C(3)) = ^-^0. 
(ii) If a — 2 and b ^ 2, then the rate of convergence of the sequence (w n ) n>1 is 

hmn>„-C(3)) = ^-^0. 
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(Hi) If a — 2, b — 2 and c^ 1, then the rate of convergence of the sequence (w„) n>1 
is n~ 4 , since 

lim n 4 ( Wn - ( (3)) = ^ jt 0. 

n — ►oo 4 

(wj //a = 2, b — 2 and c = 1, then the rate of convergence of the sequence (w n ) >1 

lim n 6 K-C(3)) = -^. 



is 
Pi 


n~ 

"00 


-6 


, since 

We have 

uj„ - w n+1 = 

2-o 




3 

an 3 



(n + 1) 3 an 2 + bn + c a(n + I) 2 + b(n + 1) + c 
2 - a 3 (a 2 - a - b) 2 (2ac - 3afe - 2a 2 + 3a 3 - 26 2 ) 

in 3 a 2 n 4 a 3 n 5 

5 (2abc - a 3 + 2a 4 - b 3 - 2ab 2 - 2a 2 b + 2a 2 c) ( 1 

1 O ' 



a 4 n 6 \ n 7 



Now we can easily see that 



i- 3 i .2 — 

lim n {w n - w n+1 ) = 

n^oo a 

3 (a 2 - a - , 



lim n 4 (w„ - W n+ i) 

n — >oo 

lim n 5 (w„ - w n+ i) 



2 

2 (2ac - 3ab - 2a 2 + 3a 3 - 2b 2 



n^oo a 

,2\ 



n^oo a, 

5 (2abc - a 3 + 2a 4 - b 3 - 2ab 2 - 2a 2 b + 2a 2 c) 



lim n (w n - w n+ i) 
and so on and the conclusion follows by Lemma 1. In case a — 2, b — 2, c = 1, 

«;„ (2, 2, 1) - u; n+1 (2, 2, 1) = - JL + O (^) n 



D 



Faster convergences can be further constructed. After some tryings, we discov- 
ered the sequence 



n 1 

Z^ fc3 



1 



, k 3 ' 2n 2 + 2n + 1 - A + A; + ^ - A 

fc— 1 6n 2 6n d 12n 4 3n 5 



that converges to ( (3) as n 10 , since 

144n 



11 ^( l 

a n - o„+i - — - -^ + ^ "T2 



and by Lemma 1, lim„^oo n w a n = y^. 
Proof of Theorem 1. As the sequences 



an ~ ^ ¥ + 2n 2 + 2n + l-^ + ^ + ^h 

k—1 on on 12n 4 



and 



k 3 2n 2 + 2n + 1 - A- + A + A - A 

fc = l 6rs 2 &n J 12n 4 3n s 
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converges to £ (3) , it suffices to show that (a n ) n>1 is strictly increasing and (b n ) n>1 
is strictly decreasing. But 

P(n) 

(n + l) 3 Q (n) R (n) 

where P (n) = 73 + 540n + 1564n 2 + 2244n 3 + 1588n 4 + 432n 5 , 

Q (n) = 1 + 2n - 2n 2 + 12n 4 + 24n 5 + 24n 6 , 

R (n) = 61 + 310n + 670n 2 + 76Sn 3 + 492n 4 + 168n 5 + 24n 6 
and 

On+l — O n — — -5 — ; — — < U, 

(n + l) 3 T (n) W (n) 
where S (n) = 276 + 1799n + 4659n 2 + 6328n 3 + 4592n 4 + 1496n 5 + 44n 6 , 

T (n) = 24n 7 + 24n 6 + 12n 5 - 2n 3 + 2n 2 + n - 4, 

W (n) = 57 + 371n + 980n 2 + 1438n 3 + 1260n 4 + 660n 5 + 192n 6 + 24n 7 
and the conclusion follows. □ 

Proof of Theorem 2. We prove that 
n 1 



k 3 2n 2 + 2n + 1 - e , , c , , 1 

fe=1 6 " + 6 " + 9 - 10„^ + 10„+35 



is strictly increasing and 
n ] 



fc 3 2n 2 + 2n + 1 



fc=l 6n 2 +6n+9- 



lOn^ + lOTi + 34 

is strictly decreasing. In this sense, we have 

324 

(2.1) Cn+l - Cn = ~ -5 — ; 7— > 

(n + l) 3 U(n)V(n) 

and for every n > 7, 

4 (3n 2 + 6n - 166) 
2.2 d„+i -d n = -— ^ — -3 — — — -^ < 0, 

(n+l) 3 X(n)F(n) 

where f7 (n) = 18 + 66n + 121n 2 + 120n 3 + 85n 4 + 30n 5 + I0n 6 , 

V (n) = 450 + 1218n + 1441n 2 + 960n 3 + 385n 4 + 90n 5 + 10n 6 , 

X (n) = 662 + 1800n + 2139n 2 + 1431n 3 + 576n 4 + 135n 5 + 15n 6 , 

Y (n) = 26 + 96n + 177n 2 + 177n 3 + 126n 4 + 45n 5 + 15n 6 . 



D 

15 



By (2.1)-(2.2), the sequences c n +i — c n and d n +i — d n converge to zero as n 
respective n~ 13 , thus (c„) n>1 and (d n ) n>1 converge to £ (3) as n~ 14 , respective 
itT 12 . It is to be noticed that already the 20th term of (c„) >1 provides ( (3) with 
accuracy up to the 19th decimal, 

826 632 678 291432 071382 647 022 679 , „„„„ r ^„„„ ™™,™,-o 

c 20 = = 1.202 056 903159 594 285 3... . 

687 681 819 486 778 474 816 928 870 400 
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Finally, we introduce a new sequence convergent to £ (3) , having a simple form. 
The idea is to rewrite the sequence (w n ) >1 in an equivalent form. Precisely, we 
have w n (2, 2, 1) = 



1+ S fc3+ £v 2fc2+2fc+i 2(fc-i) 2 +2(fc-i)+iJ 1+ £U 



4fc 



k 3 4fc 4 + 1 

~i ■ ~ / fc=i • 

We get the following interesting representation 

oo _. OO .. 

C (3) = i + 2^ ( 4fc 4 + n fc3 = ! + 2^ fc 3 + 4fc 7 ' 

fc=l v ; fc=l 

with the rate of convergence n~ 6 . 

We are convinced that our results can be improved and our original approach 
can be used in other problems for accelerating some convergences. 
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Mixed type second-order symmetric duality for nonlinear 
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Abstract 

In this paper, a pair of mixed type second-order symmetric duality in nonlin- 
ear programming over arbitrary cones is fomulated. The weak, strong and converse 
duality theorems are also established for these programs by using rz-bonvexity/ry- 
pseudobonvexity assumptions. Our results generalize these existing dual formulations 
which were discussed by Gulati et al [Second-order symmetric duality with cone con- 
straints, Journal of Computational and Applied Mathematics, 220(2008)347-357]. 

Key words, nonlinear programming, second-order symmetric duality, cones, n- 
b onvexity /??-pseudob onvexity. 
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1. Introduction 

A pair of primal and dual problems in mathematical programming is called symmetric if 
the dual of the dual is primal problem. The duality in linear programming is symmetric. 
However, it is not so in nonlinear programming in general. The notation of symmetric dual 
were first introduced by Dorn [3] for quadratic programming. It is extended to general 
nonlinear programs for convex\concavity functions by Dantzig [4] and Mond [5]. Later on, 
another pair of symmetric dual nonlinear programs under weaker convexity assumptions 
were presented by Mond et al. [8]. Weir et al. [9] as well as Gulati et al.[ll] proved 
multiobjective symmetric duality results. Chandra and Kumar [12] studied Mond- Weir type 
symmetric duality with cone constraints. His results were extended by Khurana [20] to the 
case which the objective function has been optimized with respect to a closed convex cone. 



*This work was supported by Soft Science Research Program of Hunan Province, China (NO.2009ZK4021) 
and Scientific Research Fund of Hunan Provincial Education Department, China (NO.09C565) 
'Corresponding author. E-mail address: hqj0715@126.com.cn 
■^Corresponding address. 
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Mangasarian [6] introduced the notation of second-order duality for nonlinear programs. 
He has indicated a possible computational advantage of the second-order dual over the first 
order dual. This motivated several authors [2, 7, 10, 13, 14, 15, 16, 17, 18, 19, 21, 22] 
in this field. Recently, Yang et al.[19, 21] studied second-order multiobjective symmetric 
dual programs and established the duality results under F-convexity assumptions. Gulati 
et al. [22] studied Wolfe and Mond-Weir type second-order symmetric duality over arbitrary 
cones under ?7-bonvexity\r/-pseudobonvexity assumptions. This formulation removes several 
omissions in an earlier second-order primal dual pair introduced by Devi [13] . Gulati et al. [23] 
consider a pair of Mond-Weir type second-order symmetric dual programs over arbitrary 
cones and prove duality results under invexity assumptions. Ahmad et al.[24] formulate a 
pair of mixed symmetric dual programs over arbitrary cones and establish duality results by 
using cone-invexity assumptions. 

In this paper, motivated by [24], we consider a pair of mixed type second-order nonlinear 
symmetric dual programs over arbitrary cones and prove weak, strong, converse duality 
results under r^-bonvexity/^-pseudobonvexity assumptions. Our results generalize the work 
in [22]. 

2. Preliminaries 

Let R n denote the n-dimensional Euclidean space. For TV = {1, 2, • • • , n}, let J\ CiV, I I CJV 
and J 2 = N\Ji, I 2 = N\Ii. Let | J\ | denote the number of elements in J\. The other 
symbols \ J2 \, \ h \ and | I 2 | are defined similarly. 

Let C*i, C 2 , C3 and C4 be closed convex cone with nonempty interior in R n , repectively. For 
% — 1, 2, 3, 4, C* called the polar of Ci, is defined as follows: 

C* = {z : x T z < for all x E Q}. 

Suppose that Si,S 2 C R n are open sets such that C\ x C 2 C S\ x S 2 . 

Definition 2.1 [11] A twice differentiable function K : S\ x S 2 — >■ R is said to be rjx-bonvex 
in the first variable at u E Si, if there exists a function rji : Si x S± — > R n such that for 

veS 2 , reR n , xe S 1} 

k(x, v) - k(u, v) > rji(x, u)[V x k(u, v) + V xx k(u, v)r] - -r T V xx k(u, v)r 

and k(x, y) is said to be r/2-bonvex in the second variable at v E £2, if there exists a function 
772 : S 2 x S 2 ->■ R n such that for u E Si, p E R n , y E S 2 , 

k(u, y) - k(u, v) > r] 2 (y, v) [V y k(u, v) + V yy k{u, v)p] - -p T V yy k(u, v)p. 

Definition 2.2 /17/^4 twice differentiate function K : Si x S 2 — >■ R is said to be r/i- 
pseudobonvex in the first variable at u E Si, if there exists a function 771 : Si x S\ — > R n 
such that for v E S 2 , r E R n , x E Si, 

rfi(x, u)[V x k(u, v) + V xx k(u, v)r] > =>• k(x, v) > k(u, v) - -r T V xx k(u, v)r 
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and k(x, y) is said to be rj 2 -bonvex in the second variable at v G S 2 , if there exists a function 
i] 2 : 5*2 x S 2 ->■ R n such that for u G Si, p G R n , y G S 2 , 

r l2{y^ v )\SyK u ^ v ) + V yy k(u,v)p] > =$■ k(u,y) > k(u,v) - -p T V yy k(u,v)p. 

3. Mixed type second-order symmetric duality 

We now consider the following pair of mixed type second-order symmetric dual nonlinear 

programming problems over arbitrary cones. 

Primal(MP): 

Minimize F(x 1 ,x 2 ,y 1 ,y 2 ,p 1 ,p 2 ) = k 1 (x 1 ,y 1 ) - yi T [V yi fci(a;i,yi) +V yiyi k 1 (x 1 ,y 1 )p 1 ] 

-lpi T V yiyi k 1 (x 1 ,y 1 )pi + k 2 (x 2 ,y 2 ) - \p 2 T V V2y2 k 2 (x 2 , y 2 )p 2 
s.t. V yi ki(xi,yi) + ^ywiki(xi,yi)pi G Cg, 

V V2 k 2 (x 2 ,y 2 ) +V y2 y 2 k 2 (x 2 ,y 2 )p 2 ) G Q, 

y2 T (V y2 k 2 (x 2 ,y 2 ) + V y2 y 2 k 2 (x 2 ,y 2 )p 2 ) > 0, 

xi G Ci, x 2 G C 2 - 

Dual(MD): 

Maximize G(ui,u 2 ,v 1 ,v 2 ,ri,r 2 ) = fci(ui,t>i) - Wi T [V Xl fci(ui, ^i) + V XlXl fci(wi, Vi)ri] 

-\ri T V XlXl ki(ui,vi)ri + h(u 2 ,v 2 ) - \r 2 T V X2X2 k 2 (u 2 ,v 2 )r 2 
s.t. -V xi fci(wi,i>i) - V XlXl fci(wi,Vi)ri G C*, 

-V X2 k 2 (u 2 ,v 2 ) - V X2X2 k 2 (u 2 ,v 2 )r 2 G C 2 *, 

«2 T (V xa fc2(it2,u 2 ) + V X2X2 k 2 (u 2 ,v 2 )r 2 ) < 0, 

fi G C 3 , l> 2 G C 4 . 

where 

fci : i?' Jl ' x R} 11 ' — )■ i? is a twice differentiable function, 
^2 : -R' J2 ' x i?' /2 ' — )■ i? is a twice differentiable function. 

Remark 3..1 If we set J 2 — <f),I 2 — <f>,then (MP)and (MD)reduce to wolfe type second-order 
symmetric dual programs in [22] Similarly, for J\ = (ft, and I\ = (ft, we get the mond-weir type 
second-order symmetric dual programs discussed in 



Theorem 3.1 (weak duality) 

Let (xi, x 2 , yi, y 2 ,Pi,p 2 ) be feasible for the primal problem (MP) and (u±, u 2 , v±, v 2 , r±, r 2 ) be 

feasible for the dual problem (MD). Let 

(i) k\(-, v\) be rji-bonvex in the first variable at u\, r]i(xi, u\) + u\ G C\ for all x\ G C\; 

(ii)-ki(xi,-) be n 2 -bonvex in the second variable at yi,n 2 (vi,yi) + yi G C^for allv\ G C^; 

(iii)k 2 (-,v 2 ) be rj 3 -pseudobonvex in the first variable at u 2 , r] 3 (x 2 ,u 2 ) + u 2 G C 2 for all 
x 2 G C 2 ; 

(iv) —k 2 (x 2 , •) be n^-pseudobonvex in the second variable at y 2 , 774(^2, y 2 ) + y 2 G C 3 for all 
v 2 G C 4 ; 

Then 

F(x 1 ,x 2 ,y 1 ,y 2 ,p 1 ,p 2 ) > G(u 1 ,u 2 ,v 1 ,v 2 ,r 1 ,r 2 ). (3.1) 
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Proof. By imitating the proof of Theorem 3.1 in [22], we get 

h(xi, yi) - yiftyiMxi, Vi) + ^yiyiki(xi,yi)pi] - ^Pi^ yiyi ki(xi, yi)pi 

> ki(u!, vi) - u[(V Xl ki(ui, vi) + V XlXl ki(ui, v^n) - frf V XlXl ki(ui, vi)ri. 

(3-2) 
Similarly, by imitating the proof of Theorem 4.1 in [22], one gets 

k 2 (x 2 , 2/2) - \p2^ yiyik'Axii y-i)Pi > k 2 (u 2 , v 2 ) - |rJV ' X2X2 k 2 (u 2 , v 2 )r 2 (3.3) 

The sum of (3.2) and (3.3) contradicts (3.1). 

Theorem 3.2 (Strong Duality) 

Suppose that k\ and k 2 be thrice differentiable and (xl, £2 , yi , yi , Pi , pi) be a local optimal 

solution for (MP). Let 

(i) V yiyi ki(xi,yi) is nonsingular, 

(ii) the vector pi T V yi (V ym k\ (xi, yi)pi) — implies pi — 0, 

(iii)either V y2 y 2 k 2 (x 2 ,y 2 ) is positive definite andpi T V y2 k 2 {xi,yi) > orV y2 y 2 k 2 (x 2 ,y 2 ) 
is negative definite andp 2 T 'Vy 2 k 2 (x 2 ,y 2 ) < 0, 

(iv) V y2 k 2 (xi,yi) + V y2y2 k 2 (xi,yi)pi 7^ 0. 

Then, (xi, xi, yi, yi, r\ — 0, Yi — 0) is feasible for (MD), and the objective function values 
of (MP) and (MD) are equal. Also, if the hypotheses of a weak duality theorem are satisfied 
for all feasible solutions of (MP) and (MD), then (xi , xi , yi , yi, ri = 0,ri = 0) is global 
optimal solution for (MP) and (MD), respectively. 

Proof. Since (xi, xi , yi, yi , pi, pi) be a local optimal solution for (MP), by using the Fritz 
John type necessary optimality conditions given in [1], there exist Ai G R + , X 2 G C 3 , A 3 G 
C 4 , A 4 G R + such that the following conditions are satisfied at (xi, x~i , yi, yi , pi, pi) : 

(xi -xi) T {XiV xl ki(xi,yi) - Vy ixi k 1 (xi,yi)(-X 1 y 1 + X 2 ) ^ ^ 

+ ^ Xl (V yiyi k 1 (xi,yi)pi)(-X 1 y 1 + \ 2 -lX 1 pi)}>0, 

for all xi 6 Ci, 

(x 2 - xi) 1 '{AiV ' X2 k 2 (x~i,yi) + V ' y2X2 k 2 (xi,yi)(X 3 - X 4 yi) . . 

+ V X2 (Vy 2y2 k 2 pi)(X 3 - IA1P2" - X 4 yi)} > 0, 

for all x 2 G C 2 , 

V yiyi k 1 (xi,yi)(-X 1 y 1 + X 2 - Xipi) + V yi (V yiyi ki(xi,yi)Pi)(-^iyi^ - \\ipi) = 0, 



(Ai - X 4 )V y2 k 2 (x 2 , y 2 ) + Vy 2V2 k 2 (x 2 , y 2 )(X 3 - X 4 y 2 - X 4 p 2 ) 

+ Vy 2 (V y2 j /2 A:2(x2",y2")p2")(A3 - |Aip2~ - A 4 yi) = 0, 



(3.6) 

(3.7) 



V yiyi k 1 (xi,yi)(-X 1 yi+ X 2 - Xipi) = 0, (3.8) 

V y2V2 k 2 (xi,yi)(X 3 - A1P2"- X 4 yi) = 0, (3.9) 

>^(^yiki(xi,yi) + ^ myi ki(xi,yi)pi) = 0, (3.10) 
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A^V^fe. (^2,2/2) + V y2 y 2 k 2 (x^,m)P2) = 0, (3.11) 

X4y 2 (V y2 k 2 (x^,y^) + V y2 y 2 k 2 (xl,yl)pl) = 0, (3.12) 

(Ai, A 2 , A 3 , A 4 ) ^ 0. (3.13) 
In view of hypothesis (i), (3.8) and (3.9) give 

A 2 = Ai(yT + pT), A 3 = AiP2"+ A 4 yi. (3.14) 

We claim that Ai ^ 0. indeed, if Ai ^ 0, then (3.14) implies A 2 = 0, A 3 = A 4 y 2 , which 
together with (3.7) yields A 4 (Vj /2 A; 2 (x 2 ",y 2 ") + V y2y2 k 2 (x^,y^)p^) = 0. 

By hypothesis (iv), we get A 4 = 0. Hence A 3 = 0, which contradicts (3.13). Thus, we 
obtain 

Ai>0. (3.15) 

Using (3.14) in (3.6), we get V yi (V yiyi ki(xi, yi)pi)(\XiPi) = 0, which by hypothesis (ii) and 
(3.15) yield pi = 0. 

Subtracting (3.12) from (3.11) and using (3.14) and (3.15), we get 

pf(V y2 k 2 (x2~,m) + V V2 y 2 k 2 (x^,y^)p^) = 0, 

which implies that pi = by hypothesis (iii). 
From (3.14) and pi = 0, we obtain 

A 2 = Xm- (3.16) 

Using (3.15), (3.16) and pf = in (3.4), we get 

(xi -xi) T V Xl ki(^,yi)(xi,yi) > 0, (3.17) 

for all x\ G C\. 

Let X\ G Ci, then T\ + Xi G Ci, and so (3.17) implies xfV xl fci(xT,yT) > 0) f° r a U x i £ Ci- 
Therefore — V xl fci(xT,yT) G C*. 

Also, from (3.14), (3.15), p! = and A 2 G C 3 , we obtain 1/i" G C 3 . (3.14) and pi = 
implies 

A 3 = A 4 yi. (3.18) 

This together with (3.7), (3.8), pi = and hypothesis (iv) yields A 4 = Ai > 0. Therefore, 
from (3.18), we get yi = ^-A 3 G C 4 . 

Further, using pi = and (3.18) in (3.5), we get 

{x 2 -x^) T V X2 k 2 {x 2 -,y^) > 0, (3.19) 

for all x 2 G C 2 . 

Let x 2 G C 2 , then x 2 + xi G C 2 and (3.19) implies x^V^ &2 (#2,2/2) > 0, for all x 2 G 
Ci. Therefore -V X2 k 2 {x^,y^) G C 2 *. pT = 0, (3.10), (3.16), (3.17) and (3.19) implies 
^T T V Xl A;i(xI,yr) = 0, m T Vyih(xi,yi) = 0. 

Hence (x7, xi, yT, yi, rf = 0,ri = 0) is feasible solution for the dual (MD). Moreover, 

F(x7,x^,?7i",I/2,pT = 0,pi = 0) = G(wl, U^, W, V2, n = 0,ri = 0). 

Now, by Theorem 3.1, (xi, xi, T/T, yi, pi = 0,pi = 0) and (xT,x 2 ~,lf[,y 2 ~,r[ = 0,ri = 0) is 
global optimal solution for (MP) and (MD), repectively. 

5 
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Theorem 3.3 (Converse Duality) 

Suppose that ki and k 2 be thrice differentiate and {u{ , «2, v{ , V2, rT , ^2) be a local optimal 

solution for (MD). Let 

(i) V XlXl /t;i(tZij v\) is nonsingular, 

(ii) the vector ¥i T V Xl (V XlXl ki(lIi,vi)ri) = implies fi — 0, 

(iii)either V X2X2 k2(u2,V2) is positive definite andr^Vx^iv^, 7 ^) > or V X2 x 2 k2(u2, V2) 
is negative definite andr^ T \/ ' X2 ^2 («2 5 ^) < 0, 

(iv) V X2 k 2 {u^,v^) + V X2X2 k 2 {u^,V2)r2~ ^ 0. 

Then, (ui,Tt2,Vi,V2,Pi = 0,p2 = 0) is feasible for (MD), and the objective function values 
of (MP) and (MD) are equal. Also, if the hypotheses of a weak duality theorem are satisfied 
for all feasible solutions of (MP) and (MD), then (ui,U2,vi,V2,ri = 0,f2 = 0) is global 
optimal solution for (MP) and (MD), respectively. 

Proof. Follows on the lines of Theorem 3.2. 
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Abstract. We prove some common fixed point theorems of mappings on cone metric- type spaces 
in which the cone does not need to be normal. These theorems generalize the recent results of Jungck 
et al. [10] and references therein. The examples are given to illustrate the usability of our results. 

Keywords: Cone metric type space; Common fixed point; Concidence point; Weakly compatible; Occa- 
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1 Introduction 

In this paper, using the notion of occasionally weakly compatible mappings (see Definition 
1.7.), we generalize some results of [10] to the setting of a cone metric type space. Our results also 
generalize the results of [1],[5] and [15] without the assumption of normality on the cone. We must 
mention here that non-convex analysis, especially ordered normed spaces, normal cones and topical 
functions ([4], [5], [6] [14], [15]) have some applications in optimization theory. In these cases an 
order is introduced by using vector space cones. Huang and Zang [5] used this approach and they 
have replaced the real numbers M. by an ordered Banach space E and defined a cone metric space. 
The following definitions and results will be needed in the sequel. Let E be a real Banach space. A 
subset P of E is called a cone if and only if: 

(i) P is closed, nonempty and P ^ {0} ; 

(ii) a, b G R, a, b > and x,y G P imply ax + by £ P: 

(iii)p n(-P) = {6}. 

Given a cone P C E, we define a partial ordering < on E with respect to P by x •< y if and only 
if y — x G P. We shall write x -< y to indicate that x •< y but x ^ y, while x <C y will stand for 
y — x G intP (interior of P). A cone P C E is called normal if there is a number K > such that 
for all x,y G E, 6 ■< x ■< y implies ||x|| < if||y||. The least positive number satisfying the above 
inequality is called the normal constant of P. It is clear that K > 1. From [15] we know that there 
exists ordered Banach space E with cone P which is not normal but with intP ^ 0. 

Definition 1.1. Let X be a non-empty set and E a real Banach space with cone P. A vector- 
valued function d : X x X — ► P is said to be a cone metric type function on X with the constant 
K > 1 if the following conditions are satisfied: 
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(di) 9 < d(x,y) , for all x, y G X, and d (x, y) = 6 if and only if x = y; 

((I2) d (x, y) = d (y, x) for all x, y G X; 

(d 3 ) d (a;, z) < K (d (x, y) + d (y, z)) for all x,y,z G X. 

The pair (X, rf) is called the cone metric type space. Observe that if K = 1 then the ordinary 
triangle inequality in a cone metric space is satisfied, however it does not hold true when K > 1. 
Thus the class of cone metric type spaces is effectively larger than that of the ordinary cone metric 
spaces. That is, every cone metric space is a cone metric type space, but the converse need not be 
true. The following examples illustrates the above remarks. 

Example 1.2 Let X = {-1,0,1}, E = M 2 ,P = {(x,y) :x>0,y>0}. Define d : X x X ^ P 
hy d{x,y) = d(y,x) for allx,y e X, d(x,x) = 9, x € X and d(-l,0) = (3,3), d(-l,l) =d(0,l) = 
(1, 1) . Then (X,d) is a complete cone metric-type space but the triangle inequality is not satisfied. 
Indeed, we have that d(-l, 1) + d(l,0) = (1,1) +(1,1) = (2,2) ^ (3,3) = d(-l,0). It is not hard 
to verify that K = |. 

For the given cone metric type space (X, d) one can construct a metric type space (X, D, K 2 ) in 
sense of [12], [13] and [16] where "symmetric" D : X x X — ► M. is given by D(x,y) = \\d(x,y)\\ . 

Example 1.3 Let X be as in example 1 from [12], E = Cg [0, 1] , P = {f G E : f > 0}. Define 
d : X x X — ► P by d(f, g) (t) := D (/, g) ■ fit) , for each f,g € X, where f is a fixed function from P, 
for instance y> (£) = e*. Since iX,D,K) is a metric type space (see [12], page 6) so iX,d) is a cone 
metric type space with K = 2. 

Definition 1.4. Let (X, d) be a cone metric type space. We say that {x n } is: 

(i) a Cauchy sequence if for every c £ E with 8 ^C c, there is an JV such that for all n,m > N, 

(l\X n j X m ) <S^ C, 

(m) convergent sequence if for every c in E with 6 ^C c, there is an TV such that for all n > N, 
dix n ,x) ^C c for some fixed x € X. A cone metric- type space X is said to be complete if every 
Cauchy sequence in X is convergent in X. 

If the cone P is normal we have the following: 

Proposition 1.5. The sequence {x n } converges to x G X if and only if dix n , x) — » 9 as n —* 00. 
It is a Cauchy sequence if and only if d(x n , x m ) — > 9 as n, m — > 00. 

Remark 1.6. Let (X, d) be a cone metric type space over ordered real Banach space E with a 
cone P. Then the following properties are often used: 

(1) If a ■< b and k< c, then a<^ c. 

(2) If 6 ■< u < c for each c € miP, then u = 9. 

(3) If c € intP, a n £ E and o„ — * 0, then there exists no such that for all n > no we have 
a n < c. 

(4) If E is a real Banach space with cone P and if a ^ Aa where a <E P and < A < 1, then 
a = 0. 

For the sake of convenience we mention the following definition. 

Definition 1.7. [1], [9] Let / and g be self mappings of a set X and C (/, g) = {x <E X : fx = gx} . 
The pair (/, g) is called: 

(i) weakly compatible [1] if fgx = gfx for all x G C (/, 5) , and 

(ii) occasionally weakly compatible (in brief OWC) [9] if fgx = gfx for some x G C (/, g) . 

The following example shows that the weakly compatible maps form a proper subclass of the 
occasionally weakly compatible maps. 

Example 1.8. [18] Let X = [0, 00) with usual metric. Define f,g:X^>Xhyfx = 2x and 
gx = x 2 for all x G X. Then C if, g) = {0, 2} , fgO = gfO, and /#2 ^ 5/2. Thus (/, 5) is occasionally 
weakly compatible (in brief OWC) pair but not weakly compatible. 

Definition 1.9. [1] Let / and g be self mappings of a set X. If w = fx = gx for some x in X, 
then x is called a coincidence point of / and g, and w is called a point of coincidence of / and g. 
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Lemma 1.10. [9] Let / and g be occasionally weakly compatible self maps of a set X. If / and 
g have a unique point of coincidence w = fx = gx, then wis a the unique common fixed point of / 
and g. 

2 Main results 

In this section we shall prove some fixed point theorems of contractive mappings in the setting of 
a cone metric type space (in brief KMTS). We generalize some results of [10] and the references 
therein. 

Theorem 2.1. Let (X,d) be a KMTS with constant K > 1 and P a cone with a nonempty 
interior. Suppose that the mappings f,g : X — > X are such that fX C gX and fX or gX is a 
complete subspace of X, and that for some constant X G (0, j^) and for every x,y G X, there exists 

u = u XiV e I Kd(gx, gy), Kd(gx, fx),Kd(gy, fy), d ^V'f x )+ d{gxJy) j , such that 

d(fxjy)<±u. (2.1) 

Then f and g have a unique point of coincidence in X. Moreover if f, g are OWC, then f , g have 
a unique common fixed point. 

Proof. Choose Xo, Xi € X such that gx\ = fx = y . Having defined x n € X, let x n+ \ € X be 
such that gx n+ i = fx n = y n . We first show that 

d{y n ,y n+ i) ■< \d(y n -i,y n ) for n > 1. (2.2) 

Putting x = x n and y = x n+ \ in (2.1) we get 

d{y n , Vn+i) = d(fx„, fx n +i) < —u (2.3) 

where u € | Kd(gx n , gx n +i), Kd(gx n , fx n ), Kd(gx n+1 , fx n+1 ), d (9Xr,+i,fx n )+d(gx n ,fx n+1 ) j .^ 

«6{%. 1 ,fc) ) %, ! ,„ +1 ) 1 *f^j, 

Now we have to consider the following three cases. If u = Kd(y n -i,y n ) in (2.3) then it, clearly, 
yields (2.2). If u = Kd(y n ,y n +i) then by Remark 1.6 (4) with a = u we get d(y n ,y n +i) = 0, 
and (2.2) is immediate. Finally, if u = { - Vn ~]^ Vn + 1 > then we have d{y n ,y n+ \) •< A (Vn-uVn+i) _, 

Hence d(y n ,y n+ i) ^ Xd(y n -i,y n ). So (2.2) follows and yields 

d(y n ,y n+1 )^X n d(y , yi ). (2.4) 

We now show that {j/n}„>i is a Cauchy sequence. Let m > n. Then we have 

d(y n ,y m ) •< Kd(y n7 y n+1 )+K 2 d(y n+l7 y n+2 ) + ■■■ + K m - n d(y m - 1 ,y m ) 

< (KX n + K 2 X n+1 + ... + K m - n X m - 1 )d(y , yi) 

< KX n (l + KX + K 2 X 2 + ...)d(y , yi ) 

KX n 
■< x _ KX d (yoi 2/1 ) -> 0, a s n -> cxd, 
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and from Remark 1.6 (3) it follows that for 9 <C c and sufficiently large n, K A™(1 — KX)~ 1 d(yo, yi) <C 
c. Thus, by Remark 1.6 (1), d(y n , y m ) <C c. Hence, by Definition 1.4 (i), {y„} is a Cauchy sequence. 
Since fX C gX and /X or gX is complete, there exists a € gX such that y„ = fx n = ga^+i — > a 
asm co. Consequently, there exists b £ X such that gfr = a. To show that fb = awe have 

d(o, fb) < K (d(a, fx n ) + d(fx n , fb)) < Kd(a, fx n ) + K— u n = Kd(a, fx n ) + X u n 

where u n € {Kd(gx n ,gb),Kd(gx n , fx n ),Kd(gb, fb), (g ^ Xn >^ " I "--' > }. Let 6 <C c. Then at least 
one of the following four cases holds: 

1. d(o, /&) =< tfd(a, /jc n ) + \Kd(gx n , gb) ^ XK ^ + K ^ = c. 

2. 

d(o, fb) < Kd(a, fx n ) + A Kd(gx n , fx n ) 

< Kd(a, fx n ) + XK 2 (d(gx n , a) + d{a, fx n )) 

< K(l + XK)d(a,fx n )+XK 2 d(gx n ,a) 

< K(1 + XK) — — ^ — - +XK 2 



2K(l + XK) 2XK 2 

3. d(o, fb) r< Xd(a, /&„) + XKd(gb, fb) = Kd(a, fx n ) + XKd(a, fb) or 



At th\ -> K At t \<r K 1 ^ XK 



4. 



ai tu\ ^ tsai t \ ,d{gb,fx n ) + d{gx n ,fb) 
d(a,fb) < Kd{a,fx n ) + X 

K + 2 ) d ^ a ' f Xn ^ + ~2 d<KgXni W 

2K + A AX 

^ 2 d(a, /£„) + — (d(gx n , a) + d(a, fb)) 



that is. 



d(a,/&) ^ — -r^d(o,/a;„) + — —d(gx n ,a) 

2K + X 2-XK XK 2 -AX 

< 2-AX2(2X + A) C+ 2-AX 2AX C ~ C ' 

Thus in all the cases, we obtain d(a, fb) <C c for each c € iniP. Using Remark 1.6 (2) it follows 
that fb = a. So / and g have a coincidence point b £ X, and point of coincidence a € X, i.e., 
a = fb = gb. If g is another point of coincidence, then there is p <E X such that q = fp = gp- Now 

d(a,q) = d(fb,fp)^±u (2.5) 

where u € {Xd(g&, gp), Xd(g6, fb),Kd{gp, fp, ), d(9P ' /b) + rf(gb ' /p) } = {Xd(a, ? ), d(g, s)}.Ifti = Xd(o, g) 
or a = d(a,q) then (2.5) gives us d(a,q) = 8, i.e., a = q. Since a = fb = gb is the unique point of 
coincidence of / and g, and / and g are OWC, a is the unique common fixed point of / and g by 
Lemma 1.10. □ 
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In Theorem 2.1 if K = 1 then since (X,d) is a cone metric space, we get Theorem 2.1 of [10]. 

Corollary 2.2. ([10], Theorem 2.1) Let (X,d) be a cone metric space, P a cone having a 
nonempty interior. Suppose that the mappings f,g : X — » X are such that fX C <?X and /X or 
gX is a complete subspace of X, and that for some constant A £ (0, 1) and for every x, y £ X, there 

exists w = w Xjy £ < d(gx,gy),d(gx,fx),d(gy,fy), 9y 2 f such that d(fx,fy) ^ Aw. Then 

/ and g have a unique point of coincidence in X. Moreover if /, g are weakly compatible, then /, g 
have a unique common fixed point. 

Following example illustrates Theorem 2.1. From this example it follows that our Theorem 2.1 
is a proper extension of results from [10]. 

Example 2.3 Let X = M and E = C([0, 1],R) with the positive cone P = {ip £ E : ip > 0}. 
Define d : X x X -> P by d(x, y) (i) := (a; - yf <p (t) , where ^:[0,1]-»1 is defined by ip{t) = e*. 
If x = 3, y = 2, and z = 1, then the usual cone metric triangle inequality fails to hold while 

the cone metric type triangle inequality does hold. Define /, g : X — ► X by /x = (27^) 2 2: and 

x, for x € X where A £ (0, i) and K >\. Observe that /X C gX and both 



#£ 



(^)'+A- 



fX, gX are complete and for x, y £ X, we have 

d(/z, /y) (*) = ^x d ( x > v) (*) and d (ax, gy) (t)= f ^ + -^= + - J d (x, y) (t) . 

According to careful computation we obtain that for each x,y £ X : w = Kd(gx,gy) satisfies the 
contraction condition (2.1) and so by Theorem 2.1 / and g have a coincidence point and unique 
point of coincidence which is also 0, and since /, g commute at 0, it is a unique common fixed point 
of / and g. 

In the next theorem we generalize Theorem 2.2 of Jungck et al. [10] and results therein. The 
proof is similar to the previous one, and so is omitted. 

Theorem 2.4. Let (X, d) be a KMTS with the constant K > 1 and P a cone with a non-empty 
interior. Suppose that the mappings f,g : X — > X are such that fX C gX and fX or gX is a 
complete subspace of X, and that for some constant A € (0, -^) and for every x,y £ X, there exists 
u = u XyV £ {Kd{gx,gy), ^g^M+dimM | fe^l+fea j ; such that d(fxjy) < £u. Tften / 

and g have a unique point of coincidence in X . Moreover if f and g are OWC, f and g have a 
unique common fixed point. 

Corollary 2.5. Let (X, d) be a KMTS with the constant K > 1 and P a cone having a nonempty 
interior. Suppose that the mappings /, g : X — > X are such that fX C gX and fX or gX is a 
complete subspace of X, and that for some constant A £ (0,1) and for every x,y £ X, we have 
d(fx, fy) < A d(gx,gy). Then f and g have a unique point of coincidence in X. Moreover if f and 
g are OWC, f and g have a unique common fixed point. 

Corollary 2.6. Let (X,d) be a KMTS with the constant K > 1 and P a cone having a 
nonempty interior. Suppose that the mappings f,g : X — > X are such that fX C gX and fX or 
gX is a complete subspace of X, and for some constant A £ (0, 1) and for every x,y £ X, we have 
d(fx, fy) ^ A {9X >-> X '+ ysvJv) _ r p nen j an d g nave a unique point of coincidence in X. Moreover if 
f and g are OWC, f and g have a unique common fixed point. 

Corollary 2.7. Let (X,d) be a KMTS with the constant K > 1 and P a cone having a 
nonempty interior. Suppose that the mappings f,g:X^>X are such that fX C gX and fX or 
gX is a complete subspace of X, and for some constant A £ (0, -^) and for every x,y £ X, we have 
d(fx,fy) ^ A (avJx) _ (gxjy) ^ j^ en j- an ^ g } iave a un iq Ue point of coincidence in X. Moreover 
if f and g OWC, f and g have a unique common fixed point. 
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Corollary 2.8. Let (X, d) be a KMTS with the constant K > 1 and P a cone having a nonempty 
interior. Suppose that the mappings f,g : X — > X are such that fX C gX and fX or gX is a 
complete subspace of X, and that for some constant A £ (0, j^) and for every x,y £ X, there exists 
u = u(x,y) £ {Kd(gx, gy) , Kd(gx, fx),Kd(gy,fy)} such that d{fx,fy) < J£ u. Then f and g have 
a unique point of coincidence in X . Moreover if f and g are OWC, f and g have a unique common 
fixed point. 

Corollary 2.9. Let (X, d) be a KMTS with the constant K > 1 and P a cone having nonempty 
interior. Suppose that the mappings f,g : X — > X are such that fX C gX and f'X or gX is a 
complete subspace of X, and that for some constant A £ (0, j^) and for every x,y £ X, there exists 
u = u(x,y) £ {Kd(gx, fx), Kd(gy, fy)} such that d(fx,fy) ■< ^ u. Then f and g have a unique 
point of coincidence in X . Moreover if f and g are OWC, f and g have a unique common fixed 
point. 

Finally, we prove the theorem of Hardy-Rogers type in the frame of cone metric type spaces. 

Theorem 2.10. Let (X,d) be a KMTS with the constant K > 1 and P a cone having a 
nonempty interior. Suppose that the mappings f,g : X — » X are such that fX C gX and fX or 
gX is a complete subspace of X and that there exists nonnegative constants 01,02,03,04,05 £ [0, 1) 
with 2Ka\ + (K + 1) (02 + 03) + (K 2 + if) (04 + 05) < 2 such that, for each x, y £ X, 

d(fx, fy) ^ aid(gx, gy) + a 2 d(gx, fx) + a 3 d(gy, fy) + a 4 d(gx, fy) + a 5 d(gy, fx) . (2.6) 

Then f and g have a unique point of coincidence in X. Moreover if f and g are OWC, f and g 
have a unique common fixed point. 

Proof. Define the sequences {y n } n >i and {x n } n>1 as in the proof of Theorem 2.1. We show 
that 



d(y n ,y n+1 ) -< Xd(y n -i,y n ) (2.7) 

for A £ [0, jf) and n > 1. From (2.6) with x = x n , y = x n+ i, we have 

d(y n ,y n +i) = d(fx n ,fx n+1 ) 

< aid{gx n ,gx n+ i) + a 2 d(gx n , fx n ) + a 3 d(gx n +i,fx n+1 ) 
+a 4 d{gx n , fx n+1 ) + a 5 d(gx n+1 ,fx n ) 

= aid(y„-i,y„) + o 2 d(y„_i,y„) + a 3 d(y n , y n +i) + a&d(y n -\, y n +i) 

< (01 +a 2 )d(y n - 1 ,y n ) + a 3 d(y n ,y n+1 ) + a A Kd(y n -i,y n ) + a 4 Kd{y n ,y n+1 ), 

this implies that 

d(y n ,y n +i) ^ (ai +a 2 +a 4 ,K)d(y n - 1 ,y n ) + (a 3 + a 4 K)d(y n ,y n+1 ), 
and because of symmetry in (2.6), 

d(y n +i,Vn) ^ (ai +a 3 + a f> K)d{y n ,y n - 1 ) + (a 2 + a 5 K)d{y n+1 ,y n ). 

Adding we have 

,, 2oi +o 2 +03 + (a 4 + a 5 ) if 

d(y n ,y n+1 ) < - — ■ — ■ r-prrd{y n -i,y n ) = \d(y n -i,y n ), 

2 - (a 2 + 03 + (04 + a 5 ) K) 
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where A = l^+^+a.+ia^+a^K < i nd so (2.7) follows. 

2-(a 2 +a 3 + (a i +a 5 )K) K> V ) 

Now, from the proof of Theorem 2.1, we know that {gx n +i} = {fx n } = {y n } is a Cauchy 
sequence. Since fX C gX and fX or gX is complete, there exists a <G gX such that y n = fx n = 
gx n +i — > a as n — * oo. Consequently, there exists 6 £ X such that g& = a. To show that fb = awe 
have 

d(o,/6) d K(d(ajx n ) + d(fx n ,fb)) 

< K (d(a, fx n ) + aid(gx n , a) + Ka 2 d(gx n , a) + Ka 2 d (a, fx n ) 
+ a 3 d(a, fb) + a A d(gx n , fb) + a 5 d(a, fx n )) 

= (K + a 2 K 2 + a,r,K)d(a, fx n ) + (a\K + a 2 K 2 + aiK)d(gx„, a) + a 3 Kd(a, fb), 

Similarly, 

d(ajb) < K(d(a,fx n )+d(fx n ,fb))=K(d(aJx n )+d(fb,fx n )) 

< (K + a 3 K 2 + a 4 K)d(a, fx n ) + {a x K + a 3 K 2 + a 5 K)d(gx n , a) + a 2 Kd(a, fb). 

Adding up, one obtains that, 

m t v\ _, 2K + ( fl2 + a 3) K 2 + (a 5 + a 4 ) K . 2a x K + (a 2 + a 3 )K 2 + (o 4 + a 5 ) K 

d{aJb) * 2-K(a 2 + a 3 ) «"> fXn) + 2 - K (a 2 + a 3 ) d(flX "' o) - 

Let 9 <€. c. Then for sufficiently large n we have d(a,fb) <C ^151 — I" ^ 2 2T~ = c ' wnere ^1 = 

2K+(a2+a3)K 2 + (a 5 +a 4 )K , x _ 2a 1 i : i:+(a 2 +a3)g 2 + (a4+a5)-g 

2-K(a 2 +a 3 ) dnQ A 2 - 2-K(a 2 +a 3 ) 

Therefore by Remark 1.6 (2) d(a, fb) = 0; i.e., /& = a. Consequently, / and g have a coincidence 
point b £ X and a point of coincidence a £ X such that a = fb = gb. If 5 is another point of 
coincidence, then there is p £ X with q = fp = gp. Now from (2.6) with x = b, y = p, we have 

d(a,q) = d(fb,fp) <a 1 d(gb,gp)+a 2 -6 + a 3 -8 + a i d(gb,fp)+a 5 d(gp,fb) 
= (ai +a 4 + a 5 )d(a,g). 

Since 01+04 + 05 < 1, so by Remark 1.6 (4) we get d(a,q) = 0, that is, a = q. By Lemma 1.10, 
since /, g are OWC and a = fb = gb is the unique point of coincidence of / and g, we obtain that 
a is the unique common fixed point of / and g. □ 

Observe that for the special choices of a^ in Theorem 2.10, all the results from Corollaries 2.5, 
2.6 2.7, 2.8 and 2.9 could be obtained. 
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1. Introduction 

Let E be a, Banach space and let C be a nonempty, closed and convex subset of E. Let A : C — ► E* 
be an operator. The classical variational inequality problem [ ] for A is to find x* g C such that 

(Ax*,y-x*)>0,Vy<=C, (1.1) 

where E* denotes the dual space of E and (•,•) denotes the generalized duality pairing between E 
and E* . The solution set of (1.1) is denoted by VI(A,C). Such a problem is connected with convex 
minimization problem, complementarity, the problem of finding a point x* € E satisfying = Ax*. 
First, we recall that a mapping A : C — > E* is said to be: 

(i) monotone if (Ax — Ay, x — y) > 0, for all i,j/6C. 

(ii) a-inverse- strongly monotone if there exists a positive real number a such that 

(Ax - Ay,x~y) > a\\Ax - Ay|| 2 , for all x,y g C. 
Let J be the normalized duality mapping from E into 2 E given by 

Jx — {x* G E* : (x,x*) — ||x||||x*||, ||x|| = ||x*||}. 

It is well known that if E* is uniformly convex, then J is uniformly continuous on bounded subsets of 
E. Some properties of the duality mapping are given in [10, 32, 36]. 
Recall that a mappings T : C — * C is said to be nonexpansive if 

\\Tx-Ty\\ < ||x-y||, for all a;, ye C. 

A mapping T is said to be quasi-nonexpansive if F(T) ^ and 

||Ta:-y|| < ||*-y||, for all x e C,y £ F(T). 

A mapping T is said to be asymptotically nonexpansive if there exists a sequence {k n } C [l,oo) with 
k n — > 1 as n — ■*■ oo such that 

\\T n x - T n y\\ < k n \\x - y\\, for all x,y E C. 

A mapping T is said to be asymptotically quasi-nonexpansive if F(T) ^ and there exists a sequence 
{fc„} C [1, oo) with k n — > 1 as n — > oo such that 

||T"a;-y|| < k n \\x - y\\, for all x € C,y € F(T). 
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A mapping T is called uniformly L-Lipschitzian continuous if there exists a constant L > such that 

\\T n x-T n y\\ <L\\x-y\\, for all x,y G C. 

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [ ] in 1972. 
Since 1972, many authors have studied the weak and strong convergence of iterative processes for such 
a class of mappings. 

Let C be a nonempty closed convex subset of a Hilbert space H and a mapping Pq : H — *• C is 
called the metric projection of P onto C if for each x £ P, there exists a unique clement Px G C such 
that ||x-Px|| = d(x,C). 

If C is a nonempty closed convex subset of a Hilbert space P and let Pc : H — ► C be the metric 
projection of P onto C, then Pc is a nonexpansive mapping. This fact actually characterizes Hilbert 
spaces and, consequently, it is not available in more general Banach spaces. In this connection, Alber 
[ ] recently introduced a generalized projection operator \\ c in a Banach space P which is an analogue 
of the metric projection in Hilbert spaces. 

Consider the functional (f> : E x E -^ M. defined by 

^(y,x) = || 2 /|| 2 -2(y,Jx> + ||x|| 2 (1.2) 

for all x,y £ E. Observe that, in a Hilbert space P, (1.2) reduces to <j)(y, x) — \\x — y\\ 2 for all x, y £ P. 

The generalized projection He : E — > C is the mapping that assigns to an arbitrary point x £ E the 

minimum point of the functional </>(?/, x), that is, Hex = x*, where x* is the solution of the following 

minimization problem: 

<j>(x*,x) = inf (f){y,x). (1.3) 

veC 

The existence and uniqueness of the operator n^- follows from the properties of the functional (f>(y, x) 
and the strict monotonicity of the mapping J (see, for example, [1, 2, 9, 28]). In Hilbert spaces, 
He = Pc- It is obvious from the definition of the function <j> that 

(1) (|| V || - ||x||) 2 < </>(y,x) < (\\y\\ + ||x||) 2 for all x,y £ E. 

(2) </>(x, y) = <f>(x, z) + 4>(z, y) + 2 (x — z, Jz — Jy) for all x, y, z £ E. 

(3) 4>{x,y) = (x, Jx- Jy) + (y -x,Jy) sC ||x||||Jx- Jy|| + ||y- x||||y|| for all x,y e E. 

(4) If P is a reflexive, strictly convex and smooth Banach space, then, for all x,y E E, 

4>(x, y) = if and only if x = y. 

For more details see, for example, [10, 32]. Let C be a closed convex subset of E, and let T be a 
mapping from C into itself. We denote by F(T) the fixed point set of T. A point p in C is said to be 
an asymptotic fixed point of T [ )] if C contains a sequence {x„} which converges weakly to p such 
that linin^oo ||x„ — Tx„|| = 0. The asymptotic fixed point set of T will be denoted by F(T). Recall 
the following definitions: 

(i) A mapping T : C — > C is called relatively nonexpansive [8, 9, 11] if ^(T) = F(T) and 

<j>(p, Tx) < <£(p, x) for all x € C and p e P(P). 
(ii) A mapping T : C — > C is said to be relatively asymptotically nonexpansive [1, 26] if F(T) = 

F(T) ^z and there exists a sequence {fc„} C [0, oo) with fc„ — * 1 as n — > oo such that 

</)(p, T n x) < fc n 0(p, «) for all x e C, p £ F(T) and n > 1. 
(iii) A mapping T : C — + C is said to be (^-nonexpansive [25, 28, 38] if 4>(Tx,Ty) < <f)(x,y) for all 

x,y G C. 
(iv) A mapping T : C — > C is said to be quasi-<j)-nonexpansive [25, 28, 38] if F(T) ^ and 

(f>(p, Tx) < <j)(p, x) for all x G C and p G F(T). 
(v) A mapping T : C — ► C is said to be asymptotically (^-nonexpansive [ ] if there exists a 

sequence {fc„} C [0, oo) with fc„ — > 1 as n — > oo such that (j)(T n x,T n y) < k n <f>(x,y) for all 

x,y G C. 
(vi) A mapping T : C — » C is said to be asymptotically quasi-<j) -nonexpansive [ ] if F{T) ^ and 

there exists a sequence {k n } C [0, oo) with k n — » 1 as n — » oo such that 0(p, T™x) < k n (f>{p, x) 

for all x G C, p G F(T) and n > 1. 
(vii) A mapping T : C — * C is said to be asymptotically regular on C if, for any bounded subset 

P of C, the following equality holds: 

lim sup||T ,l+1 x-T"x|| =0. 

n->oo l£D 



300 



A NEW HYBRID APPROXIMATION ALGORITHM 3 

(viii) A mapping T : C — > C is said to be closed if for any sequence {x n } C C such that linin^oo x n — 
x and lim„_ 00 Tx n = y - then T^o = y - 

Remark 1.1. The class of (asymptotically) quasi- 0-nonexpansive mappings is more general than the 
class of relatively (asymptotically) nonexpansive mappings which requires the strong restriction that 

F(T) = F(T). 

Remark 1.2. In a real Hilbert spaces, the class of (asymptotically) quasi- </>-nonexpansive mappings 
is coincides with the class of (asymptotically) quasi-nonexpansive mappings. 

We give some examples which are closed and asymptotically quasi-0-nonexpansivc. 

Example 1.3. (1). Let E be a uniformly smooth and strictly convex Banach space and A C E x E* 
be a maximal monotone mapping such that its zero set A _1 is nonempty. Then J r = ( J + rA)~ 1 J is 
a closed and asymptotically quasi-^-nonexpansive mapping from E onto D(A) and F(J r ) = A~ 1 0. 

(2). Let He be the generalized projection from a smooth, strictly convex and reflexive Banach 
space E onto a nonempty closed and convex subset C of E. Then He is a closed and asymptotically 
quasi-0-nonexpansive mapping from E onto C with F(J\c) = C . 

One classical way to study nonexpansive mappings is to use contractions to approximate a non- 
expansive mapping (see [4]). More precisely, let t E (0,1) and define a contraction Gt : C — + C by 
Gtx = txo + ( 1 — t)Tx for all x E C, where xq E C is a fixed point in C . Applying Banach's Contraction 
Principle, there exists a unique fixed point Xt of Gt in C . It is unclear, in general, what is the behavior 
of Xt as t — > even if T has a fixed point. However, in the case of T having a fixed point, Browder [4] 
proved that the net {x t } defined by x t = tx a + (1 — t)Tx t for all t E (0, 1) converges strongly to an 
element of F(T) which is nearest to xq in a real Hilbert space. Motivated by Browder [4], Halpern [15] 
proposed the following iteration process: 

Xq E C, x n+1 = a n x Q + (1 - a n )Tx n , n > (1.4) 

and proved the following theorem. 

Theorem H. Let C be a bounded, closed and convex subset of a Hilbert space H and let T be a 
nonexpansive mapping on C. Define a real sequence {a n } in [0,1] by a n — n~ ,O < 9 < 1. Define a 
sequence {x n } by (1.4). Then {x n } converges strongly to an element of F(T) which is nearest to u. 

Recently, Martinez- Yanes and Xu [i ' ) has adapted Nakajo and Takahashi's [- ] idea to modify the 
process (1.4) for a single nonexpansive mapping T in a Hilbert space H: 

x a = x E C chosen arbitrary, 

Vn = a n xo + (1 - a n )Tx n , 

C n = {vEC : \\y n -v\\ 2 ^ \\x n - v\\ 2 + a n (\\x \\ 2 + 2 (x n - x ,v))}, (1.5) 

Q n = {v EC : (x n -v,x - x n ) ^ 0}, 

X n +1 = Pc n nQ n X . 

They proved that if [a„] C (0,1) and linin^oo a n = 0, then the sequence {x n } generated by (1.5) 
converges strongly to P F ( T )X. 

In [27] (see also [22]), Qin and Su improved the result of Martinez- Yanes and Xu [21] from Hilbert 
spaces to Banach spaces. To be more precise, they proved the following theorem. 

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, C be a nonempty 
closed convex subset of E and let T : C — > C be a relatively nonexpansive mapping. Assume that 
{a n } is a sequence in (0, 1) such that lirrin^oo a n = 0. Define a sequence {x n } in C by the following 
algorithm: 

x = x E C chosen arbitrary, 

Vn = J~ 1 (a n Jx + (1 - a n )JTx n ), 

C n = {v E C : <j>(v, y n ) < a n (j>(v, y n ) + (1 - a n )(f>(v, x n )}, (1.6) 

Q n = {v E C : (x n - v, Jx - Jx n ) ^ 0}, 

x n +i — nc„nQ„^o- 
If F(T) is nonempty, then {x n } converges to n^rjXo. 
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In [24], Plubtieng and Ungchittrakool introduced the following hybrid projection algorithm for two 
relatively nonexpansive mappings: 



xq — x G C chosen arbitrary , 

Z n — J yOLjiJ X n "T Pn<J -L X n ~r~ in J ^X n J , 
Vn = J~ l {8 n JXQ + (1 - 8 n )JZn), 

H n = {z £ C : <p(z,y n ) ^ 4>{z,x n ) + a„(||iEo|| 2 + 2 (z, Jx r , 
W n = {z£C : {x n - z, Jx - Jx n ) ^ 0}, 

X n +l = PH n nW n X, 71 = 0,1,2,..., 



Jx))}, 



(1.7) 



where {a n }, {/?„}, {"fn} and {S n } are sequences in [0, 1] satisfying a n + (3 n + 7„ = 1 for all n G N U {0} 
and T, S are relatively nonexpansive mappings. They proved, under appropriate conditions on the 
parameters, that the sequence {x n } generated by (1.7) converges strongly to a common fixed point of 
T and S. 

Very recently, motivated by the above research work, Qin, Cho and Kang [: >] introduced and 
considered the shrinking projection method which was first introduced by Takahashi et al. j i] in 
a real Hilbert space for two asymptotically quasi- (^-nonexpansive mappings in uniformly smooth and 
uniformly convex Banach spaces. To be more precise, they proved the following results. 

Theorem QCK. Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly 
smooth Banach space E. Let T be a closed and asymptotically quasi-<p-nonexpansive mapping with the 
sequence {k^} C [0, 1) such that k^ — > 1 as n — > oo and let S be a closed and asymptotically quasi-ip- 
nonexpansive mapping with the sequence {fc„} C [0, 1) such that kf x — v 1 as n — > oo. Assume that T 
and S are uniformly asymptotically regular on C and fi := F(T) CiF(S) is nonempty and bounded. Let 
{x n } be a sequence generated by the following algolithm: 



x G E, chosen arbitrary, 
C,xi = n Cl a;o, 



■f'o 
Ci 

Vn '* Kyrid <En 

C n+1 = {ue C n 

x n +i = n c „ +1 a;o 



"f n J b X n ), 

(1 - S n )Jz n ), 
>(u,y n ) < <j){u,x n ) + (k 71 
Vn > 1, 



(1.8) 



l)*n}> 



where k n = max{fcj, k^} for all n > 1, and 6 n — sup{^>(z, x n ) : z £ fl}. Assume that {a n }, {/3 n }, {jn}, 
{8 n } and {r n } are sequences in [0, 1] which satisfy the following conditions: 

(CI) O n + Ai+7n = l; 

(C2) liminfn^oo j3 n ~f n > 0, lim n _ 00 a n = 0; 
(C3) < S n < 1 and limsup,^^ S n < 1. 

Then the sequence {x n } converges strongly to HqXq. 

The problem of finding a solution to variational inequalities for monotone mappings in Hilbert spaces 
and Banach spaces has been intensively studied by many authors; see, for instance, [5, 16, 20] and the 
references therein. Iiduka and Takahashi [1 7] introduced the following algorithm for finding a solution 
of the variational inequality for an a-inverse-strongly monotone mapping A with \\Ay\\ < \\Ay -~ Au\\ 
for all y G C and u G VI(A, C) in a 2-uniformly convex and uniformly smooth Banach space E. For 
an initial point xq = x G C, define a sequence {x n } by 

x n+1 = II c J _1 (Jx„ - X n Ax n ),\fn > 0. (1.9) 

2 

Assume that A„ G [a, b] for some a, b with < a < b < ^- where 1/c is the 2-uniformly convexity 
constant of E. They proved that if J is weakly sequentially continuous, then the sequence {x n } 
converges weakly to z = linin^oo Hvi(A,c)( x n)- 

In this paper, motivated and inspired by the above research works, we introduce a new hybrid 
projection algorithm based on the shrinking projection method for two of asymptotically quasi-(/>- 
nonexpansive mappings to have strong convergence theorems for approximating a common element in 
the fixed point sets of these two mappings and the solution set of the variational inequality for an inverse- 
strongly monotone operator in Banach spaces. Our results improve and extend the corresponding 
results announced by recent results. 
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2. Preliminaries 



A Banach space E is said to be strictly convex if || ^±a || < 1 for all x, y G E with ||x|| = \\y\\ — 1 and 
x =/= y. It is also said to be uniformly convex if linin^oo ||x n — y n \\ = for any two sequences {x n }, {y n } 
in E such that ||x„| = ||y„|| = 1 and lim^oo \\ x "+ v ™ || = 1. Let U — {x G E : \\x\\ = 1} be the unit 
sphere of E. Then the Banach space E is said to be smooth provided 

,. \\ x + t v\\ - \\ x \\ 

lim 



*^o t 

exists for each x, y G U. It is also said to be uniformly smooth if the limit is attained uniformly for 
x,y G U. It is well know that if E is smooth, then the duality mapping J is single valued. It is also 
known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded 
subset of E. Some properties of the duality mapping have been given in [13, 29, 32, 33]. A Banach 
space E is said to have Kadec-Klee property if a sequence {x n } of E satisfying that x n — *■ x G E and 
|| a^n || — > ||x||, then x„ — > x. It is known that if E is uniformly convex, then E has the Kadec-Klee 
property; see [13, 32, 33] for more details. 

We define the function 5 : [0, 2] — * [0, 1] which is called the modulus of convexity of E as following 

5(e) = inf{l - ||^tl|| : x,y G C, \\x\\ = \\y\\ = 1, ||x - y|| > e}. (2.1) 

Then E is said to be 2-uniformly convex if there exists a constant c > such that constant 6(e) > ce 2 
for all e G (0,2]. Constant - is called the 2-uniformly convexity constant of E. A 2-uniformly convex 
Banach space is uniformly convex, see [7, 34] for more details. We know the following lemma of 
2-uniformly convex Banach spaces: 

Lemma 2.1. [3, 0] Let E be a 2-uniformly convex Banach, then for all x,y from any bounded set of 
E and jx G Jx, jy G Jy, 

c 2 

(x-y,jx~jy)>-\\x-y\\ 2 (2.2) 

where - is the 2-uniformly convexity constant of E. 

Now we present some definitions and lemmas which will be applied in the proof of the main result 
in the next section. 

Lemma 2.2 (Kamimura and Takahashi [ ]). Let E be a uniformly convex and smooth Banach space 
and let {y n }, { z n} be two sequences of E such that either {y n } or {z n } is bounded. 7/linin^oo 4>(y n , z n ) = 
0, then lim^oo \\y n - z n \\ = 0. 

Lemma 2.3 (Alber [ ]). Let C be a nonempty closed convex subset of a smooth Banach space E and 
x G E. Then, xo = Ilex if and only if (xq — y, Jx — Jxq) ^ for any y G C . 

Lemma 2.4 (Alber [ ]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a 
nonempty closed convex subset of E and let x G E. Then 

<p(y, II c x) + 0(II c x, x) 5^ <f)(y, x) 

for all y G C . 

Let E be a reflexive strictly convex, smooth and uniformly Banach space and the duality mapping 
J from E to E* . Then J -1 is also single- valued, one to one, surjective, and it is the duality mapping 
from E* to E. We need the following mapping V which studied in Alber [2], 

V(x,x*) = \\x\\ 2 - 2(x,x*) + ||x|| 2 (2.3) 

for all x G E and x* G E* . Obviously, V(x, x*) — cj>(x, J~ 1 (x*)). We know the following lemma: 

Lemma 2.5 (Kamimura and Takahashi [ ]). Let E be a reflexive, strictly convex and smooth Banach 
space, and let V be as in (2.3). Then 

V(x, x*) + 2(J~ 1 (x*) - x, y*) < V(x, x* + y*) 

for all x G E and x* , y* G E* . 
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Lemma 2.6 ([ , Lemma 1.4]). Let E be a uniformly convex Banach space and B r (0) — {x £ E : 
\\x\\ ^ r} be a closed ball of E. Then there exists a continuous strictly increasing convex function 
g : [0, oo) — > [0, oo) with g(0) = such that 

\\\x + ny + jz\\ 2 ^M\x\\ 2 + v\\y\\ 2 + i\\4 2 -^g(\\x-y\\), (2.4) 

for all x,y, z £ B r (0) and A, /J,, 7 € [0, 1] Mffi'i/i A + /i + 7 = 1. 

An operator A of C into -E* is said to be hemicontinuous if for all x,y £ C, the mapping F of [0, 1) 
into E* defined by F{t) = A(tx+ (1 — t)y) is continuous with respect to the weak* topology of E*. We 
denote by Nc(v) the normal cone for C at a point v £ C, that is 

N c (v) = {x* £E* : (v-y,x*) >0,Vy eC}. 

Lemma 2.7. [31] .Lei C be a nonempty closed convex subset of a Banach space E and A a monotone, 
hemicontinuous operator of C into E* . Let "J C E x E* be an operator defined as follows: 

f Av + N c (v), v£C; 
\ 0, v£C . 

Then ^> is maximal monotone and \|/ _1 = VI(A, C). 

3. Main Results 
In this section, we prove strong convergence theorem which is our main result. 

Theorem 3.1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly 
smooth Banach space E. Let T be a closed and asymptotically quasi-(j)-nonexpansive mapping with the 
sequence {k^} C [0,1) such that kj r — > 1 as n — > 00 and S be a closed and asymptotically quasi-(f>- 
nonexpansive mapping with the sequence {fc„} C [0, 1) such that kf x — > 1 as n — > 00. Assume that T 
and S are uniformly asymptotically regular on C and fi := F(T) n F(S) PI VI(A, C) is nonempty and 
bounded. Let A be an a-inverse-strongly monotone mapping of C into E* with \\Ay\\ < \\Ay — Aq\\ for 
all y £ C and q £ f2. Let {x n } be a sequence generated by the following algolithm: 

Xq = x £ E, chosen arbitrary, 
C\ = C,xi = n Cl a;o, 
w n = TlcJ~ x {Jx n - r n Ax n ), 

z n = J^ 1 (a„Jx n _ 1 + (i n JT n x n + ~f n JS n w n ), (3.1) 

Vn = J~ l (S n Jxi + (1 - S n )Jz n ), 
C n +i = {u£ C„ : <j>(u, y„) < 6 n (f>(u, x\) + (1 - § n )^ n }, 
. x n+ i = n Cn+1 a;o, Vn > 1, 

where £, n — a n cf>(u,x n -i) + (1 — a n )4>(u,x n ) + (k n — l)0 n , k n — max{fc^, ki^} for all n > 1, and 
9 n = sup{0(z,a; r j) : z £ fl}. Assume that {a n }, {/3 n }, {7^}, {S n } and {r„} are the sequences in [0,1] 
satisfying the restrictions: 

(CI) linin^oo 6 n = 0; 

(C2) {r„} C [a, b] for some a,b with < a < b < c 2 a/2, where 1/c is the 2-uniformly convexity 

constant of E; 
(C3) a n + (3 n + 7„ = 1 and if one of the following conditions is satisfied 

(a) liminfn^oo a n [3 n > and liminf„_ +00 a n j n > and 

(b) lim„^oo a n = and liminf^oo /3„7„ > 0. 

Then {x n } converges strongly to HqXq, where Hq is the generalized projection from E onto fl. 

Proof. We divide the proof of Theorem 3.1 into four steps. 

(I). We show first that the sequence {x n } is well defined. It is easily to seen that VI(A,C) is closed 

and convex. By the same argument as in the proof of [38, Lemma 2.4], one can show that F(T) n F(S) 

is closed and convex. Hence f2 := F(S) H F(T) n VI (A, C) is a nonempty, closed and convex subset of 

C. Consequently, Iln is well defined. 

Next, we prove by induction that C n is closed and convex for all n > 1. It is obvious that C\ = C is 
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closed and convex. Suppose that Cj is closed and convex for some j £ N. For any u £ Cj, we observe 
that 

<f>(u,yj) < 6j<f>(u,xi) + (1 - 8j)[aj(j)(u,Xj-x) + (1 - aj)<j>(u,Xj) + (kj - 1)0,-] 
is equivalent to 

2(1 — 5j)aj{u, Jxj-i) + 2(1 — Sj)(l — Oj)(u, Jxj) + 2Sj(u, Jx\) ~ 2(u, Jyj) 

< S 3 \\ Xl \\ 2 + (1 - d^Wxi-if + (1 - Sj)(l - a 3 )\\x 3 \\ 2 - \\y 3 \\ 2 + (1 - 6j)(kj - 1)6,. 

It can be seen that Cj+i is closed. Next, we prove that Cj+i is convex. In fact, ui,u 2 € Cj+i, £ 6 (0, 1). 
Put w* = qui + (1 — g)«2- From the definition of Cj+i, we have 

2(1 — Sj)aj(ui, Jxj-i) + 2(1 — Sj)(l — atj){ui, Jxj) + 2Sj(ui, Jx\) — 2(u\, Jy 3 ) 

< 6 3 \\ Xl \\ 2 + (1 - SjfaWxj-iW 2 + (1 - ^)(1 - <Xj)\\xjf - llyjil 2 + (1 - S 3 )(k 3 - lty 
and 

2(1 - 6j)oij{u2, Jxj-i) + 2(1 - <5j)(l - (Xj){u2, Jxj) + 2S 3 (u 2 , Jxi) - 2(u 2 , Jy 3 ) 

< S 3 \\ Xl \\ 2 + (1 - SJojWxj-iW 2 + (1 - S 3 )(l - a 3 )\\x 3 \\ 2 - \\y 3 \\ 2 + (1 - 5 3 ){k 3 - 1)0,, 
Therefor we have 

2(1 - S 3 )a 3 (gu 1 , Jxj-i) + 2(1 — 5j)(l — a 3 )(gui, Jx 3 ) + 2Sj(gui, Jx\) — 2(gu 1 , Jy 3 ) 
< 5 3 \\ Xl \\ 2 + (1 - S 3 )a 3 \\x 3 ^\\ 2 + (1 - <5,)(1 - a 3 )\\x 3 \\ 2 - \\y 3 \\ 2 + (1 - 6 3 )(k 3 - 1)0 3 
and 

2(1 - S 3 )a 3 ((l - g)u 2 , Jx 3 -\) + 2(1 - S 3 )(l ~ a 3 )((l - g)u 2 , Jxj) 
+2S 3 ((1 - g)u 2 , Jxi) - 2((1 - g)u 2 , Jy 3 ) 

< S 3 \\ Xl \\ 2 + (1 - S 3 )a 3 \\x 3 ^\\ 2 + (1 - 5 3 )(1 - a 3 )\\x 3 \\ 2 - \\y 3 \\ 2 + (1 - S 3 )(k 3 - 1)6,. 
Combining the last two inequalities, we obtain 

2(1 -8j)aj{u*,Jxj-i) +2(1 -5j){l -a 3 )(u* ,Jx 3 ) + 2S 3 (u* 7 Jx 1 ) -2(u*,Jy 3 ) 

< S 3 \\ Xl \\ 2 + (1 - 6 3 )a 3 \\x 3 ^\\ 2 + (1 - 6j)(l - *j)\\xjf - \\y 3 \\ 2 + (1 - S 3 )(k 3 - \)6 3 . 

The convexity of C 3 implies that u* £ Cj. Therefor, we have u* £ Cj+i- Then we conclude that Cj+i 
is closed and convex. Hence for each n > 1, C„ is closed and convex. 

(II). Next, we show that £1 c C„ for all n > 1. In fact, 51 C Ci = C is obvious. Suppose fi C C n for 
some n G N. Then, for all q £ £1 C C n , we know from Lemma 2.5 that 

4>(q,w n ) = 0(g,n c J _1 (Ja; n - r n Ax n )) 

< <f>(q, J~ x (Jx n - r n Ax n )) 
= V(q,Jx n — r„Ax„) 

< V(q, (Jx n - r n Ax n ) + r n Ax n ) - 2(J~ 1 (Jx n - r n Ax n ) - q, r n Ax n ) 
= V(q, Jx n ) - 2r n (J~ 1 (Jx n - r n Ax n ) - q, Ax n ) 

= (f>(q,X n )-2r n {x n -q,Ax n )+2(J' 1 (Jx n -r n Ax n )-X n ,-r n Ax n ). (3.2) 

Since q £ VI (A, C) and A is a-inverse-strongly monotone, we have 

- 2r n (x n - q, Ax n ) = -2r n (x n - q, Ax n - Aq) - 2r n (x n - q, Aq) 

< -2ar n \\Ax n - Aq\\ 2 . (3.3) 

Therefore, from Lemma 2.1 and the assumption that \\Ay\\ < \\Ay — Aq\\ for all y £ C and q £ f2, we 
obtain that 

\ \<Jx n r n /±x n j x n , v n /\x n j Z\J yJXfi T n J\x n ) J yjx n j 7 T n J\x n j 

— ^\\J (Jx n r n Ax n ) J yJ x n )\\\\r n Ax n \\ 

< -^\\JJ~ 1 (Jx n - r n Ax„) - J J^ 1 (Jx n )\\\\r n Ax n \\ 

4 
= ~^>x\ ("« — r nAx n ) — Jx n \\ \\r n Ax n \\ 
c z 

= - 2 r 2 n \\Ax n f 
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< ±r 2 JAx n -Aqf. (3.4) 

Substituting (3.3) and (3.4) into (3.2) and using the condition that r n < c 2 a/2, we get 

(j>{q,w n ) < <j)(q, X„) +2r n f -^r n -a J \\Ax n - Aq\\ 2 < <f)(q,x n ). (3.5) 

Using (3.5) and Lemma 2.6, for each q E il C C n , we obtain 

Hl> z n) = <p(q,J~ 1 (a n Jx n ^ 1 +{3 n JT n x n + 'y n JS n w n )) 

= \\q\\ 2 -2a n (q,Jx n ^ 1 )-2p n (q,JT n x n )-2 ln (q,JS n W n ) 
+ \\a n Jx„-i + f3 n JT n x n + j n JS n w n \\ 2 

< \\q\\ 2 -2a n (q,Jx n ^ l )-2(3 n (q,JT n x n )-2 7n (q,JS n w n ) 
+ a n \\ Jxn-iW 2 + f3 n \\JT n x n \\ 2 + ln \\JS n w n \\ 2 

= On<f)(q, x n -i) + /3 n <f>(q, T n x n ) + j n 4>(Q, S n w n ) 

< a n (/)(q, x n -i) + /3 n kn<p(q, x n ) + J n kn4>(q, w n ) 

< a n (/)(q, X n -x) + f3 n k n cj)(q, x n ) + ^ n k n <j){q, w n ) 

< a n 4>(q, Xn-l) + PnknHli x n) + Jnk n <t>(q, %n) 

= a n (f>(q, X n -i) + (1 - a n )k n (j){q, x n ) 

= a n (f>(q, X n -i) + (1 - a„)k n <f>(q, x n ) + (1 - a„)<p(q, x„) - (1 - a n )(/)(q, x n ) 
= [a n <t>{q, a^n-i) + (1 - oi n )(f>(q, x n )} + (1 - a„){k n - l)4>(q, x n ) 
= [a n <t>(q,x n -i) + (l-a n )<t>(q,x n )] + (k n -l)4>(q,x n ). (3.6) 

It follows from (3.6) that 

0(<2S2m) = 4>(q, J~ 1 (5 n Jx 1 + (1 -8 n )Jz n )) 

= \\q\\ 2 - 26 n (q, Jxi) - 2(1 - S n )(q, J z n ) + \\S n Jxi + (1 - S n ) J z n )\\ 2 

< \\q\\ 2 - 2S n (q, Jx x ) - 2(1 - S n )(q, Jz n ) + S n \\ Xl \\ 2 + (1 - 5 n )\\z n \\ 2 
= 5 n <f>(q, xi) + (1 - 6„)<f>(q, Zn) 

< S n (j)(q, Xi) + (1 - 6 n )([a n <fi(q, X n -i) + (1 ~ a n )<p(q, x„)] + (fc„ - l)9 n ) 

= S n (f)(q, Xi) + (1 - 6„)£ n - (3-7) 

So, q € C n +i- Then by induction, £1 C C n for all n > 1 and hence the sequence {x n } generated by 
(3.60) is well defined. 

(Ill) Next, we show that {x n } is a convergent sequence in C. From x n = Hc n xo, we have 

(x n — u, Jxq — Jx n ) > 0, Vm € C n . (3-8) 

It follows from il C C n for all n > 1 that 

(#„ — z, Jxo — Jx n ) > 0, Vz G £L (3-9) 

From Lemma 2.4, we have 

(f)(x n ,X ) = (f>(Uc n Xo,x ) < <j>(u,x ) -<f>(u,x n ) < <f>(u,xo), 

for each u G il C C„ and for all n>\. Therefore the sequence {<j>(x n , x o)} is bounded. Furthermore, 
since x n = Hc„xq and x n+ \ = IIc„ +1 Xo € C„+i C C n , we have 

0(x n , #o) < <f>{x n +i,xo), for all n > 1. 

This implies that {<f>(x ni xq)} is nondecreasing and hence linin^oo 4>{x ni xq) exists. Similarly, by Lemma 
2.4, we have, for any positive integer m, that 

4>(x n+m ,X n ) = <t>{x n +m,Hc n Xo) 

< 4>(x n +m, X ) - 4>(Jl Cn X , X ) 

= (f>(x n +m,Xo) — (j)(x n ,x ), for all n > 1. (3.10) 

The existence of lim, woo cj>(x n ,xo) implies that 4>(x n+m ,x n ) — > as n — > oo. From Lemma 2.2, we 
have 

\\x n+m - x n \\ — ► 0, as n — > oo. 
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Hence, {x n } is a Cauchy sequence. Therefore, there exists a point p € C such that x n —* p as n — > oo. 
(IV). Now, we will show that p £ fi. Indeed, taking m — 1 in (3.10), we have 

lim (j}(x n+ i,x n ) = 0. (3-11) 

n — >oo 

It follows from Lemma 2.2 that 

lim ||x n+ i - x n \\ = 0. (3.12) 

n — >oo 

This implies that 

\\x n +i - x n -i\\ < \\x n+1 - x n \\ + \\x n - x n -i\\ -* as n -> oo. 
Then 

lim || Jx n +i — Jx n _i|| = 0. (3.13) 

n — >oo 

It follows from the last two inequalities that 

4>{x n+ x,x n -\) < \\x n+1 \\\\Jx n+1 - Jx n _i|| + \\x n -i - £C„+i||||x„_i|| -> as n -> oo. (3.14) 

On the other hand, since x n +i G C„+i, we obtain 

0(a; n +i,2/«) < 5„^(a; n+ i,a; n ) + (1 - 5n)[a n <t>{xn+i,Xn.-\) + (1 - an.)<M£n+i' x n) + (&n - !)#«]• 
It follows from the condition (3.11), (3.14) and linin^oo k n — 1 that 

lim cj>(x n+ i,y n ) = 0. 

n — >oo 

From Lemma 2.2, we have 

lim \\x n+1 -y n \\ = 0. (3.15) 

n — >oo 

Combining (3.12) and (3.15), we have 

Ikn - Vn\\ < \\x n ~ x n+ i\\ + \\x n+ i - y n \\ —> as n -» oo. (3.16) 

Since J is uniformly norm-to-norm continuous on any bounded sets, we have 

lim \\Jx n - Jy n \\ = 0. (3-17) 

n— >oo 

On the other hand, noticing 

\\Jy n - Jz n \\ = S n \\Jxi - Jz n \\ — ► as n — *• oo. (3.18) 

Since J" 1 is uniformly norm-to-norm continuous on any bounded sets, we have 

lim \\y n -z n \\ =0. (3.19) 

Using (3.12), (3.15) and (3.19) that 

lim \\x n -z n \\ =0. (3.20) 

n — >oo 

Taking the constant r = sup n>1 {||a;„ +1 ||, ||T n x n ||, ||S"' l u;„||}, we have, from Lemma 2.6, that there 
exists a continuous strictly increasing convex function g : [0,oo) —* [0,oo) satisfying the inequality 
(2.4) and g(0) = 0. 

Case I. Assume that (a) holds. Applying (2.4) and (3.5), we can calculate 

(f>(u, z n ) = <f>(u, J~ 1 (a n Jx n -i + (3 n JT n x n + j n JS n w„)) 

= ||w|| 2 - 2a n (u, Jx n -i) - 2/3 n {u, JT n x n ) - 2j n (u. JS n w n ) 

+ \\0tnJXn-i + l3 n JT n X n + ln JS n W n \\ 2 

< \\u\\ 2 - 2a n (u, Jx n _i) - 2f3 n (u, JT n x n ) - 2 ln (u, JS n w n ) 
+ a n \\Jx n _ 1 \\ 2 + [5 n \\JT n x n \\ 2 + ln \\JS n w n \\ 2 

- a n P n g(\\Jx n ^i - JT n x n \\) 

< a n <f>(u, x n -i) + f3„<f>(u, T n x n ) + j n <t>(u, S n w n ) 
-a n j3 n g(\\Jx n -i - JT n x n \\) 

< a n <f)(u, X n -l) + f3 n k n (f>( u i X n ) + lnk n cj>(u, W„) 

-a n (3 n g{\\Jx n -i - JT n x n \\) 
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< a n cf)(u, x n -i) + (3 n k n (f>(u, x n ) + 7„fc n 0O, x n ) 

+ 2r„7„ f -^r n - aj \\Ax n - Au\\ 2 - a n /3 n g(\\ Jx n -i - JT n x n \\) 

< a n (f)(u, x n -i) + (1 - a n )k n cj)(u, x n ) + 2r n -f n f -^r n - a J \\Ax n - Au\\ 2 

- a n p n g(\\Jx n -i - JT n x n \\). (3.21) 

This implies that 
OLnP n g(\\Jx n -i - JT"x n \\) < a n [cj>{u, x n -\) - k n <p(u,x n )] + k n (f>(u,x n ) - (j>{u,z n ) 

< a n [(j)(u, x n _{) - <j>(u, x n )} + (fc„ - l)(f>(u, x n ) + <f>(u, x n ) - <f>(u, z n ) 

< a n {<j>{u,x n -\) - 4>(u,x n )] + (k n - l)9 n + <t>(u,x n ) -4>(u,z n ). (3.22) 
We observe that 

a n [<p(u, x n -i) - 4>(u, x n )} + (k n - l)6 n + cj)(u, x n ) - (f>(u, z n ) 

< a„[||x„_i|| 2 - ||a;„|| 2 - 2{u, Jx n _ x - Jx„)} 

+ \\ x n\\ 2 - \\z n \\ 2 - 2(u, Jx n - Jz n ) + (k n - l)9 n 

< a„[||x„_i -x„||(||x„_i|| + ||x„||) + 2||u||||Jx n _i - Jx„\\] 

+ \\X»- Z n \\(\\Xn\\ + \\Zn\\) + 2\\u\\\\Jx n - Jz n \\ + (fc„ - l)0 n . 

It follows from (3.12), (3.17), (3.18) and (3.20) that 

lim «„[</>(«, X„_i) - 4>{u, Xn)) + (fcn ~ l)#n + <f>(u, X n ) - <j>(u, Z n ) = 0. (3.23) 

n — >oo 

Applying liminfn^oo a n (3 n > and (3.23) to (3.22), we get 

lim g(\\Jx n . 1 -JT n x n \\)=0. 

n — *oo 

By the property of function g, we obtain that 

lim \\Jxn-i - JT n x n \\ = 0. (3.24) 

Since J -1 is uniformly norm-to-norm continuous on any bounded sets, we have 

lim ||x„_i - T n x n \\ = lim || J~ l { Jx n -i) - J- l {JT n x n )\\ = 0. (3.25) 

n — >oo n — >oo 

From (3.12) and (3.25) , we have 

lim \\x n -T n x n \\ =0. (3.26) 

Note that 

\\T n x n -p\\ <\\T n x n -Xn\\ + \\x n -p\\. 
From (3.26), we obtain 

lim \\T n x n -p\\=0. (3.27) 

On the other hand, we have 

\\T n+1 x n - p\\ < \\T n+1 x n - T n x n \\ + \\T n x n - P\\ < sup \\T n+1 x - T n x\\ + \\T n x n - p\\. 

x£{x n } 

The uniformly asymptotically regularity of T and the last inequality imply that 

lim \\T n+1 x n -p\\ =0. (3.28) 

n — >oo 

That is TT n x n ^pasn^co. From the closedness of T, we see that p € F(T). In the same manner, 
we can apply the condition liminfn^oo a n "/ n > to conclude that 

lim \\x n -S n w n \\ =0. (3.29) 

n — >oo 

Again, by (C2) and (3.21), we have 

27n [a »b ) \\Ax n - Au\\ 2 < -[a n [4>(u, x n -i) - 4>{u,x n )] 
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+(k n - l)6 n + cf)(u, x n ) - <p(u, z n )\. (3.30) 

It follows from (3.23) and liminfn^co j n > liminfn^oo /3„7„ > that 

liminf \\Ax„ - Au\\ < 0. 

n — >oo 

Since liminfn^oo ||Aa;„ — Au\\ > 0, we have 

lim \\Ax n -Au\\ = 0. (3.31) 

n — >oo 

From Lemma 2.4, Lemma 2.5, and (3.4), we have 

cj)(x n ,w n ) = (f>(x n ,TlcJ~ 1 (Jx„-r n Ax n )) 

< (f>(x n ,J~ 1 (Jx n -r n Ax n )) 

< V(x ni [Jx n — r n Ax n ) + r n Ax n ) 

— YV^Ti ■) %'n ) T* £\>J \J Xn V n J\.X n ) X n -f T n I\X n j 

< ^b 2 \\Ax n -Au\\ 2 . (3.32) 
& 

It follows from (3.31) that 

lim (f>(x n ,w n ) = 0. (3.33) 

n — >oo 

Lemma 2.2 implies that 

lim ||x„-u;„|| =0. (3.34) 

n — >oo 

Since J is uniformly norm-to-norm continuous on any bounded sets, we have 

lim II Jx n — Jw n \\ = 0. (3.35) 

n — >oo 

Combining (3.29) and (3.34), we also obtain 

lim \\w n -S n w n \\ = 0. (3.36) 

Moreover 

\\w n - w n+1 \\ < \\w n - x n \\ + \\x n - x n+1 \\ + \\x n+ i - W„+l||. 
By (3.34) and (3.12), we have 

lim ||to„ -«;„+! ||=0. (3.37) 

n — »oo 

Note that 

\\S n w n -p\\ < \\S n w„ -w n \\ + \\w n - x n \\ + \\x n -p\\. 
From (3.26), we obtain 

lim ||S"«;„-p|| =0. (3.38) 

n — *oo 

On the other hand, we have 

\\S n+1 w n -p\\ < \\S n+1 w n -S n w n \\ + \\S n w n -p\\ 

< sup \\S n+1 w-S n w\\ + \\S n w n -p\\. 

The uniformly asymptotically regularity of S and the last inequality imply that 

lim \\S n+1 w n -p\\ =0. (3.39) 

n — >oo 

That is SS n w n — > p as n — + oo . From the closedness of S, we see that p £ F(S). 
Case II. Assume that (b) holds. Using the inequalities (2.4) and (3.5), we obtain 
4>{u,z n ) = (f>(u, J _1 (a„Jx„_i +{3 n JT n x n + ^ n JS n w n )) 

= |M| 2 - 2a n (u, Jxn-i) - 2/3„(u, JT n x n ) - 2j n (u, JS n w n ) 
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+ \\a n Ja; n _i + (3 n JT n x n + ln JS n w n \\ 2 

< \\u\\ 2 - 2a n (u, Jx n _i) - 2/J n (u, JT"x„) - 2 7n (u, J5"u;„) 
+ a„|| Ja; n _i|| 2 + (3 n \\JT n x n \\ 2 + 7n || J5" W „|| 2 
-/?n7nff(ll^"x n -J5 n W „||) 

< a n (f>(u, x n -i) + Pn4>(u, T n x n ) + 7„(f>(u, S n w n ) 
-l3 nln g(\\JT n x n -JS n w n \\) 

< <Xn(j>(u,Xn-l) + (5 n k n 4>(u,X n ) + J n k n (f>(u,W n ) 

- p n 7 n g(\\JT n x n - JS n w n \\) 

< a n (j>(u, x n -i) + /3„k n (p(u, x n ) + j n k n (f>(u, x n ) 

+ 2r„7„(^-r„ - a)||^4x„ - Au\\ 2 - f3 n j n g(\\JT n x n - JS n w„\\) 

2 

< a n 0(u,a; n _i) + (l - a n )k n (j>(u,x n ) + 2r n -f n ( — r n - a)\\Ax n - Au\\ 



2 



-f3 nln g{\\JT n x n -JS n w n \\). (3.40) 

This implies that 

Pnlng{\\JT n X n - JS n W n \\) < a n [(j){u,Xn-l) ~ k„<j)(u,X n )} + k n cj)(u 1 X n ) - <j>(u, Z n ) 

< a n [<^(u,a; n _i) -<p(u,x n )} + (k n - l)<p(u,x n ) + cf>(u,x n ) -cf>(u,z n ) 

< a n [<p(u,x n -i) - (f>(u,x„)] + {k n - l)B n + 4>{u,x n ) - cj>(u,z n ). (3.41) 
It follows from the condition lim inf n _>oo [3 n Jn > and (3.23) that 

lim g(\\JT n x n -JS n w n \\) = 0. 

n — >oo 

By the property of function g, we obtain that 

lim || JT n x n - JS"w n \\ = 0. (3.42) 

n — >oo 

Since J -1 is uniformly norm-to-norm continuous on any bounded sets, we have 

lim ||T"x„ - S n w n \\ = lim || J-\ JT n x n ) - J- 1 (JS n w n )\\ = 0. (3.43) 

On the other hand, we can calculate 

4>{T n x n ,z n ) = 4>{T n x n ,J- 1 (a n Jx n - 1 +t3 n JT n x n + ln JS n w n )) 

= \\T n x n \\ 2 - 2(T n x n , a„ Jx„_i + (3 n JT n x n + ln JS n w n )) 
+ \\a n Jx n -i + (3 n JT n x n + ln JS n w n )\\ 2 

< \\T n x n \\ 2 - 2a n (T n x n , Jx n ) - 2(3 n (T n x n , JT n x n ) - 2 ln (T n x n , JS n w n ) 

+ a n \\x n \\ 2 + P n \\T n x n \\ 2 + ln \\S n w n \\ 2 

< a n <j>(T n x n ,x n )+' Yn <j>(T n x n ,S n w n ). (3.44) 
Observe that 

<i>(T n x n , S n w n ) = \\T n x n \\ 2 - 2(T n x n , JS n w n ) + \\S n w n f 

= ||T"x„|| 2 - 2(T n x n , JT n x n ) + 2{T n x ni JT n x n - JS n w n ) + \\S n w n \\ 2 

< \\S n w n \\ 2 - \\T n x n \\ 2 + 2\\T n x n \\\\JT n x n - JS n w n \\ 

< \\S n w n - T n x n \\(\\S n w n \\ + \\T n x n \\) + 2||T"x„||||JT™x n - JS n w n \\, 
It follows from (3.42) and (3.43) that 

lim 0(T"x„, S n w„) = 0. (3.45) 

n — >oo 

Applying linin^oo a„ = and (3.45) and the fact that {(j)(T n x n ,x n )} is bounded to (3.44), we obtain 

lim <j)(T n x n ,z n )=0. (3.46) 

n — >oo 

From Lemma 2.2, one obtains 

lim \\T n x n -z n \\=0. (3.47) 
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We observe that 

\\T n x n - x n \\ < \\T n x n - z n \\ + \\z n - x n \\. 
This together with (3.20) and (3.47), we obtain 

lim \\T n x n ~x n \\ =0. (3.48) 

n — >oo 

From the uniformly asymptotically regularity of T, we obtain that 

lim \\T n+1 x n -p\\ =0. (3.49) 

n — >oo 

That is TT n x n — > p as n — * oo. From the closedness of T, we see that p £ F(T). By the same proof 
as in Case I, we obtain that 

lim \\x n — w n \\ = 0. (3.50) 

n — >oo 

Hence w n —> p as n —> oo for each i G I and 

lim ||Ja; n -JwJ| =0. (3.51) 

n — >oo 

Combining (3.43), (3.48) and (3.50), we also have 

lim \\S n w n -w n \\ =0. (3.52) 

n — >oo 

From the uniformly asymptotically regularity of S, we obtain that 

lim \\S n+1 w n -p\\ =0. (3.53) 



That is SS n w n — ► p as n — > oo. From the closedness of S, we see that p G F(S). 

We next show that p G VI(C, A). 
Let ^ C E x E* be an operator defined by : 

•._{£+«*>•;«£ , 3 ,4, 

By Lemma 2.7, $ is maximal monotone and * _1 = VI(A,C). Let (v,w) G G(^I / ), since iu G ^u = 
Av + Nc(v), we have w — Av G Nc(v). From x„ = nc n i G C n C C, we get 

(v - a; n , u; - Av) > 0. (3.55) 

Since A is a-inverse-strong monotone, we have 

(v-x n ,w) > (v-x n ,Av) 

= (v- X„,Av - Ax n ) + {V — X n ,Ax n ) 

> (v - x„,Ax n ). (3.56) 

On other hand, from w n — ILcJ (J%n — r n Ax n ) and Lemma 2.3, we have (v — w n , Jw n — ( Jx n — 
r n Ax n ) > 0, and hence 

, J X n J W n 



r„ 



Ax n ) < 0. (3.57) 



Because A is — constricted, it holds from (3.56) and (3.57) that 

(v—x n ,w) > (v- x n , Ax n ) + {v-w n , — — Ax n ) 

r„ 

= (v - W n , Ax n ) + (w n - X n , Ax n ) - (v — W n , Ax n ) + (v — W n , " ") 

= {W n -X n ,AXn} + {v-W„, ) 

r n 

> -\\ Wn - iCnlMlACnll ~ lb ~ Wnll- "^ " ^ , (3-58) 

a 
Vn G NU{0}. By taking the limit as n —> oo in (3.58) and from (3.34) and (3.35), we have (v—p, w) > 
as n — > oo. By the maximality of $ we obtain p € SI' x and hence p G VI (A, C). Hence we conclude 
that 

peil:= F{T) n F(S) n VI(A, C). 
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Finally, we show that p = HqXq. Indeed, taking the limit as n — > oo in (3.9), we obtain 

(p - z, Jx - Jp) > 0, Vzefi (3.59) 

and hence p = T\qxq by Lemma 2.3. This complete the proof. 



Corollary 3.2. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly 
smooth Banach space E. Let T be a uniformly L-Lipschitzian continuous and asymptotically quasi-<p- 
nonexpansive mapping with the sequence {k^} C [0, 1) such that fe„ — ► 1 as n — ► 00 and S be a uniformly 
L-Lipschitzian continuous and asymptotically quasi-cf>-nonexpansive mapping with the sequence {fc„} C 
[0,1) such that k„ — > 1 as n — > oo. Assume that fl := F(T) n F(S) fl V/(A, C) is nonempty and 
bounded. Let A be an a-inverse-strongly monotone mapping of C into E* with \\Ay\\ < \\Ay — Aq\\ for 
all y G C and q £fl. Let {x n } be a sequence generated by (3.60). Assume that {a n }, {/3 n }, {in}, {^n} 
and {r n } are the sequences in [0,1] satisfying the restrictions (CI), (C2) and (C3) in Theorem 3.1. 
Then {x n } converges strongly to II^xo, where LTn is the generalized projection from E onto fl. 

Proof. Following the proof lines of Theorem 3.1, we can obtain the following facts : 

(i) fl is closed and convex; 

(ii) fl C C n for all n > 1; 

(iii) {x n } is a Cauchy sequence and then {x n } and {w n } are convergent sequences in C; 

(iv) lim^oo \\x n - x n+1 \\ = = lim,^^ \\w n - w„+i||; 

(v) lim„^oo \\x„ - T n x n \\ = = limn^oo \\w n - S""u; n ||. 

It is sufficient to show that linin^oo ||T™ +1 x„ — T n x n \\ = = lim ?woo \\S n+1 w n — S n w n \\. We observe 

that 

\\T X n — T X n \\ < \\T X n — T X n +i\\ + ||T X n +1 ~ ^n+lll + lFn+1 ~~ x n\\ + \\ x n ~ T X n \\ 

< (1 + L)||a>„+i - x n \\ + \\T n+1 x n+1 - x n+1 \\ + \\x„ - T n x n \\. 

This implies that linin^oo ||T" +1 a; r j — T n x„|| = 0. Similarly, we can show that linin^oo ||S™ +1 i(; n — 
^"Wnll = 0. By Theorem 3.1, we have the desired conclusion. This completes the proof. 

■ 

From the definition of quasi- 0-non expansive mappings, we see that every quasi-</>-nonexpansive map- 
ping is asymptotically quasi-0-nonexpansive with the constant sequence {1}. From the proof of Theo- 
rem 3.1, we have the following results immediately. 

Corollary 3.3. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly 
smooth Banach space E. Let T and S be a closed and quasi-(f>-nonexpansive mappings such that 
fl := F(T) n F(S) H VI (A, C) is nonempty and bounded. Let A be an a-inverse-strongly monotone 
mapping of C into E* with \\Ay\\ < \\Ay — Aq\\ for all y G C and q G fl. Let {x n } be a sequence 
generated by the following algolithm: 

xq = x G E, chosen arbitrary, 

C\ = c,xi = n Cl iro, 

w n = Tl c J- 1 (Jx n - r n Ax n ), 

z n = J _1 (a„ Jx„_i + (3 n JTx n + 7„ JSw n ), (3.60) 

Vn = J~ l (S n Jxi + (1 - 5 n )Jz n ), 

C n+ i = {u G C n : (j>(u,y n ) < 8 n (j){u,Xi) + (1 - 5 n )£n}, 

x n +i =n Cn+1 a;o, Vn> 1, 

where £„ = a n <t>(u, x n -i)+(l— a n )(f)(u, x n ), and0 n — sup{0(z,x„) : z G fl}. Assume that {a„}, {/3 n }, {in}, 
{5 n } and {r n } are the sequences in [0, 1] satisfying the restrictions: 

(CI) lim^oo S n = 0; 

(C2) {r n } C [a, 6] for some a,b with < a < b < c 2 a/2, where 1/c is the 2-uniformly convexity 

constant of E; 
(C3) a n + Pn + In = 1 an d if one of the following conditions is satisfied 

(a) liminfjj^oo a n (3 n > and liminfn^oo a„7„ > and 

(b) lim n _ (00 a n = and liminf^oo [3 n j n > 0. 
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Then {x n } converges strongly to HqXq, where LTq is the generalized projection from E onto fi. 
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CALCULATING ZEROS OF THE SECOND KIND 
g-BERNOULLI POLYNOMIALS 

C. S. RYOO 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

ABSTRACT : In this paper, we observe the behavior of real roots of the second kind g-Bernoulli 
polynomials B nq (x) for < q < 1. By means of numerical experiments, we demonstrated a 
remarkably regular structure of the complex roots of the second kind g-Bcrnoulli polynomials B ntq (x) 
for — 1 < q < 0. The main purpose of this paper is to investigate the zeros of the second kind q- 
Bcrnoulli polynomials B nq (x) for —1 < q < 0. Furthermore, we give a table for the solutions of the 
second kind g-Bcrnoulli polynomials B nq (x) for —1 < q < 0. 

Key words : Bernoulli numbers, Bernoulli polynomials, g-Bcrnoulli numbers, g-Bcrnoulli polyno- 
mials, the second kind g-Bcrnoulli numbers, the second kind g-Bcrnoulli polynomials 

1. INTRODUCTION 

In the recent, several mathematicians have studied the Bernoulli numbers and polynomials, the Eulcr 
numbers and polynomials, the g-Bcrnoulli numbers and polynomials, the second kind ^-Bernoulli 
numbers and polynomials (see [1, 2, 3, 4, 5, 6, 7, 8]). These numbers and polynomials posses 
many interesting properties and arising in many areas of mathematics and physics. In the 21st 
century, the computing environment would make more and more rapid progress. The importance of 
numerical simulation and analysis in mathematics is steadily increasing. Using computer, a realistic 
study for these numbers and polynomials is very interesting. It is the aim of this paper to observe 
an interesting phenomenon of 'scattering' of the zeros of the second kind q-Bcrnoulli polynomials 
B n ,q{x) for — 1 < q < in complex plane. The main motivation of this paper are summarized as 
follows: In Section 2, using a numerical investigation, we observe the beautiful zeros of the second 
kind g-Bernoulli polynomials B nq (x) for —1 < q < 0. Finally, we investigate the structure of the 
roots of the second kind g-Bcrnoulli polynomials B n . q (x) for —1 < q < 0. In Section 3, we shall 
discuss the more general open problems and observations. 

Let q be a complex number with \q\ < 1. Let us define the second kind g-Bcrnoulli numbers 
B ntq and polynomials B nq {x) as follows: 

qe zt — 1 ■ i — ( n\ 



oc 



9tp l «--, t n 



qe* 

H n=0 

We consider the second kind Genocchi polynomials G n (x) as follows: 

G{x,t) = ^—e** = Y,Gn{x)- v (cf. [8]). (1.3) 

e -r J. ft. 

n— 

By (1.2) and (1.3), we obtain the following relationships between the second kind ^-Bernoulli poly- 
nomials B nyq (x) and the second kind Genocchi polynomials G n (x): 

lim B n „(x) = -G n (x). 
g-*-l 
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The following elementary properties of the second kind g-Bcrnoulli polynomials B nq (x) are readily 
derived from (1.1) and (1.2). We, therefore, choose to omit the details involved. More studies and 
results in this subject we may see references [l]-[4], [7], [8]. 

Proposition 1. For any positive integer n, we have 

qB rhq (x + 2) - B, hq (x) = 2n(x + l)"" 1 . (1.4) 

Proposition 2. For n £ N, we have 

B n . q {x) = {-iTq^B^-ii-x). (1.5) 

By (1.4) and (1.5), we have 

B n , g (-l) = (-l)"B Bi ,-i(-l). 

2. ZEROS OF THE SECOND KIND ^-BERNOULLI POLYNOMIALS B n>q (x) 

In this section, we assume that q £ C, with — 1 < q < 0. We investigate the beautiful zeros 
of the second kind g-Bernoulli polynomials B n ^ q (x) by using a computer. We plot the zeros of the 
second kind (/-Bernoulli polynomials B nq (x) for n = 10, 15, 25, 30 and x £ C (Figure 1). 
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Figure 1: Zeros of B n , q (x) for n = 10, 15, 25, 30 



In Figure 1 (top-left), we choose n = 10 and q = —1/2. In Figure l(top-right), we choose n = 15 
and q = —1/2. In Figure 1 (bottom- left), we choose n = 25 and q = —1/2. In Figure 1 (bottom-right), 
we choose n = 30 and q = —1/2. 
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We plot the zeros of the second kind g-Bernoulli polynomials B nq (x) for n — 30, q — —1/10, 
-3/10, -7/10, -9/10 and x <E C(Figure 2). 
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Figure 2: Zeros of B 30 , g (x) for q = -1/10, -3/10, -7/10, -9/10 



In Figure 2(top-left), we choose n = 30 and q = —1/10. In Figure 2(top-right), we choose 
n = 30 and q — —3/10. In Figure 2(bottom-left), we choose n — 30 and q = —7/10. In Figure 
2(bottom-right), we choose n — 30 and q — —9/10. 

We plot the zeros of lim g ^_i B n q {x) — —G n {x) for n = 30 (Figures 3, 4). 

Stacks of zeros of B nq (x) for 1 < n < 30 and q = —1/2 from a 3-D structure are presented 
(Figure 5). 

Our numerical results for approximate solutions of real zeros of B n ^ q (x) are displayed (Tables 
1,2). 
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Figure 3: Zeros of lim g ^_i Bn,q(x) 



Figure 4: Zeros of G n (x) 
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Figure 5: Stacks of zeros of B n , q (x), 1 < n < 30 



Table 1. Numbers of real and complex zeros of B ntq (x) 



degree n 


q- 


= -1/3 


q ■■ 


= -1/2 


real zeros 


complex zeros 


real zeros 


complex zeros 


2 


1 





1 





3 


2 





2 





4 


3 





3 





5 


2 


2 


2 


2 


6 


3 


2 


3 


2 


7 


4 


2 


4 


2 


8 


5 


2 


3 


4 


9 


2 


6 


4 


4 


10 


3 


6 


3 


6 


11 


4 


6 


4 


6 


12 


5 


6 


5 


6 



We observe a remarkably regular structure of the complex roots of the second kind ^-Bernoulli 
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polynomials B nq (x). We hope to verify a remarkably regular structure of the complex roots of the 
second kind (/-Bernoulli polynomials B nq (x) (Table 1). This numerical investigation is especially 
exciting because we can obtain an interesting phenomenon of scattering of the zeros of the second 
kind (/-Bernoulli polynomials B nq (x). These results are used not only in pure mathematics and 
applied mathematics, but also used in mathematical physics and other areas. 
Figure 6 shows the distribution of real zeros of B nA (x) for 1 < n < 30. 
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Figure 6: Plot of real zeros of B nq (x), 1 < n < 30 

In Figure 6(left), we choose q = —5/10. In Figure 6(right), we choose q = —9/10. 
Figure 7 presents the distribution of real zeros of the second kind Genocchi polynomials G n (x) 
for 1 < n < 30. 
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Figure 7: Plot of real zeros of G n (x), 1 < n < 30 



Next, we calculated an approximate solution satisfying the second kind g-Bcrnoulli polynomials 
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B nq (x). The results are given in Table 2. 



Table 2. Approximate solutions of B n>g (x) = 0, q = —1/2, x G 



degree n 


X 


2 


-0.3333333333 


3 


-1.276142375, 0.609475708 


4 


-1.84120150, -0.55991792, 1.401119421 


5 


0.309334278, 2.05464597 


6 


-0.82916632, 1.17084623, 2.57319374 


7 


-1.9437980, 0.032019155, 2.05570747, 2.91507272 


8 


-2.6847850, -1.10585266, 0.89414734 


9 


-3.0034250, -2.2550785, -0.244249446, 1.75565741 



S„,,(x) 




fi„.„(x) 



fl,,„(M 





Figure 8: Zero contour of B nA (x) 



The plot above shows B n ^ q {x) for real —2 < q < 1/10 and —3 < x < 3, with the zero contour 
indicated in black(Figure 8). In Figure 8(top-left), we choose n = 2. In Figure 8(top-right), we 
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choose n = 3. In Figure 8(bottom-lcft), we choose n — 4. In Figure 8 (bottom-right), we choose 
n = 5. 

3. DIRECTIONS FOR FURTHER RESEARCH 

We observe the behavior of complex roots of the second kind (/-Bernoulli polynomials B n _ q (x) = 
0, using numerical investigation. Prove that B n ^ q (x),x G C, has Im(x) = reflection symmetry 
analytic complex functions. The obvious corollary is that the zeros of B n ^ q (x) will also inherit these 
symmetries. If B n ^ q (x) = 0, then B n , q (x*) — 0, where * denotes complex conjugate (see Figures 1, 
2, 3, 5). 

Prove that B n q {x) = has n — 1 distinct solutions, ie., all the zeros are non-degenerate. Find 
the numbers of complex zeros Cb„ ( x ) of B n ^ q (x),Im{x) ^ 0. Since n — 1 is the degree of the 
polynomial B ntq (x), the number of real zeros Rb„ (x) lying on the real plane Im(x) = is then 
Rg n ( x ) = n — 1 — Cg n (x)i where C Bri / x \ denotes complex zeros. See Table 1 for tabulated values 
of Rb„ (x) an d Cg n i x y Find the equation of envelope curves bounding the real zeros lying on the 
plane. Observe that the structure of the zeros of the Genocchi polynomials G n (x) resembles the 
structure of the zeros of the second kind (/-Bernoulli polynomials B n ^ q (x) as q — > —1 (sec Figures 2, 3, 
4, 6, 7). In order to study the second kind g-Bcrnoulli polynomials B n _ q (x), we must understand the 
structure of the second kind ^-Bernoulli polynomials B nq {x). Therefore, using computer, a realistic 
study for the second kind g-Bcrnoulli polynomials B n>q {x) plays an important part. The author has 
no doubt that investigation along this line will lead to a new approach employing numerical method 
in the field of research of the second kind ^-Bernoulli polynomials B nq (x) to appear in mathematics 
and physics. For related topics the interested reader is referred to [2, 3, 4, 5, 6, 7, 8]. 
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A NUMERICAL INVESTIGATION OF THE STRUCTURE 
OF THE ROOTS OF THE SECOND KIND g-EULER 

POLYNOMIALS 

C. S. Ryoo 

Department of Mathematics, 
Hannam University, Daejeon 306-791, Korea 

Abstract : In this paper we observe the behavior of complex roots of the second kind g-Eulcr 
polynomials E n ^ q (x), using numerical investigation. By means of numerical experiments, we demon- 
strate a remarkably regular structure of the complex roots of the second kind q- Euler polynomials 
E n , q {x). Finally, we give a table for the solutions of the second kind g-Euler polynomials E n ^ q (x). 

Key words : the second kind Euler numbers and polynomials, the second kind g-Eulcr numbers 
and polynomials 

1. Introduction 

Several mathematicians have studied the Bernoulli numbers and polynomials, Euler numbers and 
polynomials, (/-Bernoulli numbers and polynomials, g-Eulcr numbers and polynomials, the second 
kind Euler numbers and polynomials(see [1-14]). These numbers and polynomials posses many 
interesting properties and arising in many areas of mathematics and physics. In this paper, we 
introduce the second kind g-Eulcr numbers E n ^ q and polynomials E n . q (x). In order to study the 
second kind g-Euler numbers E n ^ q and polynomials E n ^ q (x), we must understand the structure of the 
second kind q-Euler numbers E nA and polynomials E n ^ q (x). Therefore, using computer, a realistic 
study for the second kind q-Euler numbers E nq and polynomials E nq (x) is very interesting. It is 
the aim of this paper to observe an interesting phenomenon of 'scattering' of the zeros of the second 
kind g-Euler polynomials E n ^ q (x) in complex plane. The outline of this paper is as follows. We 
introduce the second kind g-Eulcr numbers E n ^ q and polynomials E n ^ q (x). In Section 2, we describe 
the beautiful zeros of the second kind g-Euler polynomials E nq (x) using a numerical investigation. 
Finally, we investigate the roots of the second kind q- Euler polynomials E n . q (x). Also we carried out 
computer experiments for doing demonstrate a remarkably regular structure of the complex roots 
of the second kind g-Euler polynomials E n . q (x). Throughout this paper, we always make use of the 
following notations: N = {1, 2, 3, • • • } denotes the set of natural numbers, R denotes the set of real 
numbers, and C denotes the set of complex numbers. 

First, we introduce the second kind Euler numbers E n and polynomials E n (x). The second 
kind Euler numbers E n are defined by the generating function: 

nt) = -r^=- t = Y, E ^ v (i*i < g). cf. [9, 11] (i.i) 

n— 

where we use the technique method notation by replacing E n by E n (n > 0) symbolically. We 
introduce the second kind Euler polynomials E n (x) as follows: 

F(x,t) = -— - t e xt = 5>n(*)V (1-2) 

n—0 



RYOO: q-EULER POLYNOMIALS 322 



2. The second kind g-Euler numbers and polynomials 

In this section, we introduce the second kind q-Euler numbers E n , q and polynomials E n _ q (x) 
and investigate their properties. Let q be a complex number with \q\ < 1. By the meaning of (1.1) 
and (1.2), let us define the second kind g-Eulcr numbers E n>q and polynomials E n ^ q (x) as follows: 







* qV 


' qe 2t + 1 






F q (x,t) 


2e* x 
~ qe 2t + 1 C 


We have the following 


remark. 




Remark. 


Note that 








(1) 


En, q (0) = 


£^n,q-) 



-1 - 2^ 

n=0 



W (2 ' 1} 

1 * — ' n! 



(2) If q -» 1, then £„,,(») - E n (x),E n . q = E n , 

(3) If g — » 1, thcnF 9 (a;,i) = F(x,t),F q (t) = F(t). 

By using computer, the second kind g-Euler numbers E nq can be determined explicitly. A few of 
them are 

2^2 2q 



7 l + q' M (l + q) 2 (l + q) 2 ' 

4 8q 4q 2 2 2q 



^0,9 = -i , I . ; -El 

^2,5 = 
^3,9 = 



(l + <?) 3 (1 + g) 3 (l + <z) 3 (l + <z) 2 (1 + g) 2 ' 

12 36<? 36q 2 12<? 3 12 12g 2 2 2g 



(1+^)4 (l+g)4 (1 +<Z )4 (1 +(Z )4 (1 + (?) 3 (1 + g) 3 (1 + g) 2 (1 + (?) 2 

The following elementary properties of the second kind g-Euler polynomials E n _ q (x) are readily 
derived from (2.1) and (2.2). We, therefore, choose to omit the details involved. More studies and 
results in this subject we may see references [l]-[4], [6], [9]. 

The second kind g-Eulcr polynomials E n ^ q (x) can be determined explicitly. A few of them are 

2 



E . q (x)- i + q , 

E (x) 2 2q \ 2X 


2 


2q 4x 




> q[ ' (l + q) 2 (l + q) 2 '(! + «)' 
E (x) 4 8<1 1 Aq2 


Aqx 2x 2 


^ q{X) (l + q? (l + q? (l + q? 

Proposition 1 (Differential relation). 

d „ 


(l + q) 2 


(l + q) 2 ' (l + q) 2 


(l + q) 2 ' (l + q) 



-E, hq (x) = nE n _^ q (x). 



Proposition 2 (Integral formula). 

1 

E n ^ 1 . q (x)dx = -(E n . q (b) - E n>q (a)). 

Theorem 3. The second kind g-Eulcr numbers E nq are defined by 

q(E q + ir + (E q -ir = { 2 ' ifn = ' 

q q I 0, ifn>0, 
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with the usual convention about replacing (E q ) by E n ^ q in the binomial expansion. 
Theorem 4 (Difference equation). For any positive integer n, we have 

qE n>q (x + 2) + E n , q {x) = 2{x + l) n . 
Theorem 5 (Theorem of complement). For any positive integer n, we have 

E n , q (x) = (-rp<rX,g-i(-z)- 

2. Zeros of the second kind g-Euler polynomials E n:q {x) 

In this section, we investigate the zeros of the second g-Euler polynomials E n . q (x). We inves- 
tigate the beautiful zeros of the E n ^ q (x) by using a computer. We plot the zeros of the second kind 
g-Euler polynomials E n ^ q (x) for n — 30, q = 1/5,2/5,3/5,4/5 and x € C (Figure 1). In Figure 1 







• 




10 


• 
• 






5 


• 
• 




• 




• 




• 


lm(x) o 


• 






• 
• 










• 




• 








• 




• 




• 






-10 


• 


• 







• 




10 


• 


• 


5 




• 
• 


Im(x) o 




■ a m m • 




• ■ " • • 






• 


-5 




• 


-10 


• 
• 


• 



Re(x) 



Relx) 





• 




10 


• 


• 




• 


• 


5 


• 
• 


• 




• 


• 


x) o 












• 


• 




• 




-5 


• 


• 




• 


• 




• 




-10 


• 


• 





• 


• 


10 




• 


5 




• 
• 


Im(x) a 




• m m m* 




9 • " •• 






• 


-5 




• 
• 


-10 








• 


• 



Ke{x) 



Re(x) 



Figure 1: Zeros of E n>q {x) for q = 1/5,2/5,3/5,4/5 



(top-left), we choose n = 30 and q — 1/5. In Figure 1 (top-right), we choose n — 30 and q — 2/5. In 
Figure 1 (bottom-left), we choose n = 30 and q = 3/5. In Figure 1 (bottom- right), we choose n = 30 
and q — 4/5. The real zeros of £ , 3o. g (a;) for q — ► 1 structure are presented (Figure 1). 

Stacks of zeros of E n i/ 2 (x) for 1 < n < 30 from a 3-D structure are presented (Figure 2). Plot 
of real zeros of E niq (x) for 1 < n < 30 and q = 1/2,4/5 structure are presented (Figure 3). In 
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Im(x) 




Figure 2: Stacks of zeros of E nt i/ 2 (x) for 1 < n < 30 



Figure 3(left), we choose 1 < n < 30 and q = 1/2. In Figure 3(right), we choose 1 < n < 30 and 
q = 4/5. Plot of real zeros of E n ^{x) for q —* 1, 1 < n < 30 structure are presented (Figure 4). Our 
numerical results for approximate solutions of real zeros of E n ^ q (x) are displayed (Tables 1,2). 

Table 1. Numbers of real and complex zeros of E njq (x) 



degree n 


q 


= 1/2 


q 


= 1/3 


real zeros 


complex zeros 


real zeros 


complex zeros 


1 


1 





1 
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2 





2 
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3 





3 
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3 
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4 
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3 


6 


10 
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6 


11 
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5 


6 


12 
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6 


4 


8 


13 


5 


8 


5 


8 



We observe a remarkably regular structure of the complex roots of the second kind g-Eulcr polyno- 
mials E nq (x). We hope to verify a remarkably regular structure of the complex roots of the second 
kind g-Euler polynomials E n ^ q (x) (Table 1). Next, we calculated an approximate solution satisfying 
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Figure 3: Real zeros of E n ^ q (x) for 1 < n < 30 
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Figure 4: Real zeros of E n ^ q (x) for q — > 1 and 1 < n < 30 



E n , q (x),q = 1/2, x E R. The results are given in Table 2. 

Table 2. Approximate solutions of E n:q (x) =0,x£ 



degree n 


X 


1 


-0.33333 


2 


-1.2761, 0.6095 


3 


-1.8412, -0.5599, 1.4011 


4 


0.3093, 2.0546 


5 


-0.8292, 1.1708, 2.5732 


6 


-1.000, 1.000 


7 


-2.685, -1.1059, 0.8941 


8 


-3.00, -2.255, -0.2442, 1.7557 


9 


-1.382, 0.6175, 2.609 
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Figure 5: Zero contour of E nq (x) 

The plot above shows E nq (x) for real —7/10 < <? < 7/10 and —2 < x < 2, with the zero 
contour indicated in black (Figure 5). In Figure 5(top-left), we choose n = 1. In Figure 5(top-right), 
we choose n — 2. In Figure 5(bottom-left), we choose n = 3. In Figure 5 (bottom-right), we choose 

n = 4. 

3. Directions for Further Research 



Finally, we shall consider the more general problems. In general, how many roots does E nyq (x) 
have? This is open problem. Prove or disprove: E nq (x) — has n distinct solutions. Find the 
numbers of complex zeros Ce„ ( x ) of E ntq (x), Im(x) ^ 0. Since n is the degree of the polynomial 
E n<q (x), the number of real zeros Re„ (x) lying on the real plane Im(x) — is then Re^ (x) = 
n— Ce^ q ( x )i where C^ ( x ) denotes complex zeros. See Table 1 for tabulated values of Re„ q (x) and 
Ce„ (x)- Observe that the structure of the zeros of the second Euler polynomials E n (x) resembles 
the structure of the zeros of the second kind g-Euler polynomials E ntq (x) as q — > 1 (sec Figures 
1, 2, 3, 4). Find the equation of envelope curves bounding the real zeros lying on the plane. The 
theoretical prediction on the zeros of E n ^ q (x) is await for further study. We plot the zeros of E n:q (x), 
respectively (Figures 1-4). These figures give mathematicians an unbounded capacity to create visual 
mathematical investigations of the behavior of the roots of the E n<g (x). Moreover, it is possible to 
create a new mathematical ideas and analyze them in ways that generally are not possible by hand. 
The author has no doubt that investigation along this line will lead to a new approach employing 



RYOO: q-EULER POLYNOMIALS 327 



numerical method in the field of research of the second kind q-Euler polynomials E nq (x) to appear 
in mathematics and physics. The reader may refer to [10-13] for the details. 
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Strong differential subordinations obtained 
by Ruscheweyh operator 

Roxana §endrutiu 

Abstract 

In this paper we define a class of univalent functions 
1Z(™(a) and we study new strong differential subordinations using 
Ruscheweyh derivative. The notion of strong differential subordi- 
nation is developed from the classic notion of differential subor- 
dination. 

Keywords: analytic function, differential subordination, strong differ- 
ential subordination, univalent function, convex function, dominant, 
Ruscheweyh operator. 
2000 Mathematical Subject Classification: 30C45, 30A10, 30C80. 

1 Introduction and preliminaries 

Let U denote the unit disc of the complex plane : 

U = {zeC: \z\<l) 

and 

U = {zeC: \z\< 1}. 

Let T-L{U x U) denote the class of analytic functions in U x U. 
In [6], [8] the authors have defined the classes 

H([a, n] = {fe UiUxU) : f(z, () = a+a n (()z n +a n+1 (()z n+1 +- ■ ■ , z e U, ( 6 U} 
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with ak(C) holomorphic functions in U, k > n, 

U( U (U) = {/ G HC[a, n] : f(z, () univalent in U for all z G U, ( G U}, 

A( n = {fe H([a,n] : f(z,() = z+a n+1 (()z n+1 +a n+2 (()z n+2 +- ■ • , z G U,( G 77} 
with Ad = AC, 

K(= If G H£[a,n] : Re **, 9 + 1 > 0, * G 17, for all C G 17 j . 

Definition 1.1. [6], [8] Let h(z,(), f(z,() be analytic in U x U. The 
function /(z, () is said to be strongly subordinate to h(z, (), or h(z, () is 
said to be strongly superordinate to f(z, (), if there exists a function ui 
analytic in U, u(0) = 0, \ui{z)\ < 1, such that f(z,() — h[uj(z)X]i f° r & h 
C G f/. In such a case we write f(z, () -<-< /i(^, C), z E U,( E U. 

Remark 1.1. If h(z,() = h(z) and f{z,() = f( z ), then the strong 
subordination becomes the usual notion of subordination. 

Remark 1.2. The notion of differential subordination was introduced 
and developed by S.S.Miller and P.T.Mocanu [3], and the concept of 
strong differential subordination was introduced in [1] by J.A.Antonino 
and S.Romaguera and developed by G.I. Oros and Gh. Oros [6]. 

In order to prove the main results we use some lemmas found in 
[2], [4], and we adapt them to the classes defined in [6], [8]: 

Lemma 1.1 (D.J. Hallenbeck, S. Ruscheweyh) Let 

h(z,()eK( 

with h(0, () = a, and let 7 G C* be a complex number with Re 7 > 0. If 
p G "HC[°? n ] an d 

1 
p(z,() + -zp'(z,() -<-<h{zX) 

7 
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then 
where 



p(z,() -«q{zX) -<-<Kz,0, 



q (z, C) = -^ f h(t, Ot'i-'dt (zeu,(eu). 

The function q belongs to the class K( and is the best (a, n) dominant. 

Lemma 1.2 (P.T. Mocanu, T. Bulboaca, G.§t. Salagean) Let 
q(z, () G K( and let 

h{z, C) = q(z, C) + nazq'(z, (), zeU,(eU 

where a > and n is a positive integer. If 

P(Z, C) = 9(0, C) + Pn(()z n + Pn+l(()z n+1 + ■■■ 

is holomorphic in U x U and 

p(z, C) + azp'(z, C) -<-< h(z, C), 

then 

p(z,Q -«q(z,Q 

and this result is sharp. 

2 Main results 

Definition 2.1. For f(z, () € U{U x U), n e N, we define the differ- 
ential operator i? n : 

B?f(z,Q = f(z,Q 

R 1 f(z,() = zf z (zX) 
2R"f(z,()=z[R 1 f(z,()}' z + R 1 f(z,C) 

(n + I)i2" +1 /(z, C) = 4^ n /(^, C)]' 2 + n[i77(*, 0] (^ e C/, C e C7). 
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Remark 2.1. For f(z) G "H(^) we have Ruscheweyh differential 
operator [7]. 

Property 2.1. For f(z, £) G .AC, 

/(z, C) = z + a 2 (()z 2 + a 3 (()z 3 + ■■■ , zeU,(eU 
then: 

00 

R n f(z,C)} = z + J2 C n + k-MC)z k (zeU,(eU,ne N). 

fe=2 

Property 2.2. For f(z, () G AC, n EN, then the differential operator 
R n can be define as 

*"/(*■ = (r4)^T * /(».0 = ^-'^■ 0) ' ,) (ze^.CeP). 

Definition 2.2. Let a < 1 and m, n G N. We denote by HQ?(a) the 
set of functions / G ^Cn, that satisfies the inequality 

(2.1) Re[R m f(z,C)]' z >a, zeU,(eU, 

where R m is the differential operator defined in Definition 2.1. 

Ideas found in paper [5] were used for obtaining the original results 
of the present paper. 

Theorem 2.1. If a < 1, and m,n 6N, then 

where 

(2.2) 5 = <S(a,C,n,m) = 2o - C + 2(C - a) a( ) 

n n 

and 

(2.3) °{x) = J —dt. 
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Proof. Let f(z, () G TZ(™ +1 (a) . Using the properties of the R m f oper- 
ator, we have 

(2.4) (m + l)[R m+1 f(z,()}= z[R m f(z,()}' + m[R m f(z,()}, 

with z G U,( G U. Differentiating (2.4), with respect to z, we obtain 

(2.5) (m + l)[R m+1 f(z,()}' = z[R m f(z,C)}" + (m + l)[R m f (z , ()}' , 
zeU,(eU. 

If we denote by p(z,() = [R m f(z,()}', then p'(z,() = [R m f(z,()]", and 
after an simple calculus, the equality (2.5) becomes 

(2.6) [R^f( z x)]'= P (z,0 + ^—zp'( z ,0, zeu,(eu. 

m + 1 

Since f(z, () G 7Z(™ +1 (a), using Definition 2.2 and the equality (2.6), we 
obtain 

(2.7) Re[p(z, + —^—zp'(z, ()} > a, zeU,(e U, 

m + 1 

equivalent to 

P(z, C) + -^zp'iz, C) ■<■< C + (2a-C)z ^ fc( c) 
m + 1 1 + z 

since the image of the unit disc U through function h is the semiplane 
{wGC: \uj\ > a}. Using Lemma 1.1, results 

where 

/ ,, m + 1 [ z C + (2a - C)t m+i , , 

(2.8) ^,0 = —^/ g ^-^ 

nz « Jo i -\-i 

m + 1 f 2 r 2(C — a), m+i 1 

= ^+r/ [2a -C+ 7,/ ]t— ^dt 
nz ™ Jo i -r c 

. m + 1 ,ra + 1,1 t — 

= 2a-C + 2C-a <K Hs+r, ^Gf/,Cef/, 

n n ^^r" 

5 
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where a(x) is given by (2.3), and the function q(z,() S K( and is the 
best dominant. 

With p(z,() -<-< q(z, C) an d 9(2,C) e -^C, an d the f &c ^ that the image 
of U x U through q(z, () is symmetric with respect to the real axis, we 
deduce that 

in -\- 1 in -\- 1 

Rep(zX) > 9(1,0 = <* = <S(a,C,n,m) = 2a-C+2(C-a) a( ), 

n n 

which means that 

Re[R m f(z,()]'>S, zeU,(eU. 

Using Definition 2.2 we obtain f(z,() e Tl(™{5). Since f{z,() e 
lZ(,™ +1 (a), we obtain that 

TZC +1 (a) C TZC(S), 

where S is given by (2.2). □ 

Theorem 2.2. Let 9(2,0 e KC a function with 9(0,0 — 1, an d let 
h(z, an analytic function given by 

(2.9) /.(^, C) = g(-^, C) + — ^— ^'(^, C), zeu,(eu. 

m + 1 

If / G A£ ra and the strong differential subordination 

(2.10) [R m+1 f(z,C)]'^h(zX), zeu,{eu 

holds, then 

[R m f(z,0]'^q(z,0 

and this is the best result. 

Proof. Using the properties of Ruscheweyh operator and the relation 

(2.6), the strong differential subordination (2.10) becomes 

1 1 

p(z, + —zp'{z, ■<■< q(z, C) + -rzg'iz, () = h{z, (), 

m + 1 771 + 1 
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with z e U, C e U. 

Using Lemma 1.2. we obtain p(z,() ~<~< q( z ,C)j i- e - 

[R m f(z,C)]'-<^q(z,0, zeU,(eU, 

and this is the best result. D 

Remark 2.2. For n — 1, Theorem 2.2 can be restate under the form 
of the next Corollary. 

Corollary 2.1. Let q(z, () G K( a function with q(0, () = 1, and let 
h(z, () an analytic function given by 

h(z, = q(z, C) + ^y zq'(z, (), zeU,(eU. 
If / G A£ and the strong differential subordination 

[R m+1 f(z,0]'^h(z,0, zeU,CeU 

holds, then 

[R m f(z,()]'^q(z,0- 

Theorem 2.3. Let h(z, () an analytic function from U x U, with 
h(0, () = 1, h'(0, () 7^ 0, z G U, ( G U, that satisfies the inequality 

(2.11) Re[l + Zl f} Z ^} \ > —r ,,m> 0. 

1 ' L h'(z,C) J 2(m + l)' " 

If f{z,() G A£ n and the strong differential subordination 

(2.12) [R m+1 f(z,C)]'^h(zX), 
holds, then 

[i*"7(*, 01' ■«■<?(*, 

where 

(2.13) q(z,() = ^TT h(tX)t—- l dt, 

nz n Jo 
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zeU,£eU. 

The function q(z, () G K( and is the best dominant. 
Proof. A simple application of the differential subordination technique 
[1], [3] shows that the function q(z, () belongs to the class K(. Using the 
properties of the R m f operator, and after an simple calculus we obtain 

(2.i4) [R m+i f( Z , or = [R m f( Z , or + -L^ziirfiz, or, 

with z eU,( eU. 
If we denote by 

(2.15) P (z,0 = [R m f(z,0\', zeUXeU 

then the equality (2.14) becomes 

(2.16) [R m+1 f(z, 0]' = P(z, + — ^-r zp'(z, Q, zeU,(eU, 

m + 1 

and the strong differential subordination (2.12) is equivalent with 

(2.17) p ( z X) + ^—zp'(z,C)^h(z,C), zeu,(eu. 

m + 1 

Using Lemma 1.1, we have 

p(z,() ^ q(z,0 = ! ^sr / Ktx^-'dt, 

nz n Jo 
and using (2.15), results 

[R m f(z,C)}' ^ q(z,Q = "^ [' KtX^-'dt, 

nz « Jo 

with z eU,( eU. 

The function q(z, () e K( and is the best dominant. □ 

Remark 2.3. For n — 1, Theorem 2.3 can be restate under the form 
of the next Corollary. 
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Corollary 2.2. Let h(z, () an analytic function from U x U, with 
h(0, C) = 1, h'(0, () 7^ 0, z G U, ( G U, that satisfies the inequality 

zh"(z,C), 1 

L h'(z,() 2(m + l)' - 

If /(z, () G A£ and the strong differential subordination 

[R m+1 f(z,C)}'^h(z,0, 

holds, then 

[R m f(zX)]'^q(zX) 

where 

q(zX) = T ^ [ Z h(tX)t m dt, 
z Jo 

zeU,CeU. 

The function q(z, () G K( and is the best dominant. 

Theorem 2.4. Let q{z,() G -ft'C De a function with g(0,£) = 1 and 
suppose that 

h(z, C) = q(z, C) + nzq'(z, (), z G 17, C G Z7, n G N). 

If f{z,() G A£ n and the strong differential subordination 

(2.18) [^/(^Ol'^M^C), ^ef/,CGZ7 

holds, then 

Proof. We denote by 

(2.19) p(z, C) = ^^^ 0] , ^GC/,CGC7, 
hence 

(2.20) R m f(z,() = zp(z,(), zeUXeV. 

9 
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Differentiating the equality (2.20), with respect to z, we obtain 

(2.21) [R m f(z,0]'=p(z,0 + zp'(z,0, zEU,(eU 
and the strong differential subordination (2.18) becomes 

p(z, C) + zp'(z, C) ^ q(z, C) + nzq'(z, (), zEU,(eU 
Using Lemma 1.2, results p(z, () -<-< q(z, (), which means 

□ 

Remark 2.4. For n — 1, Theorem 2.4 can be restate under the form 
of the next Corollary. 

Corollary 2.3. Let q(z, () G K( be a function with g(0, () = 1 and 
suppose that 

h(z,() = q(z,C) + zq'(z,(), zEU,(eU. 
If f(z, () G A( and the strong differential subordination 

[R m f(z,0]'^h(z,0, zeU,(eU 

holds, then 

[R m f(z,Q] , ,, 

J -^^^q(z,0- 

Theorem 2.5. Let h(z, () an analytic function from U x U, with 
h(0, () = 1, h'(0, £) ^ 0, z G U, C G U, that satisfies the inequality 

If /(z, £) G A£ and the strong differential subordination 

(2.22) [R m f(z,0]'^h(z,0, 

10 
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holds, then 



where 



q(z, () = - [ h(t, ()dt, zeU,(eU. 

z Jo 

The function q belongs to the class K( and is the best dominant. 
Proof. We denote by 

B m f(z C) — 

(2.23) p(z,C)= J{ ' , zeUXeU, 

z 
hence 

(2.24) R m f(z,() = zp(z,(), zeu,(eu. 
Differentiating (2.24), with respect to z, we obtain 

(2.25) [R m f(z,0]'=p(z,0 + zp'(z,0, zeU,(eU, 
and the strong differential subordination (2.22) becomes 

P (z, C) + z P '(z, C) ^ h(z, C), z e u, C e U. 

Using Lemma 1.1, we have 

1 f z 
p(z,() -«q{zX) = ~ / h(t,()dt, 

z Jo 



R m f(z,C) 



-<-<q{zX) = - I h(t,()dt. 

z Jo 



From [3] (p. 66-67) we have h(z,() £ KC(~ \) an d the function q(z,() £ 
K(. From Lemma 1.1. the function q is the best dominant. □ 

Example 2.1. Let h(z,() be the function 

n 
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where z <EU,( 6(7, h(0, () = l,a6l,a<l. 

If f{z,() £ T^-CTi ) then, from Theorem 2.5 results 

R m f(z,0 .,_ f _^ 1 f' C + (2a-Qt 

1 + t 







z 


A^> 


then 




z 


0,. 






/ 1 C + (2a- 


0* 






io 1 + * 




with £ G 


t/, 


a£l,a< 1. D 





><z(i,C)= / M*,0* 

./o 

rft = 2a-C + 2(C-a)ln2, 
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Abstract 

It is known that the learning algorithm with sample hypothesis spaces is es- 
sentially different from the algorithms with hypothesis spaces independent of the 
sample. In the present paper, we consider the error bounds for norm square regu- 
larized regressions associated with Lipschitz loss and sample depending reproducing 
kernel spaces. By giving the unique solution with subgradients of the loss functions, 
we estimate the learning rates with the regularization parameters A and the sample 
number m. The sample error rates obtained are 0( . \— ) and the approximation 
error rates are 0(-j= + A). 
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1 Introduction 



Recently, with the development of learning theory, considerably attention has been 
paid for theory analysis of regularized kernel machine learning with sample dependent 
hypothesis spaces(see [3], [17], [18], [23], [25], etc.). 

Let X be a compact metric space, Y = di. p(x, y) is a fixed but unknown Borel 
probability distribution on Z := X x Y which describes the relation between variables 
x G X and y G Y, It can be factorized into the marginal probability px(x) and the 
conditional probability p(y\x) of y given x. 

Let V(t) : 3?^ 3? + be a convex loss function. Denote by £ p y(f) = J z V(\y—f(x)\} dp 
the generalization error. The minimizer/y defined by 

fv( x ) '■= ar 9 m jn£ P ,v(f) 

over all measurable functions is the target which we want to learn. In particular, if 
V(t) = t 2 is the least square loss, fy is exactly the regression function f p (x) = E(y\x) = 
f Y y dp(y\x) (see [8]). For the pinball loss and the e-insensitive loss the existence of f v is 
studied in [13] and [19] respectively. Therefore, throughout this paper we assume that f v 
always exists and is uniqueness. The task of learning theory is to find, from the sample 
z = (zi)iLi = ((xi, yt))iHi ^ Z m drawn from independent and identically distributed 
(i.i.d.) random variable (Xi,Yj) each with the unknown probability distribution p(x,y) 
on Z with 1 < i < m, a function f z (x) : X — ► Y such that it is a good approximation of 

fv- 

A way of obtaining f z is by the following empirical Tikhonov regularization regressions 

(see e.g. [9]) 

f z ,xy M = argmiJ^^v(\ yi - f{ Xi )\\ + \n{f)V (1.1) 

where A are positive constants which are called the regularized parameters, TC is a hy- 
pothesis space which is, in most of the case, a function space consisting of functions on 
X with norm || • ||^, £l(f) : Ti — > 3? is the penalty function called regularizer. 

To show the performance of algorithm (1.1), one needs to consider how fast fa zXvn 
approximates f v as m increases. A way is to show the rates for error 

^p t v(fa z> x,v,n) ~ £p,v(fv)- (!- 2 ) 



BAO-HUAI ET AL: LEARNING THEORY 343 



In learning theory based on kernels, the hypothesis spaces 7i are usually taken to be 
the reproducing kernel Hilbert spaces(RKHS). 

Let K(x,y) = K x (y) : X x X — > 3? be continuous, symmetric and positive semi- 
definite, i.e., for any finite set of distinct points X = {xi,X2,--- ,%i} C X, the matrix 
%j = (K(xi, Xj))\j =1 is positive semi-definite. Such functions are called Mercer kernels. 

The reproducing kernel Hilbert space (RKHS)(see [1]) Tix associating with a Mercer 
kernel K(x, y) is defined to be the closure of the linear span of the set of functions 
{K x : = K(x, •) : x G X} with the inner product (-, -) K satisfying 

(K x , K y ) K = K(x, y) = K x (y), x, y G X 

and the reproducing property takes the form 

f{x) = (f,K x ) K , xeX. 

Many methods have been used for estimating the convergence rates when Ti are 
RKHS TCk- The capacity dependent (see e.g. [2, 4, 5, 9, 11, 21, 22, 24]) and the ca- 
pacity independent (see e.g. [6, 10, 15]) are two approaches for this purpose. Based 
on these discussions, learning algorithms with sample dependent are developed. Let 
X = {x%, x 2 , ••• , x m } C X be data taken from the observations z = {(x il yi)}™ =l 

m 

and T~t K x = {fa(x) = J2 ocj K Xj (x) : a = (ai,«2,--- ,a m ) T G 3? m } be the hypothesis 

_ j=1 
space depending on X. Then, Tt K x c 'Hk- Define an inner product (•, -) KX - on H K x by 

the linear extension from (K t ,K s ) K ^ = K(t,s) for t, s G X and take the completion to 

obtain the Hilbert space (Ti. K x, \\ ■ \\kx)- Then, for any given a G 3? m there holds 

\\fa\\ 2 K = <* T K x,x <*■ 

7~t K x provides the reproducing property (see [17]) 

f(x) = (f,K x ) K ^, xeX. 

Choosing T~C KX ~ as the hypothesis space of framework (1.1), we have the sample de- 
pendent learning regressions 

1 m 



mm 



j=i 
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It has been pointed by [23] and [25] that, the error analysis for algorithm (1.3) is 
essentially different from and more difficult than that for (1.1). For example, when we 
estimate the error with capacity approach, the sample dependent nature of the algorithm 
will lead an extra error term called hypothesis error which makes the analysis become 
more complexity. In the least square loss case, [18] and [25] gave the learning rates for 

m m 

Q(fa) = ^2 oif and fi(fa) = Yl \ a i\ respectively The former is coefficient regularization 

t=i j=i 

with Z 2 -regularizer and the latter is the ^-regularizer which leads to some sparse properties. 

Moreover, the kernels there are not necessarily nonsymmetric. It is known that the least 

square loss has the strong convexity and its derivatives are easy to be computed. This 

advantages make it possible for us to show the explicit expression of the solution and give 

the rates with integral operator approach. In the present paper, we want to show the 

learning rates for framework (1.3) when V(t) is the Lipschitz loss and fi(f a ) = WfaWx is 

the usual norm square regularizer. In this case, scheme (1.3) becomes 

1 m 

fz,x,v = fa zXV , a Z:X ,v = arg min {— YVflj/i- f a (xi)\) + A a T K^~x "}• (I- 4 ) 

i=l 

We now give the definition of Lipschitz loss. 

Definition 1. We call a convex function V(t) : 9ft — > 9ft + a Lipschitz loss with rank 
L > if it satisfies V(0) = and 

\V(t)-V(t')\<L\t-t'\ } t,t'e$l. 

For example, the absolute value loss V a (t) = \t\, the e— insensitive loss (see [14]) 

vdt) = { °', if |f| K F - 

I \t\ — e, otherwise, 

and the pinball loss V p b (see [20]) are all Lipschitz loss functions. 

Before stating our discussions, let us introduce some definitions and notations. The 
general integral regularized framework corresponding to scheme (1.4) is defined by 

o» : = QfW, _ arg nun {£ p ,v(f a ) + A a T K^x "}> (1-5) 

where f a (x) G Ti,xx- The empirical measure p z (x,y) corresponding to the sample z with 
respect to a bounded p— measurable function f(x,y) on Z is 

f 1 m 

/ f(x,y) dp z = — V f(xi,yi). (1.6) 
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We can decompose the excess generalization error £p,v(fa zX v) ~ £p,v(fv) ^° ^ wo 
parts. The first is the sample error \£p,v{fa zX v) — ^,y(/ Q w) , the second is the approxi- 
mation error £ p y(f a ( P )) - £ p ,v(f v ). 

We now make some discussions about the setting (1.4) and (1.5): 

• The discrete set X is taken from the sample, the hypothesis space 7~t KX * s sample 
dependent and therefore are reproduced presently by kernel K(x, y) and the sample 
X. Then, it is convenient for us to design learning algorithm. 

• We assume the loss functions V(t) are Lipschitzians, they lack of strong convexity 
and smoothness. However, we may use sub-gradients to describe the optimality. 
These facts make it possible for us to use convex analysis skills in our analysis. 

• Since Ti. KX * s sample dependent, we know f az A v and f a ( P ) are sample dependent as 
well. Therefore, both the errors are sample dependent. We need to use possibility 
to derive the error analysis. 

• A direct advantage of framework (1.4) over framework (1.1) in that the former is a 
finite dimensional optimization problem and, therefore, is easy to design algorithm. 
Moreover,we shall see in Section 3.2 that it will lead to a better method for us to 
estimate the approximation error conveniently. 

Basing on these features, we shall estimate the sample error by a large number law 
provided by [15], the sub-gradients of the loss function V(t) and the parallelogram identity 
for Hilbert spaces. Also, we shall give an estimate for the approximation error by the 
Chebyshev inequality under the condition that f v has the type of 

f v (x) = f <p{y) K(x,y) dp x (y), up e L 2 (p x ), (1.7) 

Jx 

where L 2 {p x ) = {f{x) : \\f\\m ftx ) = {f x \f(x)\ 2 dp x )* < +oo}. 

2 Notations and Results 



To make the statement clearer, we give here some symbols. By 9? m (m > 1) we 
denote the m— dimensional Euclidean space with the usual inner product, i.e., for any 
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2 

a = (01,02, ■•• ,a m ) T ,b = (bi, 62, •••, b m ) T G 9ft m , we define ||a|| 2 = Yl \ a i\ 

m 



a a, (a, b) = Y2 a i &» = « &• 



i=l 



For a vector function /(x) = (/i(x), • • • , f m (x)) and a real function a(x) on X we 



,T 



define /(x)a(x) = (fi(x)a(x), • •• , / m (x)a(x)) and 

/(x) a(x) rfpx = ( / /i(x) a(x) dpx, • • • , / / m (x) a(x) dp x ) ' 



x Jx Jx 



Let {X\, X2, • • • , X m } be i.i.d. random variables with the same distribution p and for 
a function g(X\, X2, • • • , X m ) on Z m we define the mathematical expectation E(g) by 

E{g) = [ g(X 1 , X 2 , ■ ■ ■ , X m ) dp{X x ) ■ ■ ■ dp(X m ). 
Jz m 

Let / be a real function on a Hilbert space (X, \\ ■ ||) with norm || • || being induced 
by an inner product (•, •). Then, the sub-differential df(x) of f(x) at x is defined as (see 

[7]), 

df(x) = {£ G X : f(x') - f(x) > (£, x' - x)}, Vx' G X (2.1) 



or 



df(x) = {^I: fix) - f(x') <(£,x- x')}, Vx' G X, (2.2) 

and if £ G df(x) we call £ a sub-gradient of / at x. 

If f(x) : 9ft m — > 9ft is a differentiable function, then, df(x) = {V/(x)}, where V/(x) = 

(ar ' ' ' ' ' 9x ) * s ^ e usua ^ gradient. 

A well known result is, if f(x) is a convex function on X, then xo is the minimal value 
point of /(x) on X if and only if G <9/(xo)(see [7]). 

We present our sample error estimate as the following Theorem 1. 

Theorem 1. Let V be a Lipschitz loss with rank L. a^ p ' and Oi z ,\,v are defined in 
(1.5) and (1-4) respectively. Then, for any < 5 < 1, with confidence 1 — S, there holds 

AkL 2 log 1 4 log I 

\£p,v(f a ^v) - £p,v(/«w)l < x J - (1 + -Jr)> ( 2 -3) 



X\/m \/m 



where fc = sup |X(x,; 
(i,!/)exxx 
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The approximation error is related to RKHS approximation. Many references (see e.g. 
[9, 21, 24]) show it by K— functional and whose convergence rates are often given by 
assumptions. In the present paper, we shall give a bound for it when f v satisfies (1.7). 

Theorem 2. Let ot Zj \y be defined as in (1-4), fy satisfy (1-7). Then, for any 5 G 
(0, 1), with confidence 1 — 5, there holds 



1 



S 



■ ll/flU 2 (px) - - ^ 



£ P ,v(f aM ) - £ P ,v(fv) < i L\ ^i^Z + A /3+-, (2.4) 



m m 



where 7 = J x J x f(y) 2 K(x,y) 2 dp x (x) dp x (y),(3 = J x J x (p(x)ip(y)K x (y)dp x (x)dp x (y) 
and v — j x <f(x) 2 K(x, x)dp x {x). 

We now make some further analysis on rates (2.3) and (2.4). 

• (2.3) shows that, the method used here is different from the integral operator ap- 
proach (see [15]), however, they give the same error rates. 

• The method used here induces a capacity independent estimate. It is a covering 
number independent approach, avoids the hypothesis error estimate, and, also, there 
is no need to make additional assumptions on the Mercer kernels K(x,y). 

• Define an integral operator L K given by L K (f,x) = f x K(x,t)f(t) dp x (t). Then, 
(1.7) implies f v (x) belongs to the range of operator L K . This class of function has, 
in fact, been studied in [15, 16]. 

3 Proof of the Results 



Theorem 1 will be shown in Section 3.1 and the Theorem 2 will be shown in Section 
3.2. 

3.1. Proof of Theorem 1 

To show Theorem 1, we first give a proposition to show the robustness for the solution 
of (1.5). 

Proposition 1. Let V(t) be a convex loss function on 3?, p and 7 be given Borel 
probability distributions on Z. aS p > and a^' are the solutions of scheme (1-5) for p and 7 
respectively. Then, there is an H(t) G c?X^(|t |) such that 
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/q(p) /a(T) 



a y "\\K,X 



< 



A 



#(|j/--/ato( a; )|) K x(-)dp(x,y) 
H (\y- f a w(x)\) K x {-) dj(x,y) 



A 



(3.1; 



Inequality (3.1) shows how the solution of scheme (1.5) is influenced by distribution 
p. In fact, we have the following clearer one. 

IfV(t) is an even differentiable convex function on 3ft, then, dV(t) = {V'(t)}, inequal- 
ity (3.1) becomes 

1 



/q(p) Ja^AlKX — 



A 



V'{y-f a(p) (x))K x (-)dp{x,y) 



~ / V{y-f aip) (x))K x (-)d>y(x,y) 



A' 



To show Proposition 1 we need some lemmas. 

Lemma l.Let V(t) be a convex loss function on 3ft, p be a given Borel probability 
distribution on Z.oM' is the unique solution of scheme (1.5). Then, 
(i). For any (x,y) G Z and any given a G 3ft m there holds 



d a V(\y - f a (x)\) = -dV(\y - f a (x)\) K Y (x), x G X, 

where Kx(x) = {K Xl (x), K X2 (x), ■ ■ ■ ,K Xm (x)}. 

(ii). There is an H{t) G c?V(|t|) such that for any f G H _ 



(3.2) 



(f,2\f a(p) ) K x = (/, / H(\y - / aW (x)|) K x {-) dp(x,y)) 



A 



(3.3) 



Proof. Since A > 0, we known ||/a||l--y is a strict convex function about a on 3ft m . 
On the other hand, since V(t) is a convex function, we know (1.5) is a strict convex 
optimization problem about a on 3ft m . The solution a^ is thus uniqueness. 

Proof of (i). By the Theorem 4.2.1 in [12] we have following results: 

If A : 3ft 9 — > 3ft 9 zs an affine mapping (Ax = A x + b) with A linear and b G 3ft 9 and 
/et g be a finite convex function on 3ft 9 . Then, 



d(goA)(x)=A* dg(Ax) 



(3.4) 
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for all x G 9? 9 , where Aq is the adjoint of Aq. 

Since V(\y — f a (%)\) — V{\y ~ Kx( x ) a \)i by taking A = K^(x) and b = y in (3.4), 
we have (3.2). 

Proof of (ii). By Theorem 4.1.1 of [12] we know following results: 

If fi {i — I; 2, • • • , m) are convex functions on X and \i{i = 1, 2, • • • , m) are positive 
scalars, then, 



0(£ A, /,(*)) = X>0/*(aO- 



i=0 i=0 



Since a^ is the minimizer of (1.5) and d a (a T K—^ ct)\ a=a ( P ) = 2 K^t^ a> p \ we have 

G d a (fv(\y-f a (x)\)dp)\ a=a(p) +2XK^a^ 
Jz 

= I d a V(\y - f a (x)\)\ a=a(p) dp + 2A K^x « (p) 
Jz 

= - f dV(\y-f aM (x)\)K Y (x) T dp + 2\Kxx<* {p \ 
Jz 

where, in the last deduction, we have used equality (3.2). Hence, there is H(t) G dV(|£|) 

such that 

2\Kxp?aW= [ H(\y-f a{p) (x)\)Kx(x) T dp. (3.5) 

Jz 

(3.5) yields 

(2A/ a(P )(xi),--- ,2A/ Q ( P )(x m )) = (/ H(\y- f a(p) (x)\) K x (xi)dp{x,y)), 

Jz 

■■, H(\y-f a ( P )(x)\) K x {x m ) dp(x,y)). (3.6) 
Jz 

Since f aM (x t ) = (f a M , K Xl ) K ,x and K x{xi) = (K x , K Xi ) K for i = 1, 2, • • • , m, we have 

by (3.6) that 

= ((/ H(\y- f aM (x)\) K x (-) dp(x,y),K xl ) K , 

■■■ ,{ H(\y~ fa(p)( x )\) Kx(') dp(x,y),K Xm ) K J. 
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Therefore, 

{2\f a{p) ,K Xi ) K ^= ^ / H(\y- f aiP ){x)\) K z {-) dp(x,y),K Xi 

(3.3) then holds. 



, i = 1, 2, • • • ,m. 

K 



f\\ 2 K .x ~ b\\ 2 K .x = 2 (f ~ 9, 9) K v + \\f- 9\\ljr- (3-7) 



Lemma 3. For any f,g £ TC K x there holds 

|2 _ II ||2 _ o/f _ 

lx,x ll^llx.x" ~~ z v _5, > fl /x,x ' IM y llx,x- 
Proof. (3.7) is a reformed parallelogram identity. 
Proof of Proposition 1. On one hand, the reproducing property yields 

faM 0) - L(p) 0) = (-K*, / a W - /«« ) , X G X. 

On the other hand, let if be defined as in (3.3). Then, (2.1) gives 

V(\y-f aM (x)\)-V(\y-f aM (x)\) 

> H(\y - f a{p) (x)\)(f a(p) (x) -f a (y)(x)) 

= (f aM -f aM ,-H(\y-f aM (x)\)K x ) K (3.8) 

(3.8) gives 

/ V(\y-f a{ - l) (x)\)d 1 - f V(\y-f aip) {x)\)d 1 
J z J z 

> (/aw - f a (P), - / #(|i/-/aM(aO|) #*(■) dr r( x ,y) / 

Above equality and (3.7) yields 

(^y(/aW) + ^ ||/aw||A' ) x) _ (^#(/a«) + ^ 1 1 /aW 1 1 K> x) 

> {f a ii)- f a w, ~ H(\y- f a(p) {x)\) K x (-) dj(x,y)) K 



K 



+2A {f a {i) - f a M, f a (p)) K x + ^ P" (p) ~~ ^ (7) IIk-,X 

(/ a w - /«w, 2A f aiP) - I H(\y- f a (p)(x)\) K x {-) dj(x,y) 



K 



+ ^ ||/q(p) - /< 



a (7) llX,X 



(fall)- fab), / #(|l/ ~ / q (p) (x) ) !£,.(•) d/>(x, J/) 

-/ H (\y- f a{p) (x)\) K x (-)d-i(x,y)) K + \ \\f a{p) - f a(l) \\ 2 KX -i ( 3 - 9 ) 

10 
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where, in the last deduction, we have used equation (3.3). By the definitions of aS p > and 
a^ we have 

(^,v(/aW) + ^||/a^)|lx,x) ~~ (£f,v(fa(P>) + ^ \\fa<.P)\\ Kt x) ^ °> 

which and (3.9) yields 

A \\f a M ~ L^Wkx - (/oW-/ah)i I H {\y - f a(p) (x)\) K x (-) d p(x , y) 

J z 



H(\y- f a (p){x)\) K x (-) drf{x,y)) K 

< \\faM- fa(->)\\ K x X II / ^dlZ-ZaW^) 1)^(0 d P(z, 2/) 



- / H (\y-f aM (x)\) K x (-) d^(x,y)\\ K . 
Jz 

(3.1) thus holds. 

Proof of Theorem 1. By equality (3.7) we have 

|pa (p) \\k,X ~ \\J a *,w\\KJX ~ \Joi(p) _ /az,A,V J a z,X,V/K,X \\ja<-Pl ~~ Ja z ,x,v \\k,X' W'^J 

(3.10) and the definition of a^ make 
\£p,v(f a (.p)) - £p,v(fa x , x ,v)\ 

< {( £ P,v(fa z ,x,v) + *> WUz^vWkJc) ~ (^P,v(/«W) + MILwWk^x)} 
+ / ^|H/a('')|lir,X — ll-/ a «A>vlljC,xl 

= {(£p,v{fa XtXtV ) + M\f<* x ,x, v \\ 2 K)X ) ~ (ZpyifaM) + Mlfccb) Wk,x) } 
+ ^|^\/»(p) — Jet z ,x,v> J a z,*,v) k,X ~"~ lMa (p) _ J a z,\,v \\K,X I 

< {(£p,v{fa x , XtV ) + M\fa x ,x,v\\K,x) " (^P,v(/aO>)) + ^ H/aWll^,x)} 

ii 1 1 2 

+2A||/ q ,(p) — /a z , A , v llx,X X ll/a Zi A,vllx,X + ^||/aW ~ fa z ,x,v\\ 

ii 1 1 2 

= A + 2A ||/ a (p) — fa Xj x,v\\K,X X ll/a z ,A,vlli^,X + ^||/q(p) — f a z,\,v\\ K,X' (^-H) 

A reformulation of (3.8) or (2.2) gives 



^(b - /« z ,a,v( x )|) - V (\v - / a w(a?)|) 

< (fa z ,x,v ~ fcfrh ~ H (\y- f« z ,x,v( X )\) K x 



K 
11 
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Therefore, 

£p,v(fa z ,x,v) ~ £p,v{fa(p)) 

< (- [ H(\y-f w (x)\)K x (-)dp(x,y), f at>x>v - f aM ) K - (3.12) 

Jz 

By (3.10) we have 

II ^ || 2 || f || 2 _ = 0/ f f f \ II f f II 2 _ 

\\J a z,\,v \\k,X \\JayP) \\k,X \J a z,\,v JaXP)-) J a z,\,v / k,X \\-' a z,\,v J aW 1 1 K" JC ' 

which and (3.12) give 

A = (£p,v{fa ZtXtV ) + M\Uz,x,v\\k,x) ~ \£p,v{fa<J>)) + M\fa(") \\k,x) 
< (-/ H (\y- fa zAtV ( X )\) K A-) d P(x,y)Ja z ^ v ~f a lP)) K 

+2A(/q. z>AiV ., Ja ZiX ,v ~ JaM/K,X ~ * \\Ja z ,x,v ~ Ja^\\K,X 
= < - / #(|l/ - ■/W.a.vO'OI) #*(0 dpfoj/) + 2A fa z ^ v , fa z ,x,v ~ Lm) k 

11 11 2 

— x f — f \\ 

A \\Jaz,\,v Jaw \\K,X' 

By (3.3) and (1.6) we know for any / G Ti-KX 

</>2A/«.,A,v>*,3r =(/.-£ ff(IWi-/^,v(^)l)^*i(0) irT , (3-13) 

Therefore, 

772 / 7 

' /«z,A,v Ja(p)/K ^Iliaz.A.v / qW ||^ x 



m 



■m 



r 1 

< || / H{\y - f azXV {x)\) K x {.) dp{x,y) - -Y, my l ~ U,xA^)\) K ^-)\\ K 

JZ 8=1 

11 1 1 1 1 1 1 2 

X \\jaz,\,v ~ JaM\\KX ~ ll^z^'V ~ * a( - p A\KX' \"-^) 

(3.14) and (3.11) yield 

|£p,v(/a('>) _ ^py(/« z ,A,v)| 

. 1 m 

< 11/ H(|»-/ a ^ v (x)|)i^(.)dp(x,y)--X; ff (lw-/«*..A.v(^)l)^r" 

12 



Ik 
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X ||/« z ,A,v /«W 1 1 j(,X ""~ I \J » Cp) J a z,\,V \\k,X X II ■/ a z,A,v ||i<r,X 

< (11/ H{\y-f azXV {x)\)K x {.)dp{x,y)--Y,H{\y l -f az ^ v {x l )\)K x X-) 

„ _. m 

= (11/ H{\y-f azXV {x)\)K x {.)dp{x,y)--Y,H{\y l -f az ^ v {x l )\)K : 

_. m 

where, in the last deduction, we have used equation (3.13). By (3.1) we have 



\K 



i\ n\K 



£ 

,(p) J a z,\,v\\K,X 

i,, r 

< 



1 c i 

-|| / H(\y - f azXV (x)\) K x (-) dp(x,y) - -Y, H(\y t - f azAV (x t )\) K Xt (-)\\ K . 

A Jy Tfl 

Consequently, 

\£p,v(fa(p)) ~ £p,v(fa ZtX ,v)\ 

1 f 1 m 

< -(|| / i/(||/-/ a ^ v (a ; )|)^(-)^(a;,2/)--j;F(|| /i -/ Q ^(a ;i )|)^(-)L 

+ ||-^iy(|^-/ Q ^ v (^)|)^(-)lkx)x|| / ff(|y-/«,, A ,v(a!)l)^.(Odp(«.y) 

7/6 / J 7 

-~E ^(k-/^,v(^)l)^(-)L- (3-15) 



m 

i=i 



By the Proposition 1.5 in Chapter 2 of [7] we know 

If f( x ) : K -> K is o Lipschitz function with rank L, then, df(x) is a nonempty, 
convex, subset of^ft, and ||£|| < L for every £ G df(x). 

Then, the assumption that V(t) is a Lipschitz loss with rank L yields \H(\y— f az xv (x)\)\ < 
L for all (x, y) G X x Y\ Since 

H-fCrlk = \/( K x,Kx)k = y/K(x,x) < Vk, 



13 



BAO-HUAI ET AL: LEARNING THEORY 354 



we have 



\\H(\y-fa z>x>v ( X )\) K *(-)\\K 

\H(\y - /«. AV (x)|)| x \\K X (-)\\ K < VkL (3.16) 



and 



/ \\H(\y - fa MXr (x)\) K x {-) \\* dp < kL 2 . (3.17) 

Jz 

Notice that the following large number law(see [15]): 

Let (H, || ■ \\h) be a Hilbert space and £ be a random variable on (Z,p) with values in 
H. Assume \\£\\ H <M< +00 almost surely. Denoted a 2 (£) = £(||C||#). Let {6}£i be 
independent random drawers of p. For any < 8 < 1, with confidence 1 — 5, there holds 



i Efe-^.»ll g < 2M '° g(2/ " ) +/' 72(0 ' Og(2/ " > - P.18 

rn < * v 1 Wri rn y m 



m * — ' " 21 m V m 

1=1 



Take £(x,y; •) = H(\y - / a ,, AlV (a?)|) K*{'), then, for any given (x,y) e Z,£(x,y; •) e 
Wjc. (3.16) and (3.17) yield 

U\\ K < VkL and E(U\\ 2 K ) < kL 2 . (3.19) 

We know by (3.18) and (3.19) that, with confidence 1 — 5, there holds 



r 1 m 

/ H(\y - / w (*)|) #,(■) dp - - J2 H(\yi - f W &)\) K *i 

J z i=i 

r 1 m 

sup | / £{x,y)dp ^2^(xi,yi)\\ K 

\\ K <VkL JZ m i=1 



\K 



r- t %og\ 2log* A^fkL 1 2 

< VkLx( — -^ + \ — ^)<-^log-. 3.20 

m V m \/m 5 



K,X 



By (3.16) we have 

\-Y,H{\ Vl - f az ^ v {x % )\)K Xi {.)\^<^kL, (3.2i; 

i=l 

(3.15), (3.20) and (3.21) yield (2.3). 
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3.2. Proof of Theorem 2 

Proof. Define a* = (a*,a|,--- ,a* m ) with on = <£ ^p-,i = 1,2, ••• ,m. Then, the 
definition of a^ gives 

£p,v(faO>)) - £p,v(fv) < £p,v(faW) ~ £p,v(fv) + -M|/«00 IIk.X 

= }g m (£Mfa) - Zpyttv) + W«\\ 2 k,x) 

< £p,v{fa*) - £p,v(fv) + M\fa*\\K,X- 

Since V(t) is a Lipschitz loss with rank L, we have 

£p,v{fa*)—£p,v{fv) = \£p,v(fa*) — £p,v{fv)\ 

< [ \V(\f a *(x) -y\)- V(\f* v (x) - y\)\ dp < L\\f a * - f* v \\ LHpx) 
Jz 

and 

E(£ p y{f a(P) )-£ p y{t v )) < LE{\\f a ,-r v \\ L ^ Px) ) + \E{\\f a 4 2 K;x ) 

< L^E(\\f a ,-f^\\l 2{p jf + XE(\\f a 4y), (3.22) 
where 

E(\\f«* ~ fv\\l Hpx) ) < E{[\f2^^^K(x,X k )-f^x) 2 dp x ) 

Jx ' fc=i m 

< [ E(\jr^~ x k( x , x k ) - r v {x)\ 2 ) d Px 

< [E( m ^-2± ^ Xk) ^ Xk K r Ax) 
^ x k=i 



+ £ ^M|M x K(x , Xfc) * (a . x .)) dpx . 



m 

fc=l 

k,j=l 
Since X l5 X 2 , ■ ■ • ,X m are independent and fy(x) satisfies (1.7), we have 



v\ x ) 



t o — 1 / 
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fc=i 
+ —2 H E^XkMXj) K(x,X k ) K(x, X,)) 

m k,j=l 

-\fv{*)\ 2 + ^Y. E [v{X k )v{Xi) K{x,X k )K(x,X 3 

k=j 

+ -^J2 E \rt Xk "> V&i) K ( x > x *) K & X j) 



Mi 



in 



\fv(x)\ 2 + - / <p(y) 2 K(x,y) 2 dp x (y) + 



m(m — 1) 



x 



m A 



X \fy{x)\ 2 . 



Therefore, 



» m 

/ E(\K(x)\ 2 -2j2 
Jx V *=i 



<p(X k )K(x,X k 



m 



X /y(x) 



fc,j=l 



<p{Xk)ip(Xj 



m z 



x K(x,X k ) K{x,X j yj dp x 



-\\fv\\i?(j> x ) + — / / f(v) K ( x > V) dp x (y) dpx(x) 
171 Jx Jx 

+"^ x nrvwiiw, 



m" 



Ixlx^iv) 2 K ( x >y) 2 d Px(y) dpx(x) - \\fv\\hip X ) 



m 



and 



^(H/ Q *-/y|IW))< 



JxJx^iy) 2 K ( x ^) 2 d Px(y) dpx(x) - \\fv\\h {px) 



III 



On the other hand, since ||/ a » 



IJf,Jf m 



h E ( P{Bi)Kx i {Bi) ( P{Bj), we nave 



i,i=l 



(3.23) 



Jx™ vm j , =1 y 



771 — 1 



/» 




<f(x)<f(y)K x (y)dpx(x)dp x {y) 



X Jx 



III 



H — / (p(x) 2 K(x,x)dpx(x). 



(3.24) 



x 



16 



BAO-HUAI ET AL: LEARNING THEORY 



357 



(3.24), (3.23) and (3.22) gives 



E 



£p,v{f a (p)) ~ £py(fv) 



< L< 



' ' ' \\fv\\L 2 (p x ) 



III 



+ 



A(m-l) 



m 




<p(x)<p(y)K x (y)dpx{x)dp x {y) 



x Jx 



A 



: — / <p(x) K(x,x)dp x (x), 
™.lx 



where 1 = f x Ix ^(^) 2 K( x j v) 2 dpx(%) dpx{y)- By the Chebyshev inequality we have for 
any e > that 



E 



Prob{E p y{f a(p) )-£ py {t v )>e} < 



£p,v{fa<.p)) —£p,V\fv) 



< 



+ 



e L 



II JV II L 2 (p x ) 



III 



\(m- 1) 



in 




<p(x)(p(y)K x (y)dpx{x)dp x {y) 



X Jx 



A 



H — / y?(x) K(x,x)dpx(x) 
mJx 



(2.4) then holds. 
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Numerical quenching for a reaction-diffusion system 
with coupled singular absorption terms * 
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Abstract 

In this paper, we study numerical approximation for a reaction-diffusion system 
with coupled singular absorption terms and positive Dirichlet boundary conditions. 
Our purpose is to find a criterion to identify the simultaneous and non-simultaneous 
quenching which coincides with the continuous one. We also show that the quenching 
set and quenching rate converge to the continuous one. 

Keywords: Reaction-diffusion system; Numerical Quenching; Non-simultaneous 
quenching. 
Mathematics Subject Classification(2000): 35B25; 35B33; 35K50 

1 Introduction and main results 

This paper deals with numerical approximations of the following reaction-diffusion 
system with coupled singular absorption terms and positive Dirichlet boundary conditions 

u t = u xx - v~ p , v t = v xx - u~ q , (x, t) E (-L, L) x (0, T), 

u(-L,t)=v(-L,t) = l, tE(0,T), 

u(L,t) =v(L,t) = 1, te(0,T), 

u(x, 0) = <f>(x),v(x,0) = <f(x), x G (—L,L), 

where p, q > 0, the initial data satisfy < 0, if < 1 and compatible conditions with the 
boundary data. 

Since the initial work of Kawarada appeared in 1975 (see [10]), quenching problems 
have been studied by many authors, see, for instance, [2, 7, 13] and reference therein. 
From a numerical point of view, in [12, 18, 17] the authors present different algorithms 
for computing the solution of some problems with quenching. Let us remark that in these 
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papers, the authors do not study the properties of the numerical solution near the quenching 
time. 

Some features concerning the phenomenon of quenching are interesting to analyze, such 
as how rapidly the solutions tend to zero, that is, the quenching rate, see [1]. The extinction 
set for the solutions and their behavior near these points, that is, the quenching set and the 
quenching profile, see [11]. The possibility of extending the solution in some weak sense 
after quenching, that is, complete quenching or incomplete quenching, see [6, 19]. 

The particular case p = q and u = v corresponds to the scalar problem studied by 
many authors (e.g., see [7] and references therein). For a numerical treatment of this scalar 
problem, see [3] , where the authors use a fixed uniform mesh to approximate the continuous 
solutions. 

The continuous solution of the system (1.1) was analyzed in [15, 20], where the authors 
find that the so-call finite-time quenching may occur for the model, because of the singular 
nonlinearity inner absorption terms of (1.1). They say the solution (u,v) of the problem 
(1.1) quenches, if there exits a time t = T < oo ( T denotes the quenching time, x denotes 
quenching point), such that 

lim infmini min u(x,t), min v(x,t)\ — 0. 

t-tT- -L<x<L -L<x<L J 

For the related problem, in [5, 9], the authors considered a semilinear system coupled 
at the boundary through a nonlinear flux, and Ferreira and Perez-Llanos considered the 
numerical solution for this problem (see, [4]), they proved that the solutions of a semidis- 
cretization in space quench in finite time. Moreover, they described the simultaneous ver- 
sus non-simultaneous quenching phenomena, they also found the numerical quenching sets 
and the numerical quenching rates. Simultaneous versus non-simultaneous phenomenon 
has been also considered in the case of blow-up, for instance, see [8]. 

Now we introduce the numerical scheme for the space discretization, we discretize ap- 
plying linear finite elements with mass lumping in a uniform mesh for the space variable 
and keeping t continuous, it is well known that this discretization in space coincides with 
the classic central finite difference second-order scheme, (see [4]), Mass lumping is widely 
used in parabolic problems with blow-up and quenching, (see, e.g., [8, 14]). 

Let us consider the uniform partition of size h of the interval [—L,L], (xi — ih,h — 
L/N,i = —N,- • -,0, • • -,N), and its associated standard piecewise linear finite element 
space Vh- The semidiscrete approximation (uh(t),Vh(t)) G 14 obtained by the finite element 
method with mass lumping is defined as 

L r-L r-L 

((u h ) t wydx = / (u h ) x w x dx- / ((v h )- p wYdx,yw G 14, Vt G (0,T), 

L J-L J-L 

L i-L i-L 

({v h ) t wYdx = / (v h ) x w x dx - / ((u h )~ q wydx,\fw G V h ,\/t G (0,T), 

L J-L J-L 

where the superindex / denotes the Lagrange interpolation. 

We denote with (U(t), V(t)) = ((u-n, •••,%), (v~n, •••,vn)) the values of the numerical 
approximation at the nodes Xi = ih and the time t. Thus 

N N 

(u h (x,t),v h (x,t)) = ( Y^ u k(t)^(x), Y v k(t)*P(x)), 

k=-N k=-N 
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where {ip k } is the standard base of V^. Then (U(t),v(t)) satisfies the following ODE system: 

MU'(t) = -AU(t) - MV- p (t), 

MV'(t) = -AV(t) - MU- p (t), 

(1.2) 

U- N (t) = u N (t) = V- N (t) = V N (t) = 1, 

(tf(0),V(0)) = (^V), 

where M is the mass matrix obtained with lumping, A is the stiffness matrix and (0 7 , tp 1 ) is 
the Lagrange interpolation of the initial datum (<f>(x) , (p(x)) . Writing this system explicitly 
we get the following ODE system 

( 

U- N (t) = u N (t) = 1, V-. N (t) = V N (t) = 1, 



< 



u 



^(Mfc+i -2u k + u k -i) -v k p , v' k = ^{v k+1 -2v k + v k „ 1 ) -u k q , (1-3) 



w fc (O)=0(x fc ), Ufc(O) = ^(xfc). -iV + l< A;<iV-l, 

First, we show a convergence result that ensures for any positive r, the convergence of 
the above method in sets of the form [— L.L] x [0, T — r\. It is easy to see that v ~ p or u~ q 
bows up when the solutions of (1.1) quenches at the finite time T, it is natural to consider 
uniform convergence. Since the solution develops a singularity at time t — T, we can't 
expect that the convergence result extends up to T. 

Theorem 1.1. Let the pair (u(x,t),v(x,t)) eC A '\[-L,L} x [0,T-r]) y.C^\[-L,L\ x 
[0, T — t]) be a non-negative solution of (1.1) and (U(t), V(t)) the numerical approximation 
given by (1.3). Then there exists a constant C (C depends on the norm of (u(x,t),v(x,t)) 
in the space C 4,1 ([— L, L] x [0, T — r]) ) such that for every h small enough it holds 

max maxt\u(xk,t) — u k (t)\, \v(x k ,t) — v k (t)\\ < Ch. 

*e[0,T-r] fc 

Theorem 1.2. Assume that (U(t),V(t)) be a positive solution of the problem (1.3), we 
have 

(i) If L is small enough, then (U(t), V(t)) must be global. 

(ii) If L is large enough, then (U(t), V(t)) must be quenching in finite time. 
Corollary 1.1. Let T be the quenching time for problem (1.1) and Th be the quenching 
time for the approximations, then Th — > T as h — >■ 0. 

The above corollary show that the numerical quenching time T^ converges to T as h goes 
to zero. Next, we propose a criterion to distinguish the simultaneous and non-simultaneous 
quenching, which is the same with the continuous one. see [15, 20]. 

Theorem 1.3. If q < 1, for every </?, we can find such that U quenches while V does 
not. 

Theorem 1.4. If p, q > 1, then quenching in (1.3) is always simultaneous for every initial 
data. 

Theorem 1.5. If p < 1 < q (respectively, q < 1 < p), then any quenching in (1.3) is 
non-simultaneous with u (respectively, v)be strictly positive. 
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Next, we deals with quenching rates for simultaneous and non-simultaneous quenching. 
Introduce the notation / ~ g means that there exist finite positive constants ci,C2 such 
that cig < f < c 2 g. 

Theorem 1.6. (i) If quenching is non-simultaneous and, for instance, v is the quenching 
variable, then for t — > T h , v (t) ~ (T h — t). 
(ii) If quenching is simultaneous, then for t — >■ Th, 

(a) uo(t) ~ (Th-QWto-VMt) ~ (Th-t^-Wto-V if p,q > 1. 

(b) u (t),v (t) ~ (T h - t) 1 ' 2 if p = q = 1. 

(c) wo(t) ~ | log(T, - Ol-Vh-i), Uo (t) ^ (7X - t)| log(T, - i)| 9/(9 - 1} if g > p = 1. 
Finally, we study the numerical quenching set, which is define as Q(U,V) = {xi : 

Ui(t) — ¥ or Vi(t) — > as t — > Th}, and the distance between two sets A and B is define 
as dist(A,B) = inf{|x — y\ : x G A,y e B}. We show that the numerical quenching set 
(denote by Q(U, V)) is close to the continuous one (denote by q(u,v)). 
Theorem 1.7. For all e > there exists ho such that for h < ho we have 

dist(Q(U,V),q(u,v)) < e. 

The plan of this paper is organized as follows: In Section 2 we state and prove some 
auxiliary results that will be used in the rest of the paper, and also we prove Theorem 1.1 
and Theorem 1.2. In Section 3 we prove the results of simultaneous and non-simultaneous 
quenching, and the behavior of the numerical solution near the quenching time. Finally, 
in Section 4, we present some numerical experiments, which illustrate our results. 

2 Preliminaries 

Definition 2.1. We say (U,V) is a supersolution of the (1.2) if each of its components 
verifies 

MU'(t) > -AU(t) - MV- p (t), 

MV'(t) > -AV(t) - MU- p (t), (2.1) 

^ (f/(O),\/(O))>(0 7 ,^), 

Analogously, (U, V) is a subsolution of problem (1.2) if it satisfies the problem (2.1) with 
the revise inequalities. 

Lemma 2.1. Let (U, V) and (U, V) be a super-solution and a sub-solution of the problem 
(1.2), respectively. Then 

(U,V)>(U,V)>(XJ,Y). 

Proof. Let (W, Z) = (U - U, V - Y)- We observe that W satisfies 

( 

W- N (t) > 0, w N (t) > 0, 

w' k (t) > M w k+i(t) - 2w k (t) + w fc _i(t)) - (v k p (t) - Yk p {t)), 
w k (0)>0, -N + l<k<N-l. 
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Next, we argue by contradiction. Without loss of generality, we assume that there exists a 
first time to an d a node i such that Wi(t ) = Ui(t ) — Uj(to) < and Zi(to) = Vi(t ) —Yi(to) > 
0, then —N + 1 < i < N - 1 and t > 0. Computing 

> <(t ) - ufo) = j^(w i+1 (t ) - 2 Wi (t ) + ^_i(t )) - (v~ p (t ) - Y~ p (t )) > 0, 

we obtain a contradiction. This result proves that U > U and V" > V. D 

Lemma 2.2. Let 0(rr) and tp(x) be a symmetric initial data in [—L,L], that is <f>(x) = 
4>(—x) and ty?(x) — ¥>(— %), consider a symmetric partition Xi, —N < i < N, of this interval, 
i.e. Xi = —X-i. Then, the solution of the problem (1.3) is symmetric, that is, it verifies 

Ui[t) = U-i(t). 

Proof. This assertion follows from the uniqueness of the problem (1.3). Indeed, let us 
define Ui(t) = M-i(t) with % = —N, ■ ■ •, N. This vector is also a solution of (1.3) and at time 
t — it is equal to U(0). Therefore, by the uniqueness of the ODE, we have U(t) = U(t). 
The proof of Lemma 2.2 is finished. □ 

Remark. If <t>(x) and tp(x) is symmetric, then U(0) and V(0) (therefore U(t) and V(t)) is 
symmetric. Thus, we can restrict ourselves to the half interval [0, L], reducing the size of 
the system of ODEs to be solved. 

Next, we deal with the monotonicity properties of our numerical scheme in [0, L\. 
Lemma 2.3. Let (U,V) be a solution of (1.3) with -Uj(O) < u i+1 (0),Vi(0) < f i+ i(0), (i = 
0,---,N-l), then 

Ui(t) < u i+1 (t),Vi(t) < v i+1 (t), 0<i<N-l. 

Proof. We argue by contradiction. Suppose that there exists a first time to and a node Xj 
such that Uj+i(to) = Uj(to) and Vj(to) < Vj+i(to). By the equation (1.3) we obtain 

> u j+1 (to) - u'jito) = ^(u j+2 (t ) - ^-i(to)) - (v^M - v; P (t )) > 0, 

We get that Uj+i(to) = Uj-i(to). Applying the same argument, we get that all the nodes 
must be equal to mat (to) = 1 at time to, but this is impossible because the initial satisfies 
U(0), V(0) < 1 and hence the solution verifies Ui(t) < 1 for all positive t. To this, by the 
comparison result, we get that Wj(t) < 1 (because Ui = 1 is a supersolution). If all the 
nodes attains its maximum 1 at the same time to, then all of them have derivative large 
or equal than zero, but at that times we have Uj(t ) = —v~ p (t ) < 0, and we conclude a 
contradiction. □ 

Remark. This result ensures that the minimum of U(t) is attained at the node xq = if 
the initial data and y? are symmetric and non-decreasing functions, i.e., 

minUfc(t) = u (t), mm Vk(t) = Vo(t) for every t G [0,T — r]. 
k k 

Proof of Theorem 1.1. Define the error functions as 

e fc (t) =u k (t) -u(x k ,t),e k (t) =v k (t) -v(x k ,t). 



REACTION-DIFUSSION SYSTEM 365 

S. M. Zhou et aJ. 6 



Let c be a positive constant such that u(x k , t),v(xk, t) > c for every t G [0, T — r] and 

to = max{£ G [0,T — r] such that |efc(£)|, |£fc(i)| < c/2} 

thus, we can ensure that up to time to none of the solutions (neither the approximations 
solution nor the continuous one) quenching. The following estimations will be performed 
restricting ourselves to t G [0, to], and we will show at the end that to = T — r for every r 
small enough. 

We just estimate the error function ek(t), since it is easy to get an analogous estimate 
for £k(t), due to the similarity of both problem in (1.3). Notice that the error function 
satisfies that for -N + l<k<N-l 

= «*■(«) -^W + ^-M + pKr - W(t) + 0(ft2) 

= e w (t) - 2et(«) + e„-,(f) +p |^|- P -i et(t) + 0(ft ») 

The first and the last nodes verify e_jv = e^ = 0. 

There the error function is a subsolution of the following problem 

W- N (t) = w N (t) = 0, 

w > k{t) = „ fc+1 (t)- 2 y +**-!(«) + CiWfc(i) + C2 ^ 2)> (2.2) 

w fc (0) = 0, k = -N,---,N, 

and we remark the system has a comparison principle, which can be proved as in Lemma 
2.1. Let us look for a supersolution of the problem (2.2), 

g'(t) = c 3 g(t) + Cl h 2 , 
9(0) = c 2 h 2 , 

we obtain that the solution of the above problem has the form g(t) = h 2 (c^e Clt + C2). 
Therefore, 

e k (t) < w k (t) < c 3 /iV lT . 

Arguing in the same way with — e k , we get 

|e fe (t)| <w k (t) <c 3 h 2 e ClT . 

From this inequality it is easy to see that to = T — t for every r small enough. The 
Theorem 1.1 is complete. □ 

Proof of Theorem 1.2. Let 6 = min(min x6 r_£ n((f)(x),mm xe <L t n ip(x)), and consider 
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(2.3) 



the following system 

/ MU'(t) = -AXJ(t) - My- p (t), 

MY' it) = -AV(t) - M\J- p {t), 

u_ N (t) = u N (t) = Y- N (t) = y N (t) = 9, 
( (U(O),Y(O)) = (0, •••,*), 

It is easy to see that the solution (U(t), V(t)) is a sub-solution of (1.3) and (U(t), V(t)) < 

(*, •••,*)■ 

Let the vector W given by 



W_ Ar (i) = w N (t) = 6, 

w ._ 1 = h 2 M + 2 Wi - w i+1 , i = -N + !,-■■, N -1. 



where Mq = max(6 l p , 8 q ), we have w» 



M (\ih\ 2 -L 2 ) 



+ 9 for i = -N, 



•, N, and 



mm w,- 

:-Af,-,AT V 



Wr 



6- 



MqL 2 



. Observe that (W, W) is a time-independent sub-solution of 



the problem (2.3), thus, it is also a sub-solution of the problem (1.3). Clearly, if L < 

the solution of the problem (1.3) must be global. 

Next, we prove (ii). Consider the following auxiliary system 



W- N (t) = w N (t) = 1, 

w k = j^(wk+i - 2w fc + Wk-i) - 1, 

w k (0) = l,-N + l<k<N-l, 



(2.4) 



Clearly, 1 > uii > max.(ui(t) , Vi(t)) , there exists a sequence such that Wi(t) — > w°° for every 
i = —N, ■ ■ •, N, where w°° is a stationary solution of (2.4). This solution is explicit and is 



i\ih\ 2 -L 2 ) 



given by w°° = ^-i— — l _|_ \ f or { — _j\r . . . N and min (wi) — w — 1 — Hr. Clearly, 

1 i=-N,-,N ' z 

if L > \[2 the solution of the problem (1.3) must be quenching in finite time. The Theorem 
1.2 is complete. □ 



3 Simultaneous and non-simultaneous quenching and 
quenching rates 

In [10, 16] the authors prove that the time-derivative (u t ,v t ) blows up when the con- 
tinuous solution of (1.1) occurs quenching. Now, we prove the same result happens in our 
semidiscretization one. 

Lemma 3.1. Let (U(t),V(t)) be the solution of (1.3). If the initial data satisfies the 
following condition 



MU'(0) = -AU(0) - MV~ p (0) < 0, MV'(0) = -AV(0) - MU' p (0) < 0, 



(3.1) 
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then we have 

(i) U'(t),V'(t) < for every t G [0,T h ). 

(ii) For any rj > 0, there exists a c > such that 

«•(£), ^(£) <-c,i = -N + z,---,N - z and te [r},T h ), (3.2) 

where z is a integer and < z < N. 

(hi) There exist r), 9 > and a integer z with < z < N such that 

u'i(t) < -ev'P^lit) < -6uT q for i = -N + z,- ■ -,N -z and £ G [r],T h ). (3.3) 

Proof. First, we claim that both u (t) and v (t) are negative. To this, let fi(t) = u^t) 
and gi(t) = v^t). Therefore, by a simple computation, (F,G) verifies 

f- N (t) = f N (t) = 0, g. N (t) = g N (t) = 0, 

f'k = j?(/*+i - Vk + fk-i) + V~V, ^ = p (9k+i - 2^ + ^fc_i) + ul q ~ l f k , (3-4) 

A(0) < 0, g k (0) <0,-N + l<k<N-l. 

By the maximum principle, F(t),G(t) < 0. 

Next, we prove (ii), consider the following auxiliary system 

w-. N (t) = w N (t) = 1, Z- N (t) = z N (t) = 1, 



w 



k - -^(w k+1 -2w k + w k - 1 ) - c() k p , z' k = ^{z k+1 -2z k + z k ^ 1 ) - ip k q , (3.5) 

w fc (0) = <f)(x k ), z k {0) = <p(x k ), -N + l<k<N-l, 

It is easy to see that the (3.5) has a unique global solution and (W (£), Z (t)) < 0. Let $ = 
U(t)-W(t), * = V(t)-Z(t). A similar argument shows <5 t , ty < 0, i.e., U t < W u V t < Z t in 
(0,T h ). Choosing c = min{ min |iUj(£)|, min |Zj(t)|}, we deduce Mj(t),fj(t) < 

— N+z<i<N—z —N+z<i<N—z 

ri<t<T h r,<t<T h 

— c for i = —N + z,- • -,N — z and t G [rj, Th). 

Finally, in order to prove (hi), let us define f k = u k (t)+0v k ~ p (t) and g k = v k (t) + 9u k p (t). 
We want to use the maximum principle to show that f k is negative. To this end, we observe 
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that fk verifies 

N N 

n.i.Jn'.. 4- fl'o 



m kf'k + Yl ak 3^ = m k( U 'k - °PV k P l V k ) + Y a kj(Uj + 0Vj P ! 



3=1 3=1 

N 

= -m k 9pv k p ^v k + m k pv k p ~ l v' k + 9 ^ a kjV~ p 

3=1 

N N 

= OpVk P ~ 1 (y] dkjVj + m k ul q ) + m k j>vl p ~ l v' k + 9 ^ a kjV~ p 

3=1 3=1 

N 

= m k pv k p ~ x g k + 9 ^ ^(pv^^Vj + vj p ) 

3=1 

= m k pv k p ~ x g k + 9{^2 a kj(P v k P ~ lv j + V J P ) + a kk(l + p)v k P } 

3+k 

N 

= m k pvl p ' l g k + 9{^ a kj (vj p + pv k p ~\vj - v k ) - v k p ) + ^ a kj {\ + p)v k p } 

j¥=k 3=1 

N 

Since v ~ p is convex and from (1.3) we have Oy < if % ^ j, an > and Yl a ij = 0> it 

3=1 

follows that (F, G) = ((/i, • • •, f n ), (g u ■ ■ •, g n )) verifies 

MW' < -AW + P V- p - 1 G, 

' (3-6) 

MG < -AG + qU-^F, 

In view of (ii), we have the inial data W(rj), G(r]) < 0, the maximum principle implies the 
u'i{t) < 9v; p , v'i(t) < 9ur q , % = -N + z, ■ ■ -, N - z and t G [rj, T h ). O 

Corollary 3.1. Under the condition of (3.1), then (U (t), V (£)) blows up when the quench- 
ing happens in (1.3). 

Proof. This result is a direct consequence of Lemma 3.2. □ 

Proof of Corollary 1.1. By direct integration of (3.2), we get, there exists a positive 
constant such that 

u (t) > C(T h - t),v (t) > C(T h - t). (3.7) 

Since v quenches at times T, then there exist two positive constants such that (see [20]) 

Ci(T-t) <v(0,t) <C 2 {T-t). 

On the other hand, given e > 0, we can take h small enough to ensure that there exists 

1 



tj < T such that 



v (0, t) < e and T — tj < — e. 
From Theorem 1.1, we have ||fo(£j)|| < 2e. Thus, 

|T fc - T| < \T h - tj\ + \T - tj\ < Ce. 
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Next, we characterize the ranges of parameters to distinguish simultaneous and non- 
simultaneous quenching. To this end, we collect here the estimates of the time derivatives 
obtained before (see Lemmas 2.3 and 3.1). At x — 0, we have 

-v~ p (t)<u' (t)<-6v- p (t), te( V ,T). (3.8) 

-u q (t) < v' (t) < -6u q (t), t G (r,,T). (3.9) 

Proof of Theorem 1.3. Let < tp < 1 be fixed, From Lemma 2.3, we have 

u' (t) < -ev p < -e^ p . 

Integrating over [0,t] it gives u (t) — (f) < — <^Q P t, since U quenches we get T h < c<p ipQ. 
On the other hand, From Lemma 3.1 and using Lemma 2.3 again we obtain 

v' (t)>-u q (t)>-C(T h -t)-«. 

Now, integrating in [0,t] we obtain 

v (t) > <po - C [ (T h - s )-*ds >¥o-C [ \T h - s)- q ds = Vo - -^—T l h - q . 
Jo Jo L — q 

Choosing small in order that the quenching time Th is so small that vq > |(/?o > for 
every t G [0,T/j], and non-simultaneous quenching occurs. □ 

Proof of Theorem 1.4. The proof is by contradiction. Assume that there exists a c > 
such that u > c in [0, a] x [0, T) and v quenching. In view of (3.9), v (t) > —u q (t) > 
—c~ q , integrating from t to Th we have fo(^) < c~ q (Th — t). Combining with (3.8) we get 
u o{i) ^ —5c pq {Th — t)~ p . Integrating from rj to Th we obtain 

u (T h ) - u ( V ) < -Sd* [ "(Th- t)~ p dt. (3.10) 

Jt) 

The convergence of the integral in (3.10) implies p < 1. □ 

Proof of Theorem 1.5. In view of (3.8) and (3.9) we have 

(l/0)v- p v' o (t) < u~ q u' (t) < 6v- p v' (t), te(ri,T). (3.11) 

Assume first p < 1 < q, integrating the first inequality in (3.11) from rj to t 

^o~ P (*)<Ci-C2Uo" 9 (*), (3.12) 

where C\ and C2 are positive constants. Notice that 1 — q < requires u remains positive 
up to the quenching time. The case p < 1 = q can be treated in an analogous way. □ 

Proof of Theorem 1.6. The proof is similar to [15] and [20]. We omit it here. □ 

Proof of Theorem 1.7. We only take the non- simultaneous quenching case, and the 
other cases can be obtained by a similar argument. Without loss of generality, we consider 
that v is the quenching variable. We define the function u : (0, 00) — > (0, 00) given by 

u{d) = inf{v{x,t) : dist{x,q{v) > d,Vi G [0,T))}. 
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It is easy to see that wis a continuous, non-decreasing function with w(0+) = and such 
that u(x,t) > ui(dist(x,q(v))). 

For all h > 0, we can find X{ h G Q(Vh), then we have 

u(dist(x ih ,Q{v))) < v(x ih ,t) < v ih (t) + \v(x ih ,t) - v ih (t)\. 

From the convergence of the quenching times, Corollary 1.1, for all h < h , there exists ho 
such that \Th — T\ < 5/2. Taking t < T such that T — t < 5/2, thus 

v ih (t) < C 2 (T h -t)< C 2 (\T h -T\ + \T- t\) < C 2 5. 

On the other hand, from Theorem 1.1, we get that, for all h < ho, there exists ho such 
that 

\u(x ih ,t) -u ih {t)\ < Ch . 

Furthermore, we obtain that 

dist(x ih , Q(v)) < uo-\C 2 5 + Ch 2 ) = e, 
where h = mm(ho, ho). □ 

4 Numerical Experiments 

First, we consider the case p = 0.2, q = 0.2 and the initial data <f>(s) = 1 — |sin(|(s + 
2)),(p(s) = 1 — ^sin(|(s + 2)), We observe that the solutions of (1.3) is quenching only 
at the origin if the symmetric initial data with a unique minimum at x = (see Figure 
1), and the quenching is non-simultaneous (see Figure 2), then we obtain the result accord 
with Theorem 1.3 and 1.7. 




Figure 1: The value of the solution at the quenching time T^ (p = 0.2, q = 0.2). 

Next, we taking p = 0.5, q = 2 with the same initial data 0(s) = (p(s) = 1 — ^ sin(|(s + 
2)). In this case the quenching in (1.3) is non-simultaneous with v being strictly positive 
(see Figure 3 and 4), then we can see that our results coincide with Theorem 1.4. 

Finally, we choosing p = 2, q = 3 , In Figure 7 we take the initial data <p(s) = (p(s) = 
1 — jo s i n (f ( s + 2)), we can see that simultaneous quenching occurs in (1.3). 
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0.3 0.4 

Time 



Figure 2: Evolution at the point xq = of the solution (p = 0.2, q = 0.2) 




Figure 3: The value of the solution at the quenching time T h {p = 0.5, q = 2). 




Figure 4: Evolution at the point x = of the solution (p = 0.5, q 
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Figure 5: The value of the solution at the quenching time T h (p = 2, q = 3). 




Figure 6: Evolution at the point x Q = of the solution {p = 2, q = 3). 
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g-EXTENSION OF BERNSTEIN POLYNOMIALS 
WITH WEIGHT (a, (3) 

A. BAYAD, J. CHOI, T. KIM, Y. H. KIM, AND L. C. JANG 



Abstract In this paper, we consider a new type of q-Bcrnstein polynomi- 
als with fixed weight (a, /3). We call them q-Bernstein polynomials with weight 
(a, /?). We establish many interesting identities and relations satisfied by these new 
polynomials. These formulae are the arithmetical nature. 



1. Introduction 

In a recent paper [5] T. Kim proposed g-Bernstein positive linear operators and 
q-Bcrnstcin polynomials. This paper seems to be a new approach in the area of 
g-extension of Bernstein polynomials. The main idea of our paper is to study 
an extension of g-Bcrnstcin operators and polynomials which are introduced by 
Kim [5]. That is, we considered the extension of Kim's g-Bernstein polynomials 
and we call them the weighted g-Bcrnstcin polynomials in the viewpoint of the 
generalization of Kim's g-Bcrnstcin polynomials. 

Throught this paper, we assume < q < 1. Define the g-numbcrs of x by 
Let C([0, 1],R) be the space of continuous functions on [0,1]. For 



x 



i-g x 



1-9 

a,/3 € K and / € C([0, 1],R), we consider linear positive operators as follows: 



,«(/.*!«. - E/(£) ft iNM 1 -*]?-* 



fe=0 



= £/ " )B k , n (x,q\a,(3). (1) 



fe=0 



Here B„ ig (/, x\a,(3) is called q-Bcrnstein operator with weight (a, [3) of order n. 
Bk.n{x,q\a, (3) are called the g-Bcrnstcin polynomials with weight (a, (3) of degree 
n. 
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2. Weighted q- Bernstein polynomials 

From (1) and [1,5], we note that the generating function for B k , n (x, q\a,/3) is 
given by 

00 4-n 

n=0 



(t[x} q «) k exp(t[l-x} q -t,) 



k\ 



(2) 



where n, k E Z + = N U {0} and a, (5 € 
By (2), we get 



Note that lim B k n (x, q\a, (3) — B k n (x) is the ordinary Bernstein polynomial of 

degree n. 

In this section we prove the following interesting properties of weighted g-Bernstcin 

polynomials: 

Theorem 1 (Recurrence formula 1). For n,k E Z + , a, (3 E M. and x E [0, 1], we 
have 

[1 -x] q - l 3B k ^ 1 (x,q\a,(3) + [z]g<*-Bfc-i,„-i(a;, q\a,{3) = B k ^ n {x,q\a,(3), 



and 



B ktn (x,q\a,0) = (^^^B^^faqfaP) - ±^±- q -0+0*B ktn _ 1 {x,q\<x,0)) n. 

Proof of Theorem 1 : For < k < n, we have 
[1 - x] q -pB k:n -i(x,q\a 1 l3) + [x] g a-Bfc_i,„_i(x, q\a, f3) 

= [i - x] r * ( n ~ : ) [x\ k qa [i - x^-t 1 + [*]«<• (^ : j) n^ 1 [i - <--,* 

= ( n I l ) W5- [i - *r;-t + (r i) mJ- [i - *]# 

[*]tf»[l-C-/» fc = B M(*.9l«./9) ( 4 ) 



and the derivative of the g-Bernstein polynomials with weight (a,/3) of degree n 
are also polynomials of degree n — 1 : 

— B fe . n (:r,g|a,/3) 
da; 

= ^^|^B fe -i,„-i(x, 9 |a,/3) - q ^^-q-P+^B k ^ 1 (x,q\a 1 L3)^ n. (5) 

Therefore we obtain our desired theorem. □ 
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Theorem 2 (Symmetry and various identities). For n,k <G Z+, c*,/3 e R and 
x e [0, 1], we Ziowe 

-B„_ fe ,«(l -a;,9 _1 |/3, ") = B kin (x,q\a,/3) 

Morover, 

M n , q (l,x\a, f3) = (I + [x} qa - [x} ql i) n 
and 

M nt g(x,x\a,P) = [x] g <* (l + [x] q a - [x] g /s)" . 

Proof of Theorem 2 : 

Let / be a continuous function on [0,1]. Then the g-Bcrnstcin operator with 

weight (a, (3) of degree n for / is defined by 

n / l\ 

!„,,(/, x|«, 0) = J2f(-) Bk ' n( - X > q \ a > ® ^ 

fc=o ^ n ' 

where < x < 1, n E Z+. 
By (5) and (6), we get 

n n / \ 

M ntq (l,x\a,0) = X) B M(».9l«./3) = £(?)Nj-[l-*]r* 

fc=0 fc=o ^ ' 

= ([»],« + [1 - x],-?)" = (1 + Ng° - M^)" • 

Also, we get from (6) that for f{x) = x: 

M n , q (x, x\a,0) = J2^ (?) [x] k qa [1 - x]# 

k=0 ^ ' 

V- k n{n- !)■■■(»- fe + 1) , , fc r _ , n _ fc 

- 2^ n fc! FM 1 X V^ 

/c=i 

n — 1\ r ,«. r. ,„_ fc 

\ /, I / 

fe=l 

71—1 / -, 

n — 1 



fc=i v / 



i-fe-i 

fe=0 



= [x] g « ([x] qa + [1 - a;] g -s) n = [a;], « (l + [x] q <. - [x] q p) n . 

Note that the q-Bernstein polynomials with weight (a, 0) of degree n are symmetric 
polynomials as follows: 

B^tl-^f'IAa) = (^ fc )[l -*]£*),[! -(!-*)]&_!)_., 



71 ' r - 'n— ki\-\k 



kJ [l-xT q I«[x)} q „ 

= B k>n (x,q\a,/3) (7) 

Thus we obtain our theorem. □ 
Theorem 3 (Explicit formula 1). 

w/,*^ - E (!)w?E(?)(-irv m ^ N " 

m=0 ^ ' fe=0 ^ ' 
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where f € C([0, 1],R), a, j3 £ R and n £ Z + . 
Proof of Thereom 3 : From (6) , we note that 

Bn, g (/, x\a, 13) = 2-jf [-) B k , n {x, q\a, /3) 



fe=0 



fe=0 



. . , M k q o,[l-x] a _ 
n I \k I 



n—k 



-k 



= e/(s)(;)hj.e 

fe=0 v / v / j =0 



n — k 
3 



(-i) J N> 



From the definition of binomial coefficients, we easily get 

'n\ /n — k\ ( n \ fk + j 
K k){ j ) = \k + j){ k 
Let k + j = m. Then we have 

/ n\ fn — k\ / n\ (m 
Jt) \ j J \m] \ k 
By (8) and (9), we get 



B-^(/,x|a,/3)=5:U)N?E( j fe)(- 1 ) B, -*/(; 

m=0 V / k=0 V / 

This yields our theorem. □ 

In the special case, a — (3, we have the following corollary. 

Corollary 4. For f £ C([0, 1],R), a£l and n e Z + , we /lave 

- y,x|a,«)-t (;) w f (X)(-ir-/ (i 

m=0 v 7 fc=0 v 7 x 



^n,Q 



(8) 



(9) 



(10) 



It is well known that the second kind Stirling number are defined by 

(e* -l) k _ 1 v^ A 
I 



« -bE i-'^-e ■<-■*); 



n=0 



where fc e N (see [3-5]). 



Let A be the shift difference operator with 

A/(aO = /(s + l) -/(*). 

By iterative process, we get 



(11) 



k=0 



A"/(0) = E ( j(-l) n_fc /(fe), (see[3-5]). 



By (11) and (12), we get 



A fc 0" = s(n,fc). 



(12) 



(13) 
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From (10), (11), (12) and (13), we have the following theorem. 
Theorem 5 (Difference operator). For f G C([0, 1],R), ael and n G Z + 

'ti\ r . i, . t „ / s 



Ti,g V 



fc=0 



(/.+,a)=E;H^ l /n. (14) 



In the special case, /(.t) = x m (m € Z+), we have the following corollary 
Corollary 6. For x G [0, 1], m,n G Z + oud a, /3 € K we /iai>e 

» ro B ni ,(s' n ,x|a,a) = £ (f) [z]£ a A fe m , 



and 



,fc 

k=0 v 



n m B rM ,(a ,n ,a;|a,a) = 2 [a;]^fc!s(m, fc). 

fe=o ^ 

Theorem 7 (Recurrence formula 2). For k,n € Z+, a, /3 € K and x G [0, 1], we 

have 

n + 1 — fc . fc + 1 

— — B fei „ + i(x, g a, /?) H — -B fe+ i, n+ i(a:, g a, /*) 

n + 1 n + 1 

= (l-[x] q p + [x] q <*)B k>n (x,q\a,0). (15) 

Proof of Theorem 7 : 
For x, t € C and n G Z + with n > k, consider 

_n!_ /■ (t^ajfcfflg^l-^g-g) <ft 

2™J C fc! i™+!' l j 

where C is a circle around the origin and integration is in the positive direction. 
We see from the definitin of the weighted g-Bernstein polynomials and the basic 
theory of complex analysis including Laurent scries that, 

(t[x] qa ) k exp(t[l-x} q -,) dt ^ r B k , m (x,q\a,(3)t m dt 

k\ t n+1 2-^ L ™! ' t n+1 



111=0 



C 



= 2ri MiM, ( i 7) 

We get from (15) and (16) that 

n\ f (t[x] qa ) k cxp(t[l~x} q - fi ) dt 
=rj c v js+r = -B M (x,ff|a,/3) (18) 

and 

(t[x] q «) k eMt[l-x} q -e) dt _ [xfa^fil-x]™, , m _ n _ 1+k 



f (t[x} qa r exp(t[l - x] q -,) dt = [xfr y. / [i - xy^ r 
Jc k\ t«+i fc! *-<[ m\ J c 



2 Jx^~x^l 

k\{n-k)\ ■ ( ' 



By (15) and (18), we get 



n! f (t[x] qa ) k exp(t[l — x] -n) dt 



iq ' ZV " ^TT = A [1 - *]%* • (20) 
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From (17) and (19), we get 

B k , n (x,q\a,f3)=(fy{x] k qa {l-x}p 

where x G [0, 1] and n,k G Z+, a, (3 € R. 

By the definition of g-Bcrnstein polynomials, we see that 

B kn {x,q\a,p) H %i,» i^a,? 

n n 

= ([1 -a;] g -/s + [a;] g a)-Bfe ) „_i(a;,g'|a,/3) 

= (1 - [%]qf> + [x]q")Bk,n-l{x,q\a,0). 

Hence, we obtain our theorem. □ 

In the special case, a = (3, we obtain the following corollary. 

Corollary 8. For k,n G Z + , a£l and cc € [0, 1], we /iawe 

~ r" -L rv . . . rC — r" _L . , . . . . . . 

—. — B kn+1 (x, q\a, a) -\ — -B k+1 , n+ i(x, q\a, a) = B kn (x, q\a, a). (21) 

n + 1 n + 1 

We get from (3) that for n, k G N, 

n — k + I [x]„c* 

-, t, i B k -i,n{x,q\a,P) 

k [1 - x\ q -n 

__ n-k+1 [x] qa ( n \r ifc-iM _ in-fe+i 
k [l-x] q -\k-l) [X ^ [l A *- fi 



k\(n-k)\^' q "^ "'I' 
= B k>n (x,q\a,0). (22) 

From (22), we obtain the following corollary. 
Corollary 9. 



n — k + 1 [x] q <> 



k [1 - x] q -t3 
where k, n G N, a, (3 G K and x G [0, 1] 
Theorem 10 (Explicit formula 2). 



B k -i, n (x,q\a,l3) = B k , n (x,q\a,f3), 



^fe*.«=(^)'g(;)Q(-.)'-*« 5 . 

where a, (3 € 1R, n, fc G Z + and x G [0, 1] . 

Proof of Theorem 10 : From the definition of the g-Bernstein polynomials and 
binomial theorem, we note that 



B ktn (x,q\a,(3) = (T)[x} k qa [l - x] 



fc) N5- Ef" 7 *)("!) W" ( 23 ) 
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It is easy to show that 

'ri\ (n - k\ _ ( n \ fk + l 
y k){ I ) = {k + l){ I 

By (23) and (24), we get 

Si ,„ ( „ |a ,« _ (|j)*g(?)( I ^)(-i)"Mi. 

k n / \ / 1 

n\ 1 1 



(24) 



[%]qf>J J^.\ l J\ k 

From (25), we obtain our theorem. □ 

In the special case, a = (3, we obtain the following corollary. 



e ; (-D'-K- ( 25 ) 



Corollary 11. 



BM^.gla.a) = £ (") Q(-l)'- fc [4« 



where a, G M, n, fc G Z + and a; G [0, 1] . 

It is possible to write [x] qa as a linear combination of the q-Bernstein polynomials 
by using the degree evaluation formula and mathematical induction. We see from 
the properties of the g-Bcrnstcin polynomials with weight (a, /?) that 



/ n — 1 



fc=i fe=i 

n-1 



, fc 
fc=0 



E : H^-^-t 1 



(i ■ ' i r ' i "- j 



In the special case, a = /3, 

y^ -B fe) „(a;,g|a,a) = [x] g a. 
fe=i 

By the same method, we get 

£ &*,„(*, «|a,/9) = EtI(!)n^[1-^^ 

fc=2 UJ fc=2 W V fc / 

fe=2 V / 

fc=0 v / 

= [x] 2 qa (l + [x] q «-[x] q0 ) n ~ 2 . 
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In the special case, a = /3, 

n /fc\ 

k=2 V2J 

By continuing this process, we obtain the following theorem. 

Theorem 12. 

" CO 
E -±vB kyn (x, q\a, (i) = [x] 3 qa (1 + [a;], a - [x] q e) n 3 , 

k=j \j) 

where n, k,j G Z + , a, /3 G K and cc G [0, 1]. 

In the special case, a = /3, we obtain the following corollary. 
Corollary 13. 

X! ]4r- B fe,n( a; ' tfl a > a ) = M,° . ( 26 ) 

k=j \j> 

where n, k,j G Z + , a£l and a; G [0, 1]. 

In [2] , the g-Stirling numbers of the second kind are defined by 

s " (n ' fc) = w? ( " 1)i?a) 0, [ *" jl «' (27) 

whcrc (J), = biJKi,! and w* ! = w« • • • w^- 

For m G Z i , we have 



M? = E« a(5) (fr) [*],-"v(*.m-fc). 



fc=0 v ' 9° 

Thus, we have the following corollary. 
Corollary 14. 

" (!) 



fe=j Vj/ fe=0 V / 9° 

where n,k,j G Z + , ael and a; G [0,1]. 
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Stability of over-rotation pairs of 
cycles for the interval maps 

Taixiang Sun* Qiuli He Guangwang Su Xiaofeng Peng 
College of Mathematics and Information Science, Guangxi University, Nanning, Guangxi 530004, China 



Abstract Let C°(I) be the set of all continuous self- maps of the compact interval 
/ and P(n, v) = {/ € C°(I) : f has a cycle with over-rotation pair (u,v)} for 
any positive integers u and v with 2 < 2u < v. In this paper, we prove that if 
(2 m ns,2 m nt) y (7, A), then 

P{2 m ns,2 m nt) C int P(7,A), 

where m > is an integer, n > 1 odd, 2 < 2s < t with s, t coprime and 2 < 27 < A. 
Keywords: interval map, strongly simple cycle, over-rotation pair, stability. 
2000 MR Subject Classification: 58F10, 54H20 

1. Introduction 

Let / be a compact interval and C°(I) be the set of all continuous maps from I to /. For 
any f,g € C°(I), we define the distance between / and g by 

d(f,g) =sup|/(x) -g(x)\. 
xei 

Then (C°(I),d) becomes a metric space. For any subset M of C°(I), we use intM to denote 
the interior of M. A point x G I is called a periodic point of / with period n if f n {x) = x 
and f l (x) 7^ x for 1 < i < n — 1, and {/*(#) : < i < n — 1} is called a cycle with period n. 
Write F{f) = {x : f(x) = x}, which is called the set of fixed points of /. For any subset A C I, 
we use #A and [A] to denote the cardinal number of A and the smallest closed subinterval of 
/ containing A, respectively. If A = {a, b}, we write [A] = [a; b] and (a; b) = [a; b] — {a, b}. For 
any positive integer n, write P(n) = {/ € C (J) : / has a cycle with period n}. 

One of the remarkable results in one-dimensional dynamics is the Sharkovskii theorem. 
To state it, let us first introduce the Sharkovskii ordering for positive integers: 

3>5>7>--->2-3>2-5>2-7[>--->2 fe -3>2 fe -5[>2 fc -7[>--->2 3 >2 2 >2>l. 



Project Supported by NSF of China (10861002) and NSF of Guangxi (2010GXNSFA013106) and SF of 
Education Department of Guangxi (200911MS212)and Innovation Project of Guangxi Graduate Education 
105931003060. 
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Theorem A (see [1]). For any positive integers m and n, P(n) C P(m) if ' n> m. 

Block [2] studied stability of cycles in the theorem of Sarkovskii and obtained the following 
theorem. 

Theorem B (see [2]). For any positive integers m and n, P(n) C int P(m) ifnt>m. 

Blokh and Misiurewicz [3] introduced the following ordering among all pairs of positive 
integers (k, I) with 2 < 2k < I: 

(1) If u/v < 1/2 and k/l G (u/v, 1/2], then (it, v) y (k, I). 

(2) If u/v = k/l = m/n, where m, n are coprime, then (u,v) >- (k,l) if and only if u/m\>k/m. 

They also defined the over-rotation pairs and the over-rotation numbers of cycles with period 
n > 1 for the interval maps. 

Definition 1.1 (see [3]) Let / G C°(I). Assume that Pis a cycle of / with period n > 1 
and m = #{y G P : (y — f{y)){f 2 {y) — f(y)) > 0}. Then (m/2,n) is called the over-rotation 
pair of P and m/2n the over-rotation number of P. 

For any positive integers v and u with 2 < 2u < v, write P(u,v) = {/ € C°(I) : f has a 
cycle with over-rotation pair (u,v)}. 

Theorem C (see [3]). For any positive integers u,v,k and I with 2 <2u < v and 2 < 2k < I, 

P(u,v) CP(M) if(u,v) y (k,l). 

In this paper, we shall study stability of over-rotation pairs of cycles for the interval maps. 
Our main result is the following theorem. 

Main Theorem . If (2 m ns,2 m nt) y (7, A), then 

P(2 m ns,2 m nt) C miP( 7 ,A), 
where m > is an integer, n > 1 odd, 2 <2s < t with s, t coprime and 2 < 27 < A. 
2. Some Lemmas 

We need the following definitions and lemmas for showing main theorem. 

Definition 2.1 (see [4]). Let / G C°(I) and p G F{f). A point y G I is called a centripetal 
point of / relative to p (or simply a centripetal point if there is no confusion) if f{y) G (p; y). y 
is called a striding point of / relative to p if p G (y; f(y))- 

Lemma 2.1 (see [5]). Let f G C°(I). If Io, I\, • • • ,I m are compact subintervals of I with 
I-m = ^o such that f(Ik-i) 3 Ik f or I < k < m, then there exists a point y such that f m (y) = y 
and f (y) G Ik for every < k < m. 

Lemma 2.2. Let f G C°(I). If there are points a,b and c such that /(c) < a = f{a) < 
b < c < f(b) (resp. /(c) > a = /(a) > b > c > f(b)), then for any integers m and n with 
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2 < 2m < n, there exist a cycle Q = {y\ < 1/2 < ■ ■ ■ < y n } of f with over-rotation pair (m, n) 
and p £ F(f) n [Q] such that every point of Q is a centripetal point or striding point of f relative 
to p. 

Proof. We only prove the case f{c) < a = /(a) < b < c < f(b) (the proof for the case 
/(c) > a = /(a) > b > c > f(b) is similar). We may assume that (a, b) n F(f) = 0. Then 
f(x) > x for all x £ (a, b). Choose p £ (b,c) l~l F{f). Then there exist points a < e\ < e2 < 
• • • < e n -2m+i < b such that f(e k ) = e k +\ for each 1 < k < n — 2m and /(e n _2m+i) = V- Let 

= [e k ,e k+ i], if k £ {1,2, • • • ,n - 2m}, 

= [e n _ 2m +i,6],if r G {0,- ■ ■ ,m - 2}, 

= [p,c], if r e {0, ■■■,m- 1}, 

= [6,P]- 

Then /(/j) D /j+i 1 < i < n — 1 and f(I n ) ^ A- By Lemma 2.1 there exists a cycle Q = 
{x±,X2, ■ ■ ■ ,x n } such that Xj G Jj(l < z < n). It is easy to verify that every point of Q is a 
centripetal point or striding point of / relative to p. The proof of Lemma 2.2 is completed. 

Lemma 2.3. Let f £ P(m, n). Then there exist a cycle Q = {y\ < y<i < ■ ■ ■ < y n } of f with 
over-rotation pair (m,n) and p £ F{f) n [Q] such that every point of Q is a centripetal point or 
striding point of f relative to p. 

Proof. Let P = {x\ < X2 < ■ ■ ■ < x n } be a cycle of / with over-rotation pair (m, n) 
and s = minjfc : /(xfc) < x^}. Then s > 2, (x s _i,x s ) n -F(/) 7^ and /(xj) > Xj for each 
1 < i < s — 1. We may also assume that there exists some s < j < n such that f(xj) > Xj since 
otherwise choose p £ (x s _i, x s ) n i^(/) and let Q = P which completes the proof of Lemma 2.3. 

Let t = min{A; : k > s and f(x k ) > x^} and p = max{(x s ,Xi) ("I F(f)}. Then f(x) > x for 
all x G (p,xt). Let j = min{A; : f k+1 (xt) < p} and i = min{fc : k < j and f k+1 (xt) > f^(xt)}. 
Then f^ +l {xt) < p < P{xt) < P(xt) < f l+1 ( x t)- It follows from Lemma 2.2 that / has a cycle 
Q = {2/1 < 2/2 < • • • < Un} such that Q with the desirable properties. The proof of Lemma 2.3 
is completed. 

Definition 2.2 (see [5]). Let / £ C°(I). A cycle P of / with odd period n > 1 is called a 
cycle of / of Stefan type if 

P = {/«-l( C ) < • • • < /2( C ) < c < /( C ) < • • • < /-2(c)} 

or 

P = {f n ~\c) <■■■< /(c) < c < / 2 (c) < • • • < /"-»}. 

Definition 2.3 (see [5,6]). Let / £ C°(I) and P = {xi < X2 < • • • < x„2 m } be a cycle 
with period n2 m , where n > 1 is odd and m > is an integer. For each < i < m and each 
1 < j < 2 l , write A 3 2i = {x(j_ 1 ) 2 m-i ra+1 < Xfj_i)2"»-»n+2 < ■ ■ < ^j2 m -»n}- We call P a strongly 
simple cycle if one of the following three conditions holds: 
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(1) If m = 0, then either n = 1 or n > 1 and P is a cycle of / of Stefan type. 

(2) If n = 1 and m > 0, then for each 1 < i < m and each 1 < 2k < 2\ f 2 '' 1 {A 2 ^' 1 ) = A 2 * 
and/ 2i - 1 (^) = 4 fe - 1 . 

(3) If n > 1 and m > 0, then the following three conditions holds: 

(i) For each 1 < i < m and each 1 < 2k < 2\ f 2 *' 1 (A 2 *- 1 ) = Af % and / 2i_1 (A|?) = A 2 *' 1 . 

(ii) For each 1 < j < 2 m , A\ m is a cycle of / 2 of Stefan type. 

(hi) / maps each A\ m monotonically onto another A^m, with one exception. 

Lemma 2.4 (see [5,6]). If f £ C°(I) has a cycle with period n, then f has a strongly simple 
cycle with period n. 

Let P = {x\ < X2 < ■ ■ ■ < x n } be a cycle of / with period n > 1. Then there is an unique 
map g : [xi,x n ] — ► [a?i,a: n ], which is called the linearization of P, satisfying 

(1) g(xi) = f(xi) for all 1 < i < n. 

(2) gU x . Xi+1 ] is linear for all 1 < i < n — 1. 

Lemma 2.5 (see [5]). Let f £ C°(I), P be a cycle f with period n > 1 and g be linearization 
of P. Then f has a cycle {x\ < X2 < • • • < x m } satisfying f{x,j) = Xj (i G {1, 2, ■ ■ ■ , m}) if and 
only if g has a cycle {y x < y 2 < ■ ■ ■ < y m } satisfying g{yi) = yj (i £ {1,2, • • ■ ,m}). 

By Lemma 2.5 we know that if g has a strongly simple cycle with over-rotation pair (p, q), 
then / has also a strongly simple cycle with over-rotation pair (p, q) . 

Lemma 2.6 (see [5]). Let f € C°(I). If there exist points a,b,c,d € I with a < b < c < d 
such that f([a, b]) n /([c, d\) D [a, d], then f has periodic points of all periods. 

For any nonempty subset A and B of real numbers, we write A < B if x < y for any x £ A 
and y G B. 

Lemma 2.7. Let f £ ~P(ks, kt), where s,t are coprime, k = n2 m , n > 1 is odd and m > 
is an integer. Then there exist a cycle P = {z± < z 2 < ■ ■ ■ < z^t} of f with over-rotation pair 
(ks, kt) and p £ F(f) PI [P] satisfying 

(1) Every point of P is a centripetal point or striding point of f relative to p. 

(2) / cyclically permutes the sets B{ = {^(j_i)2 m n+i5 ■ ■ ■ , £«2 m n} (i = 1,2,-- ■ ,t). 

(3) B\ is a strongly simple cycle of f l '. 

Proof. By Lemma 2.3 we may assume that R = {x\ < x 2 < ■ ■ ■ < Xkt} is a cycle of / with 
over-rotation pair (ks, kt) and q £ F(f) n [R] such that every point of R is a centripetal point 
or striding point of / relative to q. By Lemma 2.5 we may assume that / is the linearization of 
R. Let I = [xi,Xkt] and p be the unique fixed point of /. Obviously, we have that fix) > x for 
all x £ [x\,p) and f(x) < x for all x £ (p,Xkt\- 

If s/t = 1/2, then it follows from Lemma 2.4 that the conclusion of Lemma 2.7 holds. Now 
we assume s/t < 1/2. 
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By Theorem C, / has a cycle Q = {y\ < 1/2 < ■ ■ ■ < yt}(t > 2) with over-rotation pair 
(s, t) such that every point of Q is a centripetal point or striding point of / relative to p. We 
can assume k > 2 since otherwise there is nothing to prove. Furthermore, we may assume 
#{x G Q : x > p} > 2 (the proof for the case #{x G Q : x < p} > 2 is similar). Write 
x = maxQ. Then /*(x) = x. 

Claim 2.1. H^e may assume that there exists a positive number e > suc/i i/iai /*(y) > y 
for all y G (x,x + e). 

Proof of Claim 2.1. Since x G" P, there exists a positive number e > such that (/*(y) — 
y)(y — x) > for all y G (x — e,x + e) — {x} or (/ 4 (y) — y)(y — x) < for all y G (x — e, x + e) — {x}. 
If (/*(y) ~ y)(y ~ x ) > for all y G (x — e, x + e) — {x}, then Claim 2.1 holds. Now we assume 
(/*(y) — y){y — x) < for all y G (x — e,x + e) — {x} and put u = max{y G {p, x) : /*(y) = y}. 

We claim that for all 1 < i < t, {f l (u) — p)(f l (x) — p) > 0. Otherwise, suppose that 
{f l {u) — p){f l {x) — p) < for some 1 < i < t. Then there exists a point v G (u, x) such that 
f l (v) = p. Thus /*(f) = p, which implies (u,v) n F{f f ) ^ 0. This is a contradiction. 

We also claim u = max{f(u) : < i < t}. Otherwise, suppose that f l {u) > u for some 
1 < i < t — 1. Then there exists a point v G (u, x) such that f l (v) = v since x = maxQ. Let 
u; = max{w G (u, x) : f l (v) = v}. Then f t ^ l {w) = /*(tf) > w. Since f t ^ l {x) < x, there exists a 
point e G (w,x) such that f t ~ l (e) = e, which implies /*(e) = /*(e) > e and (e, x) n F(f l ) ^ 0. 
This is a contradiction. By using -u replaces x, we know that Claim 2.1 holds. The proof of 
Claim 2.1 is completed. 

Write S = {y : /*(y) = x} n (x,Xfet]. Let T = minS 1 if S ^ and T = x^ otherwise. Put 

J = (x,T). 

Claim 2.2. J, /(J), • • • , /*~ 1 (J) are pairwise disjoint and p UjZ / 4 ( J). 

Proof of Claim 2.2. We first prove that J, f(J), • • • , f t ^ 1 ( J) are pairwise disjoint. Suppose 
that there exist 0<i<j<£— 1 and u,v G J such that f l (u) = f^{v). Then / <_j,+i (ii) = 
/*(u) > x. Since / i_ ' ?+ *(x) < x, there exists a point y G (x,n) such that /* _ -' + *(y) = x, which 
implies x > f J ~ l (x) = /*(y) > x. This is a contradiction. 

Now we prove p UjZ /*(J). Suppose that there exist some < i < t — 1 and u G J such 
that / l (u) = p. Then /*(u) = p. Hence x G /*((x, n)), which contradicts definition of T. The 
proof of Claim 2.2 is completed. 

By definition of T, it follows that P n (UjZq/^J)) 7^ since otherwise we have /*(T) > T, 
which is impossible. 

If /*(«/) C J, then f t \j has a cycle with period k. It follows from Claim 2.2 and Lemma 
2.4 that / has a cycle P = {z\ < 22 < ■ ■ ■ < z^i\ with over-rotation pair (ks, kt) satisfying 
conditions (1),(2) and (3). 

If /*(</) <£. J, then /*(T) = x and there exists a point y G J such that / 4 (y) > T. Thus 
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/*([x,y]) n /*([y,T]) D [x, T]. By Lemma 2.6, /* has a cycle of period 3 on J. It follows from 
Claim 2. 2, Theorem A and Lemma 2.4 that / has a cycle P = {z± < z 2 < ■ ■ ■ < Zkt} with 
over-rotation pair (ks,kt) satisfying conditions (1),(2) and (3) . The proof of Lemma 2.7 is 
completed. 

3. Proof of Main Theorem 

In this section we shall give the proof of the main theorem. 

Proof of Main Theorem. Let / £ P(2 m ns,2 m nt). We shall show that there exists a 
neighourhood U of / in C (I) such that every g £ U has a cycle with over-rotation pair (7, A). 
The proof will be carried out in a number of stages. 

Claim 3.1. If m > and n > 3, then there exists a neighourhood U of f in C°(I) such that 
every g £ U has a cycle with over-rotation pair (2 m (ro + 2)s, 2 m {n + 2)t). 

Proof of Claim 3.1. By Lemma 2.7 we know that there exist a cycle P = {z± < Z2 < 
■ ■ ■ < z 2 m nt \ °f / with over-rotation pair (2 m ns, 2 m nt) and p £ F(f) n [P] satisfying 

(1) Every point of P is a centripetal point or striding point of / relative to p. 

(2) / cyclically permutes the sets Bi = {z(i_i)2 m n+i> " " " > Zi"2 m n} (i = 1, 2, ■ ■ ■ , t). 

(3) B\ is a strongly simple cycle of /*. 

For each 1 < I < 2 m , let z\{l) denote the midpoint of the n points in C; = {xn_iy n+ i < ■ ■ ■ < 
xi n } and Zj(l) = / 2m *^ -1 ^(«i(/)) (1 < j < n). Then for each 1 < / < 2 m , we have either 

z n {l) < z n - 2 (l) <■■■ < z 3 (l) < zi(l) < z 2 (l) <■■■ < z n - 3 (l) < Z n -l(l) 

or 

Z n (l) > Z n - 2 (l) > ■> Z 3 (l) > Zi(f) > 22(0 > • • • > Zn- 3 (l) > Zn-l(l). 

Furthermore, the blocks C\ can be renumbered so that /*(^i(/)) = z\{l + 1) for 1 < I < 2 m . 

Then 

' /%(/)) = Zj(l + 1), if 1 < / < 2 m , 1 < j < n, 

/*(z,(2 m )) = z j+1 (l), if l<j<n, 

f t {z n {2 m )) = zi(l). 

Since /*([zi(0; %(0]) ^ N(^+l); «2(/+l)] for 1 < / < 2 m and / t ([z 1 (2 m ); z 2 (2 m )]) D [z 3 (l); z 2 (l)}, 
there exist points z- 3 , z- 2 , z~i, zq such that f 2 l {z-i) = Z-i+i (i = 0, 1, 2, 3) satisfying 
(1) For 1 < I < 2 m , either 

zi(l) < / (, - 1}t («-i) < /('-^'(^-a) < / ( ^ 1)t (^- 2 ) < /('"^(^o) < z 2 (l) 

or 

2l(0 > / ( ^ 1)4 (^l) > / ( '- 1)t («-3) > / ( '- 1)t (^-2) > /C- 1 ^*)) > ^2(0- 
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(2) For 1 < I < 2 m , < i < t and j = 0,1,2,3, we have/('- 1 ) t+i (z_j) £ P{[Bi\). Write 
z _i(l) =/-!(z_i) for i = 0,1, 2, 3 and 1 < I <2 m t. Let 

e = min{|r(z_ 3 (l)) - /^- 3 (1))| : < i < j < T\n + 2)t}/20 

and U = {g £ C°(I) : d(f\g i ) < e for all < i < 2 m (n + 2)t}. Then for every g £ U and 
1 < i < j < 2 m {n + 2)t - 1, / l (z_ 3 (l)) < / j (^- 3 (l)) if and only if ^(z_ 3 (l)) < ^'(«-a(l)) and 

^(n + 2) t(z _ 3(1)) g [g 2™2t (j8 _ s(1)) .^« (z _ s(1))] . get 

/J = b'- 1 ^-3(l)),» ,+1 (^-3(l))] for 1 < I < 2 m (n + 2)t. 

Then we have 

[ g{Il) D /, + i, ifl</<2 m (n + 2)t-l, 

\ 9{h m (n+2)t) ^ Ii. 

This yields a cycle O = {y, g{y), ■■■, g 2 ™ ' {n+2)t (y)} such that g i ~ 1 {y) € ^ for i = 1, 2, ■ ■ ■ , 2 m (n + 
2)t. It is easy to verify that the over-rotation pair of O is (2 m (n + 2)s,2 m (n + 2)t). The proof 
of Claim 3.1 is completed. 

Claim 3.2. If m > 1 and n = 1, i/ien t/iere exists a neighourhood U of f in C°(I) such that 
every g £ U has a cycle with over-rotation pair (2 m ~ 1 t,2 m ~ 1 s). 

Proof of Claim 3.2. By Lemma 2.7 we know that there exist a cycle P = {z± < 22 < 
■ ■ ■ < Z2 m i} of / with over-rotation pair (2 m s, 2 m t) and p £ F(f) (~) [P] satisfying 

(1) Every point of P is a centripetal point or striding point of / relative to p. 

(2) / cyclically permutes the sets B>i = {z(i-i)2 m +i, ■ • ■ , -Zi2 m } (i = 1, 2, ■ ■ ■ , t). 

(3) B\ is a strongly simple cycle of /*. 

Since f 2 t (xi) = X2 and f 2 t (%2) = xi, there exist points xi < a < b < X2 such that 
/ 2m-1 *(&) = xi < x 2 = / 2m_1 *(a) and /^a), f{b) G [/*(xi); /'(x 2 )] for < i < 2 m ~^ - 1. Let 

e = min{6 - a,min{|f (xi) - / i (xi)| : < i < j < 2 m t}}/20 

and U = {g € C°(I) : dif^g 1 ) < e for all < i < 2 m ~ : 4}. Then for every g £ U, we have 
g 2 t (a) > a and g 2 t {b) < b. This yields a cycle O = {y,g(y), • • • , g 2 tl (y)} such that 
g l ^ 1 {y) £ [g l (a)',g l (b)] for % = 1, 2, ■ ■ ■ , 2 m ~ 1 t. It is easy to verify that the over-rotation pair of 
O is (2 m - 1 s, 2 m ~ 1 t). The proof of Claim 3.2 is completed. 

Claim 3.3. If m = and n = 1, then there exists a neighourhood U of f in C (I) such that 
every g £ U has a cycle with over-rotation pair (7, A). 

Proof of Claim 3.3. By Lemma 2.3 there exist a cycle Q = {x\ < X2 < ■ ■ ■ < xt} of / with 
over-rotation pair (s, t) and p £ F(f) n [P] such that every point of P is a centripetal point or 
striding point of / relative to p. Choose two coprime integers u, v such that s/t < u/v < 7/A. 
Without loss of generality we can assume f(xt- s +i) < x t - s . Take w £ F(f) n (xt- s ,xt-s+i)- 
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Put 1 < / = tu — sv. Then there exist points y, G {xt- s , Xt- s +i) {i = 0, 1, ■ • ■ , 21 — 1) such that 
Xt-s < V21-2 < V21-4 < ■■■ < V2 < Vo < w < y! < y 3 < ■■■ < y 2 is < V21-1 < xt-s+i with 
f(Vi) = Vi+i (i = 0, 1, ■ • • , 21 - 2) and f(y 2 i-i) = x t - s . Let 

e = mm{\f (y ) - f (y )\ :0<i<j<2l + t}/20 

and U = {g G C°(I) : d{f l ,g l ) < e for all 1 < i < (t — 2s)v}. Then for every g G U, we have 
g (t-2s)v( yQ j <yo< 5 ( yo ) an d 5 2^ o ^ < ff ^ yo ) 

Let z = max{x G / : x < yo and g( t ~ 2s > v (x) = x}, a = min{z,g(z), • • • , g( t ~ 2s > v ~ 1 (z)} and 
wi g (y ,g(yo) nf(g). 

We claim that for any i G {0, 1, ■ ■ ■ , (i — 2s)f}, (g' l (z) — wi)(g l (yo) — wi) > 0. Indeed, if 
(5*(z) — wi)(g l (yo) — wi) < for some i G {0, 1, •••,(£ — 2s)f}. Then there exists a point 
c G [z,yo) such that ^(c) = w\. Thus 5^ -2s ^(c) = wi, which implies (z,y ) n F(g( t ~ 2s ' )v ) / 0. 
A contradiction. 

If [a,2/ ] n F(g) / 0, then z = max{[a,y ] n F(g)} G [a,z). Since 5(2/0) > yo and (z,y ] n 
F(g) = 0, we have g(z) > z. Let j = minjfc : j +l (z) < zq} and i = min{A; < j : f +l (z) > 
f j {z)}. Then f j+1 {z) < z < f{z) < f j {z) < f i+1 {z). It follows from Lemma 2.2 that g has a 
cycle with over-rotation pair (7, A). In the following, we assume that [a, yo] n F{g) = 0. 

We claim that for any i G {0, 1, • • • , (t — 2s)v}, g %+l {z) G [g l (z);w\\ or wi G [<7* +1 (2:);g*(2:)]. 
Indeed, if g l {z) G [g* +1 (z); w±] for some « G {0, 1, ■ ■ ■ , (t — 2s)v}}, then g' l {z) > yo- Since 
5 t+1 (yo) G b*(W));wi], we have ^(z); <7 l (y )] D F( 5 ) / 0. Let w 2 G [<7 l (z); <7 l (y )] D F(g). Then 
^2 > J/o and there exists a point d G [z, yo] such that g ( - t ~ 2s " >v (d) = 1^2- Thus (d, yo\nF(g^~ 2s ^ v ) / 
0. A contradiction. 

By the above claims, we know that g has a cycle with over-rotation number u/v. It follows 
from Theorem C that g has a cycle with over-rotation pair (7, A). The proof of Claim 3.3 is 
completed. 

From Claim 3.1, 3.2, 3.3 and Theorem C it follows that main theorem holds. 
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Abstract : In this paper we consider the following (/i, q)-zeta function: 

^ q hn+ X ( q _m h _y » q (h-l)n 



u-^\h)=^ [n+x]Sq+ 1 _ a ^ [n+ar]r i. 

where x ^ 0,— 1,— 2, ■■■ ,s €. C\ {1} and h € C. Finally, we lead to a useful integral 
representation for the (h, q)-zeta functions and give the functional equation associated with 
(h, q)-Bernoulli numbers and polynomials. 
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polynomials, (h, q)-zeta function 

1. Introduction 

When one talks of (/-extension, q is considered in many ways such as an indeterminate, 
a complex number q £ C, or p-adic number q £ C p . Throughout this paper we assume that 
q € C with \q\ < 1. We use the notation of q- number as 

1 — q x 



™ l _ q 

Note that lim g ^i[x]q = x,( see [6]). 

The Bernoulli polynomials in C are defined by the formula 



e l — 1 ^-^ n\ 

n=0 



with the usual convention of replacing B l {x) by -B«(x), (see [1-14]). In the special case, 
x = 0, -B n (0) = B n are called the n-th ordinary Bernoulli numbers, (see [1-10]). The 
Bernoulli numbers are used to express special values of Riemann zeta function, which is 
defined by 



1 

z — J rip 



i n 

n=l 



(2ir) 2m (-l) m ~ 1 B 2m c _ ^ , _ o . B 



2n, 



That is, C(2m) = - — - — V^- — , for m £ N, and C(l - 2m) = — , (see [7-14]). 

2(2mj! 2m 

First, we consider (h, g)-Bernoulli numbers and polynomials as the g-extension of Bernoulli 
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numbers and polynomials. From those numbers and polynomials, we derive some (h, q)-zeta 
functions as the g-extension of Riemann zeta function. That is, the purpose of this paper 
ir to study the following (/i, q)-zeta function: 

... ^ q hn+x (q-l)(h-l)^ q^- 1 ^ 
( q (s,x\h) = Y ^ H , . + V ' ' X 



where x ± 0, -1, -2, • • • , and h € C, s € C \ {1}. 

Finally, we derive to a useful integral representation for the (h, q)-zeta functions and 
give the functional equation associated with (h, q^-Bernoulli numbers and polynomials. Re- 
cently, several authors have studied the g-zeta functions and the (/-Bernoulli numbers( see 
[1-14]). Our (/-extensions of Bernoulli numbers and polynomials in this paper are different 
the ^-extension of Bernoulli numbers and polynomials which are treated by several authors 
in previous papers. 



2. (h, (/)-Bernoulli numbers and polynomials associated with (h,q)-zeta 

functions 



For h € C, let us consider (h, (/)-Bernoulli polynomials as follows: 

oo oo 

F q (t, x\h) = -tJ2 q hm+x e^ +m ^ t + (h-l)(l-q)J2 Q {h ~ 1)m e 

oo 
/ j Pn,q\ 



[x+m] q t 
m=0 m=0 



[X) — . 

n! 

n=0 



From (1), we note that 

1 



'^- l + h-1 ( 1 \ l t l 



F f (t„| fc ) = e Vl-«/B-l^ ] ^i-( I ± i j) r . ,2) 



By (1) and (2), we get 



*.<»>- (i^EQt-W 



l + h-1 



(3) 



, n ,, [1 + h-iW 

In the special case, x = 0, Pn„(0) = f3^ q are called the n-th (h, (/)-Bernoulli numbers. 
In (3), it is easy to show that 

0^ q (x) = ([x} q + q x /3 h r, (4) 

where we use the usual convention about replacing {(5 h ) n = /3^„. 



Note that 

e xt f ^2^ i n 

lim F q (t,x | h) = = 2]B n (x) — 

g-»i e l — 1 ^-^ n! 

n=0 
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t" 



Let F q (t | h) = Y^=o0n,q~i be the generating function of (h, (^-Bernoulli numbers. Then 



we get 

oo oo 

F q (t \h) = -tJ2 q hm e lm] ^ + {h- 1)(1 -q)J2 g e»- 1 )"» e H«*. 

ra=0 m=0 

From (1), (4), and (5), we can derive the following difference equation: 
F q (t,x\ h) = e^" t F q {q x t\ h) 



-t ]T q hn+x e [x+n] ^ + (ft - 1)(1 - g) JT q( h ~ 1)n e^^ . 



n=0 



n=0 



Therefore, we obtain the following proposition. 
Proposition 1. For h € C, we have 



*.<*> = ( r ^ s t(?)c-i> , « 



n V nlji * + **-! 
[l + h-l] q 



E 

2=0 



n 



?%N n -' 



l,q\."iq ■ 



(5) 



Note that 



31 ) ^(WO 



= -fc J^ q hn+x [x + n],*" 1 + (fc - 1)(1 - q) J^ 9 ( ^ 1)n [* + n] q k . 
t=0 n=0 



n=0 



Thus, we obtain the following corollary. 

Corollary 2. For k G Z + = N U {0}, we have 



/#,,(*) = ~ k E ^ n+ ^ + n U _1 + (^ - i)(i - ?) E ? (h_1)n [ a: + n i 



n=0 



n=0 



and 



n=0 



n=0 



/t, = - fe E ^w;- 1 + (fc - i)(i - «) E 9 (fc " 1)B N{. 

It is easy to show that 

q {h-i)n F ^ n \h)-F q (t\h) = tJ2 a hle[l]qt - ( h -!)(!- 9) E g (h " 1) 'e m « t . 

z=o 
Thus, we have 

^ = [^-' ^ ^"^(l) - Pn, q = Sir 



n—l 



ra-1 



/=0 



(6) 
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where S± n is kronecker symbol. 

Therefore, we obtain the following theorem. 

Theorem 3. For h G C, n G N and m G Z+, we have 

n— 1 n— 1 



9 (fc - i)n /&>) - /t, ? = ™ e ^wr 1 - (/» - i)(i - «) e i {h ~ 1)l wi 



(ft— l)iriim 

2=0 «=0 



In the special case, n = 1, we have 



$, = r^P and ^"^(l) - /?n, 9 = *ln, 

where 5\ n is kronecker symbol. 

Now, we consider the following integral representation in complex plane. 

1 f°° 
— - / t s - 2 F q {-t,x\h)dt 
1 I s ) Jo 



00 Jin-\-x 



fe [* + »]$ --1 ^[x + njr 1 ' 

where x / 0, -1, -2, • • • , h G C, and s G C \ {1}. 

By the definition of (/i, g)-Bernoulli polynomials, we see that 



1 roo / 1 f 00 \ 

mi ^ F ^ h *-E(mL r+ *- 2 *) 



m! 



In the special case, s = 1 — k(k G N), we see form (7) and (8) and the basic theory of 
complex analysis including Laurent series that 



00 



E Q hn+X lx + n]}" 1 - {h - 1} fc (1 ~ q) f> + n]*9<*-i>» = -?*M. (9) 

n=0 n=0 

In the viewpoint of (7), we can define the following Hurwitz's type (h, q)-zeta function: 
Definition 4. For h G C, s G C \ {1}, and x + 0, -1, -2, • • • , define 

n=0 



1 



Note that lim g _»i ( q (s,x \ h) = ((s,x), where ((s,x) = Xm=o 7 \~~ ^ s cane d Hur- 

\TL ~t~ Xf 

witz's zeta function. 
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Remark. Note that £ q (s,x I h) has only simple pole at s = 1 and C, q (s,x \ h) is 
meromorphic function except for s = 1 in complex s- plane. 

By (9) and Definition 4, we obtain the following theorem. 
Theorem 5. For k € N , we have 

Cq{l-k,X | K) = . 

In the special case, x = 1, we see that 

00 n hn+l ( h -iw-1 \ °° „(fc-l)n 

&(Mi&) = yV — r + (/l ~ 1)(1 ~ 9) y g 

_ ~ g /m+l-/, (/t-l)(l- g ) ~ g (ft-l)n+l-fe 

~£i Ml + s - x £i Mr 1 

_ -r*-» /y* g fe " , (ft - i)(i - g) f> i {h - 1)n 

Now, we define the (/t, g)-zeta function as follows: 

Definition 6. For s G C \ {!}, and /i G C, define 



nl 5 - 1 



«- 1 *> - f: ^ + ^=^=^ f: "^^ 



Note that 



n=l L " J 9 " •*■ n=l l n J« 



s-1 ' 



For fc G N with fc > 1, we have 



-"-^(1) 



C g (l -k\h) = q h -\ q {l -k,l\h) = - - ^' g . (.10) 

By (6), (10), and Corollary 2, we obtain the following corollary. 
Corollary 7. For k G N , we have 



C«(i-fe I fe) = — I 



Let x De the Dirichlet character with conductor / G N. Then we define the generalized 
(h, g)-Bernoulli polynomials attached to x as follows: 

#*» = \f\r iy Ex(a)q^ 1)a P^ (^p) • (11) 



a=0 
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Note that 

/-i 



lim/t x » = r^xWA, (^p) = ^n, x (x), 



where B n>x (x) are the n-th generalized ordinary Bernoulli polynomials attached to x- I n 

h (0) = /? ft 



the special case, x = 0, /?^ x „(0) = /3^ x „ are called the n-th generalized (/i, g)-Bernoulli 



numbers attached to %. 

Prom (3) and (11), we note that 

*„<*> = gxw^-"-^ E (^-^^p^k- (12) 

By (12), we easily get 

oo oo 

m=0 m=0 

Therefore, we obtain the following theorem. 

Theorem 8. For h £ C and n £ Z + , we have 

oo oo 

/tx» = (>» " !)(! - ?) E ? ( *~ 1)m xMb + m]J - n E (Z^xMb + m]?" 1 . 

m=0 m=0 



Let F xq (t,x I /i) = S^=n/^n y aC^) - i"- Then we see that 

n! 



F x ,,(t, x | h) = (h - 1)(1 - g) E ^^'"'xWe 1 * 1 '' - t E g hm+x xMe [x+m1 **- (13) 

ra=0 m=0 

Therefore, we obtain the following generating function: 



Proposition 9. Let F xq (t,x \ h) = ErfffinWl' Then we have 

oo oo 

F Xj(? (t,x \h) = {h- 1)(1 - g) E 9 ( ''" 1)m x(m)e |l+m, ' t - t E ? ta+I x(m)e [3:+ml,t . 

m=0 ra=0 



Let -F x ,g(t | /i) = Y^=oPnyn—,- Then we also get 

n! 



F Xi9 (i | fc) = (h - 1)(1 - c?) E ? ( "" 1)m x(m)e H '' - i E rtHeH'*. (14) 

m=0 m=0 

From (14) and the definition of /?„ Y „, we can derive the following functional equation: 



d n 



t=0 
oo oo (1"J 



(fc _ i)(i _ q) £ g(^ 1 )™ x (m)H« - n E ^(mJMr 1 . 



m=0 rra=0 
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By (14) and (15), we obtain the following corollary: 
Corollary 10. For h € C, n € Z + , we have 



tt, x , q = (h-l)(l-q)Y, q {h - 1)m x(m)H n q - n £ Q hm x(m)[m}^\ 

m=0 m=0 

For s £ C \ {1}, h € C, and i/O, — 1, —2, • • • , we consider complex integral as follows: 

(16) 



I f°° 
— J F Xtq (-t,x\h)t s - 2 dt 



__ (h-l)(l-q) ^ q^-^xim) ^ q hm+x x(m) 
^1 ^ n [x + m]^ 1 + ^ n [x + m] q 

m=0 l iH m=0 y 

From (16), we can define Hurwitz's type (h, g)-L-function as follows: 

Definition 11. For s G C \ {1}, h G C, and x ^ 0, -1, -2, ■ ■ ■ , define 

, (fc- 1)(1 - g) ^ g^^xN A q hm+x X (m) 

m=0 L J ^ m=0 y 



By the definition of the generating function for the generalized (h, g)-Bernoulli polyno- 
mials attached to x, we get 

^ f F w( - t , x | h)t -^ t - g <-"y ^ f t -+-^. (17) 

We see form (16) and (17) and the basic theory of complex analysis including Laurent series 
that 

(h-l)(l-q) 



J2 q {h - 1)m x(m)[x + m] k q + £ q hm+x X (m)[x + m}^ 1 



k 

771=0 771=0 

= -^f , for k e N. 

From (18) and Definition 2, we obtain the following functional equation. 
Theorem 12. For k G N, we have 



(18) 



^V-L-^^X I X) = — 



hn ;„ ,, I ™^ _ Mfc >X,<7 v 



L"(l-fc, X |x) 



Let x be non-trivial Dirichlet character with conductor / G N. Then we can also 
consider Dirichlet's type (/i, g)-L-function as follows: 

L "( a , x ) = (h-m-q) y q (h - 1)m x(m) + ~ q»™ x (m) ^ (1Q) 



s 



7)1=1 L Jy 771=1 v 
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for sGC\{l},heC. 

By Corollary 10 and (19), we get 



Pi 



k 



L n q (l-k, X ) = -^r 1 , forfcGN. 
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1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p ,Q p ,C and C p will, re- 
spectively, denote the ring of p-adic rational integers, the field of p-adic rational numbers, 
the complex number field and the completion of algebraic closure of Q p . Let N be the 
set of natural numbers and let u p be the normalized exponential valuation of C p with 
\p\p = p~ Up ^ p ' = p^ 1 . The Euler numbers in C are defined by the formula 

F(t) = - T — = Y J E n - for \t\ < ir, see [1-6]. (1) 

n=0 

It follows from the definition that E = 1,E 1 = -1/2, E 2 = 0, E 3 = 1/4, • • • , and E 2 k = 
for k = 1,2,3, ••• . 

Let r £ N. Then the multiple Euler numbers of order r are defined as 

r oo 

_/„\t" , , 

< TV. 
'" n.\ ' ' ' 
n=0 

Let x be a variable. Then the multiple Euler polynomials are also defined by the rule 

^ (r) M)=(^7 ^ = £^4 (2) 

^ ' n=0 

For / € N with / = 1 (mod 2), assume that \ is a primitive Dirichlet character with 
conductor /. It is known that the generalized Euler numbers attached to %, E n ,x, are 
defined by the rule 

a=l n=0 
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where \t\ < ?, (see [1]). 

In this paper, we consider the multiple generalized Euler numbers attached to \ in 
the sense of the multiple of Eq.(3). From these numbers, we study an analytic function 
interpolating the multiple generalized Euler numbers attached to \ at negative integers in 
complex number field. In the sense of p-adic analog of the above function and give the 
values of the partial derivative of this multiple p-adic /-function at s = 0. 

2. Analytic functions associated with Euler numbers and polynomials 

(r) 

We now consider the multiple generalized Euler numbers attached to x, En yX , which 
are defined by 

f>(t) = r f (-i) g --^ + - ;; +M«'^- = f :4 ,)^ (4) 

x w /_^ ( e ft + iy Z^ n,x n \ v I 

ai,"- ,a r =l n=0 

By (2) and (4), we readily see that 

/-i 



E& = r £ (-l)^ a *x(ai + -+a r )gW( ° 1 + y +ar ). 



(5) 



ai,-" ,a r =0 

For s £ C, we have 



2 r V -^ ^ = F^ r \-t,x)t s - l dt, (6) 

111,- ,»lr=0 

where x ^ 0,-1, —2, • • • . From (6), we can consider the multiple Euler zeta function as 
follows: 

Us,x) = 2 r V - A ^ - Tl fori€C,^0 ) -l 1 -2 ) -. (7) 

Jil,-" ,n r =0 

By (1), (2), (5), (6) and (7), we easily see that 

Cr(-n,x) = E^\x) for n G N. 
By using complex integral and (4), we can also obtain the following equation: for s S C, 

r (s Vo * ^ „ ni + ■ ■ ■ + n, « 

niH hnr^O 

where % is the primitive Dirichlet character with conductor / G N with / = 1 (mod 2). 

By (8), we define Dirichlet's type multiple Euler /-function in complex plane as follows: 
for s G C, 

- X(B1+ ^)(- 1)r -~, 

^ (ni H h n r ) s 

ni,"-,n r =0 
niH hn r ^0 
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From (4), (8) and (9), we note that 

l r (-n, X ) = E^ x for n G N. (10) 

Let s be a complex variable, and let a and F be integer with < a < F and F = 1 (mod 2). 
Then we consider partial zeta function T r (s; ai, ■ ■ ■ , a r \F) as follows: 

r r ( a ;ai,--- J o r |F) = 2'- £ -^ — — 

^— ' (mi H hm r ) s 

mi,"' ,m r >0 x ' 

mi=<ii (mod F) (H) 



-1)01+-+^^-*^ S, 



F 



Let x(t^ 1) be the Dirichlet character with conductor / G N with / = 1 (mod 2) and let -F 
be the multiple of / with F = 1 (mod 2). Then Dirichlet 's type multiple /-function can be 
expressed as the sum 

F 

'r(s,x)= 5Z xCo-i H \-a r )T r (s; a±,- ■■ ,a r \F) for s G C. (12) 

ai,--- ,a r =l 

By simple calculation, we easily see that 

T r (-n; ai ,---,ar\F) = F n {-l) a ^- + ^E^ h±±_±<\ for r> n e N . (13) 

From (5), (12) and (13), we note that 

/ r (-n,x) =^S for nGN. (14) 

By (1) and (2), we have 

E^{ X ) = ± (?V>*"-' = £ ftW,* 1 . (15) 

From (11), (13) and (15), we derive the following equation: 



r r ( S ;oi,...,a P |F) = (-ir + - +fl '(ai + ... + a P )-5^( *) (——-—) E« (16) 



X '-*) ( F 

, o v k ) \ai + --- + a r/ 

It follows from (12), (13) and (16) that 

F 
lr(s, X) = E ^ ai + ■■■ + a r )(-l) ai+ - +ar (ai + ■■■ + a r )- s 

0,1, •'• ,<2 r = l /-, y\ 

x f f- s V * YV> 

m=0 v ' x 

The values of l r (s,x) at negative integer are algebraic numbers, and hence they can be 
regarded as numbers belonging to an extension of Q p . In the next section, we therefore look 
for a p-adic function that agrees with l r (s, x) a t negative integers. 
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3. On a p-adic interpolation function for the multiple Euler numbers and its 

derivative 

In this section, we study the p-adic analogs of the Dirichlet's type multiple Euler l- 
function, l r (s,x), which were introduced in previous section. If fact, this function is the 
p-adic interpolation function for the multiple generalized Euler numbers attached to x at 
negative integers. Let w denote the Teichmiiller character with the conductor f w = p. For 
an arbitrary character x, we set Xn = X w ~ n -, n £ Z,m the sense of the product of characters. 

Let 

— i / \ ^ 

< a >= w [a) a = — -—-. 
w(a) 

Then we note that < a >= 1 (mod p2L). Let 



Aj[X) — / , a n,j% i a n,j G ^pi 3 — U, 1,2, 



n=0 

be a sequence of power series, each convergent on a fixed subset 



D = {s£C p \ |s| p <p 1 p- 1 }, 



of C p such that 



(1) a n j — ► a n fl as j — > oo for any n; 

(2) for each s G D and e > 0, there exists an hq = no(s, e) such that 

I ^ a n,jS n \ P < e for Vj. 



n>no 

In this case, 



lim Aj(s) = A (s), for all s € D. 



This was used by Washington ([6]) to show that each of functions w s (a)a s and 



'mi 
.raj \ a J 

m=0 

where F is multiple of p and / and B m is the ra-th Bernoulli numbers, is analytic on D 
(see [6]). 

Let x be a primitive Dirichlet's character with conductor / € N with / = 1 (mod 2). 
Then we consider the multiple Euler p-adic /-function, l Pt r( s ,x)i which interpolates the 
multiple generalized Euler numbers attached to x a t negative integers. 

For / G N with / = 1 (mod 2), let us assume that F is a positive integral multiple of 
p and / = f x . We now define the multiple Euler p-adic /-function as follows: 

F 

l P ,r(s,x)= Yl X{ai + --- + a r ) < ai + --- + a r >- s {-l) ai+ - +ar 

ai, ••• ,a r =l /-■ o\ 

m=0 v ' x ' 
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From (18), we note that l p , r (s,x) 1S analytic for s £ D. 
For n £ N, we have 

41=^" E 4° ( Ql + " p + Qr ) Xn(ai + • • • + a r )(-ir + - +B -. (19) 

ai,-" ,a r =0 

If Xn(p) 7^ 0, then (p, / Xn ) = 1, and thus the ratio F/p is a multiple of / x „. 
Let 

Iq = < I ai + ■ ■ ■ + a r = (mod p) for some a» G Z with < a^ < F > . 

{ P J 

Then we have 

F-l 



^ E 4 r) ( ai + ' F +ar )xn(a 1 + --- + a r )(-l) 



aiH ha r 



ai,"- ,a r =0 

PIOX+...+* 



p" 



^f^ip) E Xn(/?)(-l)^ } (^) 



aiv ,a r =0 

/9G/o 



From (20), we define the second multiple generalized Euler numbers attached to x as follows: 

*£ = (£)" E x.(ffl(-i«" (4) ■ 

VF/ oi,-,a r =0 V / - P/ 

/3e/ 



(21) 



By (19), (20) and (21), we easily see that 

E^l-p n Xn( P )E< r x { 

= F« E Xn(a 1 + - + a r )(-ir+""^gW( ai + -; + ar ). ^ 

ai,"- ,a r =l ^ ' 

pfoiH h<v 

By the definition of the multiple Euler polynomials of order r, we see that 

k 



& (^^) ^->, + • • • + *)■ g (I) (^^) - 

From (22) and (23), we have 



(23) 



41 -p n Xn(p)<£ ^ E («! + ■■• + «r)"Xn(ai + ■ ■ ■ + a r )(-l)^+-+ a 

L 
r 

y-AA / F \ k E 



ai,--- ,a r =l 

pfoiH ha r (24) 

n / \ / ,-, \ fc 



X 

fc=0 
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By (18) and (24), we readily see that 

lp,r(- n iX) 
F 

= Y, (ai + ■ ■ ■ + a r ) n X n(ai + ■ ■ ■ + a r )(-l) ai+ - +ar 

oi,"' ,a r =l 

p\ ai +-+a r (25) 

xy( n )( F Yew 

m=0 s ' x ' 

Therefore, we obtain the following theorem. 

Theorem 1. Let F be a positive integral of p and /(= f Xn ), and let 

F 

l p ,r(s,x)= Y x{ai-\ ha r )<aiH ha r >~ s (-l 



~ s I _1 \ a ~L^ ^ a r 



cti,--- ,a r =l 

*z(~ 8 )( — - — ) e ^- 



m=0 

Then / p>r ( s )X) is analytic on D. Furthermore, for each n 6 N, we have 



^, r (-n,x) = 4:L-p n xn(p)<;?„- 



Using Taylor expansion at s = 0, we get 

-s\ (-l) m 



m / m 



s^ if m> 1. (26) 



From (26) and Theorem 1, we obtain the following corollary. 

Corollary 2. Let Fbea positive integral multiple of p and /. Then we have 

d F 

q- s Ip,Mx)= Y x{ai + --- + a r ){-l) ai+ - +a r(l-\og p {a l + --- + a r )) 

(aiH ha r5 p)=l 



+ E x(ai + --- + a r )(-ir+-^E LiL ( /' + ) *&> 

^— ' ^— ' m. \ «i -4- • • • -4- n„ / 



E 

m \a\-\ \-a r J 

ai,-",a r =l m=\ v ' 

(aiH ha r ,p)=l 

where log p x is denoted by the p-adic logarithm. 
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1. Introduction 

Special structure of matrices become interesting as soon as they play an important 
role in various fields, such as rational interpolation problem, signal and image processing 
etc. Toeplitz systems arise in a variety of applications in mathematics and engineering, 
e.g. signal and image processing [4]. Applications of triangular Toeplitz matrix inversion 
include Gauss-Seidel iteration for Toeplitz systems, which can also be used as a smoother 
in multigrid methods. 

There is extensive literature on designing fast inversion algorithms for structured ma- 
trices. In this paper, we present a method for fast inversion of a lower triangular Toeplitz 
matrix 



T 

-L 7). 



to 











h 


to 









tn-l 




h 


*o 
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where tj, j = 0, 1, . . . , n — 1 are real with t ^ 0. 

There are two types of inversion methods for triangular Toeplitz matrices: exact inver- 
sion ([1,3]) and approximate inversion([2,10,ll]).A simple method for obtaining the inverse 
of a triangular Toeplitz matrix is the forward substitution method which requires about 
n(n+ 1) arithmetic operations. Another exact method is the divide-and-conquer method 
which requires 0(nlogn) operations. 

Bini[2] proposed a fast algorithm for the approximate inversion of a lower triangular 
Toeplitz matrix . Let H n = [/ijj]™- =1 , where all entries of H n are zero except that hj + \j = 1 
for j — 1, • • • , n — 1. Then we have 



rc-l 

l n — y ^ tjli n . 



- n 



3=0 



His basic idea is to approximate H n by 



H£ = [/£> 



ij li,j=l 



i *• ' ht . . TiTrmn In a \ — f- I I iy~t \ (~i \~i s~\ Ai * ' 



where h\j = hij when (i,j) ^ (l,n.) and h\l = e n . Here e is a small positive number. 
Let 

£>W = diai/(l,6,...,e B - 1 ). 

Bini proved that the matrix D n Hn (Dn )~ l can be diagonalized by Fourier matrix, which 
follows that the inverse of 

n— 1 
3=0 

can be computed efficiently by using the FFTs and so the computational complexity is 
0{nlogn). 

In paper [9], Lin et al present another fast algorithm for inversion of lower triangular 
Toeplitz matrices based on trigonometric polynomial interpolation and discrete cosine 
transform(DCT) . 

In this paper, we revise the approximate method proposed by Lin [9] to obtain a fast 
algorithm for inversion of triangular Toeplitz matrices with higher accuracy, by using 
both discrete sine transform(DST) and discrete cosine transform(DCT). Our algorithm 
has technical similarity with the algorithm in [9]. 

The paper is organized as follows: In Section 2, we introduce the definition of discrete 
sine transform and discrete cosine transform. Also we state some properties of a lower 
triangular Toeplitz matrices without proof. In Section 3, we present our fast inversion 
algorithm. Finally, we show some numerical examples. 
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2. Preliminary 

Discrete sine and cosine transform arise in many applications of digital signal and image 
processing([5-8,12]). The discrete sine transform matrix [5] is defined by 



[Sn-l 



2 mlir 

sin 

n n 



-i n-l 



- ml=l 



sin 



sin 



n 

2tt 



sin 



sin 



2tt 
n 
-Itt 



sin 



sin 



(n—l)ir 

, n V 
2(n-l)7r 



• (ji-I)jt • 2(n-lW 
sin i — sin — — 



sin 



(ra-l) 2 7r 



(1) 



then the following relation holds for the inverse DST matrix: 

[<Sn-l] — ['S'n-l] — ['S'n-l] 



(2) 



The discrete cosine-II(DCT-II) and the discrete cosine-III(DCT-III) transform matrices[5] 
are defined by 



K 1 } ^ 

and 



r^Yfl COS 



m(2/ + b 
2n 



IX 



n—l 



m,l=0 



(3) 



h cos 



(2m+l)/7r 
2n 



-i n— 1 



(4) 



m,l=0 



where in (3)- (4) 



k 



'j(j=m or I) 



1, _ ifj^O, 
1/V2, if j = 0. 



(5) 



That is, Ci 1 = [C* 



HII]T 



and 



u 



n J 



Jlfa 



\A7^ 



\/i7 



cos 



2n 



2 (n— 1W 

- COS v „ ' 
n 2n 



2 cos! 21 

2n 



2 3(n-lW 

- COS ^ » ; 
n In 



II 



2 (2n-lW 

COS V » ; 
2n 



2 (2n-l)(n-lW 

- COS 7T — 

n 2n 



(6) 



(7) 



then the following relation holds for the inverse DCT matrix: 

[ci 1 ]- 1 = \ci n ] = [c n T- 

As we know, the n x n downshift matrix Z = (zij), 2i+i,j = 1, % = if i = 1 ^ 
j, Z n = 0, generates the algebra of lower triangular Toeplitz matrices, T = Y^hZq ^^> 
which is isomorphic to the ring of polynomial modulo z n ,t(z) = ^^=0 ^i z % ■ in particular, 
T _1 = J27=o ^^ ^ ^r=o bizH(z) = 1 mod z n , that is , the inversion of T is equivalent 
to computing the reciprocal of t(z) modulo z n , the latter operation is immediately extend 
to polynomial division. This leads to the following three properties immediately (see [9]): 
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Property 1 For a lower triangular Toeplitz matrix T n , we define the polynomial 



n—l 



r n (z 



$>z fc . 



fc=0 



Let the Maclaurin series of r n 1 (z) be given by 



7V, *U 



then 



fc=0 



fc^ 



(8) 



(9) 



T -i 



(10) 



b 
6i 6 

; ••. ••. o 

b n -i ... 6l &0 
So in order to obtain T" 1 , we only need to compute the coefficients bk for fc = 0, 1, ... , n—l. 

Property 2 Replacing z in (8) and (9) by ez we get 



n-l 



* n.e I ^ J 7V 



( £2 ) = I](^V ° nrf T nj W = T « ^ = J2( b 



k e k )z k . 



fc=0 



fc=0 



Property 3 The inverse of the leading principal sub-matrix T n (l : p, 1 : p) is equal to 
the leading principal sub-matrix T~ l (l : p, 1 : p) for 1 < p < n. 



3. Fast algorithm for inversion 

By replacing z by e~ lx in (8), where % = \f—l and x is a real variable, we see that T„(e~ l:r ) 
is a trigonometric polynomial. Therefore, we consider interpolating r^ 1 by trigonometric 
polynomial. It is difficult to compute bk by algebraic polynomial interpolation since the 
high-order Vandermonde matrices are very ill-conditioned. Thus, we let 



n—l 



,fc\ -ikO _ (r) 



t-(0) + »tW(0), 



:i^ 



r e (0) = r n£ (e- ie ) = J> fc e";e 

fc=0 

where t £ (9) and t £ 1 (9) are the real and imaginary parts of r £ (9), respectively. Similarly, 
by Property 2, we can have 

00 

h £ (9) ee r:\e) = J2(he k )e- ik6 . (12) 

k=0 



In particular, the real and imaginary parts of h £ (6) are given byrespectively 

T^(9) 

(Jut ICUSIAt'C7l = 

k=0 



hP(9) = ^(6 fc e fc )cos(^) 



(r M W)2 + (r W W)2 ' 



(13) 
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and 

oo 

hf(6) = J2( b kS k )sm{-k6) 



tP(0) 



In [9], Lin et al interpolated n£ (9) by the function 

ji-i 



(14) 



P(0) =J2c k cos(h9) 



fc=0 



to obtain approximate values b^ for bk{k = 1,2, ... ,n — 1), using the following equidistant 

points 

2k- 1 



e k 



2n 



-7i,k = 1,2 



i ■"; ) 



n. 



as the interpolating knots. Then bk can be obtained efficiently by using the fast DCT. In 
this paper, we interpolate -he (9) using the following interpolating function and interpo- 
lating knots,respectively 

71-1 

Q(6) = J2 s ^n(k6), 
fc=i 
and 

$i = — ,1 = 1,2,. ..,n-l. 



n 



Then by using the interpolating conditions Q(9i) = h £ [9i], I — 1, 2, . . . , n — 1, we have 



S n _ 1 (s 1 , s 2 , . . . , Sn _!) T = (h < i\9 1 ), hf{9 2 ), ..., hfie^f 
where 



(15) 



S, 



ra-l 



sin 



sin 



2tt 



sin 



sin 



2tt 



Am 



• (ra-lW • 2(n-lW 

sin — sin — — 



sin 



sin 



sin 



(n— l)-7r 
2(n-l)7r 



(n-l) 2 7r 



(16) 



Note that 5* n _i = A /|S' n _i, where S^-i is the discrete sine transform matrix defined by 

(1). If the values of h £ {9{), k = 1,2, ... ,n — 1 are known, then Sk can be obtained by 
using fast DST of (n — l)-vector. Finally, bk can be computed in terms of bo = £q x and 

bk = s k e~ k ,k = 1,2, ...,n- 1. 



17) 



For the accuracy of &&, A; = 1, 2, . . . , n — 1, we have the following theorem. 



Theorem 1 Let the Maclaurin series of r n 1 (ez) be given by *Yl c k =o(Pk£ k )z k and e G (0, 1) 
such that YlkLo \bk£ k \ < oo. Let 



n-l 
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be the interpolating polynomial for —h\{9) with the interpolating knots 9 k = kir/n,k = 
1, 2, . . . , n — 1 and bj = SjE^ 3 ,j — 1, 2, . . . , n — 1. Then we have 

oo 

k = h + ^C^W^ 2 ™ - b 2mn _ j£ 2 ^ n -^),j = 1, 2, . . . , n - 1 (18^ 

m=l 

Proof: Let us consider the interpolating polynomial of sin j9 with 9 k (k = 1, 2, . . . ,n — 1) 
as interpolating knots, where j > is an integer. Let m and j be integers, we have 

sin((2mn ± j)9 k ) = ±sm(kjir/n) = ±sin(j9 k ). 

So we can get 



s j 



b j£ i + e? Y,(z 2mn h m n +J ~ e^ mn - j \ mn ^),j = 1, 2, . . . , n - 1. 



m=l 



Using Sj = &j£ J , the theorem follows immediately. 

Then, we can give the fast algorithm for inversion as follows: 

Algorithm l:(based on DST) 

1. Choose e G (0, 1) and compute tj = eHj, for j — 0, 1, • • • , n — 1; 

5. Compute r £ (0 fe ) = E^J t k e- ike " by FFT, where 9 k = f , k = 0, 1, 2, . . . , n - 1 

5. Compute jfi fc = ^Vfe) = r e W (^)/((Ti O (0fc)) 2 + (ri r) (^)) 2 ), A; = 1, • • • ,n - 1; 
4- Compute b k = S n ^i(hi, h 2 , ■ ■ ■ , h n _i) T by one fast DST, where SVi-i is a DST matrix 
defined by (1); 

5. Compute b k = >j2/n b k , k — 1, • • • , n — 1; 

6. Compute bo = (to)' 1 , b k = b k e~ k , k — 1, • • • , n — 1. 

It is easy to see that the computational complexity of Algorithm 1 is 0(nlogn). 

According to Theorem 1, we know that the smaller the value of e, the more accurate 
the approximate bj(j = 1, • • • , n — 1) will be. However, we can't set e too small, otherwise 
the computation of Sj/tj will bring in very large rounding error for large j. For e is close 
to 1, bj can be very accurate for small by (18). However, fejHiay not be accurate for j close 
to n. Then, by Property 3, we can interpolate ni by trigonometric polynomial of degree 
2(n — 1) to obtain a modification version of Algorithm 1, with the better accuracy and 
the numerical results. 

Algorithm 1 : 

1. Choose e G (0, 1) and compute tj = eHj, for j — 0, 1, • • • , n — 1; 

2. Compute r £ (9 k ) = YJtZo tie~ iWk by FFT, where 9 k = g, k = 0, 1, 2, . . . , 2n - 1 

3. Compute h k = hi l) (9 k ) = r^(9 k )/((r^(9 k )) 2 + (rt\9 k )) 2 ), k = 1,- ■ ■ ,2n -1; 

4- Compute b k = S r 2 n -i(/ii, h 2 , ■ ■ ■ , h 2n -i) T by one fast DST, where S 2n -\ is a DST 
matrix of order 2n — 1 defined by (1); 

5. Compute b k = yl/n b k , k — 1, • • • , n — 1; 

6. Compute 6q = (£o)~\ bk = b k e~ k , k — 1, • • • , n — 1. 
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We notice that if we can choose a suitable e, then the accuracy of the approximate 
solution can be improved remarkably, especially for j is not close to n. By large of 
numerical experiments, we note that e = 2 -20 / n is a good choice. 



Now we assume that &,-, j 



,n — l is computed by Lin's algorithm[9] and bj,j 



1, • • • , Ti—1 is computed by Algorithm 1 , then we take the arithmetic mean bj = (bj+bj)/2, 
which has the more accuracy than bj and bj. 

In fact, by Theorem 1 of this paper and Theorem 1 of [9], we can get 



b, 



^' + E ( 



>2(2m-l)-j 



2(2m-l)n-2j 



+ b 



Amn+j 



;S 



Amn*- 



,j = 1,2, . ..,71-1 



(19) 



m=l 



Thus, we can obtain the following fast algorithm for inversion of lower triangular Toeplitz 
matrices 

Algorithm 2: 

1. Compute bj by Lin'algorithm, for k — 1, • • • , n — 1. 

2. Compute bj by Algorithm 1 , for k — 1, • • • , n — 1. 

3. Compute bj = (bj + bj)/2,j — 1, • • • , n — 1 and b = t 1 . 



4. Numerical examples 

In this section, we will test the accuracy of Bini's algorithm, Lin's algorithm and our 
algorithms by using the following six sequences of lower triangular Toeplitz matrices 



)tj = l/(j + l) 3 ,j 



j 
ii) tj 

m) t 



,ra-l, 



0,1, 

l/(j + l) 2 ,j = 0,l,---,n-l, 
, l/(j + l),j = 0,l,---,n-l, 
w)tj = l/log(j + 2),j = 0,l r --,n-l, 



v) to — l,ti — l and tj = 0, for j — 2, • • • , n — 1, 
vi) to — l,ti — —2, t 2 = 1 and t,- = 0, /or j = 3, • • • , n — 1, 
In the following tables, we show the relative accuracy of the approximate inverse 



\\b 



where b is the first column of the approximate inverse and b is the first column of the 
exact inverse. For (i)-(iv), we set b to the first column of the inverse computed by the 
divide-and-conquer method. 
Example 1. Let tj = l/(j + l) 3 , j — 0, 1, • • • ,n — 1, 



n 


128 


256 


512 


1024 


2048 


4096 


Bini 


1.0e-8 


1.9e-8 


2.5e-8 


3.8e-8 


5.0e-8 


7.0e-8 


Lin 


2.7e-ll 


3.1e-ll 


4.6e-ll 


7.5e-ll 


1.2e-10 


1.6e-10 


Algorithm 1 


1.3e-ll 


3.6e-ll 


5.7e-ll 


6.6e-ll 


8.4e-10 


5.6e-9 


Algorithm 2 


2.9e-13 


3.3e-13 


4.8e-13 


8.2e-13 


1.8e-12 


3.2e-12 
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Example 2. Let tj = l/(j + l) 2 , j = 0, 1, 



n 



n 


128 


256 


512 


1024 


2048 


4096 


Bini 


9.5e-9 


1.4e-8 


2.5e-8 


3.3e-8 


5.6e-8 


7.6e-8 


Lin 


2.3e-ll 


2.6e-ll 


4.4e-ll 


7.2e-ll 


8.9e-ll 


1.5e-10 


Algorithm 1 


3.2e-ll 


3.9e-ll 


4.5e-ll 


5.2e-ll 


7.8e-ll 


6.6e-10 


Algorithm 2 


3.9e-13 


4.2e-13 


4.9e-13 


7.2e-13 


9.5e-13 


1.2e-12 



Example 3. Let tj = l/(j + 1), j = 0, 1, • • • ,n — 1, 



n 


128 


256 


512 


1024 


2048 


4096 


Bini 


5.0e-9 


2.0e-8 


2.9e-8 


4.2e-8 


5.6e-8 


8.2e-8 


Lin 


2.0e-ll 


3.7e-ll 


4.8e-ll 


6.6e-ll 


9.8e-ll 


1.6e-10 


Algorithm 1 


1.7e-ll 


4.6e-ll 


5.0e-ll 


5.7e-ll 


6.2e-10 


7.2e-10 


Algorithm 2 


2.2e-13 


3.7e-13 


4.1e-13 


6.2e-13 


1.8e-12 


3.2e-12 



Example 4. Let tj = l/log(j + 2), j = 0, 1, • • • , n — 1, 



n 


128 


256 


512 


1024 


2048 


4096 


Bini 


1.5e-8 


2.1e-8 


3.5e-8 


6.4e-8 


l.le-7 


1.9e-7 


Lin 


2.2e-ll 


3.7e-ll 


7.6e-ll 


l.le-10 


1.7e-10 


3.4e-10 


Algorithm 1 


3.3e-ll 


3.6e-ll 


4.8e-ll 


8.2e-ll 


2.2e-10 


5.3e-10 


Algorithm 2 


8.9e-14 


3.3e-13 


4.8e-13 


6.7e-13 


7.8e-13 


8.2e-12 



Example 5. Let to — 1, t\ — 1 and tj = 0, for j — 2, • • • , n — 1, 



n 


128 


256 


512 


1024 


2048 


4096 


Bini 


5.2e-9 


5.7e-9 


5.3e-9 


5.7e-9 


5.9e-9 


9.2e-9 


Lin 


1.4e-12 


7.0e-12 


5.8e-12 


8.9e-12 


l.le-11 


7.4e-ll 


Algorithm 1 


1.0e-12 


5.6e-12 


6.2e-12 


7.1e-12 


5.0e-ll 


7.2e-ll 


Algorithm 2 


1.9e-14 


2.7e-14 


4.6e-14 


5.1e-14 


7.0e-14 


8.7e-14 



Example 6. Let t = l,ti 



-2, t 2 = 1 and t~ = 0, for j 



,n- 1, 



n 


128 


256 


512 


1024 


2048 


4096 


Bini 


1.4e-8 


1.5e-8 


1.7e-8 


2.3e-8 


6.0e-8 


l.le-7 


Lin 


6.8e-12 


1.7e-ll 


2.8e-ll 


1.0e-10 


9.7e-10 


4.0e-9 


Algorithm 1 


5.3e-12 


3.1e-ll 


4.4e-ll 


7.1e-ll 


7.6e-10 


9.5e-10 


Algorithm 2 


3.7e-14 


2.6e-13 


3.9e-13 


5.7e-13 


7.2e-13 


5.8e-12 
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GENERALIZED RIEMANN-STIELTJES OPERATORS 
BETWEEN DIFFERENT WEIGHTED BERGMAN 

SPACES 

XlANGLING ZHU 



Abstract. Let H(B) denote the space of all holomorphic functions on the unit 
ball B of C™ and $tf(z) = Y^=i z i~srX z ) ^ ne radial derivative of /. Let m be a 
nonncgative integer and g £ H(B) such that g(0) = 0. In this paper we study 
the boundedness and compactness of the following operator 

/•i r if 

Lf)/(z)= / W n f(tz)g(tz)-, zeB, 

Jo t 

between different weighted Bergman spaces in the unit ball. 



1 Introduction 

Let B be the unit ball of C" and H(B) the space of all holomorphic functions 
on B. We denote by dv the normalized Lebesgue measure of B, i.e. v{B) = 1. 
Let dv a {z) = c a (l - \z\) a dv{z), where c a = (T(n + a + l))/(n\T{a + 1)). For 
f€H(B), let 

*/(*) = X>J£(*) 

3 = 1 3 

represent the radial derivative of / £ H(B). We write 3? m / = 3?(3? m - 1 /) 
(see [19]). 

Let p £ (0, oo) and a > — 1. The weighted Bergman space A^(B) = A v a is 
defined to be the space of all holomorphic functions f on B such that 

ll/l£p - / l/(*)r°<M*) = c a [ |/(z)P>(l - |*| 2 ) Q di/(*) < oo. 

J B J B 

When a = 0, v4q(_B) = A P (_B) is the standard Bergman space. It is well known 
that / £ Al if and only if (1 - |z| 2 )9?/0) £ D>(B, dv a ). Moreover 

ll/lftp -l/(0)| p + / |K/(«)| p (l-|«| 2 ) p di/ a («). (1) 



2000 Mathematics Subject Classification. Primary 47B38, Secondary 30H05. 
i^ej/ words and phrases. Generalized Riemann-Sticltjcs operator, weighted Bergman 
space, boundedness, compactness. 
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See [18, 19] for some basic facts on Bergman spaces in the unit ball. 

For any r > and £ G S, the boundary of B, the nonisotropic metric ball 
Q r (C) i s defined by 

Q r (() = {zeB:\l-(zX}\<r}. 

Let 7 > and /x be a positive Borel measure on B. If there exists a constant 
C > such that 

MQr(O) < cv 7 

for all ( G S 1 and r > 0, we call /i the 7-Carleson measure. It is well known that 
[i is a 7-Carleson measure if and only if (see, e.g. [17]) 



1 



7 



sup / h / \I2 d M*0 < °°- ( 2 ) 

aeBj B VI 1 - <^>a)r/ 

Let 5 G H(B), the Ricmann-Stieltjes(or Extended-Cesaro operator) T g , 
which was introduced in [4], with symbol g is defined on H(B) as follows 

f 1 dt 

T B f{z)= j f{tz)Stg{tz)-, zeB, feH(B). (3) 

Jo l 

In [5], Li defined the Ricmann-Sticltjes operator L g as follows 
f 1 dt 

L g f(z)= Kf{tz)g{tz)-, zeB, f e H(B). (4) 

Jo l 

Recently, the two operators attracted many attentions. See [1,3-16,20,21] and 
references therein for the study of the operators T g and L g . 
In [22], we defined a new integral-type operators as follows. 

r 1 dt 

L g m) f(z)= W n f(tz)g(tz)-, zEB. (5) 

Jo l 

When m = 0, then we get L^' — T g . When m = 1, then we get L g ' = L g . 

In [22], we studied the boundedness and compactness of the operator L g 
between Hardy spaces H 2 and weighted Bergman spaces. 

The purpose of this paper is to study the boundedness and compactness 
of the operator L g between different weighted Bergman spaces. Our results 
generalized the results of [9]. 

Throughout this paper, C will stand for a positive constant, whose value 
may differ from one occurrence to the other. The expression a x b means that 
there is a positive constant C such that C~ l a < b < Ca. 
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2 Main results and proofs 

In this section we formulate and prove the main results of this paper. For this 
purpose, we need some auxiliary results which are incorporated in the following 
lemmas. 

Lemma 1. For every f,g £ H(B) such that g(0) = 0, it holds 

n\L^\f)]{z) = W n f{z)g{z). 

Proof. This identity can be proved similarly as [4]. We omit the details. 

Lemma 2. Let m be a nonnegative integer and g £ H(B) such that g(0) = 0. 
Suppose that < p < q < oo ; a, (3 > -1, m < 1 + ^±^ - °±i+5. Then the 
following two conditions are equivalent, 
(a) ' 

a g := sup \g(z)\(l - l^^-^-^-i) < oo ; ( 6 ) 

zeB 

(b) 

r / 1 — \n\ 2 \ ( n + 1 + a + m P)l/p 

sup / n / \i2 l^)l 9 (! " M 2 )'<M*) < oo. (7) 

aeBJ B VI 1 - (2>a)l / 

Proof. We adopt the method of [9]. Let t = r -i+±±l _ n+I+s _ ( m _ i). 
For any r > and z £ B, we write E(z,r) = {w £ B : [3{z,w) < r}, where 
/3(z,w) is the distance between z and u> in the Bergman metric of B. Set 
\E(z,r)\ — v{E{z,r)). For w £ E(z,r), r > 0, we have that (see, e.g., [19]) 

(1 - |z| 2 )" +1 x (1 - M 2 ^ 1 x |1 - (z^)|" +1 x \E(z,r)\. (8) 

By (8) and the subharmonicity of the function \g\ q , it follows that 

(\g(z)\(i~\ z \yy 

(1 - \z\ 2 ) tq f 
^ C W i\ / \9(v)\ q dv(w) 
\ E {z-,r)\ J E (z,r) 

[■ / 1 _ I 12 \(n+l+a+rnp)q/p 

^ c hi / \i2 i 9 (»)r(i-iH 2 )^H, (9) 

./i5(z,r) VI 1 - ( z , w >| 2 / 

from which we see that (7) implies (6). 

Now assume that (6) holds. Then, by (6) and a well-known estimate (see, 
e.g., Theorem 1.12 in [19]), we have 

r / 1 _ I 12 \ (n+l+a+mp)q/p 

SU P / m , mJ \g{z)\\l-\z\ 2 Ydup{z) 



a£S\B(0,l/2) J B VI 1 — ( z ' a 

< og sup 1-a 2 - / ; ,\ 2 L +1+a+mp)q/ dv{z) 

< C. (10) 
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On the other hand, since q > p we have that 



sup 



a£B(0,l/2)JB \|1 - ( z : a 



-^ _ |„|2 \ (n+l+a+mp)(?/p 



| fl (*)|«(i-M 2 )«cM*) 



< C / (1 - I -^1 ) " 0^(2) 



< CO. (11) 

From (10) and (11) the result follows. 



Lemma 3. Let m be a nonnegative integer and g G H(B) such that g(0) = 0. 
Suppose that < p < q < oo, a,0 > -1, m < 1 + ^^ - ^j^. Then 

Lg : A p a — ► Ai is compact if and only if L g m : A v a — > A% is bounded and 
for any bounded sequence (fk)keti in A v a which converges to zero uniformly on 
compact subsets of B as k — ► oo, we have \\L g m fkWA" ~^ as k —> oo. 

Proof. The proof follows by standard arguments similar to those outlined in 
Proposition 3.11 of [2]. We omit the details. 

Now we are in a position to state and prove our main results in this paper. 

Theorem 1. Let m be a nonnegative integer and g G H(B) such that g(0) = 0. 
Suppose that < p < q < oo, a,/3 > -1, m < 1+ ^±^ - ^j^. Then 

L g : A v a — ► A\ is bounded if and only if 

sup | 3 (z)|(l - Izl 2 )^^- 1 ^-^- 1 ) < oo. (12) 

zeB 

Proof. It is easy to see that Lg /(0) = 0. By (1) and Lemma 1, we have 

\\L g m) f\\ q A « ~ J \<&{L g ^f){zmi-\z\ 2 )Hvp{z) 
Jb 

= f \g(z)m m f(zW(l-\z\ 2 )"d^(z) 
Jb 

= f m m f(z)\ q dn(z), (13) 

Jb 

where 

dn(z) = \g(z)\"(l-\z\ 2 ydu fi (z). (14) 

4 m) : AP - A} 



By Theorem 50 of [18] and (13), we find that L g m) : A p a -► A% is bounded if 



and only if 

KQAO) < Cr (n+1+a+mp)q/p . 
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From this and (2), we have that 

r / 1 — \n\ 2 \ ( n + 1 + a + m P)l/p 

sup / n / M2 l5(«)l'(i ~ M 2 )'<M*) < oo. 

aesJi? VI 1 - (^a)l/ 

From Lemma 2 we see that the last inequality is equivalent to (12). The proof 
is finished. 

Using Lemma 3 and combing the proof of Theorem 2 of [9] and the proof of 
Theorem 1, we can obtain the following result. Since the proof is similar, we 
omit the details of the proof. 

Theorem 2. Let m be a nonnegative integer and g G H(B) such that g(0) = 0. 
Suppose that < p < q < oo, a,0 > -1, m < 1 + lttl±I1 - ^+^ and 

Lg : AP a — > At is bounded. Then L g : A v a — > At is compact if and only if 
lim |. 9 (z)|(l-|z| 2 ) Z1± ^- =± ^-( m - 1 ) = 0. (15) 

|z|->l 

Theorem 3. Let g € H(B), < q < p < oo, a, (3 > — 1. Suppose that m is a 
nonnegative integer such that m < 1 + — — ^-^ . Then the following statements 
are equivalent. 

(a) L g m : A p a — ► At is bounded; 

(b) Lg : A v a — > At is compact; 

(c) g e AL, where ± = ± - ± and ^ = £ _ « + i _ m . 

\ / & 7 ? r q p 7 r q p 

Proof. From the proof of Theorem 1 we have that 

\\L ( g m) f\\ q Aq ~ / \n m f(z)\idu(z), 
13 Jb 

where d/j, is defined by (14). By [18], we know that (a) and (6) are equivalent 
and both are equivalent to the following condition 

B 11 - (Z, o)| 2 (»+ 1 +«+"*P) ^ ' {"a+mp), 

which is the same as 

(\ — \ n \2)n+l+a+mp 
l.9(-)! 9 (l " M a ) y _J fl 2(n + l +a -Hnp) 'M') € ^^\, a+mp ). (16) 
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By the subharmonicity of \g\ q , using Lemma 2.24 of [19] and (8), 

(-1 _ \ n \2\n+l+a+mp 
l^)| 9 (l - l Z | 2 ) g |l-(z,J)|=»(n + l + a-Hnrt ^W 

~ JE(a,r) |1- (z,a)| 2 (™+ 1 +«+ m P) PV ' 

> (1 _ | |2 )9 -n-l-a-mp /" | 5 ( z )|9 dl//3 ( z ) 

JE(a,r) 

> (1 - |a| 2 ) 9 - n - 1-a - mp |ff(a)| 9 (l - |a| 2 )™ +1+ ' 3 

> (l-|a| 2 )« +/3 - Q - mp | 3 (a)|«. (17) 

Hence, (16) and (17) imply 

(l - |a| 2 )« +/9_a ~ rop ls(a)l 9 e tf'/fr-'W™,,), 

which is the same as 

' \g(a)\ r (l-\a\ 2 ydv(a)<oo. 



Therefore g G A r . Here 7 > — 1 by the assumption. 

Conversely, assume g G A r . Using Holder's inequality, we get 



i4 m) /n^ ~ / i» m /wi fl i^)i'(i-i«r) fl d^w 

< ^| 3 (z)r(i-|z| 2 rd^))"x 

|3? m /(z)|^(l - \z\ 2 )^ +g -^^diy{z) 



From this, since 



and 



B 



qr q q 

=P, 1- - = -, 

r — <j r p 



!-'- 



(a . 11, r rfi-q^ + qr ^ 7 + 1 

{p + q ) = = — 1 1 — = a + mp, 

r r — q r — q - — - 

± ± q r 

it follows that 

|l4 m) /ll^<CH3ll^ll/ll^, 

which means that the operator L)" : A v a — > A' 1 ^ is bounded, finishing the proof 
of the theorem. 
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Abstract 

In this paper, we give explicit expressions of (P + Q)d of two matrices P and Q, 
in terms of P,Q,P d and Q d , under the conditions that PQ 2 = —P 2 Q, P 2 Q 2 = 
and PQ 2 = P 2 Q, QPQ = 0, P 2 Q 2 = 0. 
AMS classification: 15A09 
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1 Introduction 

Recently the representations of the Drazin inverse of matrices have been widely 
investigated (see, for example, [2, 4, 7, 9, 11, 12, 14] and the literature mentioned 
below), especially, the representations of the Drazin inverse of sums and differences of 
two matrices[3, 5, 8, 13, 15]. In [3], M.F. Martnez-Serrano, N. Castro-Gonzlez presented 
a representation for the Drazin inverse of sums of two matrices under the condition that 
PQ 2 = 0, Q 2 = 0. And in [15], later, H. Yang, X. Liu expressed a representation for the 
Drazin inverse of sums of two matrices under the condition that PQ 2 = 0, PQP = 0. 

These investigations motivate us to deal with a representation for the Drazin inverse 
of sums of two matrices. In this paper, we apply our result to deducing [3, Theorem 
2.2]. The paper is organized as follows. In this section, we will introduce some notions 
and lemmas. In Section 2, we will present these explicit expressions of sums of two 
matrices P and Q, in terms of P, Q, P^ and Qd, under the conditions PQ 2 = —P 2 Q, 
P 2 Q 2 = and PQ 2 = P 2 Q, QPQ = 0, P 2 Q 2 = 0. 

Throughout this paper the symbol C mxn stands for the set of m x n complex 
matrices, / S C nxn stands for the unit matrix. Let A € C nxn , the Drazin inverse, 



* Corresponding author. 
E-mail: Liangxul020@126.com(L.Xu), xiaojiliu72@yahoo.com.cn (X.Liu). 
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denoted by A d , of matrix A is denned as the unique matrix satisfying 

A k+1 A d = A k , A d AA d = A d , AA d = A d A 

where k = Ind(A) is the index of A. In particular, if Ind(A) = 1, then A d is called the 
group inverse, denoted by A g , of A (see [1, 14, 10]). Apparently, if A is nonsingular, 
then Ind(.A) = 0, otherwise Ind(yl) > 1, especially Ind(O) = 1. If A is nilpotent, then 
A d = 0. For convenience, we write A* = I — AA d . 

Now we list and deduce some lemmas. 

~ A B 



Lemma 1.1. [6, Theorem 3.2] Let A G C nxn , B G C nxm , D G £ mxm , M 
t = Ind(A) and I = Ind(D). Then 



D 



A d S 
D d 



t-\ l-i 



M d 
where 

S = A 77 ^ A n BD n d +2 + Y A n d +2 BD n D n - A d BD d . 

n=0 n=0 

Lemma 1.2. [1, Theorem 7.8.4] Let A G C nxm , B G C mxn . Then (AB) d = A(BA) 2 d B. 

Lemma 1.3. [7, Theorem 2.1] Let P,Q G C nxn with s = Ind(P) and h = Ind(Q). // 

PQ = 0, then 

s-l h-l 

(p + Q) d = Yl Q d +lpnpw + Q W Y1 Q np d +1 - 

n=0 n=0 

r-1 

Remark 1: (i)If Q r = in Lemma 1.2, then (P + Q) d = ^ Q n P d n+l 



(ii)If QP = in Lemma 1.2, then (P + Q) d = P d + Q 



d 
n=0 



D 



2 Main results 

In this section, we will investigate how to express (P±Q) d under some conditions. 
We begin with the following theorem. Now we present the expression of (P ± Q) d . 

Theorem 2.1. Let P,Q G C nxn with Ind(P 2 ) = s, Ind(Q 2 ) = t, Ind(PQ) = r, 
Ind(Q 2 - PQ) = si and Ind(P 2 - PQ) = s 2 . If PQ 2 = P 2 Q and P 2 Q 2 = 0, then 
s\ > t — 1, S2 > s — 1 and 

si-l 

(P-Q)d = -QPd + QP rf (p-Q)T d p-Q[p^p"(p-Q)r; +2 

n=0 
S2-1 

+ J^ R d +2 (P ~ Q)T n T*]P + T d P. 

n=0 
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where R = (Q 2 - PQ) and T = (P 2 - PQ), 

r-1 

R d = (Q 2 - PQ) d = £ Qf l+l \-PQ) n {PQY + Q W Y, Q 2n (- p QT d +1 

n=0 n=0 

s— 1 r— 1 

T d = (P 2 - PQ) d = Y,(-PQT d +lp2np7T + {PQY Y,(- p ^ np c 



t-i 



n D 2(n+1) 
d 



n=0 



n=0 



Proo/. Let R = (Q 2 - PQ) and T = (P 2 - PQ). 

Since Ind(T) = s 2 and P 2 T = P 4 , we obtain T S2+1 R d = T S2 , p 2 T S2+1 T d = P 2 T S2 , 

p2rps 1 __ p 4 P s 2-l — p6ps 2 -2 _ . . . _ p2s 2 +2 p 2 ps 2 +lp = P 2s 2+4p — p2si+4p2 
p2si+4/-)2 _ p2si+2 (p2\si+2p2 _ (p2\si+l 

Therefore 

82 > «-l. (2.1) 

Since Ind(P) = si and Q 2 R = Q 4 , we get R Sl+1 R d = R s \ Q 2 R Sl+1 R d = Q 2 R Sl , 
Q 2 R S1 = QP 4 R S1 - 1 = Q 6 P S1 - 2 = • • • = Q 2s i+ 2 , Q 2 R s i+ l R d = Q 2s2+A R d = Q 2si+4 Q% 

Q 2 ^Q 2 = g 2 Sl+ 2 ; (g2 )Sl+ 2g2 = (Q 2 )ai+ l_ 

Hence 



31 > t-l. 



Assume that A = [ — Q I ] , B 



I 
P 



, then P -Q = AB. By lemma 1.2, 



{P ~ Q)d = (AB) d = A(BA) 2 B. 



(2.2) 



(2.3) 



BA 



I 
P 



-Q I 
-PQ P 



Q 2 -PQ P-Q 
PQ 2 -P 2 Q P 2 -PQ 



f-PQ P-Q 
P 2 -PQ 



[ -Q I 

Since PQ 2 = P 2 Q, we have 

(P.4) 2 = 
By Lemma 1.1, 

(BA) 2 
where 

si-l 

S = R 7T Y, Rn ( p ~ Q) T d +2 + Y, R d +2 ( p - Q) pn T* - R d (P - Q)T d . 



(Q 2 - p Q) 



d s 

(P 2 - PQ) 



52-1 



(I 



Rd S 
T d 



n=0 



n=0 
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Since PQ 2 = P 2 Q and P 2 Q 2 = 0, we can deduce PQ 3 = P 3 Q = 0. 
By lemma 1.3, we have 



r-l 



4-1 



Rd = (Q 2 - PQ)d = E QT +1 \- p Q) n ( p QT + Q w E Q 2n (-^)2 

n=0 n=0 

s— 1 r— 1 

T d = (P 2 - PQ) d = E(--PQ)d +1 ^ 2 "^ + W)* ^2(-PQ) n P ( 



+1 



„ D 2(n+1) 
d 



n=0 



n=0 



By(2.3), we obtain 

(P-Q) d = {AB) d = A{BA) 2 d B=[-Q I 



(Q 2 - PQ) d s 



o 



(P 2 - PQ)c 



I 
p 



-Q(Q 2 - PQ) d - QSP + (P 2 - PQ) d P 

Sl— 1 S2 — 1 

-QR d - Q[R^ E ^"(^ " Q)Td +2 + E ^ +2 ( P " Q) TnTW ~ MP ~ Q)T d ]P + T d P 



n=0 



n=0 



si-1 



-Qi? d + QP d (P - Q)T d P - Q[P W E P "( P " W 



ra+2 
d 



n=0 



S2-1 



+ E ^d +2 ( p - Q^T^P + P d P. 



n=0 



D 



Theorem 2.2. Let P, Q G C nxn with Ind(P 2 ) = a, Ind(Q 2 ) = t, Ind(PQ) = r, 
Ind(Q 2 + PQ) = si and Ind(P 2 + PQ) = s 2 . If PQ 2 = ~P 2 Q and P 2 Q 2 = 0, then 
si > t — 1, S2 > s — 1 and 



si-l 



(P + Q) d = QR d -QR d (P + Q)T d P + Q[R*Y J Rn (P + QK 

n=0 
s 2 -l 

+ E p d +2 ( p + <3)r n r 7r ]P} + r d p. 

n=0 

w/iere P = (Q 2 + PQ) and T = (P 2 + PQ), 

r-l t- 

R d = (Q 2 + PQ) d = E Q 2 } n+1) {PQ) n {PQY + Q" E Q 2 " W)3 +1 

n=0 n=0 

s— 1 r—1 

T d = (p 2 + pQ) d = Y,{pQ) n d +1 P 2n P v + wr E™ np < 



•n+2 
d 



(2.4) 



t-i 



n p 2(n+l) 
d 



n=0 



n=0 



Proof. Substituting — P for P in Theorem 2.1, (2.4) holds. □ 

whether P 2 Q = and Q 2 = or PQ 2 = and P 2 = , we can deduce P 2 Q = 
PQ 2 = and P 2 Q 2 = 0. Using Theorem 2.2, so we have the following result. 
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Corollary 2.1. [3, Theorem 2.2] (%) Let P,Q £ C nxn with Ind(P 2 ) = s, Ind(PQ) = r. 

// P 2 Q = and Q 2 = 0, then 

r— 1 s—1 

(p + Q) d = Y,[Q{PQY{PQ) n P d + (PQY{PQ) n ]Pl n+1 + Y.^ p ®d +1 + (PQT d +1 P} p2np7r - 

n=0 n=0 

(%%) Let P, Q e C nx ™ with Ind(Q 2 ) = t, Ind(PQ) = r. If PQ 2 = and P 2 = 0, then 

r-1 t-1 

(p + Q) d = Y, Q d n+1 [(PQV(PQ) n + Q d {PQY{PQ) n P] + Y. Q*Q 2n [Q{PQY d +l + (PQ)T lp Y 

n=0 n=0 

Proo/. (i)Assume that R = Q 2 + PQ and T = P 2 + PQ. 

Since P 2 Q = and Q 2 = 0, we can deduce P 2 Q = PQ 2 = 0, P 2 Q 2 = 0, R d = 

(Q 2 + PQ) d = {PQ) d and Ind(P) = Ind(PQ) = r, by Lemma 1.3, 



s—1 r— 1 

sn D 2(n+1) 

ro=0 ra=0 



r d = (p 2 + PQ) d = Y,(PQ) n d +l P 2npn + (PQY ]y2(PQYP 2 d 



T* = I - (P 2 + PQ)(P 2 + PQ) d 

s—1 r— 1 

^n D 2(n+1) 

n=0 n=0 

s—1 r— 1 

^n D 2(n+1) 



/ - (P 2 + PQ)[^(PQ)^ +1 P 2n P 7r + (PQ)* YjiPQYPd 

n=0 n=0 

s—1 r— 1 

p w - PQY,(PQY d +1 P 2np7r + (PQYY{PQ) n P 2 d n+l) - (2.5) 



n=0 n=0 

Since P 2 Q = PQ 2 = 0, we have 

R{P + Q)T n = PQ(P + Q){P 2 + PQ){P 2 + PQ)™" 1 = PQP(P 2 + PQ)(P 2 + PQ)^ 1 
= PQP 3 (P 2 + PQ) 11 - 1 = PQP 5 {P 2 + PQ)™" 2 = • • • = (PQ)P 2n+1 . (2.6) 

By (2.1), (2.5) and (2.6), we can deduce S2 > s — 1 and 

S2-1 

Qj2R d +2 (P + Q)T n T n P 

n=Q 
S2-1 

= Q ^ P™ +3 P(P + Q)T n T*P 

n=Q 

S'2 — l s—1 r—1 

= Q J2 (PQ) d +3 (PQ)P 2n+1 {P 7T - PQ Y,( p QY d +1 P 2n P* + (PQY Y.( p QYPf n+l) }P 

n=0 n=0 n=0 

S'2 — l s—1 

= QY,(PQ)d +2p2n+2p7T = Q^(PQ)d +lp2npw - ( 2 - 7 ) 

n=0 ra=l 
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Therefore 

r-l 



(PQY J2( p Q) n ( p + Q) T 2 +2 + (PQY(P + Q)T 2 d 



n=l 
r-l 



(PQY ^(.PQY'PT^ 2 + (PQY Pi + (PQYQTj 

n=l 

r-l 

(PQY Y,(PQ) n Pl p i + (PQ)d\T2 +1 + (PQY Pi + QT C 

n=l 

r-l 

(PQY Y,(PQ) np dT2 +1 + (PQY Pi + QT t 

n=l 

r-l 

(PQY Y,(PQ) np d[Pl + (PQ)d\ri + (PQ)^| + QT ( 

n=l 

r-l 

(PQ) W Y,(PQ) np l T 2 + WrP? + Qr- 



n=l 
r-l 

£< 

n=l 

r-l 

d 

n=l 

r-l 

d 

n=l 

r-l 

n=l 

r-l 

(PQY Y,( P QYPT +Z + QTl (2.8) 

n=0 



and 



QP rf - QP d (P + Q)T d P 

s— 1 r— 1 

= Q(PQ) d - Q(PQ) d (P + Q)E( P( 3)r lp2np " + (PQY £(PQr^ 2(n+1) ]^ 

n=0 n=0 

s— 1 r— 1 

= Q(PQ)d - Q(PQ) d PP 2 d P - Q(PQ) d Q)[J2( p QY/ 1 P 2n P 7T + (PQY X](PQ)"P d 2(n+1) ]P 

n=0 n=0 

= Q(PQ)d - Q(PQ) d PP d = Q(PQ) d P n - (2.9) 

By Theorm2.2, (2.7), (2.8)and (2.9), we obtain 

(P + Q) d = QRd - QR d (P + Q)T d P + QR* E R n (P + Q)T d +2 P 

n=0 

+ Q *E R d +2 (P + Q)T n T^P + T d P 

n=0 

= Q(PQ)dP w + Q(PQf E (PQYPJ n+2 + q"£ (PQY d +2 P 2n+2 P 7T 

n=0 n=0 

+ [ eVq)^ 1 ^ 2 ™^ + wr r £(pQ) n *d (n+1) ] p 

n=0 n=0 

= Q(PQ) d P w + £ Q(PQY(PQ) n Pl n+2 + £ Q(PQ) d +1 P 2n P n 

n=0 n=l 

+ E(PQ)S +1 P 2n PP 7r + E 1 (PQ)"(PQ)"P ( 2n+1 

n=0 n=0 
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= r J2[Q(PQr(PQ) n P d + {PQY{PQ) n }P 2 d n+1 + S J2[Q(PQ) n d +1 + (PQ)T lp ] p2np7T - 

n=0 n=0 

In similar way of (i), (ii) holds. □ 

Theorem 2.3. Let P,Q £ C nxn with Ind(P 2 ) = s, Ind(Q 2 ) = t, Ind(PQ) = r, 
lnd{Q 2 + PQ) = si and!nd(P 2 + PQ) = s 2 . If PQ 2 = P 2 Q, QPQ = and P 2 Q 2 = 0, 
then 0<r<2, si>t — 1, S2>s — 1 and 
(i)If r = 1, then 

2s- 1 2t-l 

(P + Q) d =Y Qd +1 P n P w + Q W Y Q np d +1 - 

n=0 n=0 

(ii)Ifr = 2. 

(a)When si = t — 1, S2 = s — 1, then 

t-2 t-1 s-1 s-2 



(p + Q) d = Y Q^Q^^P^ 2 + Yj Q*Q 2n PT +l + Y Qd n+lp2np7T + Y Q 2 d n+2 P 2n+1 P n 

n=0 n=0 n=0 n=0 

+PQPJ + 2P 2 QPl (2.10) 



(b)When si = t — 1, s 2 > s, then 

t-2 t-1 s-1 s-1 



(p + Q) d = Y Q^Q^^PJ^ 2 + Y Q^Q^P^ 1 + Y Q^P^P 7 " + Y Q 2 d n+2 p 2n+l p* 

n=0 n=0 n=0 n=0 

+PQPl + 2P 2 QPJ. (2.11) 



(c)When si > t, s 2 = s — 1, then 

t-l t-l s-1 s-2 

(p + Q) d = Y Q^Q^^P 2 ^ 2 + Y Q*Q 2n PT +l + Y Q^P^P 7 " + Y Q 2 d n+2 P 2n+l P 7T 

n=0 n=0 n=0 n=0 

+PQPJ + 2P 2 QPl (2.12) 

(d)When s± >t,s 2 > s, then 

t-l t-l s-1 s-1 

(p + Q) d = Y Q^Q^^P^ 2 + Y Q"Q 2n PT +l + Y Q 2 d n+1 P 2n P" + Y Q 2 d n+2 P 2r ^ 1 P 1 ' 

n=0 n=0 n=0 n=0 

+PQPl + 2P 2 QPJ. (2.13) 

Proof. If r = 0, then PQ and (PQ) 2 are nonsingular. However, QPQ = which implies 
(PQ) 2 = 0. Thus we can deduce r > 0. Since (PQ) 2 = 0, (PQ) 3 (PQ) d = {PQ) 2 = 0, 
then r < 2. In a word, < r < 2. 
Now we consider r. 
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(i) If r = 1, then PQ = (PQ) 2 {PQ) d = 0. Since Ind(P 2 ) = s, Ind(Q 2 ) = t, then 
Ind(P) < 2s, Ind(Q) < 2£. By Lemma 1.3, we have 



2s- 1 



2t-l 



(i 3 + Q) d = E Qd +lpnp * + Q n Y. Q np a +1 - 



n=0 



n=0 



(ii) If r = 2. 

Suppose A = [ Q I ] , B 



I 
P 



, then P + Q = AB. By Lemma 1.2, we have 
(P + Q)d = (AB) d = A(B^B. (2.14) 



BA 
Since PQ 2 = P 2 Q, then 
(BA) 2 = 



I 
P 



[Q I 



Q 2 + PQ P + Q 
PQ 2 + P 2 Q P 2 + PQ 



Q I 
PQ P 



Q 2 + PQ P + Q 







=: X + Y 



P 2 + PQ 



+ 





PQ 2 + P 2 Q 



By Lemma 1.1, it is so easy to obtain 

(Q 2 + PQ) 



x d 



d s 

<» 2 



p 2 + PQ) d 



(2.15) 



where s 2 = Ind(P 2 + PQ), si = Ind(Q 2 + PQ). 



si-1 



S = (Q 2 + PQr^(Q 2 + PQ) n (P + Q)(P 2 + PQ) 



n+2 
d 



n=0 



82-1 



+ Y, (Q 2 + PQ)d +2 ( p + Q)( p2 + PQT(P 2 + ^Qf 

n=0 

-(Q 2 + PQ) d (P + Q)(P 2 + PQ) d . 



Since PQ 2 = P 2 Q, QPQ = and P 2 Q 2 = 0, we obtain PQ 3 = P 3 Q = and 
{PQ 2 + P 2 Q)(Q 2 + PQ) = PQ A + P 2 Q 3 + PQ 2 PQ + P 2 QPQ = 0. Further, 

(PQ 2 + P 2 Q)(Q 2 + PQ) d = [PQ 2 + P 2 Q)(Q 2 + PQ)(Q 2 + PQ? d = 



(PQ2 + p 2 Q)s 



{PQ 2 + P 2 Q)(Q 2 + PQf{P + Q){P 2 + PQ)j 
{PQ 2 + P 2 Q){P + Q)(P 2 + PQ) 2 d . 
{PQ 2 + P 2 Q)P(P 2 + PQ) 2 ,. 
2P 2 QP{P 2 + PQ)^. 
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YXi 



1 r (Q 2 + PQ) 2 (Q 2 + PQ) d S + S(P 2 + PQ) d 

PQ 2 + P 2 Q \[ (P 2 + PQ) 2 



(PQ 2 + P 2 Q){Q 2 + PQ) 2 d (PQ 2 + P 2 Q)[(Q 2 + PQ) d S + S(P 2 + PQ) d ] 





(PQ 2 + P 2 Q)S(P 2 + PQ) C 





2P 2 QP(P 2 + PQ) d 



(2.16) 



Since PQ 2 = P 2 Q, QPQ = and P l Q z = 0. we can deduce XY = and Y 2 
By Remark l(i) and (2.15), (2.16), we have 

I- 

(Q 2 + PQ) 



(BA) 2 d = (X + Y) d = X d + YX 2 







,/ s 

2 i D/0\ i on2r)D/ d2 



(P 2 + PQ) d + 2P 2 QP(P 2 + PQ) 



By (2.14), it is easy to know 

(P + Q)d = (AB) d = A(BA) 2 d B 

~ (Q 2 + PQ) C 



[Q I 



o 



(P 2 + Pg) d + 2P 2 QP(P 2 + PQf, 



I 
p 



= Q(Q 2 + PQ) d + QSP+[(P 2 + PQ) d + 2P 2 QP(P 2 + PQf d ]P. (2.17) 

Let R = (Q 2 + PQ) and T = (P 2 + PQ). 

Since PQ 2 = P 2 Q, P 2 Q 2 = and QPQ = 0, we can deduce Q 2 PQ = PQ 3 = P 3 Q = 

and (PQ) d = (PQ) 2 (PQf d = P(QPQ)(PQf d = 0. So for n > 1, we obtain 

_ rpp2(n-l) 



R n = 

rpfl 



R 2 R n ~ 2 -- 

_ rpn—2rp2 



Q 2 R n ~ 1 -- 

rpn—l p2 



Q 4 R n ~ 2 -- 

rpn—2 p4 



By Remark l(ii) and Lemma 1.3, we get 

R d = (Q 2 + PQ) d = Q 2 d + (PQ)d = Ql 
R n = I-(Q 2 + PQ)(Q 2 + PQ) d = Q\ 



s-l 



r-l 



T d = (P 2 + PQ) d = ^2(PQ) d : +1 P 2n P* + (PQrY J ( p Q) np c 



n D 2(n+1) 
d 



n=0 



n=0 



1 



Y,(PQ) n PT +l) = Pl + PQPh 

n=0 

I -TT d = P n - PQPJ. 



(2.18) 
(2.19) 



Since QPQ = and P 3 Q = 0, then P d Q = PJP 3 Q = and 

QPT2 +2 = QP(P 2 + PQPJ) n+2 = QP(P 2 + PQPJ)(P 2 + PQPJ) n+l 
= QPP 2 d (P 2 d + PQP A d ) n+l = QPP A d (P 2 d + PQP A d ) n 
= ... = QPP 2n+A = QP 2n+3 . 



(2.20) 
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QPT n T n = QP(P 2 + PQ)(P 2 + PQ) n - 1 T n = QP 3 (P 2 + PQ) n - 1 T n 

= QP 5 (P 2 + PQ) n - 2 T 7T = --- = QP 2n+1 T 7r = QP 2n+1 P 7T . (2.21) 

■>3 r\ e>™ — rfln+i no — n n jdu+2 _ r,2n+3 



QR = Q 6 , QR n = Q 2n+L , QR d = Q d , QR n d +I = Qf +6 . (2.22) 

pn + 2 = Q p2, 



QT = QP 2 , QT n = QP 2n , QT d = QPJ, QT^+ 2 = QPJ n+A . (2.23) 



By (2.18), (2.19), (2.20), (2.21), (2.22)and (2.23), we have 

SI — 1 S2 — 1 

QSP = QR w ^2R n (P + Q)T% +2 P + Q^2R™ +2 {P + Q)T n T*P-QR d (P + Q)T d P 



n=0 n=0 

si— 1 S2 — 1 



Q n Y Q Rn ( P + Q)T d +2 P + Y QR d +2 ( p + Q)T n T*P - QR d (P + Q)T d P 

n=0 n=0 

SI — 1 S'2 — 1 

Q? Y Q 2n+1 (P + Q)T2 +2 P + Y QT +3 (P + Q)T n T*P - Q d {P + Q)T d P 

n=0 n=0 

si— 1 si — 1 

J^ Q-*Q 2n+l PT2 +2 P + ^ Q w Q 2n+1 QT™ +2 P 

n=0 n=0 

S2 — 1 S2 — 1 

+ S Q 2 d n+ *PT n T*P + ^ Q 2 d n+3 QT n T*P - Q d PT d P - Q d QT d P 

n=0 n=0 

si— 1 si— 1 

J^ Q w Q 2n+1 PT2 +2 P+ Y Q w Q 2n+1 QP d n+4 P 

n=0 n=0 

S2 — 1 S2 — 1 

+ 1] Qf+ZpT n T*P + J^ Q 2 d n+3 QP 2n T n P - Q d PT d P - QQ d P d 

n=0 n=0 

si — 1 si — 1 S2 — 1 

J^ Q n Q 2n+l PT r d l+2 P + Y Q w Q 2n+2 P d n+3 + j^ Q 2 d n+3 PT n T n P 

n=0 n=0 n=0 

S2-1 

+ Z Q 2 d n+2 P 2n T«P - Q d PT d P - QQ d P d 

n=0 

J^ Q*Q 2n+1 P 2n + 2 + ^ Q^Q 2n+2 P 2n+3 + J^ Q2n+3p2n+2 p7 r 

n=0 n=0 n=0 

S2-1 

+ S Q 2 d n+2 P 2n P n P + T^P - Q d PP d - QQ d P d 

n=\ 

Y Q v Q 2n+l Pf l+2 + Y Q n Q 2n+2 PT +z + Y Q 2 d n+3 P 2n+2 P w 

n=0 n=0 n=0 

S2-1 

+ E Q 2 d n+2 P 2n+1 P* - Q d PP rf - QQ d P d . (2.24) 



?1=0 
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By (2.1) and (2.2), it is so easy to get s\ > t — 1 and s 2 > s — 1. 
(a) When si = t - 1, s 2 = s - 1, by (2.24), then 

t-2 t-1 s-1 s-2 

QSP = E Q^Q 2 ™ +1 Pj n+2 + ^ Q W Q 2n P^ n+1 + E Q2n+lp2np7r + ^ g2n+2 p 2n+lp7r 

n=0 n=l n=l n=0 

-Qd^ - QQdPd- (2.25) 

Putting (2. 19), (2. 20) and (2.25) in (2.17) yields (2.10). 
(b)When Sl = t - 1, s 2 > a, by (2.24), then 

t-2 t-1 s-1 s-1 

QSP = E Q*Q 2n+1 P 2 d n+2 + Y Q w Q 2n P d n+1 + Yj Q 2 d a+lp2np7T + E Q^ n+2 P 2n+1 P u 

n=0 n=l n=l n=0 

-QdPPd - QQdPd- (2.26) 

Putting (2. 19), (2. 20) and (2.26) in (2.17) yields (2.11). 
(c)When s± > t, s 2 = s - 1, by (2.24), then 

t-1 t-1 s-1 s-2 

qsp = Y Q w Q 2n+1 Pd n+2 + E Q*Q 2np T +1 + E Q d n+1 P 2n P w + Y Q 2 d n+2 p 2n+1 p^ 

n=0 n=l n=l n=0 

-QdPPd - QQdPd (2.27) 

Putting (2. 19), (2. 20) and (2.27) in (2.17) yields (2.12). 
(d)When Sl >t,s 2 > s, by (2.24), then 

t-1 t-1 s-1 s-1 

qsp = Y Q w Q 2n+1 P d n+2 + Y Q w Q 2n Pd n+1 + Y Q 2 d n+1 P 2n P* + Y Q 2 d n+2 P 2n+1 P v 

n=0 n=l n=l n=0 

-QdPPd - QQdPd (2.28) 

Putting (2. 19), (2. 20) and (2.28) in (2.17) yields (2.13). □ 

Substituting PQP = for QPQ = in Theorem 2.3, we have the following result. 

Theorem 2.4. Let P,Q G C nxn with Ind(P 2 ) = a, Ind(Q 2 ) = t, Ind(PQ) = r, 
lnd(Q 2 + PQ) = si andInd(P 2 + PQ) = s 2 . If PQ 2 = P 2 Q, PQP = and P 2 Q 2 = 0, 
then 0<r<2, si>t — 1, s 2 > s — 1 and 
(i)If r = 1, then 

2s- 1 2t-l 



(f + Q)d = E Q T i +1 w + Q* E Q n ^ +1 - 



n=0 n=0 



(ii)Ifr = 2, 

(a) When s± = t — 1, S2 = s — 1, i/ten 



s-2 s-1 t-1 t-2 

3 2n+2 

n=0 n=0 n=0 n=0 

+Q 3 d PQ + 2Q*PQ 2 . (2.29) 



(P + Q) d = Y Q 2 d n+2 P 2n+1 P n + Y Q 2 d n+1 P 2n P n + J^ Q n Q 2n P 2n+1 + J^ P*Q 2n+l PJ 
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(b)When s± = t — 1, S2 > s, then 

s-2 s-l t-i *-i 



(P + Q) d = J^ Q 2 d n+2 p 2n+1 p w + Y Q 2 d n+1 P 2n P n + Y Q n Q 2n P d n+1 + Y P n Q 2n+l Pl n+2 

n=0 n=0 n=0 n=0 

+Q\PQ + 2Q*PQ 2 . (2.30) 

(c)When s\>t,S2 = s—l, then 

s-l s-l t-i i-2 

(p + g) d = y Qf +2 p 2n+i p^ + y Q 2 d n+1 p 2n p* + Y Q*Q 2n pT +l + Y p*Q 2n+i P 2 d n+2 

n=0 n=0 n=0 n=0 

+Q d PQ + 2Q^PQ 2 . (2.31) 

(d)When si >t,S2> s, then 

s-l s-l t-i t-i 

(p +Q) d = y Q 2 d n+2 p 2n+i p* + y Q 2 d n+i p 2n p* + y Q*Q 2n pT +l + Y p w Q 2n+i p^ n+2 

n=0 n=0 n=0 n=0 

+QlPQ + 2Q^PQ 2 . (2.32) 
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Abstract 

In this paper, we introduce a general iterative process for approximating common fixed point of two 
nonexpansive mappings in Banach spaces. We establish some strong convergence theorems of the general 
iteration scheme under some mild conditions. Our results improve and extend the corresponding results of 
many others form Hilbert spaces to Banach spaces. 



Keywords: Common fixed points; Nonexpansive mapping; Strong convergence; Smooth Banach spaces; Iterative 

method. 
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1 Introduction 

Throughout this paper, let X be a real Banach space, and let C be a nonempty closed convex subset of X. A 
mapping T of C into itself is said to be nonexpansive if \\Tx — Ty\\ < \\x — y\\ for each x,y € C. We denote 
F(T) as the set of fixed points of T. We know that F(T) is nonempty if C is bounded; for more detail see 
[2]. Recall that a self mapping / : C — > C is a contraction if there exists a constant a G (0, 1) such that 
\\f(x) — f(y)\\ < a\\x — y|| for each x,y G C. We use n c denote the collection of all contraction on C. That is 
He ={/:/:C->Ca contraction}. 

Iterative methods for nonexpansive mappings have recently been applied to solve minimization problems; 
see, e.g. [4, 15, 17, 19, 20]. A typical problem is to minimize a quadratic function over the set of the fixed 
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points of a nonexpansive mapping on a real Hilbcrt space H : 

mm-(Ax,x) - (x,u), (1.1) 

where F is the fixed point set of a nonexpansive mapping T on H, and u is a given point in H. 
Assume A is strongly positive; that is, there is a constant 7 with the property such that 

(Ax,x) >7||a;|| 2 (1.2) 

for all x € H. In 2003, Xu [15] proved that the sequence {x„} generated by 

x n+ i = a n u + (I - a n A)Tx n , Vn > 0, (1.3) 

converges strongly to a unique solution of the minimization problem (1.1), provided the sequence {a n } satisfies 
certain conditions. 

On the other hand, Moudafi [11] introduced the viscosity approximation method for nonexpansive map- 
pings (see [18] for further developments in both Hilbert and Banach spaces). Starting with an arbitrary initial 
xq G H, defined the sequence {x n } recursively by 

x„+i = a n f(x n ) + (1 - a n )Tx n , Vn > 0, (1.4) 

where {<r„} is a sequence in (0, 1). It is proved in [11, 18] that under certain appropriate conditions imposed 
on {ct„}, the sequence {x n } generated by (1.4) strongly converges to a unique solution x* of the variational 
inequality 

((f-I)x*,X-x*)<0, VxGF(T). (1.5) 

Recently, Marino and Xu [9] combined the iterative method (1.3) with the viscosity approximation method 
(1.4) considering the following general iterative process: 

x n+ i = a„7/(x„) + (I - a n A)Tx n , Vn > 0, (1.6) 

where < 7 < — . They proved that the sequence {x n } generated by (1.6) converges strongly to a unique 
solution x* of the variational inequality 

((jf-A)x*,x-x*)<0, yxeF(T). (1.7) 

On the other hand, Kim and Xu [7] studied the sequence generated by the algorithm: 

x\ = x G C chosen arbitrarily; 

y n = a n x n + (1 - a n )Tx n ; (1.8) 

a^n+l = PnU + (1 - 0n)y n , Vn > 1, 

and proved strong convergence of scheme (1.8) in the framework of a uniformly smooth Banach space. 

Recently Yao, et al. [21] introduced a new iteration process by combining the modified Mann iteration 
[7] and the viscosity method introduced by Moudafi [11]. Let C be a closed convex subset of a Banach space, 
T:C^Ca nonexpansive mapping such that F(T) ^ 0; and / G lie. Define {x n } in the following way: 

x\ = x G C chosen arbitrarily; 

y n = a n x n + (1 - a n )Tx„; (1.9) 

x„+\ = (3 n f(x n ) + (1 - P n )y n , Vn > 1, 
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where {a n } and {/3„} are two sequences in (0,1). They proved under different control conditions on the 
sequences {a n } and {/3„}, that {x n } converge strongly to a fixed point of T. 

Very recently, Yao, et al. [22] studied the sequence generated by the algorithm in Hilbcrt spaces H , as 

follows: 

x\ G H chosen arbitrarily; 

Vn = a n jf{x n ) + (I - a n A)Tx n ; (1-10) 

x n+ i = /3 n x n + (l- /3 n )Sy n , Vn>l, 

and they proved strong convergence for special case of sequence (1.10). 

Question 1.1. Can Theorem of Yao et al. [22] be extend from Hilbert spaces to a general Banach space? such 
as uniformly convex and uniformly smooth Banach spaces. 

Question 1.2. Can we prove strong convergence theorem of more general than algorithm (1.10). 

The purpose of this paper is to give affirmative answer to these questions mentioned above. We introduce 
a general iterative approximation method for finding a common fixed point of noncxpansivc mappings which 
is a unique solution of some variational inequality and prove the strong convergence theorems of such iterative 
scheme in a uniformly convex and uniformly smooth Banach spaces which admits a weakly continuous duality 
mapping. As applications, at the end of the paper, we also apply our results to the optimization problems. 
The results in this paper extend and improve the main results Marino and Xu [9] and some others from Hilbert 
spaces to Banach spaces. 



2 Preliminaries 

Let X be a real Banach space, J : X — > 2 X be a normalized duality mapping by 

j(x) = {rex*:(x,n = \\x\\ 2 = \\r\\ 2 }, 

where X* denotes the dual space of X and (•, •) denotes the generalized duality paring. In the following, the 
notation — *■ and — > denote the weak and strong convergence, respectively. Also, a mapping / : C — > C denotes 
the identity mapping. If a Banach space X admits a sequentially continuous duality mapping J from weak 
topology to weak star topology, then by Lemma 1 of [5], we have that duality mapping J is a single value. In 
this case, the duality mapping J is said to be a weakly sequentially continuous duality mapping, i.e. for each 
{x n } C X with x n — *■ x, we have J(x n ) —^* J(x) (see [5, 6, 12] for more details). 

The norm of a Banach space X is said to be Gateaux differentiable if the limit 

li JIs + frll-IMI (2-1) 

t->0 t 

exists for each x, y G C on the unit sphere S(X) of X. In this case X is smooth. In a smooth Banach space, 
we always assume that A is strongly positive (see [3]), that is, a constant 7 > with the property 

(Ax, J(x)) >7|M| 2 , \\aI-bA\\= sup \\((aI-bA)x,J(x))\\, a e [0,1], b e [-1,1]. (2.2) 

||x||<l 

Moreover, if for each y in S(X) the limit (2.1) is uniformly attained for x € S(X), we say that the 
norm X is uniformly Gateaux differentiable. The norm of X is said to be Frechet differentiable, if for each 
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x G S(X), the limit (2.1) is attained uniformly for y G S(X). The norm of X is said to be uniformly 
Frechet differentiable (or X is said to be uniformly smooth), the limit (2.1) is attained uniformly for (x,y) G 
S(X) x S(X). A Banach space X is said to be strictly convex if ||x|| = ||y|| =1, x =^ y implies 2 < 1; 
uniformly convex if Sx(e) > for all e > 0, where <5x( e ) is modulus of convexity of X defined by 5x(t) = 
inf < 1 — ^3 I : ||x|j < 1, ||y|| < 1, \\x + y\\ > e > , Ve G [0, 2]. A uniformly convex Banach space X is reflexive 
and strictly convex (see Theorem 4.1.6, Theorem 4.1.2 of [14]) and every uniformly smooth Banach space X 
is a reflexive Banach with uniformly Gateaux differentiable norm (see Theorem 4.3.7, Theorem 4.1.6 of [14]) 
(also see [10]). 

The following lemmas will be needed in proving our main results. 

Lemma 2.1. (Cai and Hu [3]) Assume that A is a strongly positive linear bounded operator on a smooth 
Banach space X with coefficient 7 > and < p < ||.<4|| _1 . Then \\I — pA\\ < 1 — pj. 

Lemma 2.2. (Suzuki [13]) Let {x n } and {y n } be bounded sequences in a Banach space X and let {/3 n } be a 
sequence in [0, 1] with < liminfn^oo j3 n < limsup n _ >co fj n < 1. Suppose that x n+ \ = (1 — f3 n )y n + j3 n x n for 
all integers n > and limsup^^dliM+i - y„\\ - \\x n +i - X n \\) < 0. Then, lim^co \\y n - x n \\ = 0. 

Lemma 2.3. (Liu [8]) Let X be a real Banach space and J : X — > 2 X be the normalized duality mapping. 
Then, for any x, y € X, we have 



|.? + y|| 2 < \\x\\ 2 + 2(y,j(x + y)), 



for all j{x + y) € J(x + y) with x =/= y. 

Lemma 2.4. (Cai and Hu [3]) Let C be a closed convex subset of a reflexive, smooth Banach space X which 
admits a weakly sequentially continuous duality mapping J from X to X* . Let W : C — > C be a nonexpansive 
mapping with F := F(W) 7^ and f G lie, A be a strongly positive linear bounded operator with the coefficient 
7 > 0. Assume that < 7 < -. Then the sequence Xt defined by x t — tjf(x t ) + (L — tA)Wx t converges strongly 
as t — > to a point x* of W which solves the variational inequality (7/(3;*) — Ax* , J(x — x*)) < 0, for x G F. 

Lemma 2.5. (Xu [16]) Let X be a uniformly convex Banach space. Then for each r > 0, there exits a strictly 
increasing, continuous and convex function g : [0, 00) — > [0, 00) with g(0) = such that 

\\Xx + (1 - A)y|| 2 < AII^H 2 + (1 - A)||y|| 2 - A(l - \)g(\\x - y\\), 

for all x, y G {z G X : \\z\\ < r} and A G [0, 1]. 

Lemma 2.6. (Aoyama et al. [1]) Let {s n } be a sequence of nonnegative real numbers, {a n } be a sequence of 
[0,1] with X)n=i a n — °°> i c n} be a sequence of nonnegative real number with X)«=i c " < °°' an< ^ {bn} be a 
sequence of real numbers with lim sup^^^ b n < 0. Suppose that s n+ i = (1 — a n )s„ + a n b n + c n for all n G N. 
Then lim„ .^ s„ = 0. 



3 Main results 

In this section, we prove our main results. 

Theorem 3.1. Let X be a uniformly smooth, uniformly convex Banach space which admits a weakly sequentially 
continuous duality mapping J from X into X* , C be a closed convex subset of X such that C±C C C. Let S, T 
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be two nonexpansive mappings from C into itself such that F :— F{ST) = F(S) C\ F(T) ^ 0, / be a contraction 
mapping with the coefficient a G (0, 1) and A be a linear bounded self-adjoint operator with the coefficient 7 > 
such that < 7 < — . Let {a„}™ =1 , {Pn} < ^Li and {7n}^Li be the sequences in (0,1). Assume the following 
conditions are hold: 

(CI) lim^oo a n = 0, J2™=i a n = °o; 

(C2) lim„^ 00 f3 n = 0; 

(C3) < liminfn^co j n < limsup^^ j n < 1; 

(C'4) 7n = OK). 

//lim n _ ; . 00 \\x n — y n \\ = 0, then the sequence {x n } defined by 

X\ G C chosen arbitrarily; 

JJn = a n jf(x n ) + fi n x n + ((1 - [3 n )I - a n A)Tx n ; (3.1) 

X n +1 = JnXn + (1 ~ Jn)Sy n , Vn > 1, 

converges strongly to common fixed point x* where x* is the unique solution in F of the variational inequality 

(lf(x*) - Ax*,J{x -x*))< 0, for x G F. (3.2) 

Proof. By the control condition (CI), we may assume, with no loss of generality, that a n < (1 — /3„)||j4|| _1 for 
all n > 0. Since A is a linear bounded self-adjoint operator on X, by (2.1), we have \\A\\ = sup{|(^4u, J(u))\ : 
u G X, \\u\\ = 1}. Observe that 

(((1 - [3 n )I - a n A)u, J(u)) = 1 -/?„ - a„(Au, J(u)) 

> 1 - f3 n - a n \\A\\ 

> 0, 

that is (1 — fi n )I — a n A is positive. It follows that 

\\(1 - [3 n )I - a n A\\ = sup{(((l-p n )I-a n A)u,J(u)) :ueX, \\u\\ = 1} 
= sup {1 - (3 n - a n (Au, J(u)) :ueX, \\u\\ = 1} 
< 1 - (3 n - a„7. 

Firstly, we show that {x n } is bounded. Indeed, for any p G F, we compute 

\\y n -p\\ = \\a n {lf(x„) - Ap) + (3„(x n -p) + ((1- /3„)I - a n A)(Tx„ - p)\\ 

< cin\\lf{x n ) - Ap\\ + j3 n \\x n -p\\ + (1 - /3 n -a„7)||Tx„ -p\\ 

< a n [hf(x n ) - 7/(p)|| + ||7/(p) - Ap\\] + [3 n \\x n - p\\ + (1 - [3 n - a n j)\\x n - p\\ (3.3) 

< a n [ja\\x n -p\\ + \\jf(p) - Ap\\] + f3 n \\x n - p\\ + (1 - /3 n - a n j)\\x n - p\\ 
= [1 - {l - ia)a n ]\\x n -p\\ +a n \\jf(p) - Ap\\, 



and 



\Xn+l-p\\ = \\ln(x„ ~ p) + {I ~ ^ n ){Sy n - p)\\ 

< ln\\x n -p\\ + (1 -Jn)\\Sy n -p\\ (3-4) 

< ln\\x n -p\\ + (l-7n)l|j/n ~ P\\- 
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Substituting (3.3) into (3.4), we get 

\\x n +l ~P\\ < ln\\Xn ~ P\\ + (1 - In) [l - {l ~ 10i)a n }\\x n ~ p\\ + (1 - 7n)«n \\lf(p) ~ Ap\\] 

hf(p) - a p\\ 



= [1 - (7-7a)a„(l -7n)]||a„ -p|| + (7 - ja)a„(l - 7„) 
< max ||cc„ -p||, 



7 — 7a 
7/0?) ~ -4p|| 



7 — 7a 
By mathematical induction, we obtain 

hf{p)-M\ 



\x n +\ -P\\ < max \\xi -p\\ 

(_ 7 — 7a 

for all n > 1. Thus {i n } is bounded, so are {ATx„} and {/(#«)}■ 

Next, we show that lim„_ ; . 00 ||x n +i — x n || = 0. From definition of {y n }, we observing that 

3/n+i - J/n = a„+i7/(a; n +i) + ,3„ + iiE n+ i + ((1 - /3„+i)7 - a n+1 A)Tx n+1 - a n -ff(x n ) - (i n x n 
-((1 - (3 n )I - a n A)Tx n 

= Oin+ljif (X n +l) - f{Xn)) + («„+l - a„)7/(a; n ) + /3 n+ i(x n+1 - £„) + (/?„+l - /3 n )x n 

+((1 - /8n+i)-f - a n+1 A)(Tx n+1 - Tx n ) - (J3 n+1 - f3 n )Tx n - (a n+1 - a n )ATx n 
= a n +ij{f{x„+i) - /(#„)) + (a„+i - a„)(7/(a; n ) - ATx n ) + fi n+ i{x n+1 - x n ) 
+(/3 n +i - Pn)(x n - Tx n ) + ((1 - /3 n+1 )I - a n+1 A) {Tx n+1 - Tx n ). 

It follows that 

Hzm+i - y n \\ < a„+i7||/(a; n +i) - f(x n )\\ + |a„+i - a n \\\jf(x„) - ATx n \\ + P n+ i\\x n +i - x n \\ 

+\Pn+i - Pn\\\x n - Tx n \\ + (1 - (3 n+1 - a n+ i^i)\\Tx n+ i - Tx n \\ 
< a n+1 ~/a\\x n+ i - x n \\ + |a„+i - a„|(7||/(x n )|| + ||-ATx n ||) + /3 n+1 \\x n+1 - x„\\ 

+\/3 n+1 - Pn\\\x n - Tx n \\ + (1 - /3„+i - a n+ i7)||a; n+ i - x n \\ 
= [1 - (7 - 7a)a n+ i]||a;„+i - x n \\ + \a n +i - a„|(7||/(x„)|| + \\ATx n \\) + \/3 n+1 - /3 n |||x„ - Tx r , 

We note that 

\\Sy n+1 - Sy n \\ < \\y n +i - y n \\ 

< [1- (7-7a)a n +i]||£„ + i -x n \\ + |a„+i -a n \(-y\\f(x n )\\ + \\ATx n \\) 

+ \Pn+l ~ Pn\\\x n ~ Tx n \\. 

It follows that 

\\Sy n+ i - Sy n \\ - \\x n+ i -x„\\ < (7a - j)a n+ i\\x n+ i - x n \\ + \a n +i - ^n\(l\\.f( x n)\\ + \\ATx n \\) 

+ \Pn+l ~ /3n\\\x n ~ Tx n \\. 

Moreover, since {x n }, {f{x n )} and {ATx n } are all bounded. Now, we taking limit superior as n — > 00 and by 
conditions (CI) and (C2), then inequality (3.5) implies that 

limsup(||5y„+i - Sy n \\ - \\x n+1 - x n \\) < 0. (3.6) 
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Hence, by Lemma 2.2, we get 

lim \\Sy n -x„\\ = 0. (3.7) 

Consequently, it follows from (3.7) that 

lim ||x n+ i -x n \\ = lim (1 - j n )\\Sy n - x n \\ = 0. (3.8) 

n— »oo n— >oo 

Setting VF = ST. Since S, T are nonexpansive mappings, obviously W is a noncxpansive mapping from C into 

itself. 

Next, we show that limn^^ \\x n — Wx n \\ — 0. Observing that 

||a; n+ i - Sy n \\ < \\x n +i - x n \\ + \\x n - Sy n \\. 

By (3.7) and (3.8), we have 

lim ||s„+i-Sy„||=0. (3.9) 

Moreover, we note that 

\\x n+ i - STx n+ i\\ < \\x n+ i - Sy n \\ + \\Sy n - STx„\\ + \\STx n - STx n+ i\\ 

< \\x n +i - Sy n \\ + \\y n - Tx n \\ + \\x n - x n+1 \\ 

< \\x n+ i - Sy n \\ +a„(7||/(a; n )|| + ||^Tx„||) + /3 n \\x„ -Tx n \\ + \\x n - x n+1 \\. 

By conditions (CI), (C2), (3.8) and noting (3.9), we obtain lim„_j. 00 ||a; n +i — STx n+ i\\ = 0, hence 

lim \\x n - Wx n \\ =0. (3.10) 

n— »oo 

Next, we show that limsup„_j. (X) (7/(x*) — Ax* , J(y n — x*)) < 0. For each t G (0, 1), let xt be a unique point 
of C such that x t — t-ff(x t ) + (I — tA)Wx t . By Lemma 2.3, we have 

\\x t -x n \\ 2 < \\(I-tA)(Wx t -x n )\\ 2 + 2t( 1 f(x t )-Ax n ,J{x t -x n )) 

< \\I- tA\\ 2 \\Wx t - x„|| 2 + 2t( 7 /(x t ) - Ax ni J{x t - x„)) 

< (1 - tj) 2 (\\Wx t - Wx n \\ + \\Wx n - x n \\) 2 + 2t( 1 f(x t ) - Ax n , J{x t - x n )) 

< (1 - 2 7 t + j 2 t 2 )\\x t - x n \\ 2 + f n (t) + 2t(~ff(x t ) - Ax t , J{x t - x n )) + 2t(Ax t - Ax n , J(x t - x„)), 

(3.11) 
where f n (t) := (2||x t - X n \\ + \\x n - Wx n \\)\\x n - Wx n \\. 

On the other hand, observe that A is a strongly positive linear bounded operator, it follows from (2.2), 
we have 

(Ax t - Ax n , J(x t - x n )) = (A(x t - x n ), J(x t - x n )) > j\\x t - x n \\ 2 . (3.12) 

Combining (3.12) with (3.11), we have 

2t(Ax t - lf{x t ), J(x t - x n )) < {ft 2 - 2it)\\x t - x n \\ 2 + f n (t) + 2t(Ax t - Ax n , J{x t - x n )) 

< ( 7 t 2 - 2t)(Ax t - Ax n , J(x t - x n )) + 2t(Ax t - Ax n , J(x t - x n )) + a„(t) 

= jt 2 (Ax t - Ax n , J(x t ~X n )) + fn(t)- 

It follows that 

(Ax t -~/f(x t ),J(x t -x n )) < ^-(Ax t - Ax n , J(x t -x n )) + hfn{t)- (3.13) 
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Now, taking limit superior as n — > oo and by (3.10), we have 

limsup(Ar t - jf(x t ), J(x t - x n )} < -M, (3.14) 

where M > is a constant such that M > ^(Ax t — Ax n , J(x t — x n )) for all t <G (0, 1) and n > 1. Now, taking 
limit superior as t — > in (3.14). Hence, we get 

limsuplimsup(Ar t — -ff(x t ) 7 J(x t — x n )) < 0. (3.15) 

t— >0 n— >oo 

Moreover, we note that 

( 7 /(x*) - Ax*,J(x n -x*)) = (7/(3*) - Ax*,J{x n -x*))- (7/(3*) - Ax*,J{x n - x t )} 

+ (lf( x *) - Ax*,J(x n - x t )} - (jf{x*) - Ax t , J(x n - x t )} 
+ (lf( x *) - A %t, J(x n - x t )) - (~ff(x t ) - Ax t , J(x n - x t )} 
+ (lf( x t) - Ax t , J(x n - x t )) 
= ilf( x *) - Ax*,J(x n - x*) - J(x n - x t )) + (Ax t - Ax*,J(x n - x t )) 

+ (lf( x *) - lfi x t), J{x n ~ x t )) + {"ff{x t ) - Ax t , J(x n - x t )). 

(3.16) 
Taking limit superior as n — > oo in (3.16), we have 

limsup„^ oc (7/(a;*) - Ax*,J(x n - x*)) < limsvp n _> 00 ('yf(x*) - Ax*,J(x n - x*) - J(x n ~ x t )) 

+ \\A\\\\x t -x^llimsup,^^ \\x n -x t \\ 
+ \\lf( x *) - lf( x t)\\ limsup,^^ \\x n - x t \\ 
+ limsup„^ 00 (7/(x t ) - Ax t , J(x n - x t )) (3.17) 

< limsup„^ 00 (7/(a;*) - Ax*,J(x n - x*) - J(x n - x t )) 
+ (\\A\\ +~fa)\\x t -x*||limsup„^ 00 \\x„ - x t \\ 
+ limsup„^ co (7/(x t ) - Ax t , J(x n -x t )). 

By Lemma 2.4, xt — >• x* € F as t — *■ 0. Since X is a uniformly smooth Banach space, imply that J is 
norm-to-norm uniformly continuous on bounded subset of C (see, e.g., [14], Lemma 1), we obtain 

limsuplimsup(7/(a;*) — Ax* , J(x n — x*) — J(x n — x t )) = 0. 

t— >0 n— >-oo 

Therefore, from (3.17), we have 

limsup(7/(a;*) — Ax* , J(x n — x*)) = lim sup lim sup (7/(2;*) — Ax* , J{x n — x*)) 

n— >oo t— >0 n— >oo 

< limsuplimsup(7/(a; t ) - Ax u J(x n ~ x t )} 

< 0. 

By assumption linin^oo \\x n — y n \\ = 0, hence, we get 

limsup('yf(x*)-Ax*,J(y n -x*)) < 0. (3.18) 

n— >-oo 

Finally, we show that lim n _^ co \\x n — x*\\ =0. In (3.3), replace p with x*, to obtain that 

\\y n -x*\\ <||a: n -a;*||+a n ||/(a; n )-Ac*||. (3.19) 
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By Lemma 2.3, we calculate 

\\y n -x*\\ 2 = ||o„(7/(a;„) - Ax*) + f3 n (x n - x*) + ((1 - /?„)/ - a n A)(Tx n - x*)\\ 2 

< \\/3 n (x n - x*) + ((1 - /?„)/ - a n A)(Tx„ - x*)\\ 2 + 2a n ( 1 f(x n ) - Ax*,J{y n - x*)) 

< [Pn\\x n ~x*\\ + (1 -/3„ -a n j)\\x„ -x*\\] + 2a„('jf(x n ) -Ax*,J(y„ - x*)) 
= (1 -a n ^) 2 \\x n -x*\\ 2 + 2a n (^f(x n ) - Ax* , J(y n - x*)). 

On the other hand, by Lemma 2.5, we compute 

\\x n+ i-x*\\ 2 = \\j n (x n -x*) + (1 ~~f n )(Sy n -x*)\\ 2 

< Jn\\x n - x*\\ 2 + (1 -j n )\\Sy n -x*\\ 2 

< ln\\X n - X*\\ 2 + (1 -J n )\\y n -X*\\ 2 

< Jn\\x n -x*\\ 2 + \\y n -x*\\ 2 

< Jn\\x n - x*\\ 2 + (1 - a n ^) 2 \\x n -x*\\ 2 + 2a„('yf(x„) - Ax*,J(y n - x*)) 
= (1 + 7„ - 2a„7 + a^7 2 )||x„ -x*\\ 2 + 2a n (jf(x n ) - jf(x*), J(y n - x*)) 

+2a n (~ff(x*) - Ax*,J(y n - X*)) 

< (l+7n -2a„7 + a^7 2 )||x„ -x*|| 2 + 2a n 7a||a; rl - x*\\\\y n - x*\\ 
+2a n (jf(x*) - Ax*,J(y n -X*)). 

It follows from (3.19), that 

||ar„_|_i - x* || 2 < (l + 7„ - 2a„7 + a 2 7 2 )||a; n - x*|| 2 + 2a„7a||a;„ - .t*|| 2 + 2a 2 7a||7/(x„) - Ac*||||a;„ - x* 

+2a n (~ff(x*) - Ax*,J(y n - x*)) 
< [1 - 2a„(7 - 7a)]||x n - x*\\ 2 + ( 7 „ + a 2 7 2 )||a; rl - x*\\ 2 + 2al"/a\\-/f(x n ) - Ax*\\\\x n - x*\ 
+2a n (~ff(x*) - Ax*,J(y n -x*)). 

(3.20) 
Then (3.20) reduced to formula 

\\x n+1 - x*\\ 2 < (1 -a n )\\x n - x*\\ 2 +a n b n , 

where a n := 2a n (7 — ja) and 



1 



In 

La„7 2 )||a; n - x*\\ 2 + 2a n ja\\jf(x n ) - Ax*\\\\x„ -x*\\ + 2(7/(2;*) -Ax*,J(y n -x*)) 

CXri 



2(7-7a)L ^ 

By conditions (CI), (C4) and noting (3.18), it easy to seen that Yln=i a « = °° arLC ^ ^ an su Pn->oo b n < 0. By 
Lemma 2.6, we conclude that lirrin^co \\x n — x*\\ = 0. This completes the proof. D 

Corollary 3.2. Let X be a uniformly smooth, uniformly convex Banach space which admits a weakly sequen- 
tially continuous duality mapping J from X into X* , C be a closed convex subset of X such that C ± C C C. 
Let S be nonexpansive mappings from C into itself such that F :— F(S) ^ 0, / be a contraction mapping with 
the coefficient a G (0, 1) and A be a linear bounded self-adjoint operator with the coefficient 7 > such that 
< 7 < — . Let {a n }™ = i) {/3n}^Li an d {jn}^Li be the sequences in (0, 1). Assume the following conditions 
are hold: 

(CI) lim^oo a„ = 7 X^=i a « = °°; 
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(C2) lim„^ 00 n = 0; 

(C3) < liminfn^oo j n < limsup^^ j n < 1; 

(C'4) ln = 0{a n ). 

Then the sequence {x n } defined by 

x\ G C chosen arbitrarily; 

Vn = CtnlfiXn) + $nX n + ((1 - n )I - a n A)x n ; 

x n+ i = 7„x„ + (1 - -f n )Sy n , Vn > 1, 
converges strongly to fixed point x* where x* is the unique solution in F of the variational inequality (3.2). 

Proof. Taking S = J, in (3.2), we get desired conclusion easily. □ 

Remark 3.3. By the conditions (CI) and (C2), in Corollary 3.2, we get the assumption lini„_ ; . 0O \\x n — y n \\ = 
is obvious. Therefore, we can be dropped. 

Corollary 3.4. Let X be a uniformly smooth, uniformly convex Banach space which admits a weakly sequen- 
tially continuous duality mapping J from X into X* , C be a closed convex subset of X such that C ± C C C. 
Let T be nonexpansive mappings from C into itself such that F(T) is a nonempty compact subset, f be a 
contraction mapping with the coefficient a G (0, 1) and A be a linear bounded self-adjoint operator with the 
coefficient 7 > such that < 7 < -. Let {a n \ c ^' =1 , {fin}"^^ an d {ln}n°=i be the sequences in (0, 1). Assume 
the following conditions are hold: 

(CI) limbec a n = 0, Y^=i a « = °°-' 

(C2) lim„^ co p n = 0: 

(C3) < liminf^oo j n < limsup„^ 00 j n < 1; 

(C'4) ln = 0{a n ). 

Then the sequence {x n } defined by 

Xi G C chosen arbitrarily; 

Vn = CtnlfiXn) + PnX n + ((1 - /3 n )I - Ci n A)Tx n ; 
Xn+1 = JnX n + (1 - InjVn, Vn > 1, 

converges strongly to fixed point x* where x* is the unique solution in F of the variational inequality (3.2). 

Proof. Taking T = I, in (3.2), we obtain desired conclusion easily. □ 

Remark 3.5. By the conditions (CI) and (C2), in Corollary 3.4, we get the assumption linin^co \\x n — y n \\ = 
is obvious. Therefore, we can be dropped. 
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4 Applications to Optimization Problem 

Let X be a uniformly smooth which admits a weakly sequentially continuous duality mapping J from X into 
X* , C be a closed convex subset of X, A be a strongly positive linear bounded operator with a constant 7 > 
and T : C — > C be a nonexpansive mapping. In this section we will utilize the results presented in Section 3 to 
study the following optimization problem: 

mm l -({Ax,J{x))-h{x)), (4.1) 

where F(T) is the set of fixed points of T in C and h : C — > R is a potential function for 7/ (i.e., h'(x) — 
■yf(x),x € C), where / : C —¥ C is a contraction mapping with coefficient a <G (0, 1). We have the following 
theorem. 

Theorem 4.1. Let X be a uniformly smooth which admits a weakly sequentially continuous duality mapping 
J from X into X* , C be a closed convex subset of X such that C ± C C C. Let T be nonexpansive mappings 
from C into itself such that F :— F{T) 7^ 0, / be a contraction mapping with the coefficient a <E (0, 1) and 
A be a linear bounded self-adjoint operator with the coefficient 7 > such that < 7 < — . Let {a n }'^L 1 and 
{/^n}^Li ^ e ^ e sequences in (0,1). Assume the following conditions are hold: 

(CI) linirwoo a n = 7 J2^=i a n = °o; 
(C2) lim„^ co (3 n = 0; 

Then the sequence {x n } defined by 

{X\ G C chosen arbitrarily, 
x n +i = a n lf{x n ) + P n x„ + ((1 - /?„)/ - a n A)Tx n , 

converges strongly to fixed point x* where x* is the unique solution minimal point of optimization problem (4.1). 

Proof. Taking 7„ = in Corollary 3.4. Hence, we get desired conclusion easily. □ 
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Abstract: Recently several authors studied the g-extension of Euler numbers and 
polynomials (see [1-12]). In this paper we observe the behavior of complex roots 
of the (h, q) -Euler polynomials En,q(x), using numerical investigation. By means of 
numerical experiments, we demonstrate a remarkably regular structure of the complex 
roots of the (h, g)-Euler polynomials En,q(x). Finally, we give a table for the solutions 
of the (h, g)-Euler polynomials En,q(x). 
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1. Introduction 

In the 21st century, the computing environment would make more and more rapid 
progress. Using computer, a realistic study for new analogs of g-Euler numbers and 
polynomials is very interesting. It is the aim of this paper to observe an interesting 
phenomenon of 'scattering' of the zeros of the (h, g)-Euler polynomials E n , q {x). The 
outline of this paper is as follows. In Section 2, we study (/i,g)-Euler polynomials 
En,q(x). In Section 3, we describe the beautiful zeros of the (h, g)-Euler polynomials 
En,q(x) using a numerical investigation. Also we display distribution and structure 
of the zeros of the the (h, g)-Euler polynomials En,q( x ) by using computer. Finally, 
we carried out computer experiments for doing demonstrate a remarkably regular 
structure of the complex roots of the (h, g)-Euler polynomials E n>q (x). First, we 
introduce the Euler numbers and Euler polynomials. The Euler numbers E n are 
defined by the generating function: 

F(t) = 7TT = $:^, cf. [1-12] (1.1) 

rz=0 

where we use the technique method notation by replacing E n by E n (n > 0) symboli- 
cally. We consider the Euler polynomials E n (x) as follows: 

o °° -in 

F(*,t) = — e - = 5> n (*)-. (1.2) 

n=0 
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2. The (h, g)-Euler numbers and polynomials 

Let q be a complex number with |g| < 1. By the meaning of (1.1) and (1.2), let 
us define the (h, g)-Euler numbers En,q and polynomials En,q(x) as follows: 

n=0 

o °° j.n 

*2 h) 0M) = -ttxt 6 * = E^S^V ( 2 - 2 ) 

n=0 

The following elementary properties of (h, g)-Euler numbers En,q,w and polyno- 
mials En,q, w (x) are readily derived from (2.1) and (2.2). We, therefore, choose to omit 
the details involved. 

Proposition 1. For any positive integer n, we have 



^M = £(fK 



(h) n-k 
q X 



Proposition 2 (The several values). 

pW, x _ 2 {h) _ 2(-q h + x + q h x) 

^o, q K x ) - ^ _j_ h > ^i,q K x ) - n +q h\2 ' 

t h) 2(-q h + q 2h - 2q h x - 2q 2h x + x 2 + 2q h x 2 + q 2h x 2 ) 



l + q h 



Proposition 3 (Differential relation). 



d_ 
dx 



Ei h) q (x)=nEi h \ q (x). 



Proposition 4 (Integral formula). 

'Ei\(x)dx = hEi h l(b)-E%l(a)). 



Theorem 5 (Addition theorem). 



n—k 



E^(x + y) = J2[i £ ) E i>)y 



Theorem 6 (Distribution relation). For m is an odd positive integer, we have 

m— 1 / 

(h) fa + x 



iri—L / 

E n>q (x)=m n J2(-^) a <l ha E { n h ^( 

a=0 ^ 



III 
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Theorem 7(Difference equation). 

q h Ei h l(x + l)+EW(x)=2x n . 

Theorem 8(Theorem of complement). 

E%l(l + x) = (-l)^-^_ l( _ x)) e^(1-x) = (-iTq-'E^ix). 
3. Distribution and Structure of the zeros 

In this section, we investigate the zeros of (h, g)-Euler polynomials En y q(x) by 
using computer. Let q be a complex number with < q < 1. We plot the zeros of 
E { n h) q {x),xe C for q = l/2(Figures 1, 2, 3, and 4). 



Im(x) 



• • 



lm(x) o 



-4-2 2 4 6 




Re{x) 



Re(x) 



,(2) 



(1) 



Figure 1: Zeros of Ej^Jx) Figure 2: Zeros of i%| g (x 



/m(x) 






lm(x) o 



-4-2 2 4 6 

«e(.t) 




,(6) 



(8) 



Figure 3: Zeros of E^Jx) Figure 4: Zeros of E2 5q (x) 
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Im(x) o 




lm{x) a 




(20), 



Figure 5: Zeros of i% q {x) 



(30), 



Figure 6: Zeros of i% i{x 



Im(x) o 




Im{x) o 




(40), 



Figure 7: Zeros of i% i (x) 



(50), 



Figure 8: Zeros of E^^Oe 



Next, we plot the zeros of E { 2 l] q (x),x G C for q = 1/2, /i = 20, 30, 40, 50. (Figures 
5, 6, 7, and 8). 

Stacks of zeros of En, q (x), q = 1/2 for 1 < n < 25 from a 3-D structure are pre- 
sented(Figure 9). In Figures 1-9, En,q(x),x G C, has Im(x) = reflection symmetry. 
This translates to the following open problem: Prove or disprove: En,q(x),x G C, has 
Im{x) = reflection symmetry. Plot of real zeros of E n) q(x) for 1 < n < 25, h = 
5,g = 1/2,4/5 structure is presented(Figure 10). Plot of real zeros of En,q(x) for 
q — > 1,1 < n < 25 structure is presented(Figure 11). In Figure 10(left), we choose 
q = 1/2. In Figure 10(right), we choose q = 4/5. Observe that the structure of 
the zeros of the Euler polynomials E n (x) resembles the structure of the zeros of the 
(h,q)-Eu\er polynomials En t q(x) as q —> 1 (see Figures 10, 11). Our numerical results 
for numbers of real and complex zeros of En,q(x) are displayed in Table 1. 
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Imi^jc') 




Re^x) 



Figure 9: Stacks of zeros En,q(x), q = 1/2 for 1 < n < 25 
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,(3) 



Figure 10: Real zeros of E ( n %(x) for q = 1/2, 4/5, 1 < n < 25 



Table 1. Numbers of real and complex zeros 


of E ( n :>(x) 


degree n 


q 


= 1/2 


1 


= 1/5 


real zeros 


complex zeros 


real zeros 


complex zeros 


1 


1 





1 





2 


2 





2 





3 


1 


2 


1 


2 


4 


2 


2 


2 


2 


5 


3 


2 


1 


4 


6 


4 


2 


2 


4 


7 


3 


4 


3 


4 


8 


4 


4 


2 


6 


9 


5 


4 


3 


6 


10 


4 


6 


2 


8 
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• • • • • 

• • • • • 

• • • 






-20 



10 



-3-2-101234 

Re{x) 
Figure 11: Real zeros of En,q(x) for q — > 1 and 1 < n < 25 



We calculated an approximate solution satisfying En^(x),q 
results are given in Table 2. 

(3), 



1/2, x e R. The 



Table 2. Approximate solutions of En,q(x) — 0, q — 1/2 



degree n 


X 


1 


0.11111 


2 


-0.20316, 0.42538 


3 


0.75568 


4 


0.07253, 1.0724 


5 


-0.4442, 0.38304, 1.3709 


6 


-0.5578, -0.3070, 0.6968, 1.6501 


7 


0.011118, 1.0111, 1.9096 



We shall consider the more general open problem. In general, how many roots 
does En,q(x) have? Prove or disprove: En,q(x) has n distinct solutions. Find the 
numbers of complex zeros C w (h), , of Enl{x),Im(x) ^ 0. Prove or give a counterex- 
ample: Conjecture: Since n is the degree of the polynomial En,q(x), the number of 
real zeros R F (h), , lying on the real plane Im(x) = is then R„(h),_ s == n — C „(h 



E^'Jx) 



K,l(*) 



E { r!:l(xy 



where C„(w, . denotes complex zeros. See Table 1 for tabulated values of R„<h), , 

Ek,q(x) ^ E n,<l( x ) 

and C E (h), y We plot the En,q{x), respectively (Figures 1-11). These figures give 
mathematicians an unbounded capacity to create visual mathematical investigations 
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of the behavior of the roots of the En,q{x). Moreover, it is possible to create a new 
mathematical ideas and analyze them in ways that generally are not possible by hand. 
The author has no doubt that investigation along this line will lead to a new approach 
employing numerical method in the field of research of the (h, g)-Euler polynomials 
En,q(x) to appear in mathematics and physics. For related topics the interested reader 
is referred to [7-12]. 



O x > 



Ox) 





k:>> 




£:::;,(*) 




Figure 12: Zero contour of E n 



CO 



The plot above shows En,q for real —9/10 < q < 9/10 and —2 < x < 2, with 
the zero contour indicated in black (Figure 12). In Figure 12(top-left), we choose 
n = 1 and h = 3. In Figure 12(top-right), we choose n = 2 and h = 3. In Figure 
12(bottom-left), we choose n = 3 and h = 3 . In Figure 12 (bottom-right), we choose 
n = 4 and h = 3. 
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Some conditions for subsequential convergence 
and ordinary convergence 

Ibrahim Qanak* Umit Totur 
February 8, 2011 



Abstract 

In this paper, we obtain certain conditions in terms of the regularly 
generated sequences under which (it n ) converges subsequentially or con- 
verges. 

Keywords: Slow oscillation, moderate oscillation, regularly generated sequence, 
general control modulo. 

1 Introduction 

Throughout this paper cq and 1^ denote the space of sequences converging to 
zero and the space of bounded sequences, respectively. Let (u„) be a sequence 
of real numbers. If (u n ) converges, then (Au n ) = (u n — u n -i) G Co- That 
the converse is not necessarily true is clear from the example of the sequence 
(logn). Since (Au n ) G Co is a necessary condition for convergence of a sequence 
(u„), we pose the following question: Under which condition(s) may we obtain 
some information on the behavior of (u n ) satisfying (Aw n ) G cq or its general- 
izations? In the case where (u n ) is bounded together with (Aw„) G Co, we only 
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have convergence of some subsequences of (u n ). This suggests a new kind of 
convergence. 

A sequence u — (u n ) is subsequentially convergent [1] if there exists a finite 
interval I(u) such that all accumulation points of u — (u n ) are in I(u) and every 
point of I(u) is an accumulation point of u = (u n ). Equivalently, for every 
r G I(u) there exists a subsequence (u n (r)) °f ( u n) such that lim„/ r ) u n t r ) = r - 

Bolzano- Wcierstrass theorem [2] states that every bounded sequence pos- 
sesses at least one accumulation point. However there are some bounded se- 
quences such as (sin(logn)) whose accumulation points lie on a finite interval 
and all points in this interval are accumulation points of the sequence. It is clear 
that subscqucntial convergence implies boundedncss by definition of subsequen- 
tial convergence. However the converse is not generally true. The example of a 
bounded sequence which is not a subsequential convergent is ((—1)™). 

Let C be any linear space of sequences and A be a subclass of C If 



a. 



fc=i 



for some a = (a n ) G A, we say that the sequence (u n ) is regularly generated 
by the sequence (a n ) and (a n ) is called a generator of (u n ). The class of all 
sequences regularly generated by the sequences (a„) in A is denoted by U(A). 
For each integer m > 1, define the class A^ m ' — {(a„ )|a„ = X^fc=i ~ k ~k — }; 
where (a„ ) := (a n ) G A. Let u = (u n ) G C. If 

n (rn) 

u -a {m) ^" 



Y.\- m 



k=l 



for some a^" 1 ' = (a," 1 ') G A^ m \ we say that the sequence (u n ) is regularly 
generated by the sequence (a„ ) and (a„ ) is called a generator of (u n ). The 
class of all sequences regularly generated by the sequences (a,™ ) in A^ is 
denoted by U{A^ m ^). The class U(A^ ) is the class of all sequences regularly 
generated by the sequence (a„ ) where Aa — (Aa„) G A. 

The classical control modulo of the oscillatory behavior of (u n ) is denoted 
by LOn (u) = nAu n , where Au n = u n — u n _i and U-\ =0. The general control 
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modulo of the oscillatory behavior of integer order m > 1 of a sequence (u n ) 
is defined inductively in [1, 3] by w„ '(u) = w„ (u) — <7 rj ,(c</ m ~ 1 -' (w)) , where 

The Kronccker identity 

u n -a n (u) = V(°\Au), (3) 

where Vn ( Au) = -^-j- X)fe=o kAiik is well known and used in the various steps 
of proofs. Since arithmetic means of (u n ) can be also expressed as 

a n {u) = u + 2^ -*-A ^, 

fc=i 

we may write (3) as 

r(0), 



^-.A..,^ 



fc = l 

For a sequence (u„) and for each integer m > 1 define 

(nA) m u„ = nA((nA) m _iti„), 

where (nA)o« n = w« and (nA)i«„ = nAu„. It is proved in [4] that for each inte- 
ger m > 1, wi m) (w) = (nA) m T4 (m_1) (Aw), where T4 (m ~ 1} (Au) = cr„(F( TO - 2 )(Aw)). 
A sequence u — (u n ) is slowly oscillating [1, 3] if 

lim limsup max \v,k — u n \ = 0, 

A^l + n-s-oo n+l<fc<[An] 

where [An] denotes the integer part of An. The class of all slowly oscillating 
sequences is denoted by S. 

Dik [3] proved that necessary and sufficient conditions for slow oscillation of 
(tin) are (K (0) (Aw)) e S and (V^ 0) (Au)) e l x . 

The fact that the bounded slowly oscillating sequences are subsequentially 
convergent follows from the definition. The sequence (sin(J^ =1 -^§— )) are sub- 
sequential convergent, but it is not slowly oscillating. 

The following definition is a generalization of the concept of slow oscillation. 
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A sequence u = (u n ) is moderately oscillating [1, 3] if for A > 1, 
Km sup max \v,k — u n \ < oo, 

ri—>oo n+l<k<[\n] 

where [An] denotes the integer part of An. The class of all moderately oscillating 
sequences is denoted by M.. 

Dik [3] proved that (Vn (Aw)) <G 1^ and (a n (u)) e 5 for a moderately 
oscillating sequence u — (u n ). 

The example of a moderately oscillating sequence that is not slowly oscillat- 
ing is the sequence (u n ) defined by 

1, n = 2 fc ,/c = 1,2,... 

-1, n = 2 fe + l,fc = 1,2,... • 

0, for other value of n 

Stanojevic [5] showed that if (S n (a)) — (J22=i a k) *= $> then (X}/t=i it) 
converges. Weakening the sufficient condition for convergence of (X)fe=i Tir) m 
Stanojevic's theorem [5], Qanak et al [6] proved that (u n ) converges subsequen- 
tially or converges depending on the conditions on the generator sequence (a n ) 
if (u n ) is regularly generated by (a n ) and (S n (a)) € M.. Recently, Totur and 
Qanak [9] generalized that Qanak et al [6] given above-mentioned conditions 
and proved that («,„) converges subscqucntially or converges depending on the 
conditions on the generator sequence (o4 ) if (u n ) is regularly generated by 
{at ] ) and {S n (a^)) e M. 

The purpose of this paper is to obtain sufficient conditions for (u n ) regularly 
generated by a sequence (a» ) in the class MS m > or Ai^ 1 to be subsequential 
convergence or convergence. 

2 Results 

The following theorems provide sufficient conditions in terms of regularly gen- 
erated sequences for subsequential convergence and convergence of {u n ). 



CANAK, TOTUR: SUBSEQUENTIAL AND ORDINARY CONVERGENCE... 470 



Theorem 2.1 Let (u n ) G U(Ai^ 1 ) be regularly generated by (a„ ) for some 
integer m > 0. If (S n (a^ m ')) G M., then (u n ) converges sub sequentially. 

Theorem 2.2 Let (u n ) G U(M.( m ^) be regularly generated by (a„ ) for some 
integer m > 0. If (S n (a i - m ')) G M., then (u n ) converges. 

We notice that if (u n ) is regularly generated by a sequence (a„ ) and 
(>S n (a( m ))) € M., we only recover subsequential convergence of (a n (u)) instead 
of subscqucntial convergence of (u n ). It follows from the definition of subsequen- 
tial convergence that if (u„) is subsequential convergent, then so is (o~ n (u)). But 
the converse is not true in general. For example, the sequence (u n ) defined by 
u n = X)fc=o(~ -0 * s n0 ^ subsequential convergent, but (o~ n (u)) is subscqucntial 
convergent. 

We need the following lemmas to prove Theorem 2.1 and Theorem 2.1. 

Lemma 2.3 [1] If (u n ) G l^ and (Au n ) G c , then (u n ) converges subsequen- 
tially. 

Lemma 2.4 [7] Let (o~ n (u)) converge to s. If (u n ) G S, then (u n ) converges to 

s. 

Lemma 2.5 [6] If (S n (a)) G M., then (X^^Li ~) converges. 

Lemma 2.6 [6] If (Y^ik=i jr) converges, then (a n (a)) G cq 

The following Lemma is a slightly altered version of Lemma 3.1 in [8]. 

Lemma 2.7 Let C be any linear space of sequences and let (u n ) G C. If (u n ) G 
U{A^ m >) for m > integer, then (nA) m Vn (Au) = a n , where (a n ) G A. 



Proof. If (u n ) G U{A {m) ), it follows that 

k 



u n = a4 m) + ^2 ~^u~ ' m>0 integer, (4) 






for some (al ) G A^ m '. We obtain from (4) that 

nA« n = nAai m) +a[ m) . (5) 
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Subtracting (5) from arithmetic means of (5), we have nAu n — Vn (Ait) = 
nAan . From the last identity we obtain that nAVw (Aw) = a„ . By 
repeating the same reasoning, we have (nA) m Vn (Au) = a n = a n . 

3 Proofs 

Now we are ready to prove the main theorems. 
Proof of Theorem 2.1. 

We know from [3] that (5„(a^)) € M implies 

(K (0) (AS„(a (m) ))) = (K (0) (" (m) )) € loo- (6) 

By writing S n {otS m >) in place of u n in (3) and then taking the backward difference 
of both sides of the resulting identity, we get 

a M _ Vn {a ) = (0) (m) 
n 

From (6) and (7), we obtain that (aJT ) € Zoo- From Lemma 2.5 applied to 
(^(a^" 1 ^)) e M and from (4), we have 

(u n )eloo. (8) 

Since (u„) e {/(.M^ ) for some positive integer to > 0, we obtain 
(A(nA) TO V„ (Aw)) £ M by Lemma 2.7. Taking arithmetic means of both 
sides of last result, we obtain 

(A(nA) m ^V^(Auj)eS. 
Again taking arithmetic means of both sides of the last result we obtain 

(A(nA) m _ 2 Vv^(A u ))eS. 
Continuing in this vein, we get (A(nA) V^ 0) (Au)) = (AK (0) (Au)) e S. Taking 



arithmetic means in the last result gives 

TA\r'(Au ) \ = [- 
n 



K(AV(°)(A U ))) = (l±AV^(Au)) = (V^IM) € Co 



fe=i 
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by (8). From Lemma 2.4 it follows that (AV,i (Aw)) <G cq. From the identity 

r(0), 



Au 



n 



and (8), we have 

(Au„) G c . (9) 

From (8) and (9), we obtain by Lemma 2.3 that (u n ) converges subsequcntially 

Corollary 3.1 Let (u n ) G U(S^ 1 ) 6e regularly generated by (a„ m ) /or some 
integer m > 0. If (S n (a^ m ')) G .M, t/ien («„) converges sub sequentially. 

Proof. Assume that (u„) G U(S^ ). From this it can be obtained that 
(A(nA) rn ,y T i '(Au)) G 5 by Lemma 2.7. Taking arithmetic means of both sides 
of the last result, we obtain (A(nA) TO _iV^ (Au)) G 5. The rest of the proof 
is as in the proof in Theorem 2.1. 

Corollary 3.2 Let (u n ) G U(Sa) be regularly generated by (a n ). If (S n (a)) G 
A4, i/ien (u„) converges sub sequentially. 

Proof. Take m = in Corollary 3.1. 
Corollary 3.2 is Theorem 2.1 in [6]. 
Proof of Theorem 2.2. 

Since (u n ) G C/(Al( m )), wc obtain ((nA) m F„ (0) (Au)) G 7W by Lemma 2.7. 
This implies that 

((nA) m V^(Au))eS. (10) 



Since (S n (cr m ))) G .M, Efc=i "fc - ) converges by Lemma 2.5. From Lemma 
2.6 it follows that (o"„(a^ m ^)) G Co- Therefore from (2), we obtain that (<r n (u)) 
converges. By Kronecker identity applied to the sequence (o~ n (u)), we have 
o~ n {u) — o~ n {o~(u)) = Vn (Aw) and from this identity we find that (Vn (Au)) G 
cq. It can be easily concluded that 

((nA) m T/i m+1 )(Au)) = K(oV m) H))) € co (11) 
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for each m > 0. Taking into consideration (10) and (11), we have 
((nA) m V„ (A«)) G Co by Lemma 2.4. By the identity 

(nA) m V^(Au) - (nA) m _ 1 yi m - 1 )(A U ) - {nA) m ^V^ m \Au), 

we have ((nA) m _iKi (Au)) G Co- Continuing in this vein, we see that 

(nAK (1) (Au)) G c . Since (K W (Au)) G c and nAV 7 [ 1] {Au) = V„ (0) (Am) - 
Vn (Am), it follows that (Vn (Au)) G co. By the Kronecker identity we obtain 
(u n ) G S. Since (o~ n (u)) converges, we have by Lemma 2.4 that (u n ) converges. 

Corollary 3.3 Let (u n ) G U(S^ m ') be regularly generated by (an ) for some 
integer m > 0. If (S n (a^ m ')) G M., then (u n ) converges. 

Proof. Assume that (u n ) G [/(iS*-" 1 '). From this it can be easily obtained that 
((nA) m Vn (Am)) G S by Lemma 2.7. Therefore it is seen that 
((nA) m Vn (Au)) G S. The rest of the proof is as in the proof in Theorem 
2.2. 

Corollary 3.4 Let (u n ) G U(S) be regularly generated by (a n ). If (S n (a)) G 
M, then (u n ) converges. 

Proof. Take m = in Corollary 3.3. 
Corollary 3.4 is Corollary 3.2 in [6]. 
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APPLICATION OF SUMUDU AND DOUBLE SUMUDU 
TRANSFORMS TO CAPUTO-FRACTIONAL DIFFERENTIAL 

EQUATIONS 

F. JARAD AND K. TAS 



Abstract. The definition, properties and applications of the Sumudu trans- 
form to ordinary differential equations are described in [1-3]. In this manu- 
script we derive the formulae for the Sumudu and double Sumudu transforms of 
ordinary and partial fractional derivatives and apply them in solving Caputo- 
fractional differential equations. Our purpose here is to show the applicability 
of this new transform and its efficiency in solving such problems. 



1. Introduction and Preliminaries 

The Sumudu transform introduced by the Watugala [2 [5| can be used for solv- 
ing ordinary and partial differential equations both in ordinary and in fractional 
sense. For more of Sumudu properties and applications, see F.B.M.Belgacem et al 
[5] and D.Loonker et al [6]. 

Some advantages of the Sumudu transform over the Laplace transform are listed in 
the following; 

• the ability to use the same physical units to measure f(x, t) and F(u, v) = 
S{f(x,t)} 

• the equality of f(x,t) and S{f(x,t)} for the constant functions 

• the similarity between the function f(x,t) in the (x,t) domain and the 
resulting function S{f(x,t)} in the (u,v) domain 

• the scaling property, that is S{f(bx,ct)} = F(bu,cv) in the (u,v) domain. 

• the limit of f(t) as t tends to zero is equal to the limit of F(u) as u tends 
to zero. 

In the paper of the Weerakoon [3] , Sumudu transform applications to partial 
differential equations are given and Watugala [5] extended the transform to two 
variables with emphasis on solutions to partial differential equations. 
For a function of one variable f(t) which is of exponential order, 

i/wi<(" e ! »; s ° (1.D 

[ Me T 2 if t > 
the Sumudu transform, is defined by the integral equation 

/>00 

F(u) = / /(ut)e _t di, n < u < r 2 , (1.2) 

Jo 
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where M is a real finite number and T\ and r 2 can be finite or infinite [2] . Before we 
prove the main results we provide the following lemma for the existence of Sumudu 
transform of one variable. 



Lemma 1. (cf. \Q) If f is of exponential order, then its Sumudu transform F(u) — 
S{f(t)} exists and is given by 

/>oo />oo 

F(u) = / fiu^e-'dt = / f(t)e-idt, n<u< r 2) (1.3) 

Jo Jo 



where M is a real finite number and t\ and r 2 can be finite or infinite. 
Below, we present theorems which we use 



Theorem 2. 7\ If f(t) and g(t) are of exponential order (l.l)and F(u) and G(u) 
are the Sumudu tranform of f(t) and g(t) respectively, then 

S{f(t) * g(t)}(u) =sU f(r)g(t - r)dr)| (u) = uF(u)G(u). (1.4) 



Theorem 3. 4, 8| If f^ n '(t) is of exponential order (1.1), then the Sumudu trans- 
form of the n'th derivative of f is given by 



n-l 



S{f {n) {t)}{u) = u- n [F{u) - 5> fc / (fc) (0)]. (1-5) 



k=0 



The Sumudu transforms of functions of two variables were also discussed, and 
the Sumudu transforms of their partial derivatives are given in [21 131 [H] ■ 

J.M.Tchucnche and N.S.Mbare [9j defined the double Sumudu transform of a 
function of two variables as; 

Let f(x,t);x,t G M + be a function which can be expressed as a convergent 
infinite series, then, its double Sumudu transform is given by 

F(u, v) = S t S x {f(x 7 t)}(u, v) = S t {S x {f(x, t); x ->• u}; t ->• v} 

1 f°° _» 
— St{— / e " f(x,t)dx;x — > u} 

uJo 



OO /-OO 



= — / / e-(- + S) f(x,t)dxdt 

uv Jq Jo 

We also have to mention the following results of [9]: 

Let f(x,t);x,t £ R + be a function which can be expressed as a convergent 
infinite series, then 

S t S x {f{ax)g{bt); (u,v)} = F(au) - G(bv) and 
S t S x {f(ax,bt); (u,v)} = F(au,bv). 

The Fractional calculus which is the generalization of ordinary differentiation and 
integration to arbitrary is as old as the usual calculus. The fractional derivatives 
have been used in many fields of science in the last decades [THl HU Q21 H3J • 

Below we present some basic definitions related to fractional derivatives. 
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The Left Riemann-Liouville Fractional Integral and The Right Riemann-Liouville 
Fractional Integral are defined respectively by 

J a fit) = ^ [\t - r) a -V(T)dr, (1.6) 

r(a) y a 

ib.f(t) = rL [ (r- tr-'mdr, (i.7) 

r(a) J t 

where en > 0, n— 1 < a < n. Here and in the following T(a) represents the Gamma 

function. 

The Left Riemann-Liouville Fractional Derivative is defined by 

• c °« f »"r(^j(l)"r (t - T) °"°" /(r)<!T ' (L8) 

The Right Riemann-Liouville Fractional Derivative is defined by 

D ^ = W^)(-It) J t (r-tr-^f(T) d T, (1.9) 

The fractional derivative of a constant takes the form 

a D a C=C^^-. (1.10) 

1 (1 — a) 

and the fractional derivative of a power of t has the following form 

a D" { t-af = no + W-a)'-^ (Ln) 

a v ' T((3-a + l) ' v ' 

for /?> -l,a>0. 

The Caputo's fractional derivatives are defined as follows: 

The Left Caputo Fractional Derivative 

« D< *'<" = rjib) /.'« - r) '"" (s)" '">*• (L12) 

and 

The Right Caputo Fractional Derivative 

C DU{t) = ^—, Ar-tr— 1 f-#y l /(r)dr, (1.13) 



r(n — a) J t \ dr / 

where a represents the order of the derivative such that n— 1 < a < n. By definition 
the Caputo fractional derivative of a constant is zero. 

The left Riemann fractional integral on the half-axis is defined by 

Io+.f(t) = -L jT(* " rr-\f(r)dT. (1.14) 

The Left Riemann-Liouville Fractional Derivative on the half-axis is defined by 

D5J(t) = ^ (£)" jf (. - r)— -VM*. (1.16) 



The Left Caputo Fractional Derivative on the half-axis is defined by 

™T"^ A*-r)»— x ff 



^S+ZW = ^-^ fit-rY-"- 1 (j- ) /(, ),/,-. (l.K,) 
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Similarly, the partial fractional integrals and derivatives of f(x, t), on the half-axes 
can be defined as 

o+ISfix, t) = -L [ X (x - sT-'fis, t)dr, (1.17) 

r (a) Jo 

o+if /(*, t) = =^r / (i - r)"" 1 /^, r)c*r, (1.18) 

0+ I? 0+ ISf(x,t) = 



f ^ ) fj\t-rf-Hx-s)^f{s,r)d« t r 1 (1.19) 

o+A a /(»,*) = r(n 1 _ a) (^) j\t-T) n - a - l f(x,r)dr, (1.21) 

o+Df 0+ D«f(x,t) = 

1 am+n ft i-x 

—, ^ r " - / / (i-r) m - /J - 1 (a;-s)"- a - 1 /(s,T)d S dT, (1.22) 

1 r x f f) 



kW(*, *) = W ^ ) J q (x - -J— 1 (^ j /(a, «)*, (1-23) 

&*>?/(*,*) = j^y /*(t-r)»— (^"/M^ (1.24) 



Z + D?c + D«f(x,t) = 



1 I {t-TT-^ix- S y-^——f{s,T)dsdT, (1.25) 



r(m - /3)r(n - a) Jo Jo <9r m <9s 

where m — 1 < /3 < m. 

2. The Sumudu Transform of Fractional Integrals and Derivatives 

Before we present the existence of the Sumudu transform, we give the following 
lemmas: 



Lemma 4. Let f(t) £ Li(fi,b), b > 0, such that f satisfies (1.1). Then i§j_/(t) 
also satisfies \1. 1\ ). 

For the proof we refer to lemma 7.1 11]. The Sumudu transform of the fractional 
integral and derivatives are presented in the following theorems; 

Theorem 5. Let f satisfy the conditions of the previous lemma [A Then the 
Sumudu transform of I§,f{t) exists and 

S{l% + f{t)}{u)=u a F{u). (2.1) 
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Proof. From (1.14), clearly we have 



Thus, by using theorem [2] and the definition of the gamma function 

s {/§■+/(«)} (u) = ^sie-^sifit)} 

u a T(a)F(u) = u a F{u). 



T(a) 



Theorem 6. Let f satisfy (1.1) and f £ AC n ([0,b)). Th 



S {Dg + f(t)} (u) = u- a F(u) J2 w fe -Do+ fe-1 /(*) 



fc=0 



t=0 



Proof. Using (1.151, theorem [3] and theorem [51 we have 

S {DS + f(t)} (u) = sl.^I^ a f(t)\ («) 



ra-1 



* n - a nu)-J2u k ^(ifcy(t)) 



fe=0 



ra-1 



= u- a F(u)-Y,' 



k—n 



dt k 

.fc —n+ot+k 



t=0- 



fc=0 
n-1 



Do+ 



/(*) 



i=0 



"fh-x;**-*- 1 ^*- 1 /^) 



fc=0 



t=0 



Theorem 7. Let / £ C"(M+), /W e £i(0,6) and f satisfy fijp . Then 

n-l 



s{ c £>S f /(«)}H = «- Q 



F(u)- £>*/<*> (0) 



fc=0 



(2.2) 



(2.3) 
D 

(2.4) 



(2.5) 
D 

(2.6) 



Proof. The proof can be easily done by using theorem 3 and the fact that D^ + f(t) = 

r l + a f (n) (t). a 

Before we extend Theorem [7] to give the Sumudu transform of the partial Ca- 
puto fractional derivatives of a function of two variables f(x,t), we present the 
generalization of the Sumudu transform of the partial derivatives given in |2] . 

d i+j f(x,t) 
Theorem 8. Let — „ . ', „ ' — , z = 0,1,.., n, j = 0, 1, ..., m be of exponential order; 



#+*f(x,t) 



dPdx i 

3S I t 

< Me T i T 2 ; for some 



dPdx i 

M > 0, n > 0, t 2 > 0. Then 

1 dx n J 



97, 



S t S x {f(x, t)} - X uiS t S *i «i(°. *)> 



(2.7) 
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S t S A H7^ 1 = u 



Of" 






dP 



(2.8) 



StS w { ° J } ' ' } = v~ m u- n 
1 dt m dx n ' 



StS w {f(x,t)} 






i=l 



771—1 n— 1 

+ ££" 



dPdx 1 



dV 



(0,0) 



(2.9) 



j=0 i=Q 

In the following theorem we present the Sumudu transform of the partial frac- 
tional integrals. 

Theorem 9. If f(x,t) £ L x ((0,a) x (0,b)\a,b> and \f(x,t)\ < Me^ + ^ , for 

some M > 0, T\ > 0, r 2 > 0, then 

S t S x { +I"/(x,t)}, S t 5 x { o+if /(#,*)} and 

5 t ^{ o+4 Q /(^, *)} = u a S t S x {f(x, t)}, (2.10) 

5A{ o+/f f{x, t)} = w^S^/fo t)}, (2.11) 

S t S x { o+lf o+4 Q /(x, t)} - u a v^S t S x {f{x, t)}. (2.12) 

Proof. The proof of existence is analogous of the proof of lemma |4j To derive the 
formulas (2.101, (2.11) and (2.12) we use the Sumudu transform of the convolution 



with respect to x for the first, Sumudu transform of the convolution with respect 
to t for the second and the Sumudu transform for the double convolution for the 
third. □ 

Finally the Sumudu transform of the partial Caputo fractional derivatives are 
given in the following theorem 

Theorem 10. Let f(x,t) be a function with exponential order such that it has 
continuous partial derivatives on R + x R + and these derivatives are in L\ I (0, a) x 

(0,6)). Then 



S t S x {C + D a J{x,t)}=u- a 
S t S ;€ {° + D?f(x,t)]=v-? 1 



2=0 

m— 1 

F(u,v)- 5] v j Fj(u,0) 



3=0 



(2.13) 
(2.14) 



S t S x {° + D? &.D2f(x,t)} 



u - a v- 



F(u,v)-J2 uiF i&v) 



5>^-(u,0)+£5>V 



j=o 



j=0 i=0 



■ d i+j f 
J„..7 ■!_ 

dPdx 1 



4 = 



(0,0) 



(2.15) 



SUMUDU TRANSFORMS TO FRACTIONAL DE 



481 



where F(u,v) is the Sumudu transform of f(x,t), 

Fi(fl t v) = S t S x {^{0,t)} andF J (u,0) = S t S x {^(x,0)}. 

Proof. The proof can be done by using theorems [9] and [10] □ 

3. The Sumudu Transform Method for Solving Differential 
Equations with Caputo Fractional Derivatives 

Before we discuss the solutions of fractional differential equations, we give the 
Sumudu transform of the Mittag-LefHer and the Wright functions which are used 
to describe the solutions of such equations. The Mittag-Leffler function is defined 
PZBGIlby: 



E a At) = E 



fc=0 



T(ak- 



:Re(a) > 0. 



(3.1) 



The Sumudu transform of the function t? x E a ^(Xt) can be easily obtained as 



/Z 3 " 1 



S{te- 1 E a ^Xt)}(u) = Y _ Xiri 

The Wright function is defined [12] by 

t k 



W(t^0)=^ w ^ W) t,^C-,Re(a)>O. 



It is not difficult to check that 



S{t*- a/J W r (-^t- a/a i -a/2, k + 1- a/2)}(u) = u 



= « fc - Q / 2 f 



1/2 



X 



(3.2) 



(3.3) 



(3.4) 



In this section we consider the following equation: 

C D« + y(t) - Xy(t) = f(t), n-Ka<n 

y (fc) (0) = d fc ,fc = 0,l,...,n-l, 

where dk and A are constant. Applying the Sumudu transform to equation (3.5), 
we get 

u a ~ l F(u) 



(3.5) 



n-l 



H«) = E i 



d h - h 



k=0 



- Xu a 



1 - Xu Q ' 



(3.6) 



where Y(u) and F(u) are the Sumudu transform of y(t) and f(t) respectively. By 
using the convolution theorem^ and formula (3.2), one gets the solution 

n-l 



n-l „t 

y(t) = Y / d k t k E a , k+1 (Xt a )+ \ 
k=o J ° 



(t-T) a - l E a , a {X(t-TT)f{T))di 



(3.7) 



Now, we consider the following 2-dimensional diffusion-wave equation and solve 
it by using both Sumudu and Fourier transforms 



G n » 



%+D?z(x,t) = X 



2 d 2 z(x,t) 
dx 2 



i£l, t> 0, < a < 2, 



where 



d k z 



(x,0) = gk{x) k = 0, 1, ...,n— In— 1 < a < n. 



(3.8) 
(3.9) 
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Applying the Sumudu transform with respect to and using (2.6), one obtains 

n-l 



U - a Z{x,u)-X 



,d 2 Z{x,u) 
dx 2 



= J2u k - a g k (x), 



(3.10) 



fe=0 



Applying the Fourier transform with respect to x, one gets 



a/2 



n-l 



$ x {Z}(a,u) = —Y, 



,k-a AW 2 



;Sx{gk{x)} 



fe=0 



u, a ' 2 
~2A~ 






5> fc ~ Q ;Me~ ^^ }3x {9k (x) } 



(3.11) 



k=Q 



Thus, by using the known convolution theorem for Fourier transform we have 



Z(x,u) = ^-J2 uk ~ a 



-a/2. 



2A 



■9k(x). 



(3.12) 



fc=0 



Finally by using (3.4), we obtain 

n-l 



z{x,t) = ^ x Y J t k ~ a/2 W{-^--a/2,k + l-a/2)* x g k {x) 



fe=0 



1 ^ 



k-a/2 



2A 



fc=0 



AW 

^("^7^; ~ a / 2 > k + l - a/2)g k (s)ds. 



(3.13) 



For the following initial-boundary value problem, we utilize the double Sumudu 
transform. We consider the equation 

% + D*z{x, t) = \- ^ + D^z(x, t) x > 0, t > 0, 1< a < 2, < < 1, (3.14) 
A 

with the following conditions 



z(x, 0) = nxE a ^{-n a x a ) + c x > , 



(3.15) 



where c is a constant. The Sumudu transform of the conditions in (3.15) are as 
follows 



S t S x {z(0,t)} = S { c} = c, 

S t S x {^} = SA^E^-Xt?)} = j^ 

S t S x {z(x,0)} = S t S x {TrxE a , 2 {-Tr a x a )} = i+^+c. 



(3.16) 



If we apply the double Sumudu transform to (3.15), then by using the formulas 

(3.17) 



(|2.13|), (|2.14|) and (|3.16|) we get 

ITU 

1 + XvP 



Z(u, v) — c — 



^v-P 



X 



Thus, 



Z(u, v) = c + 



Z(u, v) c 

1 + 7T«U a 



1 



1 + TT a U a 1 + Xv' 3 

Applying the inverse Sumudu transform, we get the solution 
z(x,t) = c + TixE^i-^x^Ep^i-Xy 13 ). 



(3.18) 
(3.19) 
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It is clearly observed that 

lim z(x,t) = c + sm(Trx)e~ Xy . (3.20) 

(a,|8)-+(a,l) 

References 

[1] G.K. Watugala, Sumudu transform - a new integral transform to solve differential equations 

and control engineering problems. Int. J. Math. Educ, 24, 35- 43 , f 993. 
[2] G.K. Watugala, The Sumudu transform for functions of two variables , Math. Eng. Ind.,8 

(4), 293-302 , 2002. 
[3] S. Wccrakoon, Application of Sumudu transform to partial differential equations, Interna- 
tional Journal of Mathematical Education in Science and Technology, vol. 25, no. 2,277283, 

1994. 
[4] H. Eltayeb,A. Kilicman, On some applications of a new integral transform , International 

Journal of Mathematical Analysis, vol.4, no. 3,123132, 2010. 
[5] F.B.M. Belgacem, A.A.Karaballi, Sumudu transform, fundamental properties investigations 

and applications, Journal of Applied Mathematics and Stochastic Analysis, Article ID 91083, 

23 pages, 2006. 
[6] D. Loonker, P.K.Banerji, On the solution of distributional Abel integral equation by distribu- 
tional Sumudu transform, International Journal of Mathematics and Mathematical Sciences, 

Article ID 480528, 8 pages, 2011. 
[7] M. A. Asiru, Sumudu transfer of the solution of integral equations of convolution type, Int. 

J. Math. Educ. Sci. Technol., 32:6, 906-910, 2001 
[8] F. B. M. Belgacem, A. A. Karaballi, L. S. Kalla, Analytical investigations of the Sumudu 

transform and applications to integral production equations, Math. Probl. Engr., 3, 103-118, 

2003 
[9] J. M. Tchuenche, N. S. Mbare, An application of the double Sumudu transform, Appl. Math. 

Sci., 1(1)31-39, 2007 
[10] A. A. Kilbas , H. H. Srivastava and J. J. Trujillo , Theory and Applications of Fractional 

Differential Equations, Elsevier, Amsterdam 2006 
[11] S. G. Samko , A. A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives - Theory 

and Applications Gordon and Breach, Linghorne, P.A. 1993. 
[12] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego CA 1999. 
[13] R. L. Magin, Fractional Calculus in Bioengineering , Begell House Publisher, Inc. Connecticut 

2006. 

F. JARAD , K.TAS 

Cankaya University, Department of Mathematics and Computer Science, Ankara, 
TURKEY. 

f ahdOcankaya . edu . tr 



E-mail address: 
E-mail address: 



kenan@cankaya . edu . tr 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 14, NO.3, 484-494 , 2012, COPYRIGHT 2012 EUDOXUS PRESS, LLC 



Locally Convex Valued Rectangular Metric 
Spaces and The Kannan's Fixed Point Theorem 

Thabet ABDELJAWAD: Duran TURKOGLU f ' * 

Abstract 

Rectangular TVS-cone metric spaces are introduced and Kannan's 
fixed point theorem is proved in these spaces. Two approaches are fol- 
lowed for the proof. At first we prove the theorem by a direct method 
using the structure of the space itself. Secondly, we use the nonlinear 
scalarization used recently by Wei-Shih Du in [A note on cone metric 
fixed point theory and its equivalence, Nonlinear Analysis, 72(5), 2259- 
2261 (2010).] to prove the equivalence of the Banach contraction prin- 
ciple in cone metric spaces and usual metric spaces. The proof is done 
without any normality assumption on the cone of the locally convex topo- 
logical vector space, and hence generalizing several previously obtained 
results. 

Keywords: TVS-cone metric space, rectangular TVS-cone metric space, 
Kannan's fixed point theorem. 

1 Introduction and Preliminaries 

Many authors attempted to generalize the notion of the metric space. In 2007, 
Huang and Zhang [9] announced the notion of cone metric spaces (CMS) by us- 
ing the same idea, namely, by replacing real numbers with an ordering real Ba- 
nach space. In that paper, they also discussed some properties of convergence of 
sequences and proved the fixed point theorems of contractive mapping for cone 
metric spaces: Any mapping T of a complete cone metric space X into itself 
that satisfies, for some < k < 1, the inequality d(Tx,Ty) < kd(x,y), for all 
x, y G X, has a unique fixed point. Lately, many results on fixed point theorems 
have been extended to cone metric spaces (see e. g. [9], [11], [5], [13], [3], [10], [1], [2], 

"Qankaya University, Department of Mathematics, 06530, Ankara, Turkey 

t Department of Mathematics, Faculty of Science and Arts, Gazi University, 06500, 
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[12]). For Kannan's fixed point theorem in rectangular metric spaces (R-MS) 
we refer to [17] and for the contraction principle and Kannan's fixed point the- 
orem in rectangular cone metric space (R-CMS) see [15] and [16], respectively. 

Recently, Du [8] gave the definition of generalized cone metric space, namely 
topological vector space-cone metric space (TVS-CMS), and proved some fixed 
point theorems on that class. The author showed also that Banach contraction 
principles in usual metric spaces and in TVS-CMS arc equivalent. 

In this manuscript, we first introduce the notion of rectangular TVS-cone 
metric spaces (R-TVS-CMS) and then prove Kannan's fixed point theorem in 
this class of spaces. The obtained result generalizes those in [16] and [17] and 
hence the classical Kannan's fixed point theorem. Two proofs are presented 
and the proofs arc done without any normality assumption. 

Throughout this paper, (E, S) stands for real Hausdorff locally convex topo- 
logical vector space (t.v.s.) with S its generating system of scminorms. A 
non-empty subset P of E is called cone if P + P C P, XP C P for A > and 
P P\ (-P) = {0}. The cone P will be assumed to be closed and has nonempty 
interior as well. For a given cone P, one can define a partial ordering (denoted 
by < or <p) with respect to P by x < y if and only if y — x G P. The notation 
x < y indicates that x < y and x ^ y while x « y will show y — x G intP, 
where intP denotes the interior of P. Continuity of the algcbric operations in 
a topological vector space and the properties of the cone imply the relations: 

intP + intP C intP and XintP C intP (A > 0). 

We appeal to these relations in the following. 

Definition 1.1. [4] A cone P of a topological vector space (X, t) is said 
to be normal whenever r has a base of zero consisting of P— full sets. Where 
a subset of A of an order vector space via a cone P is said to be P— full if for 
each x, y G A we have {a G E : x < a < y} C A. 

Theorem 1.2. [4] (a) A cone P of a topological vector space (X, t) is 
normal if and only if whenever {x a } and {y a }, oc G A are two nets in X with 
< x a < y a for each a G A and y a — ► 0, then x a — ► 0. 

(b) The cone of an ordered locally convex space (X, r) is normal if and only 
if t is generated by a family of monotone t— continuous seminorms. Where 
a seminorm q on X is called monotone if q{x) < q{y) for all x, y e X with 
0<x<y. 

In particular, if P is a cone of a real Banach space E, then it is called 
normal if there is a number K > 1 such that for all x,y G E: < x < y => 
IMI < -fi'llyll- The least positive integer K, satisfying this inequality, is called 
the normal constant of P. Also, P is said to be regular if every increasing 
sequence which is bounded from above is convergent. That is, if {x„} n >i is a 
sequence such that x\ < xi < ■ ■ ■ < y for some y G E, then there is x G E 
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such that linin^oo \\x n — x\\ = 0. For more details about cones in locally convex 
topological vector spaces we may refer the reader to [4] . 



Definition 1.3. (See [6], [7], [8]) For e <G intP, the nonlinear scalarization 
function £ e : E — ► R is defined by 

£ e (y) = inf{< eR:yEte-P}, for all y E E. 

Lemma 1.4. (See [6], [7], [8]) For each t £ M. and y £ E, the following are 
satisfied: 

(i) Uy)<t^y^te-P, 

(H) L(y) >t-^y£te-P, 
(Hi) £e(y) > t & y $. te - intP, 

(iv) £ e (y) <t ^ y Ete — intP, 

( v ) ?e(j/) is positively homogeneous and continuous on E, 

(vi) if j/i Ey 2 + P, then £ e (y 2 ) < £ e {y{), 
(vii) £,e(yi + 2/2) < Ce(yi) + ^(2/2), -for all y u y 2 £ E. 

Definition 1.5. Let X be a non-empty set and E as usual a Hausdorff 
locally convex topological space. Suppose a vector- valued function p : X xX ^ 
E satisfies: 

(Ml) < p(x, y) for all x,y E X, 

(M2) p(x, y) = if and only if x = y, 

(MS) p(x, y) = p(y, x) for all x,y E X 

(MA) p(x, y) < p(x, z) + p(z, y), for all x,y, z E X . 

Then, p is called TVS-cone metric on X, and the pair (X,p) is called a TVS- 
cone metric space (in short, TVS-CMS). 

Note that in [9], the authors considered E as a real Banach space in the 
definition of TVS-CMS. Thus, a cone metric space (in short, CMS) in the sense 
of Huang and Zhang [9] is a special case of TVS-CMS. 

Lemma 1.6. (Sec [8]) Let (X,p) be a TVS-CMS. Then, d p : X x X -► 
[0, 00) defined by d p — £ e o p is a metric. 
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Remark 1.7. Since a cone metric space (X,p) in the sense of Huang and 
Zhang [9], is a special case of TVS-CMS, then d p : X x X ^> [0,oo) defined by 
dp — £ e ° V IS a ^ so a metric. 

Definition 1.8. (See [8]) Let (X,p) be a TVS-CMS, xeland {x„}£° =1 
a sequence in X . 

(i) {x n }^ =1 TVS-cone converges to x € X whenever for every << c E E, 
there is a natural number M such that p(x n , x) << c for all n > M and 
denoted by cone — linin^oo x n = x (or x n — > iasm oo), 

(m) {£n}^Li TVS-cone Cauchy sequence in (X,p) whenever for every << 
c € E, there is a natural number M such that p(x n ,x m ) << c for all 
n,m > M, 

(Hi) (X,p) is TVS-cone complete if every sequence TVS-cone Cauchy sequence 
in X is a TVS-cone convergent. 

Lemma 1.9. (See [8]) Let (X,p) be a TVS-CMS, x e X and {x„}^° =1 a 
sequence in X. Set d p — t; e o p. Then the following statements hold: 

(i) If {x n }'^L 1 converges to x in TVS-CMS (X,p), then d p (x n ,x) — > as 



(ii) If {x n }^ =1 is a Cauchy sequence in TVS-CMS (X,p), then {xn}^^ is a 
Cauchy sequence (in usual sense) in (X, d p ), 

(Hi) If(X,p) is a complete TVS-CMS, then (X, d p ) is a complete metric space. 

Proposition 1.10. (See [8]) Let (X,p) be a complete TVS-CMS and 
T : X — > X satisfy the contractive condition 

p(Tx,Ty) < kp(x,y) (1) 

for all x,y € X and < k < 1. Then, T has a unique fixed point in X. 
Moreover, for each x € X, the iterative sequence {T n x}^ =1 converges to fixed 
point. 

Definition 1.11. Let X be a nonempty set. A vector- valued function 
p : X x X — > E is said to be a rectangular TVS— cone metric, if the following 
conditions hold: 

(RC1) < p(x, y) for all x, y <E X and p(x, y) = if and only if x = y, 

(RC2) p(x, y) = p(y, x) for all x, y e X , 

(RC3) p(x, z) < p(x, y) + p(y, w) + p(w, z) for all x, y <G X and for all distinct 
points z, w G X each of them different from x and y. 
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The pair (X,p) is then called a rectangular TVS-conc metric space (R-TVS- 
CMS). When E is Banach space (X,p) is called rectangular cone metric space 
(R-CMS). When E = R and P = [0,oo), (X,p) is called rectangular metric 
space (R-MS). 

Every TVS-CMS is R-TVS-CMS. However, the converse need not be true. 

Example 1.12. ( [15], see also [14]) Let X = {1,2,3,4}, E = R 2 and 
P = {(x, y) : x,y > 0}. Define d : X x X — > E as follows: 

d(l, 2) - d(2, 1) - (3, 6), d(2, 3) = d(3, 2) - d(l, 3) = d(3, 1) = (1, 2), 

d(l,4) = d(4,l) =d(2,4) =d(4,2) = d(3,4) = d(4,3) = (2,4). 
Then (X, d) is a R-CMS which is not a CMS, because 

(3,6) = d(l,2) > d(l,3) + d(3,2) - (1,2) + (1,2) = (2,4). 

Definition 1.13. Let (X,p) be a rectangular TVS-cone metric space, 
x G X and {x n } a sequence in X. 

(i) {x n } is said to be a Cauchy sequence if for any <C c there exists no € N 
such that for all to, n <G N, n ^ n , one has p(x„, i„ +m ) <C c. 

(ii)!^^} is said to converge to x if for any <C c there exists no € N such 
that for all n ^ no, one has p(x n , x) <C c. 

(iii) (X, p) is called complete if every Cauchy sequence in X is convergent 
in X. 



Let T : X -> X be a mapping where X is a R-TVS-CMS. For each a; G V, 
let 

O(o;) = {a;, Tx, T 2 x, T 3 x, ...}. 

Definition 1.14. A cone metric space X is said to be T-orbitally complete 
if every Cauchy sequence which is contained in O(x) for some x G X converges 
in X. 

2 Kannan's Fixed Point Theorem in R-TVS- 
CMS 

In order to realize the difference between TVS-CMS and R-TVS-CMS, we first 
prove Kannan's fixed point theorem in TVS-CMS. 

Theorem 2.1. Let (X, d) be a TVS-CMS and the mapping T : X -> X 
satisfy the contractive condition 

d(Tx, Ty) < 0[d(x, Tx) + d(y, Ty)} (2) 
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holds for all x,y £ X where < /? < -. If X is T-orbitally complete then T 
has a unique fixed point in X. 

Proof Let x £ X. 

d{Tx,T 2 x) sC 0[d(x,Tx) + d(Tx,T 2 x)] 
i.e., d(Tx,T 2 x) ^ j^d(x,Tx) 
Again, 

d(T 2 x,T 3 x) < 8[d(Tx,T 2 x) + d(T 2 x,T 3 x)} 



i.e., d(T 2 x,T A x) < Y ^d(Tx,T 2 x)^( Y ^jd(x,Tx) 

Similarly, 

d^^X^J d(s,TaO 

Thus in general, if n is a positive integer, then 

d(T n a:, T" +1 x) < r n d(x, Tx) (3) 

where r = . Since < 8 < -, clearly < r < 1. 

1-/3 2 J 

Now, our aim is to show that {T n x} is a Cauchy sequence. Assume m £ N 
and n > m, then we have 

d{T n x,T m x) < d(T n x,T"- 1 a;)+d(T Tl - 1 a;,r™- 2 x) + ... + d(T m + 1 x,T' n a;) 

sC (r"- 1 + r™- 2 + ... + r m )d(x,Ta;) 

< f^d(x,Tx) 

Let <C c be given. Find <5 > and q £ S such that g(6) < <5 implies k<c 
Now, since 

d(x,Tx)-^0 as m — » oo 

1 — r 

then find no such that : 



7 

q(- d(x,Tx)) < S Vm ^ no 

1 — r 



Hence, d(x, Tx) <C c, Vm > no- 

1 — r 
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Thus, d(T n x,T m x) < c for n > m > n . Therefore, {T n x} is a Cauchy 
sequence in (X,d). Since (X,d) is T-orbitally complete, there exists x* <G X 
such that T n x — * x* . 
Choose a natural number n\ such that d(T n ~ l x ,T n x) <C | and d(T n x,x*) <C 

— , for all n ^ n\. Hence, for n > n± we have 

d(Tx*,x*) sc d(TT' l - 1 a;,Ta;*)+dCr n a;,a;*) 

< ^^(r™- 1 ^, T":r) + d(x* , Tx* )] + d(T n x, x* ) 

= /3d(T"- 1 a;,T"a;)+/3d(a;*,Ta;*) + d(r"x,a;*) 

sC §+/3d(x*,Tx*) + § 



So, 
Hence, 



(l-/3)d(Ta;*,x*) <c 



(l-/?)d(Tx*,a;*)< — Vra ^ 1 
m 



c 



Hence, (1 — (3)d(Tx* ,x*) e P, for all to ^ 1. Since ► as m — > oo 

to m 

and P is closed; 

-(l-/3)d(Ta;*,z*) G P and (1 - (3)d(Tx*,x*) e P 

from the cone properties, (1 — [3)d(Tx* ,x*) = 0. Since (1 — /?) never be equal 
to zero, then d(Tx* ,x*) = 0. Thus Tx* = x* . 

Now, if y* is another fixed point of T then Tx* = x* and Ty* = y* . Then, 
we have 

< d(x* , y* ) = d(Tx* ,Ty*) ^ (3d(x* ,Tx*) + (3d(y* ,Ty*)=0 

Hence, d(x* , y*) — and so x* — y* . Therefore, the fixed point of T is unique. 

Now, we prove Kannan's fixed point theorem in R-TVS-CMS. 

Theorem 2.2. Let T : X — ► X be a mapping where (X, d) is a T-orbitally 
complete R-TVS-CMS such that 

d(Tx, Ty) < 0[d(x, Tx) + d(y, Ty)} (4) 

holds for all x, y <G X and < (3 < -. Then, T has a unique Gxed point in X . 
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Proof. As in the proof of Theorem 2.1, for a fixed x <G X, we have for all 

d(T n a; ) T" +1 x) < r"d(x, Tx) (5) 

where r = . Since < 3 < -, clearly < r < 1. 

1-/3 2 J 

Since we are not able to use the triangle inequality, we divide the proof into 
two cases so that we can make use of the rectangle inequality 

Case I: First assume that T m x ^ T n x for m,n e N,m ^ n. Then, for 
ne N. Clearly, 

d(T n x,T n+1 x) < r n d(x,Tx) < (£\ d(x,Tx) 
and d(T n x,T n+2 x) < P[d(T n - 1 x,T n x) + d(T n+1 x,T n+2 x)} 



< /3 



(^) "" d(x, Tx) + ( JL^y d(x, Tx) 

: . ^yd{ X ,Tx) + y^y +1 d{x,Tx) 



(by 5) 



since < 3 < - , (5 < 



2' ' 1-/3 

Now if 77i > 2 is odd then writing m = 2k + 1, k ^ 1 and using the fact 
that T p x =/= T r x for p,r G iV, p =/= r we can easily show that by the rectangular 
inequality 

d(T n x, T n+m x) < d(T n x, T" +1 :r) + rf(T Il+1 a;, T"+ 2 a;) + . . . + d(T n+2k x, T n+2k+l x) 

sC r"d(a;,rx) + r ,l + 1 d(a;,rx) + ... + r"+ 2 ' i; d(a;,Tx) (by 5) 

(6) 
Again if m > 2 is even then writing m — 2/c, k ^ 2 and using the same 
arguments as before we can get by the rectangular inequality 

d(T n x, T n+m x) sC d(T n x, T n+2 x) + d(T n+2 x, T n+3 x) + ... + rf(T"+ 2fe - 1 a;, T n+2k x) 

^ [r n + r n+1 + r n+3 + ... + r n+2k - 1 ]d(x,Tx) (by 5, 6) 

Thus combining all the cases we have 



d(T n x,T n+m x) sC ( — — ) d{x,Tx) (7) 
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for all m,n € N. Since 0<r<l, r"^0asn-^oo and so by following a 
similar argument as in the proof of Theorem 2.1, {T n x} is a Cauchy sequence. 
Since X is T-orbitally complete, {T n x} is convergent. Let u is defined as: 

u = lim T n x (8) 

n — >oo 

We shall now show that Tu — u. Without any loss of generality we assume 
that T n x 7^ u and T n x ^ Tu for any n € N. Then by (4) and the rectangular 
inequality we obtain 

d(u,Tu) sC d(u,T n x) + d(T n x,T n+1 x) + d(T n+1 x,Tu) 

sC d{u, T n x) + d(T n x, T n+1 x) + (3[d(T n x, T n+1 x) + d{u, Tu)} 

i.e., d(u,Tu) < T ^[d(u,T n x) + (l + f3)d(T n x,T n+1 x)] 

Since T n x — » u and {T"a;} is Cauchy then we obtain < d(u, Tu) <C c for 
all c ^> 0. Then closeness of the cone P implies that u = Tu. 

Case II: Let T m x = T n x for some m,n G N , m 7^ n. Let m > n. Then 
T m - n (T n x) = T n x i.e. ,T k y = y where k = m-n,y = T n x. Now if fc > 1 



%,Ty) = diT^T^y) < (^-^j %, Ty) 



(by 5) 



Since < < 1, d{y,Ty) = i.e., Ty = y. That the fixed point of T is 

1 p 

unique easily follows from (4) . This completes the proof of the theorem. □ 

Theorem 2.2 above generalizes the results obtained in [16], where Kannan's 
fixed point theorem was proved in CMS and under the normality assumption. 
However, the proofs in this article are done without any normality type as- 
sumption. 



3 The nonlinear scalarization and Kannan's 
fixed point theorem 

In this section, we use the nonlinear scalarization function to obtain a simpler 
shorter proof for the Kannan's fixed point theorem in R-TVS-CMS. 

Theorem 3.1. Let (X,p) be a rectangular TVS-cone metric space. Then 
(X, dp), where d. p := £ e o p, is a rectangular metric space (R-MS). 

Proof. By RC1, the definition of £ e and that P n — P = {0} we have 
d p (x,y) > for all x,y <G X. By RC2, d p (x,y) — d p (y,x) for all x,y e X. If 
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x = y, then by RC1 d p (x, y) = £ e (0) = 0. Conversely, if d p (x, y) = 0, then by 
Lemma 1.4, RC\ and that P n — P = {0}, we conclude that p(x,y) = and 
hence by RC2, x — y. Finally the rectangular inequality follows by Lemma 1.4 
(vi), (vii) and RC3. D 

Lemma 3.2. Let (X, p) he a R-TVS-CMS, x e X and {x n }^ =1 a sequence 
in X. Set d p — £ e o p. Then the following statements hold: 

(i) {x n }^ =1 converges to x in the R-TVS-CMS (X,p) if and only if d p (x n , x) — > 
as n —* oo, 

(ii) {x n }^ =1 is Cauchy sequence in the R-TVS-CMS (X,p) if and only if 
{ x n\ c ^ = \ is a Cauchy sequence in the rectangular metric space (X, d p ), 

(Hi) (X,p) is a complete R-TVS-CMS if and only if (X,d p ) is a complete 
rectangular metric space. 

Proof. Applying Theorem 3.1, d p is a rectangular metric on X. Regarding 
(i) First, assume {x n } converges to x in the R-TVS-CMS (X,p) and let e > 
be given. Find no such that p(x n , x) <§C ee for all n > uq. Therefore, by Lemma 
1.4 (iv), d p (x n ,x) = ^ e op{x n ,x) < e, for all n > hq. Conversely, we prove that 
if x n -► x in (X,d p ) then x„ -> x in the R-TVS-CMS (X,p). To this end, let 
c >> be given, then find q e S and 5 > such that q(b) < S implies that 
b « c. Since - — > in (E, S) find e = — such that e<z(e) = g(ee) < 5 and 
hence ee << c. Now, find no such that d p {x ni x) = £ e op(i„,i) < e for all 
n > no. Hence, by Lemma 1.4 (iv) p{x n ,x) « ee << c for all n > no. The 
proof of (ii) is similar to the proof of (i). Finally, (iii) is immediate from (i) 
and (ii). □ 

Now the proof of Theorem 2.1 can be achieved by Lemma 3.2, Theorem 3.1 
and by Kannan's fixed point theorem (see [17]) applied to the R-MS (X,d p ). 
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Abstract 

By means of a new linear Gronwall-Bellman inequality on time scales and a elementary in- 
equality, the bounds of a class of new power nonlinear two-dimensional inequalities of a delay on 
time scales are obtained. An application to the qualitative analysis of delay dynamic system is 
discussed. 

Key words: Gronwall-Bellman inequalities; delay; time scales; Dynamic 
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1 INTRODUCTION 



To unify and extend the continuous and discrete analysis, the theory of time scales was 
introduced by Hilger [1] in his Ph.D. thesis in 1988. Since then, the theory has been growing 
up and applied to many fields of mathematics [2, 3, 4 ]. For all the basic definition, notation 
and theorems on time scales, we refer the readers to the excellent monographes [3, 4] and 
references given therein. 

It is well known that Gronwall type integral inequalities and their discrete analogues play 
a dominant role in the study quantitative properties of solutions of differential, integral and 
difference equations. The literature on the such inequalities and their applications is vast; 
see [5-7] and the references given therein. The very recent results we refer [8-13]. In addition, 
as the theory of calculus on time scales develops, some Gronwall type integral inequalities on 
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time scales have been established by many authors during the last few years. For example, 
we refer readers by the papers [14-20] and references therein. However, there are few results 
obtained by authors in two-dimensional delay integral inequalities systems on time scales. 
The only one result concerning the linear situation is due to E. Akin Bohner, M. Bohner and 
F. Akin [6]. In this paper, we investigate some nonlinear delay integral inequalities of the 
coupled system on time scales, which provide explicit bounds on unknown functions and can 
be used as handy and effective tools in the study differential equations and integral equations 
on time scales. We also have extended the main results of Li [18, 19] to two-dimensional 
case. An application of our results is given at the end of this paper. 

2 Main results 

In what follows, R denotes the set of real numbers, R+ = [0,+oo), C(M,S) denotes 
the class of all continuous functions defined on the set M with range in the set S; T is an 
arbitrary time scale, C r d denotes the set of rd-continuous functions. Throughout this paper, 
we always assume that t e T, T = [to, +oo) n T. 

Before giving our main results, we cite some useful lemmas: 

Lemma 2.1. [21] Let c > 0, m > n> and m ^ 0, then 

n r . n-m m — n ., n 
m m 

for any K > 0. 

Lemma 2.2 (Generalized Gronwall's inequality [6], Corollary 3.11) Suppose that u,a € 
C r d and u > 0. Let k(t, s) be defined as in Ref [3] (Theorem 1.117) such that k(a(t),t) > 
and k (t, s) > for s, t € T with s < t,a is nondecreasing. Then 

u(t)<a(t)+ k(t,s)u(s)As forallteTo 
Jt 

implies 

u(i) < a(t)e a (t, to) for all t € T , 

where 

a(t) = k(a(t),t)+ k A (t,s)As. 

J to 

Lemma 2.3 Suppose that u,a G C r d and u > 0. Let f(t, s), h(t, s) and k(t, s) be defined 
as in Ref. [3] (Theorem 1.117) such that f(a(t),t),k(a{t),t) > and / A (i, s), k A (t, s) > 
for s, t € T with s < t,a is nondecreasing. If 

«(*) < o(t) + ( f(t, S )u(s)As + f h(t, s)( f k(s, £M0A£) As, t e T (2.1) 

J to Jto \Jt„ / 

then we have 

u(t) < e F (t, t ) Lit) + J h(t, s)bis)e c is, t )Asj , t e T (2.2) 

where 

Fit) = fiait),t) + [ f A it,s)As, (2.3) 

Jto 

b{i)= / k(t,s)e F {s,to)a{s)As (2.4) 

Jto 
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and 



c(t) = k(a(t),t)e F (t,t ) / h(t,S)A£ 

+ [ k A (t,s)e F (s,t )( [ S h( s ,Z)AZ)As. 

J to \Jt 



(2.5) 



Proof. Taking 



oi(*) - o(t) + / h(t, s) / k(a, £)u(£)A£ ) As, * G To, 

J t \Jt 



then (2.1) can be written as 



u(t) < oi (i) + / f(t,s)u(s)As 



Obviously, ai G C r d(Tb,.R+) and is nondecreasing. Using Lemma 2.2, we get 



u(t) < ai(t)e F (t,t ) = e F (t,t ) 



a(t)+ I h(t,a)( / k(s,Z)u(Z)Al;)A s 

t \Jt 



where 



Define 



F(t) = f(a(t),t) + / .r(t,s)As. 
J t 



v(t) = / fc(i,s)u(s)As, 



then 



u(t) < e F (t,t ) 
From (2.7) and the last inequality we have 



a(t) + / h(t,s)v(s)As 

to 



v{t)<J k{t,s)e F {s,to)[a{s) + J h(8,Z)v(Z)A$) As 
k(t,s)e F (s,t )a(s)As+ k(t,s)e F (s,t ) ( /j(s,£M£) a £] As 

Ita J to \Jto / 

< / k(t,s)e F (s,t )a(s)As+ k(t, s)e F (s,t ) ( h{s, £)aA v(s)As 

J t J t \Jto J 

because v(t) is nondecreasing. 

Using Lemma 2.2 again into the last inequality we get 

v(t)<b(t)e c (t,to), 

where b(i) and c(i) are defined as in (2.4) and (2.5), respectively. 

Using (2.6) , (2.7) and (2.8) , we obtain the desired estimate (2.2). □ 

Consider delay inequalities system on time scales 

u p (t)<f 1 (t)+ J k n (t,s)u^(r(s))As + I k 12 (t,s)v r ^(T(s))As, 

J to J to 

v q {t)<f 2 {t)+ f k 21 (t, s )u r ^(T(s))A s + I k 22 (t, s )v r ^(T(s))A s , 

J to -J to 



(2.6) 



(2.7) 



(2.8) 



i£T (2.9) 
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with the initial condition 

u(t) = ipi(t), v(t) = tp 2 (t) for t G [a, t ] H T with 

(I) 
</>i(r(i)) < fl' P {t), M<t)) < fl /q {t) for every t G T with r(t) < t 

where r : To — > T, r(t) < t,— oo < a = inf{r(t),t G To} < to, and (pi,(f 2 G CVd([a, to] H 
T,R + ), p,q and r^ are constants with p > rn > 0,q > r i2 > (i = 1,2). 

Theorem 2.4. Suppose that u, v, ft G C r d(To, R+) with /j being nondecreasing for t G 
To (i = 1, 2). Let kij(t, s) be defined as in Rcf. [3] (Theorem 1.117) such that kij(cr(t),t) > 
and kfj(t,s) > for s, t G T with s < t (i,j = 1,2), then for any m > the inequalities 
systems (2.9) with the initial condition (I) implies 

u(t) < 4 U (t, t ) Ui(t) + / fci 2 (t, s)e K22 (s, t )B{s)e 3i (s, to) As J " , 



(2.10) 



v(*) < e q K22 {t,t ) ( i4i(*) + / fc 21 (t, S )e Kll (s,to)B(s)e Dl (s,to)As 
for t G To, where 



Ai(*)=*i(t)+ / fci 2 (t,s)e K22 (s,i )$ 2 (s)As, (2.11) 

to 

Ai(t)=* 2 (*)+ / fc 2 i(t,s)e Kll (s,t )$i(s)A S , (2.12) 

$ 1 ( i ) = / 1 ( i ) + P^Hi m T / fcn^^Aj+i^m^ / fci 2 (t,s)As, (2.13) 

$ 2 (t) = / 2 (t) + ^^m^ / ^(MjAH^^m 1 ? / fc 22 (t,s)As, (2.14) 

Bi(*)= / fc 2 i(t,s)e Kll (s,to)ii(s)A s , Bi(t)= /" fci 2 (t,s)e,r 22 (Mo)^i(s)As (2.15) 

Jto -/to 

£>i(i) = fc2i(cr(t),t)eKu(t,to) / fci 2 (t, s)e K22 (s,to)As 

-'to 

+ y" k 2 \{t,s)e Kll {s,t )(J fci 2 (s,e)eK 22 (s,0AH As, (2.16) 

Di(t) = fei 2 (cr(t),t)eK 22 (i,to) / fc 2 i(t, s)eKn(s,t )As 

•/to 
+ y k? 2 (t,s)e K22 (s,t )U fc 21 (s,C)eK 11 (e,t )AnAs, (2.17) 

X n (t)-fcii(a(t),t)+ /* fcf\(i,s)As, X 22 (t) = fc 22 (a(t),t)+ /* fc 2 A 2 (t,s)As, (2.18) 

J to J to 



and 



— V '1 r il — P — T* 'O T *i2 — 1 

kn(t,s) = —m p kn(t,s), k i2 (t, s) — —m " k i2 (t,s), i = 1,2. (2.19) 

P q 
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ft rt 



Proof. Define 

«i(*) = /i(*)+ / k 11 (t, S )u r "(T( S ))As+ I k 12 (t, S )v r ^(T(s))As (2.20) 

and 

z q 2 {t) = h{t)+ f k 21 (t, S )u r ^(r( S ))As+ f fc 22 (MK 22 (r(s))A S , (2.21) 

J t Jto 

then Z\ and z 2 are nondecreasing and 

u(t)<zi(t), v(t)<z 2 (t), (2.22) 

on T . 

Therefore, for every t € To with r(i) > to, we have 

«(r(t))) < «i(t(*)) < «i(t) (2.23) 

and 

v(r(t))) < %(t(*)) < *&(*) (2.24) 

since r(i) < i. On other hand, for £ e T with r(t) < t , by the initial condition (I), we 
have 

«(r(*))) = ^(r(t)) < {Mt)) 1 '* < Zl (t) (2.25) 

and 

v(r(t))) = Mr(t)) < (/ 2 (*)) 1/9 < Z2(t) (2.26) 

for £ G T 

From (2.12) to (2.15), for t € To we have the relations 

«(r(t))) < «i(t) 

and 

v(t(*))) < %(*) 

for £ G T . 

Substituting the last relations into (2.20) and (2.21) we obtain 

t ft 

t G T (2.27) 



*?(*) < h{t) + k 11 (t,s)z r 1 11 (s)As + k 12 (t,s)z r 2 12 (s)As, 
z q 2 (t) < f 2 (t) + f k 21 (t,s)z r 1 21 (s)As + J k 22 {t,s)z r 2 22 {s)As. 



Setting 



t ft 



x(t) = fi(t)+ k 11 (t,s)z r 1 11 (s)As+ k 12 (t,s)z? 2 (s)As, 

J tQ Jto 

V(t) = h(t)+ I k 21 (t,s)z r 1 2l (s)As + f k 22 (t,s)z r 2 22 (s)As, 

J t() Jto 

then from (2.16) we have 

z\{t) < x{t), 



t G T (2.28) 



teT 
4(t) < y(t) 
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or 



ziit) < xV*(t), 
Z2(t) < y 1/q (t). 



t e T (2.29) 



By Lemma 2.1 and (2.29), for any real number m > 0, we can get 

z i (t) S wi p H ni " ccm 

P P 



and 



z 2* 2 (t) ^ m ' H m ' J/W) « = 1, 2. 



Substituting the last inequalities into (2.28) we get 

rt _ /•*«._ 

x(t)<$ 1 (t) + —m LL y JL kii(t,s)x(s)As+ — rrT^k^lt, s)y(s)As, 

J to p J t q 

r t r t 

I «91 r 21 — P / 7*99 r 22 — -3 

y(t)<$ 2 (t) + —m—^k 21 (t,s)x(s)As+ —m^-k 22 (t,s)y(s)As, 
J to P J to 1 



(2.30) 



for t <G To, where $i(t) and -^(i) are defined in (2.13) and (2.14), respectively. 
Setting 



/i(i) = $i(t) + / — m I ^r 2 fc 12 (i, S )y( S )A s , 



from (2.30-1) we have 



(2.31) 



x(t)<f 1 (t)+ — ™ n V^fcii(i,s)x(s)As. 

A P 



Obviously, / 1 G C r d(T , R + ) and is nondecreasing. Using Lemma 2.2, we get 



x(t) < f 1 (t)e Kll (t,t ) = e Kll (t,t ) 



7*1 q r^2 ~~ <3 

*i(*)+ / —m^-k 12 (t,s)y(s)As 

to 1 



where 



K n (t) = — m n ^ JL ku(^(t),t)+ / — m LL y JL kf\(t,s)As. 
P J to P 



Substituting the last inequality into (2.30-2), we have 

rt rt 

I To~\ r 21~P I 7*99 r 22 ~ 9 

y{t)<$ 2 (t)+ —m^k 21 {t,s)e Kll {s,t )$i{s)As + — m^" k 22 (t, s)y(s)As 

J to P J to 9 



/ rOI r 21 — P / / 7*19 r 12 — -3 

+ / — m p k 21 (t,s)e Kll (s,t ) / — m 5 fc 12 (s,£)y(£)A£ As. 

J to P \Jto 1 

Rewriting the last inequality as 



y{t) <A 1 (t)+ / k 22 {t,s)y{s)As 

Jt„ 



hi{t,8)e Kll {s,to)[ Ma,0»(0A£ As, t e T (2.32) 

to Wt / 

where A\(t), k 2 i(t,s) and k i2 (t,s)(i — 1,2.) are defined in (2.12) and (2.19), respectively. 
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Using Lemma 2.3 into (2.32), we get 

y(t) <e K22 (t,t a ) U(t)+ f k 2 i{t,s)e Kll {s,to)B 1 {s)e D {s,to)As\ , (2.33) 

wherci^ (t) , B\ (t) and Di(t) are given in (2.18), (2.15) and (2.17), respectively. 

By exchanging x(t) and y(t) in (2.29) and taking the same procedures as from (2.31) to 
(2.33), we can also get 

x(t) < e Kll {t,t ) Ui(t) + I k 1 2(t 1 s)e K22 (s,t )B 1 (s)e f)i ( s ,t )A s j , (2.33) 

where Ku(t),Bi(t) and -Di(t) are defined in (2.18), (2.15) and (2.16), respectively. 
Combining (2.33) and (2.34) with (2.22) and (2.29), we get the desired (2.10). □ 

Remark 1. When the functions fi(t)(i = 1, 2) in Theorem 2.4 do not have the monotone 
property required, we can replace them by fi{i) :— max {.fi{i)}(i = 1,2) respectively. 

to<s<t 

Next consider delay inequalities systems on time scales 

u p (t)<f 1 (t)+ f k 11 (t,s)N 11 (s,u^(r(s)))As + f fc 12 (MK 12 (r(s))A S , 

t e T (2.35) 
v q (t) < f 2 (t) + [ fc 21 (MK 21 Ws))A S + I k 22 (t, S )N 22 ( S ,v r ^(T( S )))As, 

J to Jto 

with the initial condition 

u(t) = tpi(i), v(t) = ip 2 {t) for t e [a, to] H T with 

(I) 
¥>i(r(t)) < fl /p (t), tp 2 (r(t)) < fl /q (t) for every t G T with r(t) < t 

where r : To — ► T,r(t) < t,— oo < a = inf{r(t),t € To} < to, and <pi,ip 2 € C r d{[a, to] H 
T,R+), p,q and ry are constants with p > rn > 0,q > Ti 2 > (i = 1,2). 

Theorem 2.5. Suppose that u,v,fi and kij (i,j = 1,2) are defined as in Theorem 2.4. 

If Nij : T x R + — > R + is continuous function and satisfies 

< JV«(t, x) - JV«(t, y) < Mii(t, y)(a; - y) (if) 

for x > y > 0, where M^ : To x R + — > R + is continuous (i = 1,2), then for any to > the 
inequalities systems (2.35) with the initial condition (I) implies 



(t) < eijt,to) [A 2 (t)+ J k 12 (t 1 s)e~J s ,t Q )B 2 (s)e f)2 ( S ,to)A s j 



(2.36) 



v(t)<ejL (t,t ) U 2 (t)+ / k 21 (t,s)e~ (s,t )B 2 (s)e D2 (s,t )As 

K 22 \ J t ^11 



for t G T , where 

A 2 (t) = V l (t)+ f k 12 (t,s)e~ (s,t )* 2 (s)As, (2.36) 



K 2 

to 



A 2 (t) = V 2 (t)+ [ k 2 i{t,s)e~ (s,to)*i(*)A«, (2.38) 

Jt " 
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*l(*) = /l(*) + 



*2(t) = / 2 (t) + 



M , p-r n in . q~r 12 Ha 
JVii(s, m p )/cn(£, s)H m « fci 2 (£, s) 



p-r 2 i 121 g-r 22 in, 
to p k 2 i{t,s) + N 22 (s, m t )k 22 {t,s) 

p q 



As, (2.39) 
As, (2.40) 



B 2 {t)= f k 21 {t,s)e Kll (s,t )A 2 {s)As, B 2 (t) = /" fci 2 (t,*)ex aa (*,to)4j(*)A* (2.41) 

J to J to 



D 2 (t) = k 2 i(a(t),t)e Kll (t,to) / fci 2 (i, s)e K22 (s,t )As 

J t 

rt 



+ 1 k£ 1 (t,s)e~J S ,t )[ I fci 2 (s,£)eK 22 (s,£)A£) As, (2.42) 



D 2 (i) = ki 2 (a(t),t)e K22 {t,t ) / fc 2 i(i,s)e~ ii (s,t )As 

J to 

+ / k? 2 {t,s)e~ Js,t )( [ k2i{8,Oe Kll {S,to)*t)*s, ( 2 - 4 3) 



K 11 (t) = ku(<r(t),t)+ f kt 1 {t,s)As, K 22 {t) = k 22 {a{t),t)+ f fc 2 A 2 (i,s)As, (2.44) 



'•o 



'-0 



and 



r , , rn in^£ , , , p-ru hi - n 2 na^i 

/cn(r, s) = — to p fcn(r, s)Mn(s, to ? ), fci 2 (t, s) = — to « fci 2 (t, s) 

P P q 

k 2 \(t,s) = — to p k 2 i(t,s), k 22 (t,s) = — to 9 fc 22 (i, s)M 22 (s, to~«~). (2.45) 



Proof. Define 
*?(*) = /i(t) + / k 11 (t, S )N 11 ( S ,u^(r( S )))As+ f k 12 (t, S )N 12 (s,v r ^(r( S )))A S (2.46) 

Jto J to 

and 

2|(t) = /2(*)+ / k 21 (t, S )N 21 ( S ,u r ^(r( S )))As + J fc 22 (i,s)7V 22 (s,i; r -(r(s)))As, (2.47) 

Jto Jto 

then 24 and z 2 are nondecreasing and 

u{t)<zi{t), v(t)<z 2 (t), (2.48) 

on T . 

By taking the similar procedure in the proof of Theorem 2.4, it follows that 



*?(*)< A(i)+ / k 11 (t, S )N 11 (s,z^(s))A S + f k 12 (t,s)z^( S )As, 

Jto J to 

z\{t) < hit) + I k 21 (t, S )z r ^(s)As+ f fc 22 (M)iV 22 (s,z 2 r22 (s))As. 

Jto Jto 



teT (2.49) 
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Setting 

x(t) = fi(t)+ I k 11 (t,s)N 11 (s,z r 1 11 (s))As+ I k 12 {t,s)N 12 {s,z r 2 12 (s))As, 



t ft 



v(t) = Mt)+ I k 21 (t,s)N 21 (s,z r 1 21 (s))As + f k 22 (t, s )N 22 (s,z r 2 22 (s))A s , 

J to Jto 

then from (2.49) we have 

zl(t) < x{t), 

teT 
4(t) < v(t) 

or 

zi(t) < x 1 '*®, 

t e T (2.51) 

*&(*) < v 1/q (t)- 

By Lemma 2.1 and (2.51), for any real number to > 0, we can get 

z i (*) ^ TO p H m p x{t) 

V P 

and 

Zo (t) < m q -\ m i u(r), z = 1, 2. 

By the hypotheses (H) and the last inequalities, it follows that 



rue r H ril ~ p / P ~~ r ll His / / P ~ r n r n . 

ATn(s, Zi (s)) < — m p Mn(s, to » )x(s) + Nn{s, to *> ) 

P P P 



t£T (2.50) 



and 



(2.52) 



at i r 22 ,^^ r 22 "aa^i q-r 22 ^22 q - r 22 zaa, 
N 22 {s,z 2 (S)) < — m 9 M 2 2(s, to 9 )y(s) + N 22 (s, to « ). 

Substituting the last inequalities into (2.50) we get 

ft _ 

x(i) < *i(i) + — m 11 ^ / ku(t,s)M n (s, - — — m^)j;(s)As 
P Jto P t 

V~\0 r 12~ < l I 

-\ m i / ki 2 {t,s)y(s)As, 

1 Jt 

y(t) < *2(*) + — m^ / k 21 (t,s)x(s)As 

P Jt a t 

Too r 22~ c i I Q — 7*99 r 22 

H m^ / k 22 (t,s)M 22 (s, m^)y(s)As 

q Jto i 

for t <G To, where ^ i (i) and ^ 2 (t) are defined in (2.39) and (2.40), respectively. 

Taking the similar way in the proof of Theorem 2.4 to (2.52), we can obtain that 

y{t) < e^Jt,t ) (A 2 (t)+ J k 2 i(t,s)e~ ii (s,t )B(s)e D2 (s,t a )As\ , (2.53) 



and 



x(t) < e~Jt,t ) (A 2 (t) + J k 1 2(t 1 s)e~Js,t Q )B 2 (s)e £)2 ( S ,t )A S j , (2.54) 
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where K 22 (t),B 2 (t) and D 2 (i) are given in (2.44), (2.41) and (2.43), respectively; K n (t),B 2 (t) 
and D 2 (t) are denned in (2.44), (2.41) and (2.42), respectively. 

Combining (2.53) and (2.54) with (2.51)and (2.48), it follows the desired (2.36). □ 

An application 

In this section, we present an application of our results. 
Consider the two dimensional delay dynamic system 

(xP(t))^ = G[t, X (r(t)),y(r(t))} 

f G T ( ^ 1 ^ 

W(t))* = H[t, X (T(t)),V(T(t))] 

with the initial condition 

x(t) = tp(i), y(t) = tp(t) for t e [a, t ] n T with 

(I') 
</>(t(*)) < ICil 1 ^, VCK*)) < \C 2 \ 1 / q for every t € T with r(t) < t 

where G,H : To x R 2 — > R are continuous functions, C\ = x p (to),C 2 = y q (to), p and 
q are constants with p, q > 1, a and r are as defined in the initial conditions (I), and 
p(t),V(t)eC„,([a,t ]nT,R). 

Theorem 3.1 Assume that (H) 

\G[t,x(r(t)),y(r(t))}\<hi(t)\x(T(t))\+h2(t)\y(r(t))\ 

and 

\H[t,x(r(t)),y(r(t))}\<hi(t)\x(T(t))\ + l^(t)\y(r(tm 

where hj(t) £ C r d(To,R+),i,j = 1,2. If (x(t),y(t)) is solution of the system (3.1) satisfies 
the initial condition (I'). Then 



(3.2) 



\x(t)\ <eljt,t ) (l*(t) + J L 12 {s)e L22 {s,t )B*{s)e £) ,{s,to)As] 

|y(*)| <e| M (t,t ) \A*(t) + J L 21 {s)e Lll {s,t )B*{s)e D *{s,t )As 
for any m > 0, t G To, where 

i*(t)=*i(t)+ / L 12 (s)e L22 (s,t )y 2 (s)As, (3.3) 

A*(i) = * 2 (t) + / i2i(s)e Lll (a,to)*i(*)Aa, (3.4) 

*i(t) = |d| p + ^^m? / | n ( 8 )A«+i^m« / li 2 (s)As, (3.5) 

P Ao 1 J to 

y 2 {t) = \C 2 \ q + ^^m^ f ; 21 (s)As+— m* f l 22 (s)As, (3.6) 

P J t 1 J t 

B*(*)= / L 21 (s)e Lll ( S ,t )i*(s)As, B*(i) = / L 12 (s)e L22 (s,i )4*(s)As (3.7) 
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and 



D*{t)=L 2 i{t)e Lll {t,t ) I L 12 {s)e L22 (s,t )As (3.8) 

D*{t)=L 12 {t)e L22 {t,t ) I L 21 (s)e Lll {s,t )As (3.9) 

L il (t) = -m^ln(t), L i2 (t) = -m^ri i2 {t), i = 1,2. (3.10) 
p q 



Proof. Obviously, the solutions (x(t),y(t)) of the system (3.1) with the initial condition 
(I') satisfy the equivalent nonlinear delay system on time scales 



X P(t) = C 1 + / G[s,x(T(s)),y(r(s))}As, 



(3.11) 



y q {t) = C 2 + / H[s,x(r(s)),y(T(s))}As, 

Jt 

with the initial condition (I'). Using (H) in (3.11), we have 



\x(t)\* < |Ci| + / lii(*)|a;(r(*))| + l 12 (s)\y(r(s))\As, 

J t 

\y(t)\« < \C 2 \ + I l 21 {s)\x{r{s))\ + l 22 (s)\y(r(s))\As. 

J to 



t G T (3.12) 



A suitable applications of Theorem 2.4 to (3.12) easily yields (3.2), which gives the bound 
of the solution of system (3.1). The proof of Theorem 3.1 is complete. □ 
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1 . Introduction 

Let p be a fixed odd prime number. The symbol, Z p , Q p , C and C p will denote 
the ring of p-adic integers, the field of p-adic rational numbers, the complex number 
fields and the completion of algebraic closure of Q p , respactively. Let N be the set of 
natural numbers and Z + = NU {0}. Let v v be the normalized exponential valuation of C p 
with \p\ p = p^ v -p l J > ) — I When one talks of ^-extension, q is variously considered as an 
indeterminate, a complex number q G C, or a p-adic number q G C p . If q G C, then one 
normally assumes \q\ < 1, and if q G C p , then one normally assumes \q — l\ p < 1. In this 
paper, the g-number is defined by 

r i 1 ~ 1 X 
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Thus, we note that lim 9 ^i[a;]g = x. 

Let C(Z p ) be the space of continuous functions on Z p . Let k,n E Z + and / e C(Z P ) 
Then the p-adic g-Bcrnstein linear operator of order n for / is defined by 



'» m (i) 

= £/-%,„(*,«), sec [7, 11], 



fc=0 x 



Here Bk tn (x,q) — (fy[x] q [l — x]"_i are called the g-Bernstein polynomials of degree n. 
In [4], the fcrmionic g-intcgral on Z p is defined by Kim as follows: 

P N -i 
I- q (f) = I f{x)dn. q {x) = lirn^ p^- ]T /(*)(-«)*> sec W • ( 2 ) 

From (2), we can derive the following integral equation(see [1-15]). 

^ n— 1 

/(a: + n)d M _ g (x) - (-1)" / f{x)d^ q {x) + [2} q 2(-l) n_1 "V/(0. for « e N. (3) 
For /i £ Z, the (/i, g)-Eulcr polynomials are defined by 

£$(*) = / [* + y] n q q {h - 1)y d^ q {y), for n e Z+. (4) 



In the special case, x = 0, £„,<j(0) = £„,q are called the n-th (h, q)-Euler numbers(see [4]). 
From (4), we note that 



«;w=Ae(;)mv 



= [2] g ^(-l)V m [^ + <, see [4]. 

ro=0 

By the definition of (/i, <7)-Euler numbers, we easily get 

1=0 ^ ' 



(5) 



(6) 



with usual convention about replacing (£ q )' by £ l „ (see [4]). 






Let Fg (£, x) be the generating function of (/i, g)-Euler polynomials as followings: 

n=0 
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with usual convention about replacing (£ q (x)) by £ l (x). Thus, we have 

do 

F^ h \t,x) = [2} q ^2(-l) m q mh e^ +m ^ t . (7) 



m=0 



Let F^ h \t,x) = F^ h \t). Then we get 

q h F( h \t,l)+F^(t) = [2] q . (8) 

From (6), (7) and (8), we obtain the following recurrence formula: 

4% = -^. and q h (q£^ + 1)" + £^ q = if n > 0, (9) 

with usual convention about replacing (£ q )™ by £n, q . 

The purpose of this paper is to give some identities on the (h, g)-Euler numbers con- 
cerning g-Bcrnstcin polynomials by using the fcrmionic q- integral on Z p . 



2. Some identities concerning (ft,,g)-Euler numbers and polynomials 
From (7), we obtain the following functional equation: 

±F™{t,l-x) = q h FW{-qt,x). (10) 

£^Al -x) = (-llV^^iW,^ Z + . (11) 



By (10), we get 



From (9), we can derive the following equation 



9 ^ j l + 9 fc g l + qh q 



l=l 



h 

q n ~ l + q" U 



^e ;> i (< ) + i )'-^ ft 



"VfW-i + 4-fl* ( 12 ) 



= -q h £^ q (l)=£^ q iin>0. 
Therefore, we obtain the following theorem. 

Theorem 1. For n > 0, we have 

3 



KIM ET AL: q-BERNSTEIN POLYNOMIALS 510 



By (2), we get 



'/' _1 / [l-x} n q - 1 q( h -V x du- q (x) = (-irq n+h - 1 f [x-l]^ h -^d^ q (x) 



I I J- " -'"I,, '/ n/i-iA-i') = >-■' I 'I i , .... . 

z P ' (13) 

= (-l) n 9 n+k - 1 ^(-l). 



,9 

Therefore, by (13), we obtain the following theorem. 
Theorem 2. For n £ Z+, we have 

•''-' ' [l-a:]J_ 1 g( h - 1 >d/*_,(a : )= /" [ i r + 2]J_ 1 ff-( h - 1 >dM-,-i(a;). 

Jz p 

From Theorem 1, we note that 

£ «<2> = ^4*> + |^ + |^if»>0. (14) 



For n £ N, by (12) and (14), we have 

q h -' I [l- a! ]J- 1 g {h - 1 >dM-,(x) = 4'J_ 1 (2) 



n 2hc(h) , [ 2 ]g „2fc-l , fe-1 [ 2 ]<? 

" fc -«" 1 + [2]/ +? [2]^ 






(15) 



Thus, by (15), we get 

/ [1 - x]^ h -^d^ q ( x ) = q^E^ + q h ^- + |^ if n G N. (16) 

JZp l z J 9 h 1 / J<?' 1 

For .t G Z p , the p-adic analogues of g-Bernstein polynomials are given by 

n ' r i fcn ™i«-fc 



B M (x,?)= I JlW-^g-*' where n,fceZ+. (17) 

By (17), we get the symmetry of g-Bernstein polynomials as follows: 

B k ,n{x,q) = B„_fc, n (l -x,^ 1 ), see [7]. (18) 

Thus, by (17) and (18), we see that 



B k , n (x, q)q {h - 1)x du- q (x) = / B n _ M (l - x, q-^-^'dn-^x) 

l — (\ \ / ^^-D 
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For n, k G Z + with n > k, we have 

B ktn (x,q)q^ h - 1 >d^ g (x) 



./SCK^'C^I^ 






7 h+l f(h) , h [ 2 ]<Z _j_ \ 2 \q 



(19) 



[2], h [2],,' 



if k = 0, 



^ +1 ©Ef=o(?)(-l) fe+/ ei 9 - ***0. 

Let us take the fermionic q-integral on Z p for the q-Bernstcin polynomials of degree n as 

follows: 



B, 



, n (x,q)q( h - 1 >dn- q (x)= Q jf [z]*[l - ^V^ 1 ^/^) 






(20) 



\lcW 



Therefore, by (19) and (20), we obtain the following theorem. 
Theorem 3. Let n,k <G Z + with n > k. Then we have 

j^B k , n {x,q)q^*d^ q {x)=\ ^ ^ 

Moreover, 



i— fc 



^("-*'i(_i^"" 



!=() 



/ 



(" Wi„ = 



fJi+lcW , -fc t 2 !? , t 2 ]« 



if fc = 0, 



i ^ +i ELo©(-i) fc+ 'ev- iffc ^° 
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Let ni,ri2,k G Z + with m + n 2 > 2fc. Then we get 
B fc , ni (x, q)B k , n2 (x, q)q {h - 1)x d^ q (x) 

2k 



) (t) e (T) (_l)/+2fc / z [i-*]^-'^- 1 ^-.^) 



m \ /n 2 



n^ ^ E /2*\ ( _ l)i+2fe (>^ + qh ^L + i« (21) 



^ +1 «? (/l i x+^fr + fr, iffc = 0, 



Therefore, by (21), we obtain the following theorem. 
Theorem 4. For m,n2,k E Z + with m + ra 2 > 2k, we have 
B k . ni (x, q)B k . n2 (x, q)q {h - 1)x dfi^ q (x) 

q h+1 £ (h { -x+^fr + fr, if fc = 0, 

^(THT) £ 2 =o ( 2 f)(-i) 2fe+ ^L-*, 9 - if fc > o- 

From the binomial theorem, we can derive the following equation. 
B ktni (x, q)B k , n2 (x, q)q( h - 1)x dn- q {x) 



k J\k , 

1=0 



£ (-D' (^ + 7 " 2fc ) / Nf +l q^d^ q (x) (22) 

Z=0 ^ ' Jlj v 

-n 2 -2k , „ ;N 

E (-i)f 1 + ?~ 2fc HV 



k \k , 

Thus, we obtain the following corollary. 

Corollary 5. Let m, n 2 , fc <G Z + with ni + n 2 > 2fc. Then we have 

e (-D'( ni+n r 2fc )^w 

^^L,,- + PI., if* = 0, 

<z' l+1 E 2 ^( 2 f)(-i) 2fe+; < l L-^- iffc >°- 
6 
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Let s € N with s > 2. For n 1: n 2 , . . . , n s , k G Z + with ni + • • • + n s > sk, we have 
S fc , ni (a;, q) ■ ■ ■ B k . ns (x, q)q {h ' 1)x diJ,- q {x) 



s-times 



(*) ^ ^ ^ (* ) L [X]Sqk[1 ^7-t- +n °- sk q (h - 1)x d^ q (x) 



sk 



i) ■ ■ ■ (;■) g (ly-^lj 1 - <-' --v-""<iM-,w (23) 
(:)---(:)t(f)(- 1 )' + -'(^s... + ,.-,,-. + p].) 

«* +, <S.. + „.,»-.+[ 2 ]«. **=<>. 

«''«("*') ■ • • ft) e2„ ff )(-D' + "^l.. + „,_,.,-, . * * >»• 

Therefore, by (23), we obtain the following theorem. 

Theorem 6. For s S N with s > 2, let m, ri2, . . . , n s , k <G Z + with ni + • • • + n s > sk. 
Then we get 

B k , ni (x, q) ■ ■ ■ B k . ns (x, q)q {h ~ l)x dii- q {x) 

S. v -> 

s-timcs 
9 h+1 ^ ) + ... + „.,,-i + [2]„ iffc = 0, 

^ +1 (T) • • • ft) £&> (f )(-i) I+8fc C--H l .-«,,- if fc > °- 

By the definition of g-Bcrnstcin polynomials and the binomial theorem, we easily get 
B k>ni (x, q) ■ ■ ■ B kins (x, q)q { - h -^ x dn- q {x) 



s-timcs 



n\\ ( n s\ sr^ , w / n i + • • • + n s — sk 



ni-\ \-n s ~sk 

■••(;*) e (-f)'( ni + -;"*)«.,«• 

(24) 
Therefore, by (24) and Theorem 6, we have the following corollary. 
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Corollary 7. Let s G N with s > 2. For ni,ri2, ■ ■ ■ ,n s , k € Z + with n\ + - ■ - + n s > sk, 
we have 

ni-\ \-n s -sk / ;X 



i 

1=0 

Ji+lrC 1 ) 



qh+i £ w 1 + [2] qi if fc = 0, 

1 m-\ \-n s ,q l L J y' 



,/H-l \^ sk (sk\ /_-, \/+s/c ;W 



E^o(T)(-l) ;+Sfc C + ... + n 3 -^ if*>0- 
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Abstract. From Newton's method of solving nonlinear equations numerically, various 
modifications concerning accelerated order, or multiple roots had been actively developed. 
In this paper, we focus on those concerning multiple roots. Based on existing modifications 
for simple roots, new methods for multiple roots, which do not require knowledge on 
multiplicity of the desired root to find, are derived. They are proved to be of third order, 
and numerical experiments show their quality, one of them competitive and the other 
superior to existing methods of same order. 

1. Introduction 

Newton's method is one of the most basic applications of differential calculus, developed 
by Newton, and is widely used to obtain roots of nonlinear equations numerically, for the 
method has such a simple iterative algorithm and relatively high accuracy, with a quadratic 
order of convergence. The well-known iterative method is defined by 

x n+ i = x n - " , for n > 0. (1) 

f{Xn) 

Owing to its high usefulness, there had been numerous efforts to improve the method to 
produce more complicated, and possibly, more efficient methods, two of which are of special 
interest in this paper: the trapezoidal method [10] and the midpoint method [4]. 

Weerakoon suggested in [10] to use trapezoidal rule rather than left-side rectangular 
rule as in the original Newton's method, in approximating a definite integral of /'. Also, it 
utilized an idea of approximating the root by the original Newton's method, and making 
use of both an initial value and the approximation to evaluate the next-step iteration. The 
trapezoidal Newton's method is defined by 

_ 2f(x n ) 

Xn+1 ~ Xn f>(x n ) + f'( x * n+1 y [2) 
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where < +1 = x n - j^- y 

Inspired by [10], Frontini and Sormani suggested in [4] to use the midpoint rule in 
approximation of the definite integral. They also used the idea of two-step iterations. The 
midpoint Newton's method is defined by 

_ _ f{Xn) 

x n+l — X n „ , 

where x* +1 = x n — jrnr\. Or, written differently, 



/'W 



f(Xn) 



*n ~ 4^K, (3) 



f'K 



n+l) 



with x n+1 — x n 2 /'(x„) ■ 

Both the trapezoidal and the midpoint methods are of cubic order, while the original 
Newton's method was of quadratic order. Many other methods of cubic or higher order 
were developed, see [1] . However, the original Newton's method fails to keep being efficient 
when it comes to handle an equation with multiple roots, see Remark 3 in [4], because 
of f'(x n ) in its denominator, which approaches to zero as an approximation reaches near 
the multiple root. Many ideas to overcome this idiosyncrasy have been developed, one of 
which defining a new function u(x) = f{x)/f'{x) where / has one or more multiple roots, 
and finding roots of u instead of /, see [9, p. 126] or [2, p. 80]. 

Approximating a multiple root of /, can be done by approximating a single root of u 
by well-known Newton's method, as mentioned above. Applying the well-known Newton's 
method on u(x) = f(x)/f'(x), it follows that 

u{x n ) 



Xn+l 



or, in terms of /, 



Xn+1 — %r, 



U\x n ) 
f(Xn)f'(x r . 



{f'(Xn)} 2 -f(Xn)f"(Xny 

see [2, p.81]. 

This is a modified Newton's method for multiple roots. Many other methods for finding 
multiple roots are developed, and some examples of them are organized well in [3]. However, 
most of existing methods for multiple roots require multiplicity of the desired root, since 
the methods vary with the multiplicity. Practically in most cases, it may seem unlikely to 
know the multiplicity of a root before even finding it. Although it is possible to find the 
multiplicity before finding the root, it seems a method without any requirements on the 
multiplicity may be found useful in many cases. 

In this paper, we present two new modifications of Newton's method for multiple roots, 
that do not require any prior knowledge on the multiplicity. The modifications are obtained 
by applying the trapezoidal Newton's method (2) and the midpoint Newton's method (3) 
on u{x) = f(x)/f'(x), respectively. We derive the modifications with some necessary 
definitions and a theorem in Section 2, and prove the modifications to be of third order in 
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Section 3. Numerical comparisons with several existing third-ordered methods for multiple 
roots are presented in Section 4. 

2. Modified Newton's methods for multiple roots 

2.1. Preliminaries. Before starting, it is necessary to define certain terms and make one 
thing clear. 

Definition 1. (See [10],) With a a real number, and n a non-negative integer, if a real 
sequence {x n } converges to a and for n large enough there exist constants c > and p > 
that satisfy 

| x n +i - a \< c I x n - a \ p , 
then the maximum of p is said to be an order of convergence of {x n } to a. 

Definition 2. (See [2, p. 79],) A root a of an equation f(x) = is said to have the multi- 
plicity m if and only if f \a) =0,f'(a) = 0,/"(a) = 0, . . . , / (m_1) (a) = and / (m) (a) + 0. 
In this case, f can be written as 

f(x) = (x-a) m g(x), 

with g{a) ^ 0. 

Theorem 1. (See [2, p. 81] ) If a is a root of an equation f(x) = with the multiplicity m, 
a function u defined by 

, v fix) 

u{x) = iwr 

has a as a simple root. 
Proof From Definition 2, 

(x-a) m g(x) g(x) 

U(X) = -, r 1 —. z : 7—— = (X — a)- 



m(x — a) m 1 g(x) + (x — a) m g'(x) mg{x) + (x — a)g'(x) 

Since g{ct) ^ 0, u(x) has a as its simple root. □ 

2.2. Development of the methods. When finding a multiple root of / by finding a 
simple root of u, it seems very likely that using modified and improved Newton's method 
on u will give us more accurate results. Applying the trapezoidal Newton's method (2) 
rather than the original Newton's method (1) on u, we obtain a new method as follows: 

2u(x n ) 

X n +1 ~X n ,,,,,, u{x n ) s ■ 

Substitution of the definition u = f/f and tedious differential operations give us the 
formula in terms of /, that is, 

x+1 - x mxn)/f'(x n ) 

n^f /'«+i) 2 
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f(x n )f'(x n ) 

for multiple roots, briefly TNM 



where x* , ■, = x n — „. \f n J, ™„, — r. We will refer to (4) the trapezoidal Newton's method 

1,1 ' /'On) -f(X„)f"{x n ) 



Also, by applying the midpoint Newton's method (3) on u, we obtain 

u(x„) 



Xn+l — %n 



u'(x % 



u(x n ) 



Jn 2u'(x n )> 

Doing the same thing as in (4), we obtain 

_ f{Xn)/f'{x n ) 

Xn+1 ~ Xn , _ /« +1 )r« +1 ) ' [b) 

1 /'(<+i) 2 

where x* n+l = x n — 2(f(x )%-f(x)f"(x )) • ^ e wm Te ^ eT to (5) the midpoint Newton's method 
for multiple roots, simply MNM. 

Unlike many existing methods, two new methods do not require any information about 
the multiplicity of the root. Since we often do not know the multiplicity beforehand in 
most cases of solving equations, this characteristic may be found very useful in many cases. 
Obviously, these methods require the evaluation of first and second derivatives of /. 

3. Order of convergence 

Order of convergence is the most common and basic standard of how accurate an iterative 
method is. That means, the higher the order is, the faster the approximation by an iterative 
method converges to the exact root. Finding an order of a method is rather a tedious 
calculus. Among many ways, using Taylor's expansion is one of the most popular ways. 

Notice that for Theorem 2 and Theorem 3, dots were used to indicate terms that have 
high orders of e n , thus can be neglected in derivation of the error equation. 

Theorem 2. Let a be an exact root of f and its multiplicity m. Let n be an integer with 
n > 0, x n an approximation after n iterations, e n = x n — a an error between the exact root 
and the nth iteration, and 

1 /( m+n )( a ) 
Cn= (m + n)\ /M( a ) • (6) 

Then the trapezoidal Newton's method for multiple roots (TNM) defined by (4) is of third 
order with an error equation 

__ (5m + 17)cf - 10mc c 2 3 . . 

Proof By the Taylor's expansion for / about a, it follows that 
f(x n ) = /( m )(a)(c e™ + Cl e™ +1 + c 2 e™ +2 + c 3 e™ +3 + •••), 
f'(x n ) = /^(aHmcoC- 1 + (m + l)ciC + (m + 2)c 2 e™ +1 + (m + 3)c 3 e™ +2 + •••}, 
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and 

f"( Xn ) = /("») ( a ){m(m - l)coC" 2 + (m + lJmciC" 1 + (m + 2)(m + l)c 2 e™ 
+ (m + 3)(m + 2)c 3 C +1 + •••}. 

Substituting these in terms of e n for / and its derivatives in (4) will give us the proof. 
We have the following equations which are some key procedures: 

f(xn)f"(x n ) = {f (m Ha)} 2 {m(m - l)c 2 e 2 ™- 2 + 2m 2 Co c 1 e 2 ™- 1 

+ (2(m 2 + m + l)c c 2 + (m 2 + m)c 2 )e 2m + •••}, 

{/'(^)} 2 = {/ (m) («)} 2 {m 2 c 2 e 2m - 2 + 2(m 2 + m)^ 2 "- 1 

+ (2(m 2 + 2m)c c 2 + (m 2 + 2m + l)c 2 )e 2m + •••}, 



f(x n )f'(x n ) = {/^(atfimcle 2 ™- 1 + (2m + l)c oCl e n 



2m 

(10) 



+ ((2m + 2)c c 2 + (m + l)c 2 )e 2m+1 + • • • } 

/'(x n ) m" m 2 c " ^ m 3 c 2 m 2 ^ 1 n ' l J 

and 

f(x n )f"(x n ) _ m - 1 : 2ci : Q 2mc c 2 - (m + l)cf 2 

„2 





/'(x n ) 2 m m 2 c m 3 ^ 



By the definition x* +1 = x„ — \^ /, W'Li — \ anc ^ f rom (8), (9) and (10), we obtain 

* __ ci 2 4c c 2 - 2c| 3 (2 - 9m)c cic 2 + 9mc^c 3 + (3m - l)cf 4 

mcQ meg m/cg 



The Taylor's expansions for / and its derivatives about x* +1 are 



■"n+l 

„\m+l 1 „ / 
l+1 -u.j -rui V ^ n+1 



/« +1 ) = /( m )(a){c (x; +1 - a) m + ci« +1 - a) m+1 + c 2 « +1 - a) m + 2 + •••}, 

(13) 

/ , « + i) = / (m) («)(^o(x; +1 -a) m - 1 +(m+l) Cl (x; +1 -a) m +(m+2) C2 (x; +1 -a) m+1 +---), 

(14) 
and 

/"(<+i) = f im) {a){m{m - l)c « +1 - a) m ' 2 + (m + l)mci(a£ +1 - a)™" 1 

+ (m + 2)(m + l)c 2 «+i - a) m + • • • }. 

(15) 
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From (13), (14), (15) and the definition of e n = x n — a, we have 

f( x n+l)f \ x n+l) 

-r f (my n ,„2r (™-l)cf~ 2 ,4m-4 + 8 (™ Z l) 2 ^" 3 ** ~ 4(m - l) 2 ^- 1 „ 4m _ 3 

1/ l a J/ I o m _o 2m-4 e ™ """ 2m-1 2m-3 ™ 

+ 2m 2 2m- 2 ( 1 M™ " X ) 2 ( 2m " 3 ) c oC? m " 4 c| + 18m(m - l) 2 c 2 c 2m - 3 c 3 

- (m - l)(32m 3 - 62m 2 + 26m + 4)c c 2m_2 c 2 + (8m 4 - 22m 3 + 18m 2 - 4m - 2)c 2m )e 4m_2 

+ •••}, 
and 
{/'(< + i)} 2 



ff"~ 2 4m -4 , 8(m-l)c c 2m - 3 c 2 -4(m ' - 2 "'- 1 

,2m-4Jm-4 e n + ™2m-4„2m-3 



r f (m)/ n , U 2f C l I 4m-4 . 8(m - ljcpc/" C 2 - 4(m - l) Cl m ^ 4m _ 3 

1/ V tt J/ I o™_/i 2m-4 e n 



m-"" ^c n m^ 



"" "-o 

— = =(-\ftm 2 ( 

m 2m " 

3 ko_2 , ok™ , /l\„_„2m-2_ , /o 4 -, ,,_3 , a^.2 n \„2m\„im-2 



,„ _2 2m _2 (l6m 2 (m - l)(2m - 3)c 2 C 2m " 4 c 2 + 18m 2 (m - l)c 2 c 2m - 3 C3 



- m(32m d - 62m 2 + 26m + 4)c cf ra ~ 2 c 2 + (8m 4 - 14m 3 + 4m 2 - 2)cfM e 4m " 2 + •••}. 

Therefore, 

f«+i)f"«+i) m-1 _c|_ 2 

/'(< + i) 2 m m^ 6 " 4 """ l j 

From (11), (12) and (16), we obtain 

1 _ ci 2 , (m+l)cf-2mc C2 3 , 



2_ __ 2ci c _ 3(m+5)cf-6mc C2 ^ 2 
,2 





in m 2 c en m3 c 2 e " + 



Definition of e n = x n — a gives us the error equation (7). □ 

Theorem 3. Let a be an exact root of f and its multiplicity m. Let n be an integer with 
n > 0, x n an approximation after n iterations, e n = x n — a an error between the exact root 
and the nth iteration, and c n defined as in (6). Then, the midpoint Newton's method for 
multiple roots (MNM) defined by (5) is of third order with an error equation 



(-16m 3 + 32m 2 - 15m - 3)cf + m(32m 2 - 64m + 30)c c 2 

4m 2 Cn 



-+i = 7 2 v .-^^ + . . . _ (17) 

4m/ Cq 

Proof. Following the same procedures as in Theorem 2 with Taylor's expansions, (8) 
through (12) still hold. From (5), we have a slightly different definition of x* n+l from 
that in Theorem 2 as follows: 



2 



l n+l 



a 



-e +^^e 2 + 2C0C2 ~ Cl e 3 +--Q 
2 e " + 2mc n+ mcl n+ h 
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Using the same principles as in (13) through (15) and multiplying (13) by (15) give us 



/««)/-««) = (/'"'wn^?-' - (W =|^ 



22m-2 n ^ 

J3 

o2m 



2 '••'■- + 4) coci 2m _! 



17m 3 -55m. 2 +48m-12 „2 /'Qn»> 1 2 RR _ , q n V ^ 

m c i ~ W Um - oora + ■3UJC0C2 2m 1 

""" r>2m e "•"■■■/) 



f'/™* \2 _ (f(m)( „,\-j2f m C 2m (^ m 6m)cpCi 2m- 1 

/ V x n+lJ — 1/ V"J/ t 9 2m-2 ™ o2m-l « 



- 22m-2 ™ 2 2r ' 

) 
22m. 



(33m 2 - 54m + 17)c 2 - (62m 2 - 68m)c c 2 2m 



Therefore, we have 

t+l)/ ( x n+l 



/«+i)/"«+i) m-1 , ci 



/'(^+i) 2 "i m, 2 c 

(-16m 3 + 32m 2 - 19m - 7)c 2 + m(32m 2 - 64m + 38)c c 2 2 

4m 3 eg n 

Thus, from (11) and (18), we have 

I„ gl r 2 1 r (m+l)c 2 2c 2 -j3 I 

m e ™ m 2 ^™^ m3 c 2 m 2 c J C ™ ^ 



(18) 



n+1 ™ 1 ci , (16m 3 -32m 2 +19m+7)c 2 -m(32m 2 -64m+38)c c 2 2 

m ~~ ^?^ e ™ "I 4m^3 e n 



Putting e n = x n — a gives us the error equation (17). □ 



4. Numerical comparisons 

In this section, numerical experiments and comparisons between existing methods and 
our new methods for finding multiple roots are presented. These methods are all of cubic 
order. 

Most of the existing methods require the multiplicity m of the root. We consider the 
following methods among them. 



Halley's method [5] (HM): 



f{x n ) 

Xn+l ~ Xn m+1 «/_ x _ f(x n )f"(x n ) 
2m J y- Ln > 2/'(x„) 



Osada's method [7] (OM): 



x n+l = X n - -77l(m + 1 ) 77? r + - (m - 1 — r. 

2 f'(Xn) 2 /"(Xn) 
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Euler-Chebyshev method [9], [6] (ECM): 

m{m- 3)f(x n ) 
Xn+1 " Xn + ~ 2/'(x„) 

CTmn and Apia's met/iod [3] (CNM): 

2m 2 {/(x n )} 2 /"(x n ) 



rn f(x n )f"(x n ) 
m-3 {/'(x n )} 2 



Xn+1 — 2-n 



m(3 - m)f(x n )f'(x n )f"(x n ) + (m - l) 2 U'(x n )} 3 ' 



Also we consider the Petkovic and Dzunic's method [8] (PDM) constructed as follows: 

2f(Xn){f(Xn)} 2 -2{f(x n )} 2 f"( Xn ) 



X n +1 



2{f'(Xn)} 3 ~ 3/(x n )/'(x n )/"(x n ) + {f{x n )Yf'"(x r , 



This method is a modified Newton's method which does not require the multiplicity of the 
desired root, and is the only one method of cubic order without knowing the multiplicity 
as we know. 

The trapezoidal Newton's method for multiple roots (TNM) and the midpoint Newton's 
method for multiple roots (MNM) were presented in this paper by (4) and (5), respectively. 

Table 1 shows the test functions used in the root-finding, approximations of the desired 
root and their multiplicity. We chose /s through /§ from [3]. 

Table 1 Test functions, approximate roots and their multiplicity 



test function 


approximate root 


multiplicity 


h{x) = x\x-lf{x-2) 


1 


6 


/ 2 (x) = x 2 (x-l) 12 (x-2) 


1 


12 


h(x) = (logx) 5 


1 


5 


f&(x) = (arctanx) 5 





5 


/ 5 (x) = (x 3 +4x 2 -10) 3 


1.37 


3 


h{x) = (sin 2 x - x 2 + l) 2 


1.40 


2 


h{x) = (cosx — x) 3 


0.74 


3 


/ 8 (x) = (sinx- f) 2 


1.90 


2 



Table 2 is displaying numbers of iterations needed to reach | f(x n ) \< 10 -1024 (denoted 
by N) for each method and each test function. The values in the parentheses are the 
absolute value of f(x n ) (denoted by FN) after such iterations. Note that absolute value of 
f(x n ) indicates how near x n is to the exact root for a same function. All computations 
were done using Mathematica, inserting inputs with significant figures large enough. Here 
* denotes where the approximation does not converge into the exact root. 
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Table 2 Numbers of iterations '. 


^(absolute 


values of /, '. 


?N) of numerical methods 


function 


method 


initial pt. 


HM 


OM 


ECM 


CNM 


PDM 


TNM 


MNM 


h 

x = 0.7 

xo = 1.3 


5(2e-1055; 
5(6e-1186; 


6(4e-2701) 
5(6e-1168) 


6(7e-2827; 
5(6e-1173; 


6(2e-3025 
5(le-1180 


6(2e-2466 
6(2e-2781 


6(2e-3024; 
5(6e-1193; 


5(le-1841) 

5(2e-1442) 


h 

x = 0.7 

xo = 1.3 


5(3e-2597; 
5(4e-2807; 


5(2e-2457) 
5(7e-2791) 


5(7e-2478; 
5(2e-2793; 


5(le-2574 
5(le-2804 


5(4e-2084 
5(8e-2294 


5(5e-2542; 
5(3e-2814; 


4(le-1145) 
4(7e-1091) 


h 

x = 0.8 
xo = 1.5 


5(9e-1444; 
5(le-1125; 


5(3e-1153) 

6(4e-2195) 


5(4e-1292; 
6(7e-2686; 


5(8e-1657 
5(3e-1259 


6(6e-2922 
6(le-2365 


5(5e-1222; 
6(le-3046; 


5(8e-1076) 
6(6e-2609) 


h 

xo = 0.5 

x = -1 


6(le-2148; 
6(2e-141i; 


6(5e-1672) 

* 


6(5e-182i; 

7(6e-1295; 


6(6e-1977 
7(3e-2702 


6(4e-2267 
6(2e-1238 


6(3e-2080; 
6(2e-1185; 


6(6e-3042) 
6(3e-1517) 


h 

x = 1 
x = 2 


6(2e-1649; 
6(8e-1425; 


7(6e-2351) 

7(7e-2922) 


6(le-1128; 
6(4e-1120; 


6(le-1128 
6(4e-1120 


6(7e-1875 
6(6e-1573 


6(2e-1318; 

7(5e-2796; 


6(le-1715) 
6(8e-1561) 


h 

xo = 2.3 

x = 2 


7(5e-1549; 
7(5e-2084; 


7(6e-1029) 
7(le-1373) 


7(3e-1282; 
7(9e-1716; 


7(4e-1131 

7(2e-1510 


7(le-1311 

7(5e-1828 


7(3e-1252; 
7(6e-148i; 


7(4e-1968) 
7(2e-3025) 


h 

x = 1 
x = 1.7 


6(7e-2343; 
6(9e-1190; 


6(4e-2146) 
6(2e-1095) 


6(2e-223i; 
6(3e-1136; 


6(2e-2231 
6(3e-1136 


6(6e-2085 
7(2e-2637 


6(2e-2208; 
6(9e-1217; 


5(7e-1032) 
6(le-1879) 


h 

x = 1.7 
xo = 2 


6(4e-1252; 
6(2e-1756; 


7(2e-2037) 
6(8e-1409) 


7(7e-2994; 
6(le-1586; 


7(5e-2479 
6(le-1482 


6(4e-1229 
6(3e-1695 


6(le-1077; 
6(9e-1560; 


6(le-1487) 

6(5e-2201) 



5. Conclusion 

In this paper, new modifications of Newton's method for multiple roots were made by the 
trapezoidal rule and the midpoint rule, respectively, and the definition of u = ///'. These 
methods were proved to be of third order, and the numerical comparisons with various 
methods of third order prove that the trapezoidal method (TNM) is highly competitive 
to other methods, while the midpoint method(MNM) is overwhelmingly powerful in most 
functions. The methods are somewhat complicated in the formula, however, that they 
produce relatively accurate results without requiring any information on multiplicity is an 
important feature that can be made extremely useful in many cases. 
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ORTHOGONAL STABILITY OF A GENERALIZED QUADRATIC 
FUNCTIONAL EQUATION IN NON-ARCHIMEDEAN SPACES 

CHOONKIL PARK, YEOL JE CHO*, AND HASSAN AZADI KENARY* 

Abstract. In this paper, by using the fixed point method and the direct method, 
we prove the Hyers-Ulam stability of an orthogonally generalized quadratic functional 
equation in non- Archimedean normed spaces. 



1. Introduction and preliminaries 

Assume that X is a real inner product space and / : X — > K. is a solution of the 
orthogonal Cauchy functional equation 

f(x + y) = f(x) + f(y), (x,y) = 0. 

By the Pythagorean theorem, f(x) = \\x\\ 2 is a solution of the conditional equation. 
Of course, this function does not satisfy the additivity equation everywhere. Thus 
orthogonal Cauchy equation is not equivalent to the classic Cauchy equation on the 
whole inner product space. 

Pinsker [41] characterized orthogonally additive functionals on an inner product space 
when the orthogonality is the ordinary one in such spaces. Sundaresan [51] generalized 
this result to arbitrary Banach spaces equipped with the Birkhoff- James orthogonality. 
The orthogonal Cauchy functional equation 

f(x + y) = f(x) + f(y), x±y, 

in which _L is an abstract orthogonality relation, was first investigated by Gudder and 
Strawther [19]. They defined _L by a system consisting of five axioms and described the 
general semi-continuous real- valued solution of conditional Cauchy functional equation. 
In 1985, Ratz [48] introduced a new definition of orthogonality by using more restrictive 
axioms than of Gudder and Strawther. Moreover, he investigated the structure of 
orthogonally additive mappings. Ratz and Szabo [49] investigated the problem in a 
rather more general framework. 

Let us recall the orthogonality in the sense of Ratz (see [48]). 

Suppose that X is a real vector space with dim X > 2 and _L is a binary relation on 
X with the following properties: 
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(Oi) Totality of _L for zero: i10,01i for all x G X; 

(0 2 ) Independence: if x,y G X — {0},:r _L y, then x and y are linearly independent; 

(03) Homogeneity: if x, y G X, x _L y, then ax _L /3y for all a, /3 G R; 

(04) the Thalesian property: if P is a 2-dimensional subspace of X,i G P and 
A G R + , which is the set of nonnegative real numbers, then there exists y$ G P such 
that xli/o and x + y ± \x — y . 

The pair (X, _L) is called an orthogonality space. By an orthogonality normed space we 
mean an orthogonality space having a normed structure. 

Some interesting examples are as follows: 

(1) The trivial orthogonality on a vector space X defined by (0\), and for non-zero 
elements x, y G X, x _L y if and only if x, y are linearly independent; 

(2) The ordinary orthogonality on an inner product space (X, (•,•)) given by x _L y 
if and only if (x, y) = 0; 

(3) The Birkhoff- James orthogonality on a normed space (X, || ■ ||) defined by x _L y 
if and only if \\x + Ay|| > ||x|| for all A G R. 

The relation _L is called symmetric if x _L y implies that y _L x for all x,y G X. 
Clearly, examples (1) and (2) are symmetric but example (3) is not. It is remarkable to 
note, however, that a real normed space of dimension greater than 2 is an inner product 
space if and only if the Birkhoff- James orthogonality is symmetric. There are several 
orthogonality notions on a real normed space such as Birkhoff-James, Boussouis, Singer, 
Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles and Diminnie (see [1]- 
[3], [8, 15, 24, 25, 37]). 

The stability problem of functional equations was originated from the following ques- 
tion of Ulam [53]: 

Under what condition does there exist an additive mapping near an approximately 
additive mapping? 

In 1941, Hyers [21] gave a partial affirmative answer to the question of Ulam in the 
context of Banach spaces. In 1978, Th.M. Rassias [43] extended the theorem of Hyers 
by considering the unbounded Cauchy difference 

\\f(x + y)- f(x) - f(y)\\ < e(\\x\\ p + ||j/|H, Ve > 0, p G [0, 1). 

The result of Th.M. Rassias has provided a lot of influence in the development of 
what we now call generalized Hyers- Ulam stability or Hyers- Ulam stability of functional 
equations. 

During the last decades several stability problems of functional equations have been 
investigated in the spirit of Hyers-Ulam- Rassias. The reader is referred to [11, 12, 22, 26, 
47] and references therein for detailed information on stability of functional equations. 

Ger and Sikorska [18] investigated the orthogonal stability of the Cauchy functional 
equation f(x + y) — f(x) + f(y), namely, they showed that if / is a mapping from an 
orthogonality space X into a real Banach space Y and \\f(x + y) — f(x) — f(y)\\ < e 
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for all x, y G X with ilj/ and some e > 0, then there exists exactly one orthogonally 
additive mapping g : X — *■ Y such that ||/(x) — <7(x)|| < y£ for all x £ X. 

The first author treating the stability of the quadratic equation was Skof [50] by 
proving that if / is a mapping from a normed space X into a Banach space Y satisfying 
\\f(x + y) + f(x — y) — 2f(x) — 2f(y)\\ < e for some e > 0, then there is a unique 
quadratic mapping g : X — > Y such that ||/(x) — g(x)\\ < |. Cholewa [9] extended 
the Skof 's theorem by replacing X by an abelian group G. The Skof's result was later 
generalized by Czerwik [10] in the spirit of Hyers-Ulam-Rassias. The stability problem 
of functional equations has been extensively investigated by some mathematicians (see 
[40], [44]-[46]). 

The orthogonally quadratic equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y), x JL y 

was first investigated by Vajzovic [54] when X is a Hilbert space, Y is the scalar field, / 
is continuous and _L means the Hilbert space orthogonality. Later, Drljevic [16], Fochi 
[17], Moslehian [32, 33] and Szabo [52] generalized this result. 

In [4], Baak et al. proved the Hyers-Ulam stability of the following generalized 
quadratic functional equation 

(2*.2Q-i ~ d -2 Q - d _ 2 Q_ 2 )r 2 / {^f^j + E r*f ^Ut^^j 

d 

= (d-lCl +d-l Ci-i + 2 d _ 2 C/-l _ d-2 C[ ~d-2 C/-2) E f\ X j) (1--U 

3=1 

in Banach spaces. 

In 1897, Hensel [20] introduced a normed space which does not have the Archimedean 
property. It turned out that non-Archimedean spaces have many nice applications (see 
[13, 28, 29, 36]). 

Definition 1.1. By a non- Archimedean field we mean a field K equipped with a func- 
tion (valuation) | • | : K — *■ [0, 00) such that, for all r, s G IK, the following conditions 
hold: 

(a) \r\ — if and only if r = 0; 

(b) |rs| = |r||s|; 

(c) \r + s\ < max{|r|, |s|}. 

Definition 1.2. ([35]) Let X be a vector space over a scalar field K with a non- 
Archimedean non-trivial valuation | • | . A function || • || : X — > R is a non- Archimedean 
norm (valuation) if it satisfies the following conditions: 

(1) \\x\\ — if and only if x = 0; 

(2) ||ra;|| = |r|||x|| for all r G K and x G X); 
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(3) The strong triangle inequality (ultrametric); namely, 

||x + S/|| < max{||x||, \\y\\}, Vx,y e X. 
Then (X, || • ||) is called a non- Archimedean space. 

Note that 

\\x n — x m \\ < maxJUxj+i — Xj\\ : m < j < n — 1}, Wn,m > 1 (n> m). 

Definition 1.3. A sequence {x n } is a Cauchy sequence if and only if {x n+ \ — x n } 
converges to zero in a non- Archimedean space. By a complete non- Archimedean space 
we mean one in which every Cauchy sequence is convergent. 

Let X be a set. A function m : X x X — ► [0, oo] is called a generalized metric on X 
if m satisfies the following conditions: 

(a) m(x, y) — if and only if x = y; 

(b) m(x, y) = m(y, x) for all x,y G X; 

(c) m(x, 2) < m(x, y) + m(y, 2) for all x,y,z G X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.4. ([5, 14]) Let (X,m) be a complete generalized metric space and let 
J : X — *■ X be a strictly contractive mapping with Lipschitz constant a < 1. Then, for 
each given element x G X, either 

m{J n x, J n+l x) = 00 

for all nonnegative integers n or there exists a positive integer no such that 

(1) m(J n x, J n+1 x) < 00 for all n > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X | m(J n °x, y) < 00}; 

(4) m(y, y*) < ^m(y, Jy) for all y eY. 

In 1996, Isac and Th.M. Rassias [23] were the first to provide applications of sta- 
bility theory of functional equations for the proof of new fixed point theorems with 
applications. By using fixed point methods, the stability problems of several functional 
equations have been extensively investigated by a number of authors (see [6, 7, 27, 31, 
38, 39, 42]). 

In this paper, we prove the Hyers-Ulam stability of the orthogonally generalized 
quadratic functional equation (1.1) in non- Archimedean normed spaces by using the 
fixed point method. 

2. Hyers-Ulam stability of the orthogonally generalized quadratic 
functional equation (1.1) in non- Archimedean Banach spaces 

Throughout this paper, assume that (X, _L) is an orthogonality space and (Y, || • ||y) 
is a non-Archimedean Banach space. Assume that d and I are integers with 1 < I < d 
and r is a positive real number with \r\ 7^ 1. 
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For any mapping / : X — > Y, we define 

Df(x ir -- ,x d ) : 



J2 d - x- 

(2d_2Ci-l — d-2 Cl — d-2 Cl-2)r /( 



+ E - 2 /( 

t(j')=0,l 



EL(-l) t0) ^ 



\d-lPi +d-l Cl-1 + 2rf_2Q-l ~d-2 Cl ~d-2 Q-2) E /( 






i=i 



for all xi, 
Ratz. 



, x^ G X with Xj _L Xj (i 7^ j), where _L is the orthogonality in the sense of 



Using the fixed point method and applying some ideas from [18, 22], we prove 
the Hyers-Ulam stability of the orthogonally generalized quadratic functional equation 
Df(xi, ■ ■ ■ ,Xd) = in non-Archimedean normed spaces. 

Theorem 2.1. Let ip : X d — ► [0, 00) be a function such that there exists a < 1 with 



ip(x!,--- ,x d ) < \r\ 2 a(p (—, 

V r 



Xd\ 



r J 



(2.1) 



for all x±,--- ,x d G X with Xi _L Xj (i 7^ j). Let f : X — ► Y be an even mapping 
satisfying /(0) = and 

\\Df(x 1 ,---,x d )\\ Y <<p(x 1 ,--- ,x d ) (2.2) 

/or all Xi, •••,x ( j 6l w!& Xj _L Xj (i 7^ j). Then there exists a unique orthogonally 
quadratic mapping Q : X — *• F snc/i t/iat 



||/(x) - Q(x)||y < ^(x, 0, • • • , 0) 

|4 d _ 2 Gi_i|(l - a) ^ v ' 

d — 1 times 



(2.3) 



/or all x & X . 

Proof. Letting Xi = x and x 2 



Xd = in (2.2), we get 



,,!-lQ +d-l C/-1 + 2<2_2Q-1 — d-2 Q — d-2 Q-2) [ r f [ ~ ) ~ f\ X ; 



X 



Y 



< ¥ »(a;,0 1 —_ L 0) 

d — 1 times 

for all x G X since x _L 0. Since d-iQ+d-iG-i + 2d-2G-i-d-2Q-d-2Q-2 = 4 d _ 2 Cj_i, 



4d- 2 Q-i (r 2 / (*) - /(x)) 



y 



<^(x,0,---,0) 



d — 1 times 



for all x G X. So we have 



/(-)-r 2 /(^) 



< i, ^ M x,o,---,o) 

Y |4 d _ 2 Oi-l| v v ' 

d — 1 times 



(2.4) 
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for all x G X. Thus it follows that 

1 
f( x ) - -3/ ( rx ) 



< ,, p(rs,0, ••-,()) (2.5) 



d — 1 times 



12 



" 14 r |lrl^ (x> Sl^-lB ) 

d — 1 times 

for all rr G X. Consider the set 

£:={/*: X^F} 
and introduce the generalized metric on S: 

m(g, h) = inf{;U G R+ : ||<7(x) — /i(x)||y < //</?(£, 0, • • • ,0), Vx G X}, 

d — 1 times 

where, as usual, inf = +00. It is easy to show that (S, m) is complete (see [30, Lemma 
2.1]). 

Now, we consider the linear mapping J : S — ► S such that 

Jg(x) := ~^g(rx) 

for all x G X. Let g,h E S be given such that m(g, /i) = e. Then we have 

\\g(x)-h(x)\\ Y <<p(x,0 1 ~.J)) 

d — 1 times 

for all x G X. Hence it follows that 



|| Jg(x) — Jh(x) 



Y 



g (rx) -h (rx) 



rv-> Zi nr> A 



< a>(p(x, 0, • • • ,0) 

d — 1 times 



for all x G X. So m(g, h) = e implies that m(Jg, Jh) < as. This means that 

m(Jg, Jh) < am(g, h) 

for all g,h G S. It follows from (2.5) that m(f, Jf) < 7^ — ^ — r . 

By Theorem 1.4, there exists a mapping Q : X — > F satisfying the following: 

(1) Q is a fixed point of J, i.e., 

Q (rx) = r 2 Q(x) (2.6) 

for all x G X. The mapping Q is a unique fixed point of J in the set 

M = {g G S : m(/i, 5) < 00}. 

This implies that Q is a unique mapping satisfying (2.6) such that there exists \x G 
(0, 00) satisfying 

||/(x)-Q(s)||y < M^JV-^0) 

d — 1 times 

for all x G X; 

(2) m(J n f, Q) — > as n — »■ 00. This implies the equality 
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lim -r- f (r n x) = Q(x) 

for all x G X; 

(3) m(f,Q) < jzrm(f, Jf), which implies the inequality 

m(f,Q)< u a ■ 

This implies that the inequality (2.3) holds. It follows from (2.1) and (2.2) that 

\\DQ(x u ---,x d )\\y = \im-^\\Df(r n x u ---,r n x d )\\ Y 



1 
< lim — -ip(r n xi, • • • , 7"™x d ) 



n^oo ^-2n 



|r| 2n o: n 



- lim i i 2 „ y(gi,-" ,z d ) 

= 

for all xi, • • • , xa G X with x, _L Xj (i 7^ j) and so 

L>Q(xi,---,x d ) = (2.7) 

for all xi, • • • ,Xd G X with Xj _L Xj (i 7^ j). Hence Q : X — >■ F is an orthogonally 
generalized quadratic mapping. Letting x\ = x, X2 = y with x _L y and X3 = • • • = 
x d = in (2.7), we get 



(2 d - 2 Q_l — d-2 Q —d-2 C1-2P Q 



2^ /^ + y 



r 



+ U-2Q + d - 2 G-2)r 2 Q f^ 1 ) + 2 d _ 2 CV 1 r 2 Q 



= (d-iC, + d _i C,_i + 2 d _ 2 C i _ 1 - d _ 2 Q - d ^2 Q_ 2 )(Q(x) + Q(y)) 
for all x,y £ X with x _L y. So we have 

^(9(t) + «(t)) 

= ( d _iC, H- d _i C,_i + 2 d _ 2 CVi - d _ 2 C, - d _ 2 C,_ 2 )(Q(x) + Q(y)) 
for all x,y e X with x _L y. Since d _iG + d _i Q_i + 2 d _ 2 Cj_i - d _ 2 Cj -d_ 2 G-2 

4d- 2 Q-i, 

2^ f x + y\ , 2^f x ~v 



r 2 Q [—^) + ^ (^J = 2( 5( x ) + 2C ?(s/) ( 2i 

for all x,y <E X with x _L y. Letting y = in (2.8), we get 

2r 2 Q (*) = 2Q(x) 
for all x £ X, since x _L 0. So Q (f) = ^Q(x) for all x E X. Thus it follows that 
Q(x + y) + Q(x -y)= r 2 Q (?±») + r 2 Q (^L) = 2Q(x) + 2Q(y) 
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for all x,y G X with x -L y. Hence the mapping Q : X — > F is orthogonally quadratic, 
this completes the proof. □ 

Corollary 2.2. Assume that (X, _L) zs an orthogonality non- Archimedean normed space. 
Let 9 be a positive real number and p a real number with p > 2 when r > 1 and with 
< p < 2 w/ien < r < 1. Let f : X ^ Y be an even mapping satisfying /(0) = and 

ip/(* 1 ,...,x d )ii r <0]Cii^r 

/or a// xi, • • • ,Xd G X to& x» _L Xj (i ^ j). Then there exists a unique orthogonally 
quadratic mapping Q : X ^Y such that 



for all x G X . 



Proof. Taking ip(x\, ■ ■ ■ , Xd) = Yfj=\ \\ x jV f° r an ^lj ' ' ' , ^d G X with Xi _L Xj (i 7^ j) 
and choosing ct = |r| p ~ 2 in Theorem 2.1, we get the desired result. □ 
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SOME IDENTITIES ON THE EXTENDED CARLITZ'S 
g-BERNOULLI NUMBERS AND POLYNOMIALS 

SEOG-HOON RIM, TAE-KYUN KIM, AND BYUNG-JE LEE 



Abstract. In [5] , Kim introduced the p-adic g-integral onZ p (= g-Volkenborn 
integral) and gave some Witt's formula for the Carlitz's q-Bcrnoulli numbers 
and polynomials. In this paper we investigate some properties of the extended 
Carlitz's g-Bcrnoulli numbers and polynomials by using p-adic q- integral on Z p . 
From these properties, we derive some interesting identities on the extended 
Carlitz's q-Bernoulli numbers and polynomials. 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p ,Q p and C p will 
respectively denote the ring of p-adic rational integers, the field of p-adic rational 
numbers and the completion of the algebraic closure of Q p . Let v p be the normalized 
exponential valuation of C p such that \p\ p = p~ v p(p*> = \jp (see [1-19]). 

Let q € C p with |1 — q\ p < 1. We use the notation of g-number as [x] q = ^ . 
Note that liniq^ifxjq = x. In [2], Carlitz defined a set of numbers rjk = r]k{q) 
inductively by 

(I if fc = 1, 
,o = l, q ( q v+l) k -V k ={ iffc>1; 

with the usual convention of replacing £ fe by £&. 

These numbers are g-analogues of ordinary Bernoulli number Bk, but they do 
not remain finite for q = 1. So he modified the definition as follows : 

fl if fc = 1, 

/So,, = 1, and q(q(3 + l) fc - /3 k , q = < Q . f fc > 1 

with the usual convention of replacing (3 k by f3k, q (see [2]). The Carlitz's ^-Bernoulli 
polynomials are also defined by 

fc 



fc \ " I ™ I Q_ J,X\ r ]k — l 



(1) Pk, q {x) = (q x p + [x] q ) h = J2 ( k l) Pl«Q 

1=0 ^ ' 

As q — ► 1, we have (3k. q — * B^, where B^ and B^(x) are the ordinary Bernoulli 
numbers and polynomials, respectively (see [2,5]). 

Let UD(Z p ) be the space of uniformly differentiablc on Z p . For / <G UD(Z p ), 
the p-adic g-integral is constructed by Kim as follows : 

P N -i 

(2) /,(/) = f f(x)dn q (x) = lim -J^ ]T f( x )<i X > ( see I 5 ' 6 !)- 

Ji, p ^°° IP \ q x=0 

l 
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For n G N, let f n (x) = f(x + n). Then, by (2), we have 
(3) 



„ n— 1 1 n— 1 

qI q (.M = q / fix + n)d^ q (x) = /,(/) + (q - 1) V g '/(0 + ^— V <//'(*), 
where /'(/) = 



' //!n _, , (see [5,6]). 



r/.r 



Z 



In [1], Carlitz have considered the extension of his (/-Bernoulli numbers as follows 

: fteZ, 



(4) C^pjp and Q k W {h) + !)"={ 



ft . ,,, „,m _„ f 1 if n = l, 

j(I k if n > 1, 

with the usual convention of replacing (P^) n by 0n,q- In this paper, (3n,q are called 
the extended n-th Carlitz's (/-Bernoulli numbers. 

The Witt's formula for the Carlitz's (/-Bernoulli are given by Kim (see [5]) as 
follows : 

( 5 ) £mmm.) - ft,, = ^ ± (?) (-i)V-^. 

Recently, Kim considered (/-Bernstein operator of order n for / G C([0, 1]) as follows 

fe=0 ^ ' " 



™ h 

y^f(-)Bkn(x,q), where n, fc G Z+ = NU{0}. 



n 

k=0 



Here Bk, n (x,q) are called the (/-Bernstein polynomials of degree n (see [9]). In [9], 
the p-adic extension of Bk t n(x, q) are given by 



(6) Bk >n {x, q) = I , J [x]q[l - x]™_! , where x G Z p , and n, fc G Z + . 

In this paper, we investigate some properties of the extended Carlitz's (/-Bernoulli 
numbers and polynomials by using p-adic (/-integral on Z p . From these properties 
we derive some interesting identities on the extended Carlitz's (/-Bernoulli numbers 
and polynomials. 



2. Extended Carlitz's (/-Bernoulli Numbers 

Let h G Z + . Then we consider the following (h, (/)-Bcrnoulli polynomials by 
using p-adic (/-integral : 



(7) /?#>(*) = / [x + j/]^" 1 ^/^), n G Z 4 



In the special case, x = 0, /?n,g(0) = /3n j( j are called the n-th (/i, (/)-Bernoulli 
numbers. 
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From (7), we can derive the following equation. 
(8) 






(l-q) n ^\l) { l 



-n 



1=0 
n-l 



i e r 7 ) ^y^Tz^ + (i - «)* e « hm i* + < 



(l-q) n - . . - 

v HJ 1=0 x * m=0 

oo oo 

= -nJ2 q hm+x+m [x + M7 1 + (1 " 9)ft E ^ + ™] ? ; 

m— m— 

oo oo 

= - n E «' im t x + m ]g _1 + ( x - <?)( n + ft ) E fl*"*^ + m ^ ■ 

m— tm— 

Therefore, by (8), we obtain the following theorem. 
Theorem 2.1. For n E Z+, we /iawe 

OO oo 

m— m— 

Let -Fq (£, a;) be the generating function of the (h, g)-Bernoulli polynomials as 

follows : 

(9) F^(t,x) = e^^ = f2^l(x) t -], 

n=0 

with the usual convention about replacing {f3^ h \x)) n by (3 n , q {x). 
By (9) and Theorem 2.1, we easily get 

oo oo 

(10) fW(t, a:) = -t J2 q hm+x+m ^ x+m ^ t + (1 - g)/i J^ q hm e' x+m ^ t . 

m=0 m— 

Therefore by (10), we obtain the following theorem. 



CO/. \ _ v-^oo o{h)/\ t" 



Theorem 2.2. Let F q \t,x) = E^offiW^- Then we h 



ave 



F^ h \t, l) = -t£ g fcrr.+x+m e [x+m],t + (j _ g )/j g ^^[2 



,[x+m]<,t 
rri— ?n— 



Let F 9 (/l) (t,0) = F^ h) (t). Then we get 
(11) q h F^(t,l)-F^(t)=t+(q-l)h. 

By (11), we obtain the following functional equation : 
Corollary 2.3. 

q h FW{t,l)-FW{t)=t+(q-l)h. 
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By Corollary 2.3, we get 

Thus we have 

{{q-\)h ifn = 0, 
1 if„ = l, 

ifn>l. 

Therefore, by (12), we obtain the following theorem. 

Theorem 2.4. For n € Z +; we have 

^ = ±-,and gV$(l)-/?W f * i/n=1. 

From (7), (8) and (10), we note that 



" [h] q ' H ' n ' qy ' Mn ' q \0 ifn>l. 



( i ' i J z=o v / 

= (<f /?W + [*],)», 

with the usual convention about replacing (/3^) n by /%,?• 
By (7), we get 



(14) ^ « ' i=o 



^EQl-i^/^^W 



-+"- 1 AAA, ,., ,» /. + ( 



HfeE H 



9 



= (-l)>"+' l - 1 /3^(^). 
Therefore, by (14), we obtain the following theorem. 
Theorem 2.5. For n € Z +; we ftove 

^-i(l-x) = (-l) n g n+h - 1 ^( i r). 

From (9), (10) and Theorem 2.5, we note that 

(15) F { q h \(t,l-x) = q h - l F^(-qt,x). 

Thus by (15), we obtain the following corollary. 
Corollary 2.6. 

F^ 1 (t,l-x) = q h - 1 F^(-qt,x). 

By (13) and Theorem 2.4, we also get the following corollary. 
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Corollary 2.7. 

From Corollary 2.7, we can derive the following equation (16). 



— a 2h -na h+1 + a h — 
[h] q q m +q [h] q 



q-"PZ;iW - TZTl - n< l + 1 



2h 0(h)(2) — — " 2k — -nr, h + l _L r, h . 

L"-Jg L" 

tl nh h^i u tl 



/=() 



^E(?^(i + rf«)'-^-^ + ^ 



'; 



(16) 



= «"* E (?) fl'a + ^ (h) )' + (1) « h+1 (i + *® - ^" +1 + ^ 

= ^E(/)^C=^](l)=^ ifn>l. 
1=0 ^ ' 

Therefore, by (16), we obtain the following theorem. 
Theorem 2.8. For n G Z + with n > 1, we have 

3W(2) = —dW+n— — — + — 

Pn ' q[ ' q 2h> J n, q + n qh - 1 qh [h]q + [h]q - 

By (2) and (3), we get 

q h - 1 f [i-xY^ h - l ^d N (x) = (-ir q n+h - 1 f [x-l}^ h - l ^d N (x) 

(17) j %p j %p 

= (-l)>"+^- 1 /3W(-l) = :/3^_ 1 (2). 

Thus, by (17), we obtain the following proposition. 

Proposition 2.9. For n G Z +) we Ziowe 

>-! /" [1 _-rl" .«('»- 1 )^,,_r^ = /?W 



ff' 1 " 1 / [l-a:]^? lft - 1Jx d^(*)=^_ 1 (2). 

Let n G N with n > 1. Then by Theorem 2.8 and Proposition 2.9, we get 

(18) 

Therefore, by (18), we obtain the following theorem. 
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Theorem 2.10. For n G N with n > 1, we have 

[1 - *]" iqV-V'dHtix) = q h+1 ^U +n + h(l- q). 



For ifZ, and s G N with s > 2, let m, ri2, • • • , n s , fc G Z + with ni + • • • + n s > 
sk + 1. Then we take p-adic g-intcgral on Z p for the g-Bcrnstcin polynomials as 

follows : 



B k , ni {x, q) ■ ■ ■ B k . ns (x, q)q (h 1)x dn q (x) 



(19) , . , s sk 

k ) '" V k 

1=0 

From Theorem 2.10 and (19), we note that 

(20) 

Sfc.m (#, q) ■ ■ ■ B k ,n e (x, q)q (h ~ 1)x dn q (x) 

\ / v sk / 

n\\ ( n s \ v-^ ( sk 



/ 7_n V / «/Zr, 



fc / V k J ^ \ I 

1=0 



J2 7 (-l) ,+ ' fc {9 h+1 /3n 1+ ...+n.-I, g -i + f»l + ■■■ + ».- i + Ml " ff)} 



« fc+1 /? ni+ ... + „ a , g -i + m + • ■ • + n a + ft(l - «) if fc = 0, 

«' i+1 (?) ' ' ' (?) E (?) (-i)' + ' fc A, + ... + ».-u- if * > o, 

and 

Bfe.ni (a;, 9) • • • £ fe ,„ s (a;, q)q {h ~ 1)x dn q {x) 

k)"\k) 2^ \ i J^ l > Psk+i, r 

Therefore, by (20) and (21), we obtain the following theorem. 

Theorem 2.11. For s G N with s > 2, let ni, ■ ■ ■ ,n s ,k G Z + with m + ■ ■ ■ + n s > 
sk + 1. Then we have 

Z=0 ^ ' 

q h+1 /3 ni+ ... +n3}q -i +n 1 + --- + n s + h(l-q) if k = 0, 

gfc+ i g Afc\ ( _ 1);+sfe/3ni+ + ^ _ j)g _ i . ; fc > Q 

1=0 ^ ' 
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Solving an inverse problem from bioluminescence tomography 
by minimizing an energy-like functional* 

Shijun Song a , Jianguo Huang a ' ' 

a Department of Mathematics, Shanghai Jiao Tong University, Shanghai 200240, China 

Division of Computational Science, E-Institute of Shanghai Universities, Shanghai 200235, China 

Abstract 

A new method is proposed for the reconstruction of the source function in biolu- 
minescence tomography. In contrast with several existing methods [5, 13, 15], the main 
difference of our method is that the functional used for measuring the data fitting is a 
certain quantity defined over the whole domain under consideration, so that the finite 
clement approximation is quite convenient to implement in practical applications. The 
theoretical analysis is developed for the new method, whose computational performance 
is shown by several numerical tests. 

Keywords. Bioluminescence tomography; Inverse source problems; Finite clement 
approximations 

1 Introduction 

In the last decade, people have witnessed rapid progress in the field of bioluminescence 
tomography. Briefly speaking, bioluminescence is the process of light emission in living 
organisms; bioluminescence tomography (BLT) is a technique for noninvasive study of on- 
going biological processes in small laboratory animals, by use of native light emission from 
living organisms which bioluminesce. We refer to [6,12,17,19,21-26] and references therein 
for details about the biomedical background of BLT. 

If the light emission from living organisms is described by a certain diffusion equation 
[18], then the BLT corresponds to an inverse source problem of this equation [1,5,8,9,13-15]. 
To be more precise, we are going to look for a light source function p in the following diffusion 
equation: 

- V ■ (DVu) + ixu = pxa inn, (1.1) 

equipped with the boundary conditions: 

D^ = -g onT, (1.2) 

ov 

du 
2D—+u = g~ onT. (1.3) 

ov 

Here D := [3(/j, + fi )] -1 , /j, and /j, are prescribed absorption and reduced scattering coeffi- 
cients, the incoming flux g~ is the imposed data, and the function g is the measured data; 
g^ indicates the directional derivative along the unit outward normal to T, the boundary of 
n. Moreover, no is a given measurable subset of n or n itself, and xn means the charac- 
teristic function of no- In terms of the right side term of (1.1), we actually assume the light 
source only exists inside the set no- The determination of a reasonable subset no relies on 
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a good understanding of the practical problem to be studied. If there is not enough a priori 
information for the problem, it's better to choose flo = ft. 

The above problems are a kind of typical ill-posed problems [10, 16], and one requires 
to use the regularization method to reconstruct the source function p feasibly [10,20]. To 
the best of our knowledge, several effective methods were devised for solving such prob- 
lems [5, 9, 13, 15]. The key point of these methods is to reformulate the inverse source 
problem under consideration as some minimization problems, with the functionals given 
by some functionals measuring the data fitting over the boundary T plus the L 2 (Oo)-norm 
regularization term. 

Following [2], we propose in this paper a new method for the reconstruction of the source 
function in BLT. In contrast with the methods just mentioned, the main difference of our 
method is that the functional used for measuring the data fitting is a certain quantity 
related to L 2 (S7)-norm, so that the finite element approximation is quite convenient to 
implement in practical applications. We establish theoretical analysis for our method, 
whose computational performance is illustrated by several numerical tests. 

2 The new method in the continuous version 

Let ft C M. d (d < 3) be a bounded domain with a Lipschitz boundary T. For the given 
data used in (1.1)-(1.3), suppose that D G L°°(ft),D > Do a.e. in ft for some constant 
Dq > 0, and suppose that fj, G L°°(fi),n > a.e. in ft, and n is positive over a subset of 
ft with positive measure. Also assume both the functions g and g~ belong to L 2 (T). To 
formulate our new method for solving the inverse source problem related to (1.1)-(1.3), we 
need to introduce the following two auxiliary problems: 



-V • (DVui) + fiui = pxn in ^i 
D^ = -g onT. 



-V • {DVu 2 ) + fJ.u 2 = pxn Q in ft, 
2D^+u 2 = g- onT. 

For a function q G L 2 (S7o), the variational formulations of the above two problems with p 
replaced by q can be written respectively as follows: 

Find u\ = u\(q) G H l {fl) and u 2 = u 2 {q) G H l (ft) such that 

/ (DVui ■ Vv + imiv)dx = / qvdx - gvds Vu G H 1 ^), (2.1) 

j (DVu 2 -Vv + ixu 2 v)dx + - I u 2 vds= / qvdx + - / g~vds Vvei/'fSl). (2.2) 

The unique existence of u\(q) and u 2 {q) is ensured by the well-known Lax-Milgram lemma 

[3,11]. 

The problem (1.1)-(1.3), when p is given, is over-determined, so the solution is not 
always existent for general prescribed data. On the other hand, if the problem really has 
a solution for a certain function p G L 2 (S7o), we easily find out that u\(p) = u 2 (p), in view 
of the unique solvability of the elliptic equations satisfying coercive conditions [11]. Based 
on this observation and following [2], we are tempted to reformulate the previous inverse 
source problem related to BLT as the following minimization problem: 
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Problem 2.1 Find p £ £ Q a d such that 

J £ {p £ ) = inf J £ (q), 
q&Qad 

where 

J £ {q) := \\ui(q) - U2(Q)\\h(a) + £ \\A(Ci ) . £ > 0, 

wni/i Ui(g) and ^2(0) given respectively by (2.1) and (2.2), and Qad is a closed convex subset 
of the space L 2 (S7o). 

Remark 2.1 As m [13], examples for Q a d include Q ac i = L 2 (S7o), or the subset o/L 2 (Oo) of 
non-negatively valued functions, or a finite- dimensional subspace or subset of a linear com- 
binations of specified functions such as the characteristic functions of certain subsets of 

n. 

Remark 2.2 In the definition of the objective functional J £ {q), we can also use the energy 
norm to measure the deviation between u±(q) and u 2 (q), instead of the L 2 -norm used above. 
And all the derivations given below can be applied to this situation in the similar manners. 
However, the error bound for the numerical solution can not be improved any more via the 
new approach. Therefore, we here only consider the I? -norm case intensively. 

For the theoretical study of the problem 2.1, we first produce a formula evaluating 
the Gateaux derivative of the objective functional J £ (-). In fact, by use of the principle 
of superposition, we know that ui(q) and u 2 (q) are two affine operators in q. Hence, for 

p, q £ L 2 (O, ) and t£R, 

ui{p + tq) - Ui{p) = t{ui{p + q) - Ui{p)), i = 1, 2; (2.3) 

and for pi, p 2 , q G L 2 (O ), 

Uiipi + q)~ Ui(p 2 ) = Ui(pi) - Ui{p 2 -q), i = l,2. (2.4) 

Let 

Ji(p) = WMp) ~ «2(p)|||a(n). Mp) = blll^no)- 

Then 

J £ (p) = Ji(p)+eJ 2 (p). 

By the definition of the Gateaux derivative and the product rule for Gateaux derives 
(cf. [3, pp. 225-227]), it follows from the identity (2.3) that 

d 



' h{p)q dt 



\ui(p + tq) - u 2 (p + tq)\\ 2 L 2 {n) ] = 2{ Ul (p) - u 2 (p),u 1 (p)q - Ui(p)g)i,2(n) 

4=0 

=2(ui(p) - u 2 (p), (ui(p + q)- ui(p)) - (u 2 (p + q) - n 2 (p))) L 2 (n) . 
It is easy to get 

[lb + *9|lia ( n )] = 2 (P,q)L2(n )- 



J' 2 {p)q = | 



t=0 



Hence, 



J £ {p)q =J 1 {p)q + eJ 2 {p)q 

=2 (ui(p) - u 2 (p), (ui(p + q) - ui{p)) - (u 2 (p + q) - u 2 (p))) L2(n) 

+ 2e(p,q) LHno) . (2.5) 
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For ease of exposition, we simply write u{q) = u±(q) — U2(q) in what follows. Our first 
result is concerned with the unique solvability of problem 2.1 and the characterization of 
the solution. 

Theorem 2.1 For any e > 0, problem 1 has a unique solution p £ £ Q a d- Moreover, the 
solution p £ G Qad is characterized by a variational inequality 

(u(Pe),u(q)-u(Pe)) L 2 in) +e(p £ ,q-p £ ) L 2 {no) >0 V q € Qad- (2.6) 

When Q a d C L 2 (S7o) is a subspace, the inequality is reduced to a variational equation 

(u(p £ ),u(q)-u(0)) L 2 (n) +e{p £ ,q) L 2 {no) =0 V q € Q ad . (2.7) 

Proof. Note that Q a d C L 2 (Qq) is convex and closed and J £ : Q a d -^ K is strictly convex, 
continuous, and coercive, i.e., J £ {q) — > oo as ||<z||£2m ) — ► oo. Hence, by the standard theory 
on convex minimization (cf. [3, pp. 135-137]), there is a unique solution p £ £ Q ad to the 
problem 2.1, and the solution is characterized by the relation (cf. [3, p. 233]) 

j'e(Ps)(q ~ Pe) > VqeQad, 

which, in conjunction with (2.5), leads to the variational inequality (2.6). 

Now assume Q a d C L 2 (S7o) is a subspace. We easily have J £ (p £ )(q) > and J £ (p £ )(—q) > 
for all q G Q a d- So 

j'e(Pe)q = Vq^Qad- 

Hence, the relation (2.7) is a direct consequence of the last equation and the identity (2.4). 
■ 

Denote by So £ Q a d the solution set of the problem 2.1 in the case e = 0. Arguing as in 
the proof of Proposition 3.5 and Corollary 3.6 in [13], we readily have the following result: 

Proposition 2.1 Assume Sq is non-empty. Then So is closed and convex. Moreover, 

p £ -»■ po in L 2 (O, ) as e -+ + , 
where po £ Sq is the solution of problem 2.1 for e = with minimal L 2 (i7o) norm: 

Po=m| o ||,|| L2(no) . 

Furthermore, if Sq = {p} is a singleton, then 

Pe -»■ Po G L 2 (9, ) as e -» 0. 

3 Finite element approximations 

Now, we turn to the numerical solution of problem 2.1. Let {Th}h>o b e a regular family 
of finite element partitions of Cl, with h being the mesh size of the partition 7^. Assume that 
each element at the boundary V has at most one non-straight face (for a three-dimensional 
domain) or side (for a two-dimensional domain). With each partition Th = {K} , we 
associate the usual conforming linear element space V h C H 1 ^). For any q G L 2 (S7q), let 
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u\ = u\(q) G V h and u\ = u^q) G ^ ft be the solutions of the following two problems, 
respectively: 

/ ' {DVu\-Vv h + iJLu\v h )dx= [ qv h dx- [ gv h ds V/eV 11 , 
Jn Jn Jv 



ds V/g V h . 



I (DVu% ■ Vv h + iiu\v h )dx + \ I u\v h ds = i qv h dx + \ I g~v h 

The unique existence of u\(q) and 1*2(9) are ensured by the Lax-Milgram lemma. Let 

4(q) := H(q)-4(q)f LHn) +e\\q\\l 2m , e > 0. 

The admissible source function space Q a d may or may not need to be discretized. In general, 
let Qad,i C Qad be non-empty, closed and convex. Later in the section, we will consider two 
possible choices of Q a di- We then introduce the following discretization of problem 2.1: 

Problem 3.1 Find p £ G Q a d,i such that 

4(p h £ )= inf f £ \q). 



Q&Qa 



rf.l 



In the rest of the paper, we denote u (p) = u\{p) — v^ip) to simplify the exposition. 
Moreover, for any two quantities a and b, a < b abbreviates a < Cb, with C > a generic 
constant independent of e and the finite element mesh size h, which may take different values 
at different appearances. Then, applying the similar arguments for deriving Theorem 2.1 
to the above problem, we have 

Theorem 3.1 For any e > 0, problem 3.1 has a unique solution p £ G Q a d,i, which is 
characterized by the discrete variational inequality 

(u h {p h £ ),u h {q) - u h (Pe))LHn)+e(p h £ ,q- P h £ ) L 2 m > Vg G Q ad:1 . (3.1) 

When Qad,i C L 2 (Qq) is a subspace, the inequality is reduced to a variational equation 

(u h (p h £ ),u h (q) - u h (0)) L 2 {Q) +e(p^q) L 2 m =0 Vg G Q ad>1 . 

We can also get a discrete analogue of Proposition 2.1, given below. 

Proposition 3.1 Suppose problem 3.1 for e = has a solution, and denote Sq by the 
solution set. Then Sft C Q a d,i is closed and convex, 
where pg G S# satisfies: ||j#||i,a ( n o) = inf^ \\q\\ L 2 {no) 



solution set. Then S$ C Q a d,i is closed and convex, and p £ — ► p$ in L 2 (S7o) as e — ► 0, 



We comment that, if Q a d,i is a bounded set, then Sq is non-empty by the arguments 
in [13, pp. 1666-1667]. In concrete situations, it is possible to show the non-empty of the 
solution set Sq directly. 

Next, let us consider error estimation and convergence analysis of the finite element 
approximation (3.1). For this propose, we additionally assume 

r G C 1 ' 1 , D G C\n), g, g- G H l ' 2 {T). 
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We note that the condition T £ C 1,1 can also be replaced by the condition that the domain 
0, is a polyhedral domain. Then we have the solution regularity bound 

\\ u i(q)\\h^q) ^ Wlh^no) + ll#llifi/2(r) . (3-2) 

\\Mq)\\h*(Ci) < lkll L 2(no) + \\9~\\w-/*(ry ( 3 - 3 ) 

We will make use of the following finite element interpolation error estimate (cf. [4,7,13]): 

\\u-U vh u\\ L 2 {n) +h\\u-U vh u\\ Hl(n) < h 2 \\u\\ H2{n) Vueff 2 (fi), (3.4) 

where TlyhU S V is the piecewise linear interpolant of u. 

The following lemma collects some standard estimates for the conforming finite element 
method (cf. [4,7]): 

Lemma 3.1 For any q G L 2 (Qq), we have the error bound 

WMq) - Ui(q)\\ L 2(ci) ^ h 2 (\\q\\ L 2 (no) + \\g\\ H i/2 {r) ), (3.5) 

WMq) - v%(q)\\i?((i) ^ ^ 2 (lkllz,2(a ) + II»~IIhV2(d)- ( 3 - 6 ) 

To proceed further, we distinguish two cases for Q a d,\- I n the first case, we take Q a d,\ = 
Qad- This is the natural choice when Q a d is a finite-dimensional subspace or subset of linear 
combinations of specified functions such as the characteristic functions of certain subsets 
of £1. Thus, we can establish error estimates of problem 3.1 based on (2.6) and (3.1), given 
below. 

Theorem 3.2 With the choice Q a d,\ = Qad, it holds that 

\\u(p £ ) - u h (p^\\ 2 LHn) + e\\p £ -rf|k (no) < h*A*A E , 

where 

A e : = \\Pe\\L 2 (Q ) + 1 1 5 1 1 i^i/2 (r) + ll#~ llifV2(r)) 

A ■ = \\Pe\\ L 2(Ci ) + II5 , IIh 1 /2(d + Il5~lli?i/2(r)- 
Proof. Choosing q = p £ in (3.1) and q = p £ in (2.6), we obtain 

{u h {p h £ ),u h {p £ ) - u h (p h £ ))) L2{n)+ e(p h e ,p £ -p*) L2m > 0, 

(u(Pe),u(Pe) ~ U{p £ )) tf{Sl) + z(Ps,P £ ~ Ps) L^(n ) > °- 

The summation of the last two inequalities implies 



c 



Pe\\h(n ) < (u h (p h £ ),U h (p £ ) - U h ( P h £ )) L 2 {n) + (u(p £ ),u(Pe) - u{p £ )) L 2 {n) . 



Then, adding the term u(p e ) — u (p £ ) \\j2ic,\ to both sides of the above inequality and 
reformulating terms, we get 

\\u(Ps)-U h (p h £ )\\ 2 L 2 {n) +s\\Ps-Pe\\ 2 L 2 {no) 

^ \\u(p £ ) - u\p h £ )\\ 2 L2m + {u h {p h £ ),u h {p £ ) - u\p h £ )) L 2 m 

+ (u{Pe),u{P £ ) ~ u(p £ )) L 2 {n) 
= (u(p £ ),u(Pe) ~ U H {p h £ )) LHn) - (u h (p^),u(Pe) ~ &(£))&&) 

+ (u h (p^),u h (p £ ) - u h {p h e )) L 2 {a) + {u{p £ ),u{p h £ ) - u{p £ )) L 2 {n) 
= (u(p £ ),u(Pe) ~ u h (Ps))LHn) + (u h (p^),u h (p £ ) - u(p £ )) L 2 {ay 
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Hence, it follows from the Cauchy-Schwarz inequality that 



u{p £ )-U {P £ )\\ L 2 {n) + 4Pc ~ Pe\\mn ) ^W u (Pe)\\mn)\\ u (Pe)- u (Ps)\\ L 2 {n) 

+ ll« h (^)ILa(n)ll 5h (P e )- 5 (P e )|lL»(n) 



where 



: A 1 B 1 + A 2 B 2 , 



Ai := ||«(p e )|| L 2 (n) , B x := ||£(p£) - u h {p h £ )\\ L2{ny 



u\p\ 



L 2 (n) 



, B 2 := \\u(p £ ) - u(p e )\ 



L 2 (U)- 



On the other hand, we have by (3.2), (3.3), and (3.5) that 

M < ||«l(p e )||L2(n) + IMp e )|| L 2 (Q) < A £ , 



(3.7) 



l«i(g)IUa(n) < ll«i(?) - «i(9)||i,2(n) + IM 
~ lkllL 2 (a ) + Il5lli?i/2(r) + ^ 2 ( 
MIl 2 (q ) + Il5llifi/2(r) • 



JIIl 2 (Q) 

Mlz, 2 (fi ) + Il5lli?i/2(r)) 



< 



Similarly, by (3.3) and (3.6), 



14(9)11 



L 2 (n) ^ lklU 2 (Q ) + 115 \\m/ 2 (r)- 



Therefore, it follows from (3.8) and (3.9) that 

M < Hip^hnn) + ll4(^)|| L2( n) < 4- 

By use of (3.5) and (3.6), we have 



h(Ji\ 



b 1 < || Ul (p^) - <(^)|| L2{Q) + im^) - u h M)\\ L ^) 



< 



h 2 (\\p^ IIl 2 ^) + IIs-IIhi/ 2 ^)) + ^ 2 (lbe IU 2 (n ) + lis ll//v 2 (r)) 



2 4/1 



h (||p e ||L 2 (n ) + IIsIIhi/ 2 ^) + lis llifi/ 2 (r)) = ^ 4 



(3.8) 



(3.9) 



B 2 < ||«l(Pe) - ^l(P £ )llL 2 (n) + ||«2(Pe) ~ A (p e ) || L 2 (Q) 

£ ^(IIPsIIl 2 ^,,) + llsll//i/2 ( r)) + ^(INL^o) + lls _ ll ff i/ 2 (r)) 
£ ^ 2 (lb £ |lL 2 (n ) + llsllffi/ 2 (r) + lls~ll.ffi/ 2 (r)) = ^Re- 
inserting the bound of the quantities A±, A 2 , B\, and B 2 into the inequality (3.7), we 
obtain 



lhtJi\\\^ 



JiW 2 



2 Ah 



u{Pe) ~ u n (p n £ )\\l 2{n) + e\\ Pe -Pe\\h m < A 1 B 1 + A 2 B 2 < h'A n £ A £ 



as required. 
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Corollary 3.1 Assume Q a d is a bounded set in L 2 (Qq). Then with the choice Q a d,i = Qad, 
it holds that 

\\y( n ) - v h (n h )\\ +r 1//2 lln - n h \\ < h 

Proof. Since Q a d is a bounded set in L 2 (S7), ||p e ||£2(o, () ) and \\p^ ||L 2 (f2 ) are uniformly 
bounded with respect to e and h. Then this corollary follows directly from Theorem 3.2. ■ 
Next, we consider another choice of Q a d,i, which is a general closed convex subset of 
L 2 (S7o) and requires further discretization in actual computation. Due to some technical 
reason, we only consider the case 

Qad ■= {q G L 2 (£l ); a\ < q(x) < a 2 a.e. x G il} , (3.10) 

where a.\ and a 2 are two given real constants. We note that if ct\ = — oo (resp. a 2 = +oo), 
the lower (resp. upper) bound in the definition (3.10) is dropped out naturally. This 
choice is frequently encountered when we want to reconstruct a physical parameter through 
measurement data. In addition to the regular family of finite-element partitions {T^} of £1, 
let {Tq^h} be a regular family of finite-element partitions of Oo such that each element at 
the boundary 80,q has at most one non-straight face (for a three-dimensional domain) or 
side (for a two-dimensional domain). The partitions Th and Tq^h do not need to be related; 
however, Th is allowed to be constructed on the basis of Tq,h- Let Q H C L 2 (Qq) be the 
piecewise constant space. Let Q a d,i = Qad := Q H ^ Qad- In this case, denote the solution 
of problem 3.1 by p £ ' . 

Denote by H H the orthogonal projection operator from L 2 (Qq) onto Q H , i.e., for q G 

L 2 (n ), 

U H qGQ H , (n ff «, 9 % w = (?,? ff ) L2w \/q H eQ H . (3.11) 

For this operator, it is well-known that (cf. [13]) 

\\q - n H q\\ L i m < H \q\ mm Vg G H\ih). (3.12) 

And it is also easy to verify the elementwise formula: 

uH( l\K = TIFT I V dx yKe T ^ H - 
\ K \ Jk 

Consequently, we can easily prove that T1 H : Q ad — ► Q^ d , i.e., for q G Q a di its piecewise 
constant orthogonal projection II q G Q^L- 

Some norm estimates, given below, are useful in the error analysis of problem 3.1 related 
to the choice of (3.10). 

Lemma 3.2 For any q G L 2 (0o), it holds that 

\\4iq) - 4(11^)11^ < H\\q - H H q\\ L2m , (3.13) 

H(q) - n h 2 (U H q)\\ Hl(n) <H\\q- H^H^,, (3.14) 

\\ Ul (q) - 4(U H q) || L2(ft) < h 2 ( \\q\\ L 2 {QQ) + \\g\\ H i/2 {r) ) + (h 2 + H)\\q - n H q\\ L 2 {Qor (3.15) 

ll^C^-^Cn^)!!,-,^ <^ 2 (lkll i2(no) + lb-||^i/ 2( r)) + (^ 2 +^)|k-n^|| i2(no) . (3.16) 
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Proof. Using Lemma 4.7 in [13] and its proof, we can easily get the first two inequalities. 
For the derivation of inequality (3.15), let rj he a function in i? 1 (i7) satisfying that 

Oi(v,7/):= (DVv-Vr] + nvri)dx= / (u?(?) - u\{Ii H q))vdx VvGH 1 ^). 
Jn Jn 

The unique existence of the function 77 is a direct consequence of the Lax-Milgram lemma, 
and moreover it holds the estimate 

WvWhhu) Z M(q) -^i( n ^)|| L2(fi) - (3.17) 

Choosing v = Ui(q) — u{(Il q) £ V C H 1 ^) in the last equation, we get 

\\4iq) - u?(n^)||^ 2(n) = oi(«f (?) - 4{Ii H q)^). (3.18) 

we have by the definition of u\ (?) that 

oi(wf(g),u h )= / giAte- / ? Ais V/ G V ft , 

a 1 (u l (U H q),v h ) = f U H q-v h dx- f gv h ds \/v h €V h , 
Jn Jy 

which implies 

a l (4(q)-4(U H q),v h )= f (q-U H q)v h dx Vv h eV h . 

Jn 

Choosing v h = Hyhf) G V h in the last equation and noting (3.11) allows 
a 1 (u , l(q)-4(U H q),U vh ri)= [ (q - U H q)Uy h r,dx 

= / (q-U H q)(U vh r]-7])dx+ / (q-U H q)r]dx 

= / {q-U H q)(U vh 7]-7])dx+ / (q-Il H q)(ri-n H n)dx 

Therefore, using the Cauchy-Schwarz inequality, together with the estimates (3.4), (3.12), 
and (3.17), we arrive at 

a 1 (4(q)-4(U H q),U vh r j ) 

< Ik - uH i\\mn )\\ u v h7 i - 4mn) + Ik - n ^|| L2(no) h - n^|| L2(fW 

-^Ik-n^lL^^lhll^c^ + ^lk-n^lL^a^hl^i^o) 
<(/ i 2 + iJ)||?-n^|| L2(no) ||r ? ||^ 2(f2) 

<(/ t 2 + iJ)||?-n^|| L2(no) ||<(?)-4(n^)|| L2(n) . (3.19) 

On the other hand, the combination of (3.4), (3.13), and (3.17) implies 

ai (u\{q) - u\{l\ H q),r, - Uy h r,) < ||u^(?) - 4(U H q)\\ Hl{n) \\ v - n V k7j|| H i (n) 

< Hh\\q-n H q\\ L2m \\ri\\ HHCl) 
<Hh\\q-n H q\\ L2{nQ) ||u?(?) - 4(U H q)\\ L2{ny (3.20) 
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Hence, it follows from (3.18)-(3.20) that 
\\4iq) - ^(n^)||^ 2(fi) = ai(t/,«to) - u1(U H q)) 



= Oi(«f(?) - 4{U H q),ri - liynr,) + ai («?(</) - «f(n H g),n v ^) 
+ (fc 2 + iJ)||g- n ff g|| L2(no) ||n?(g) - u?(n^)|| L2(n) 

< (/i 2 + ^ + ff) || g _ n^|| L2(fio) ||u?(g) - u?(n ff g )|| L2(n)) 



which leads to 



||^(q) - ^(n^^H^^ < (/i 2 + ^)||g - n^g|| x2(no) . (3.21) 

Moreover, by (3.5) and (3.21), 

||«l(g) - u\{Ii H q)\\ L2m ^ \\ Ul {q) - u\{q)\\ L 2 {n) + ||uj(g) - u1(U H q )\\ L2{n) 

£ ^(lkll L 2 (no) + \\g\\ H i/ Hr) ) + (h 2 + H)\\q - U H q\\ L2{nQ) , 

yielding (3.15). Similarly, we can get the inequality (3.16). ■ 
Denote 

E H (p £ ):=\\p £ -U H p £ \\ L2{no) 

Note that E H (p £ ) is generally expected to be small. 

Now, we are ready to present error estimates for our method. 

Theorem 3.3 With the choice Q a d,i = Qad as a subset of piecewise constant functions, it 
holds that 

\\u(Pe) ~ u h (Pe' H )\\ 2 L2{n) + e\\Pe " P^H^^) £ h 2 A £ A h £ ' H + (h 2 + H) E H (p £ ) A h e ' H , 
where A £ is defined as in Theorem 3.2, and 

. L IT I. I. ZT || MM M M 

A e := We lli 2 (n ) + ll5'll J f/i/2(r) + \\g ll//i/2(r)- 
Proof. Choose q = H H p £ in (3.1) to get 

(u h {p h £ ' H ),u h {Ii H p £ ) - u h (p h £ > H )) L2m +e(p^ H ,Il H p £ -p h £ > H ) LHno) > 0. 
This combined with (3.11) implies 

(u h (p h £ ' H ),u h (U H p £ ) - u h (p h £ > H )) L2{n) +e(p h £ > H ,p £ -p h £ > H ) L2m > 0. (3.22) 

Choose q = p £ in (2.6) to get 

(u(p £ ),u(p£< H ) -u(p £ )) L2{n) +e(p £ ,p h £ ' H -Ps) L2{no) > 0. (3.23) 

The summation of the inequalities (3.22) and (3.23) gives 

4Pe' H ~ Pe\\l { n 0) <(n h (p^ H ),u h (U H p £ )-u h (p h £ ^)) L2{n) 
+ (u(p £ ),u(p^ H ) -u(p £ )) L2{n) . 

10 
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Thus, adding the term ||«(p e ) — u h (p £ ' )|| r 2 (r>) t° both sides of the above inequality and 
reformulating terms, we get 

\\u{p £ ) - u h (p h s ' H )\\ 2 L2{a) + e\\p h e ' H -p £ \\ 2 L2{ao) 

< \\u( Pe ) -U h ( P h £ ' H )\\ 2 L2{n) +(u h (p^ H ),U h (U H p £ ) -u h {p h £ > H )) L2{Q) 

+ (u(p £ ),u(Pe' H ) - u(p £ )) L2{Q) 

= (u(p £ ),u(Pe) ~ u\ P ^ H )) L2{n) - {u\p h £ < H ),u{p £ ) - U h ( P h £ > H )) L2{n) 

+ (u h (p h £ ' H ),u h (U H p £ ) - u h {p h £ < H )) L2{n) + (u(p £ ),u(p h £ ' H ) - u{p £ )) L2{n) 

= (u(p £ ),u(p h £ ' H ) - U h (p h £ ' H )) L2{n) + (u h {p h £ ' H ),U h (U H p £ ) - u(Pe)) LHQ y 

Hence, in view of the Cauchy-Schwarz inequality, we deduce that 
\\u{p £ ) - u h (p h £ ' H )\\ 2 L2{a) + e\\p h £ ' H -Pe\\ 2 L2m 

< \HPe)\\mn)\nPs' H ) - ^(Pe' H )\\ LH n) + ||^(^)|| L2(n) ||^(nV) - u(p £ )\\ L2{n) 
=: C 1 D 1 + C 2 D 2 , (3.24) 

where 

Ox =■■ 115(^)11^(0) , D X =: \\(u(p h £ ' H ) - u h (p h e' H ))\\ LHny 
C 2 =: \\u h {p^ H )\\ L2{ny D 2 =: \\u h (U H p £ ) - S(p e )|| L2(n) . 

It follows from (3.2) and (3.3) that 

Cl < ||«l(Pe)||£a(n) + \\MPe)\\LHn) £ As, 

and from (3.8) and (3.9), 

O2 < 11^(^)11^(0) + Kfo^ll^n) S ^* 
It follows from (3.5) and (3.6) that 

D, < ||U!(P^) -4(^)11^(0) + H^^'^) -4(P^)|L 2( 0) 

< ^(Hp^IIl^o) + Il3llifi/2 ( r)) + ^ 2 (lbe'^ll^ (0o) + ||s~||ffi/2(r)) 

< h 2 A^ H , 

and from (3.15) and (3.16), 

D 2 ^ \\4(U H p £ )- Ul (p £ )\\ L2{n) + \\4(U H p £ )-u 2 (p £ )\\ L2{n) 



£ h 2 { \\Pe\\i? m + \\g\\ H i/Z(T) )+( h2 + H )\\Pe ~ n V|| L 2 (ao) 

li 2 (^ ) 



+ h 2 {\\p £ \\ L 2 {Qo) + \\g \\ H i/2 {r) ) + (h 2 + H)\\p £ - Ii H p £ \ 



< h 2 A £ + (h 2 + H)\\ Pe - nV|| L2(no) - 



Consequently, the desired result follows from (3.24) combined with the above bound for C±, 
C 2 , Di, and D 2 . m 



11 



SONG, HUANG: BIOLUMINESCENCE TOMOGRAPHY 555 



Corollary 3.2 With the choice Q a d,i = Qad as a su bset of piecewise constant functions, it 
holds that 

HPs) ~ u h (p h e' H )\\l H a) +4Pe~ Pe' H \\l H n ) ^ + (^ + H)E H (p e ). 

Proof. Since Q a d,i and Q a d is a bounded set in L 2 (£Iq), WPeWl 2 ^) an d llPe lli 2 (n ) are 
uniformly bounded with respect to e, h, and H. Then the corollary is a direct consequence 
of Theorem 3.3. ■ 

Error bounds of Corollary 3.2 involve the best approximation error term E H (p £ ). A 
crude bound for this term is 

E H {p £ ) < HftH^Oo) + ||nVL 2(no) < 2 \\p £ \\ LHno) < 1. 

However, usually we can expect this term to be small as given in Proposition 4.11 of the 
paper [13]. 

4 Numerical results 

In this section, we perform several numerical results on a model problem to illustrate the 
computational performance of our method. We also compare the numerical performance 
of our method and the method devised in [13]. In our numerical tests, we always take 
Q = (0, 1) x (0, 1) as the problem domain and Oo = (0.5, 0.75) x (0.5, 0.75) as the permissible 
region. Moreover, we choose the absorption coefficient \x = 0.04 and the reduced scattering 
coefficient jjl = 1.5 in the whole domain S7, so that the diffusion model (1.1)— (1.3) is 
appropriate for the BLT application. 

Without loss of generality, choose g = —D^ = — D = — 1/3(// + \x ) on V. We remark 
that our program is able to reconstruct the source function numerically for any prescribed 
function g. When considering the effect of the noise, the measurement data g of g is 
obtained by the formula: 

g (x) = g(x)[l + 5 * rand], x G V, 

where 5 indicates the noise level of the measurement and the function rand generates a 
random number with the uniform distribution over [—1,1]. 

The admissible set is taken to be Q a d = {q £ L 2 (S7o); q > a.e. in S7o}. We use uniform 
triangle partitions of the regions £1 and Oo with mesh sizes h = H (see Fig. 1), where h and 
H denote the maximal diameters of the elements in the partitions 7^ and Tq^h, respectively. 
Corresponding to the partitions 7^ and To t H, we use continuous piecewise linear functions 
for finite element spaces V h , and piecewise constant functions for finite element spaces Q^L- 

For a source function p and the function g given above, we use the finite element 
method corresponding to V h with h = 1/64 to solve the forward problem (1.1)- (1.2), to get 
the incoming flux g~ from (1.3). 

To make our numerical investigation more reliable, we compute the approximate source 
functions p £ ' with h = 1/32 for different choices of e and 5, with the exact source function 
p being non-oscillatory or oscillatory. 

First of all, we take p = (1 + x 3 )(l + y 4 )(pW) in Qq, a non-oscillatory function. The 
numerical results for our method and the method in [13] are given respectively in Tables 
1 and 2. In the second example, we take p = sin3xcos2y + l(pW) in CIq, an oscillatory 
function. The numerical results are given respectively in Tables 3 and 4. From these data, 
we may conclude that 

12 
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• If the noise level is not very large (6 is no more than 1%), both methods are able 
to reconstruct the source function with desired accuracy. If the noise level increases 
large enough (5 is greater than or equal to 5%), the computational accuracy of the 
two methods would be deteriorated comparatively. Totally speaking, both methods 
enjoy the similar numerical performance. 

• Both methods perform better in the case that the source function is non-oscillatory 

• The choice of the regularization parameter e is important in reconstructing the source 
function feasibly. For both methods, e may be taken as 10 -4 or 10 -5 . 
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Fig. 1. Schema of uniform triangle partitions of O and £Iq. 

From our numerical tests, we also find that the choice of permissible regions Qo sig- 
nificantly affect the accuracy of reconstructed source functions. If the region Qq is chosen 
more close to the support of the exact source function, one can get more accurate recon- 
structed function. In the above numerical tests, the supports of the exact source functions 
are $1 = (0.5,0.75) x (0.5,0.75), and we choose Oo as O exactly. If we expand Qq a little 
larger, say O = (0.5 - 2/t, 0.75 + 2/t) x (0.5 - 2/t, 0.75 + 2/t) with h = 1/32, and still choose 
p = (1 + x 3 )(l + y 4 )Xr,' an d (5 = 0, then the L 2 errors corresponding to e = 10~ 3 ~ 10 -7 be- 
come 0.27122, 0.073970, 0.13659, 0.33737, and 0.56856, respectively, which are much worse 
than the results in Table 1. In this case, the result for e = 10 -4 is the best one, with the 
relatively desired accuracy. We mention in passing that the similar numerical phenomenon 
is also observed for the method in [13]. Intuitively, this phenomenon is very reasonable, 
which shows the importance of locating the position of light source. 



Table 1 



h,h\ 



Pe llL2(fi ) 



for our method. 



10 



^T" 



io- 



io- 



10 



IT 



io- 



5=0 2.7207e-002 

5=1% 3.1296e-002 

5=2% 3.5994e-002 

5=5% 5.2016e-002 



1.3350e-002 
1.1051e-002 
1.5093e-002 

3.8928e-002 



6.7328e-003 
1.3106e-002 
2.7642e-002 
7.3048e-002 



2.2118e-002 
3.7565e-002 
5.6769e-002 
1.1830e-001 



3.9269e-002 
6.4535e-002 
9.2449e-002 

1.7958e-001 
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Table 2 \\p - p, 



h,h\ 



li 2 (n ) 



for the method in [13]. 



e 


1(T 3 


io- 4 


10~ 5 


10 _ti 


IO" 7 


5=0 


1.2771e-002 


7.4124e-003 


2.8505e-002 


5.0651e-002 


1.0253e-001 


5=1% 


1.2234e-002 


1.3779e-002 


4.5165e-002 


7.9306e-002 


1.5966e-001 


5=2% 


1.6934e-002 


2.7851e-002 


6.5122e-002 


1.1018e-001 


2.2152e-001 


<5=5% 


4.0012e-002 


7.2380e-002 


1.2917e-001 


2.0603e-001 


4.1402e-001 


Table 3 


\\P~Pe' \\l 2 (Oo) for our method. 






£ 


1(T 3 


IO" 4 


IO" 5 


IO" 6 


io- 7 


5=0 


4.3434e-002 


2.5745e-002 


1 .0938e-002 


2.5070e-002 


3.9703e-002 


5=l%o 


4.6931e-002 


3.2205e-002 


2.1622e-002 


4.0489e-002 


6.4902e-002 


5=2% 


5.0945e-002 


3.9664e-002 


3.5795e-002 


5.9496e-002 


9.2777e-002 


5=5% 


6.5084e-002 


6.4438e-002 


8.0731e-002 


1.2074e-001 


1.7986e-001 


Table 4 


\\p — Pe Ll 2 (q ) f° r the method in [13]. 






e 


10~ 3 


IO" 4 


IO" 5 


IO" 6 


io- 7 


5=0 


2.8051e-002 


1.2823e-002 


3.1738e-002 


5.0900e-002 


1.0115e-001 


5=1% 


3.4421e-002 


2.3246e-002 


4.8433e-002 


7.9580e-002 


1.5897e-001 


5=2% 


4.1633e-002 


3.6976e-002 


6.8248e-002 


1.1046e-001 


2.2116e-001 


5=5% 


6.5435e-002 


8.0953e-002 


1.3204e-001 


2.0631e-001 


4.1405e-001 
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Abstract 

Given a so-call checkerboard quadrangulation <0>, a checkerboard triangulation § can 
be obtained by adding two diagonals of all quadrilaterals in <0>. In this paper, we develop 
a local Hermite interpolation method for bivariate C 1 cubic splines on $. By enforcing 
some additional smoothness conditions across the interior edges of <$>, a C 1 piecewise 
cubic polynomial function based on <f> is constructed by interpolating only the function 
values and derivatives of first order at the vertices of <0> and none of the normal derivatives 
at the midpoints of edges in <0> is needed. It is shown that the new interpolation method 
produces optimal order approximation of smooth functions. 

Keywords: Bivariate cubic spline; Hermite interpolation; Bernstein-Bezier form; Checker- 
board triangulation. 

AMS(2000) subject classifications. 41A05. 41A15. 41A25 

1 Introduction 

Let Sj(A) be the bivariate spline space of degree at most d and smoothness r on a triangulation 
A of a polygonal domain Q in R 2 . Bivariate splines are very flexible for approximating known 
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or unknown functions or any given data sets, they have been playing an important role in 
surface fitting and computer aided geometric design (CAGD). 

A fundamental problem of bivariate spline space is to construct local interpolation methods 
which have full approximation order, de Boor and Hollig [1] and Lai and Schumaker [2] have 
proved that the space S^(A) nas optimal approximation order on arbitrary triangulations 
A when d > 3r + 2, but for d < 3r + 2, we can not even determine the dimension of the 
space Sj(A) on arbitrary triangulations A. However, because of the simplicity and efficiency 
in calculation, the spline functions with lower degrees are more important and favorable in 
practical applications, for example, bivariate C 1 cubic spline functions, which are just what 
we concern in this paper. 

Up to now, there has been much typical literature about Hermite interpolations by bivariate 
C 1 cubic spline functions. For example, in 1974, Ciarlet [3] showed that he can uniquely 
construct a C 1 cubic spline function on Act to interpolate the function values and the gradient 
values at the vertices of A and the normal derivatives at all the edges of A, where Act denotes 
the Clough- Tocher refinement of A, this method has full approximation order. In 1983, de 
Boor and Hollig [4] showed that the space S^Ax) has no full approximation order on regular 
type-I triangulations, but Lai [5] in 1994 proved that the space S I 3(A 2 ) has full approximation 
order on regular type-II triangulations. In 1996, Lai and Shumaker [6] showed that the space 
SK^) also has full approximation order, where 4" denotes a triangulated quadrangulation 
obtained by drawing in both diagonals of quadrilateral in a general quadrangulation <). They 
pointed out that their interpolation method is more efficient than those methods mentioned 
above. Following this method, a C 1 cubic spline function on $ can be uniquely constructed 
to interpolate the function values and the gradient values at the vertices of <0> and the normal 
derivatives at some points in all the edges of <). However, as we know, the values of the normal 
derivatives at the edges of <0> is generally unknown in applications. 

The aim of this paper is to develop a local Hermite interpolation method for bivariate C 1 
cubic splines on a so-called checkerboard triangulation. In our method, a C 1 piecewise cubic 
polynomial function on <f> is constructed by interpolating the function values and the gradient 
values at the vertices of {> without any normal derivative at the edges of <0> being used. This 
improves the interpolation method presented in [6]. Further, by applying quasi-interpolation 
techniques, we shall prove that the new method produces optimal order approximation of 
smooth functions. This can make the interpolation and approximation methods using the 
splines of subspace of S^f^) more efficient. 
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2 Preliminaries 

As usual, we use the well-known Bernstein-Bezier form [7] to represent every polynomial s G V3 
associated with a triangle T :=< t>i,t>2,t>3 > as 

s := 2-*t C ijk^ijki U) 

where {Bfj k }i + j + k=3 is the Bernstein basis of degree at most 3 on the triangle T, and cjj k are 
called the B-coefficients of s associated with the domain points £[j k := (iv + jv\ + kv-ij/Z, 
i + j + k = 3. Suppose 

and 

TeA 
denote the set of domain points on T and the set of domain points on A, respectively. 

Following the definition in [8], a minimal determining set (MDS) for a spline space S C 
53(A) is a subset .M of 2\a such that if s is a spline in S whose B-coefficients corresponding 
to points in Ai are set to prescribed values, then all of its remaining B-coefficients associated 
with domain points of A are uniquely determined. It is well-known that dimS = \A4\, where 
I At I denotes the cardinality of At. 

According to [9], a MDS Ai is said to be stable provided that there exists a constant K 
depending only on the smallest angle in A such that 

max \c„\ < K max \ct\. (2) 

V£T> 3>A " (CM ?l 

Let T :=< fo,t>i,t>2 > and T :=< t>3,t>2,t>i > be two adjacent triangles, they sharing the 
common edge e :=< t>i,t>2 >• Suppose s\t and s\f are two polynomials of degree 3 with 
B-coefficients c^ = cjj k and c^ k = cjj k relative to T and T, respectively. Then it is well known 
(cf. [10]) that s\t and s\f join with C r continuity across the edge e if and only if 

Cn,m— n,3— m / ^i,j+3—m,k+m—n^ijk\^3) \^J 

i+j+k=n 

for n < m < 3, < n < r. 

Let r^ e be the linear functional defined on S3 (A) by 

^~m,e^ Cn,m—n,3~m / Cjj+3— m,k+m— n&ijkWs)- v v 

i+j+k=n 

For s G S3 (T U T) , we have 
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Figure 1: Notation for the domain points in Lemmas 2-5. 

Lemma 1([10]). Suppose that all B-coemcients c^ and cy^ of s\t and s\f are known 
except for 

Ci/ • Cf,TO— v,3— mi f l ~r 1, ..., y, 

for some l,m,q,q with < q, q, < I + 1 < q,q, and q + q — l<m<3. Then these 
B-coemcients are uniquely determined by the smoothness conditions 

C e s = 0, J + l<n<g + g-J. (6) 



3 Several Lemmas 

As shown in Figure 1, suppose Aq is the triangulation which is obtained by inserting both 
diagonals in a quadrilateral Q :=< Vi,v 2 , v 3 ,Vi >, and suppose Tj =< Vi,v i+ i,VQ >, i = 
1, • • • ,4, are four triangles and e, =< f q, f $ > are four edges of Aq. Let Vq be the set of 12 
domain points lying on the edges of Q. 

Lemma 2. Let Si be the subspace of all splines s in S\(/\q) satisfying the following 
additional smoothness conditions: 

T te 2 s = 0, n = 2, 3 and r 2 2 em s = 0, m = 1, 3, (7) 

then dim Si = 12, and Vq is a stable MDS for Si. 

Proof: Firstly, we show that M. is a MDS for Si. Suppose s is a spline in Si whose 
B-coemcients corresponding to points in Vq are set to prescribed values, then we show that all 
of its remaining B-coemcients associated with domain points of Aq are uniquely determined. 
By using C 1 smoothness condition and the condition (7), the B-coemcients associated with 
domain points ®(2)(3}(§}(5)(B)(7)(§) an< ^ ® are uniquely determined. Then the remaining 
B-coemcients associated with domain points of Aq are uniquely determined by C 1 smoothness 
conditions. We conclude that M. is a MDS for Si and dim Si = 12. It is well known that 
the process of computing B-coemcients directly from a smoothness condition is stable [11], the 
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Figure 2: A checkerboard quadrangulation (}. 

computation of coefficients by Lemma f is also a stable process as the norms of the inverses 
of the resulting matrices are bounded by a constant depending only on the smallest angle in 
Aq. This proves that Ai is a stable MDS. ■ 

Similar to the proof of Lemma 2, the following three Lemmas can be obtained immediately. 

Lemma 3. Let S 2 be the subspace of all splines s in S'I(Aq) satisfying the following 
additional smoothness conditions: 



Tn„s = and r 



0, n 



2,3, 



'3,e 2 ° — w allLt '2,ci 

then dim ^2 = 13, and "PqU{(B)} is a stable MDS for S 2 . 

Lemma 4. Let S3 be the subspace of all splines s in S , 3 L (A ( 
additional smoothness conditions: 



^3> 



0, n = 2,3, 



then dim S 3 = 14, and V Q U{@, (§)} is a stable MDS for S 3 . 

Lemma 5. Let S4 be the subspace of all splines s in S3(A( 
additional smoothness conditions: 



'2,ei 



0. 



(8) 

satisfying the following 

(9) 

satisfying the following 
(10) 



then dimS^ = 15, and PnU 



?)} is a stable MDS for S4. 



4 The Dimension and Local Basis 



Definition 1 ([12]). Suppose <) is a general quadrangulation consisting of quadrilaterals with 
largest interior angle less than n. Suppose that the quadrilaterals can be colored black and 
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white in such a way that any two quadrilaterals sharing an edge have the opposite color. Then 
we call <0> a checkerboard quadrangulation. The triangulation 4> which is obtained by drawing 
in both diagonals of all quadrilaterals is called a checkerboard triangulation. 

A general quadrangulation {> is said to be a checkerboard quadrangulation provided that 
the degree of all the interior vertices of <0> are even [12] . In this paper, we concern a checkerboard 
quadrangulation such that all of interior vertices of <0> are of degree four (See Figure 2). Given a 
checkerboard quadrangulation <C>, let B and W be the sets of black and white quadrilaterals of 
(}, respectively. It is clear that there exists a set of black quadrilaterals, denoted by Q C B, such 
that for every interior vertex v of <0>, there is a unique quadrilateral Q G Q sharing the vertex 
v. Let Wj be the set of white quadrilaterals which share % edges with black quadrilaterals, 
where i — 1,2,3. In Figure 3, we show the subset Q of B which is shaded in Figure 2 with 
black color. 

Following Lai [6] , we can determine the dimension of space 

S\{§) := {s e C\Q) : s\ T g P 3 ,VT G ^} , 

where "P 3 is the space of bivariate polynomials of degree 3. Namely, dimS^^) = 3V + E, 
where V and E denote the number of vertices and edges in <0>. Just as described in Section 
1, in this paper, a new interpolation method by a subspace of S^^) is constructed with the 
dimension of the subspace being reduced to 3V . 

Algorithm 1. Given a checkerboard triangulations ■$>, let V be the subset of T> a obtained 
from the following steps: 

1) For each Q G Q in <0>, choose 12 points as in Lemma 3. 

2) For each v G Vi (v ^ Q), where V[ denotes the boundary vertices of checkerboard 
quadrangulation {>, choose 3 points situated on the edges of {> in T>\(v ). 

The set V constructed by this algorithm is marked by • in Figure 3. 

Definition 1. Given a checkerboard quadringulation §>, let V be as above, and S be the 
set of all splines s G S3 (40 sucn that 

1) For each triangle T G Aq in B, s satisfies the additional smoothness conditions described 
in Lemma 2. 

2) For each triangle T G Aq in Wi, s satisfies the additional smoothness conditions de- 
scribed in Lemma 5. 

3) For each triangle T G Aq in W2, s satisfies the additional smoothness conditions de- 
scribed in Lemma 4. 

4) For each triangle T G Aq in W3, s satisfies the additional smoothness conditions de- 
scribed in Lemma 3. 

Theorem 1. Let V and S be as above, then dim<S = 3V = \V\. 
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Figure 3: A minimal determining set V for S. 

Proof: We show how to compute the B-coemcients of s G S. Firstly, compute the B- 
coemcients of s with respect T G Aq in B following Lemma 2. Secondly, compute the B- 
coemcients of T G Aq in VVi, T G Aq in W2 and T G Aq in W3 following Lemma 5, Lemma 
4 and Lemma 3, respectively. Finally, the remaining B-coemcients associated with domain 
points of <$■ are uniquely determined by C 1 smoothness conditions. We conclude that V is a 
MDS for S and dimS = \V\ = 3V. ■ 

Theorem 2. Let V and S be as above. Then V is a stable local MDS for 5. 

Proof: Given (£?, let 5^ be the spline in S such that -B^(^) = 1 and B^(rj) = for all 
other points rj & V. It is the fundamental spline associated with £. It is easy to see that .£?£ 
has a local support. If £ is a point as in item 1) of Algorithm 1, then supp(B^) C star 2 (Q^). If 
£ is a point as in item 2) of Algorithm 1, then supp(B^) C star 1 (Q^). Here star(Q) := Q an d 
star l (Q) is the union of the set of all quadrilaterals which touch a quadrilateral in star l_1 (Q). 
The proofs of Lemmas 2-5 and Theorem 1 show that {B^^-p form a stable local basis for S. 
It is easy to prove that V is a stable local MDS for S. ■ 

5 Hermite Interpolations of Scattered Data 



In terms of nodal parameters we get the following result. 

Theorem 3. Let S be defined as in above section. Then any spline s G S is uniquely 
determined by the following set of data 



{D«DP S (v i )} < a+ p< 



i) 



1 V, 



(11) 



where V{ are the vertices in the checkerboard quadrangulation <). 
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Proof : It is well-known [13] that setting this nodal data is equivalent to setting the 
B-coefficients of V listed in Theorem 1. ■ 

In what following, we consider the Hermite interpolation problem. 

Theorem 4. For any function / which is sufficiently smooth so that the needed derivatives 
exist, there is a unique spline s G S such that 

D^s(x i ,y i )=D^f{x i ,y i ), < a + (3 < 1, i = l,...,V. (12) 

Proof : For each quadrilateral Q of <0>, the interpolant s can be constructed locally since 
the given data uniquely determine the nodal data of Theorem 3. ■ 



6 Bounds on the Error of Interpolation 

Let V and S as described in the previous section. Let {B^^-p be the dual basis of s. Given 
any function / defined on Q, let 

I/:=X)/(OS € . (13) 

It is clear that the cubic spline Xf interpolates / at all the points of V . We now give X/(£) = 
/(£), for all (G?. We now give an error bound for / — Xf and its derivatives in the infinity 
norm. Similar results hold for general p— norms. 

Theorem 5. There exists a constant C depending only on the smallest angle in -$> such 
that if / belongs to the Sobolev space W™ +1 (Q) with < m < 3, 

|| DZDfrf - If) |U,n< C\ A\ m+1 - a -P\f\ m+hoo , Q (14) 

for all < a + /3 < m, where | A| is the maximum of the diameters of the triangles in ■$> and 

|/U+i,oo,n = 2_^ II D^D^f ||oo,f2 • 

Proof: Let T be a triangle of a Aq in ^, and Q? '■= star 2 (Q) C star 4 (fj), where Vi 
(i = 1,2,3,4) are four vertices of Q. It follows from Lemma 4.6 in [2] that there exists a 
polynomial p := pf € V m such that 

ii D a £ D^f- P ) iu,^ coi^r+^-'VUi.oc,^, 

for < a + (3 < m, where Co is an absolute constant. Since \Qt\ ^ 8|A| (cf. the proof of 
Lemma 3.2 in [2]), we have 

|| D a x D?(f-p) \\^ nT < C 1 |Ar +1 - a -^|/| ro+1)0O) n T , 
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where C\ := 8 m+1-a ~^Co. Since Xp = p, we have 

|| D°D0(f-If) |U, T <|| D^if-p) Hoo.r + || D«D?X(f-p) U^ . 
By the Markov inequality [14], we have 

|| D°Dp;(f-p) |U, T < C 2 |A|-(^) || !(/ -p) H^t, 

for some C2 depending on the smallest angle in T. Let X(/ — p) \t— X] c £-^f' then, we have 

£ev T 

|| X(/ -p) ||oo,T< max|c^|. 
But by Theorem 2, we have 

\ct\<C max |(/-p)(77)|<C||/-p|| 00) n T , £ e V T . 
Combining the above inequalities leads immediately to (14). ■ 

7 Conclusion 

Local Lagrange interpolations by bivariate C 1 cubic splines on checkerboard triangulations 
<f> and triangulated quadrangulation <$> have been developed in [12] and [15]. Comparing 
with Lagrange interpolation schemes in [12], our method needs fewer locally supported basis 
functions because of a fewer dimension of the spline space. Following [15], domain point 
set V constructed in this paper is also a Lagrange minimal determining set for S, namely, 
V := {?7i}f=i and S is a Lagrange interpolation pair. In addition, Lemmas 3-5 in this paper 
are also used to construct Local Lagrange interpolation methods for C 1 cubic splines on reduced 
checkerboard triangulations [12]. Finally, it is clear that our results can be applied to type-II 
triangulation, and we can also reduce these results to more general classes of quadrangulations. 
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APPROXIMATIONS RELATED TO GAMMA FUNCTION 



CRISTINEL MORTICI 



Abstract. The aim of this paper is to introduce a new method for establishing 
new, increasingly accurate formulas for approximating the gamma function, 
having a simple form. Inequalities related to that formulas arc given. 



1. Introduction 

Special functions, in particular the Euler's gamma function T, have been studied 
for centuries. One of the most used formula for approximating the gamma function 
is the following [1, Theorem 1.4.1] 

r(x + l) = (-Y\/2nx(l + ( J V as x^oo, (1.1) 

now generally known as Stirling's formula. See also [4]- [9] for recent studies. 
Slightly better results as x — > oo can be obtained using Burnside's formula [2] 

r(x + i) = V^( x -^) XA2 (i + o(D), (i.2) 



or Gosper's formula [3] 



r ^ + M;D7K' x+ 0( 1+o (i))- (L3) 

In fact, (1.1) is the first approximation of the following asymptotic series 

( x \ x k — (, 1 1 139 571 

T.T + 1) ~ [-) V27raH 1 t; j (1.4) 

v ; \eJ \ 12a; 288a; 2 51840a; 3 2488320x 4 v ; 

163879 5246819 534703531 



209018880a; 5 75246796800x 6 902961561600x 7 

also called the Stirling series. It is true that by truncation of only a few terms, such 
series provide approximations of any desired accuracy, but a sacrifice of simplicity. 
Nemes [9, Rel. 12] remarked the surpringsly fact that the function 

1 \~ iX „ 1 1 139 571 16997 

1 + — -^ =1 



15a; 2 y 12.x 288x 2 51840a; 3 2488320a; 4 149299200a; 5 

(1.5) 



1991 Mathematics Subject Classification. 33B15: 26D07; 26D15. 

Key words and phrases. Gamma function; approximations; Bernoulli numbers; asymptotic 
scries; inequalities. 
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has a very similar series expansion with (1.4) and proposed the following accurate 
approximation formula 

5 

r(, + i)^)^(i + T ^)". (i.6) 

The great advantage of this formula consists also in its simple form requiring a 
minimum of computation. To be more precise, notice that in order to obtain com- 
parable results with (1.6), we should consider at least five terms of the asymptotic 
series (1.4). 

Formula (1.6) is also more accurate than the following approximation in "The 
lost notebook and other unpublished papers" of Srinivasa Ramanujan: 



r<x + i)^V2^(-Y \i + — + A, + — [ -^. (1.7) 

v ; V e / V 2x 8x 2 240x 3 v ; 



Moreover, for all x > 1, it holds 



^(l) V 1 + ^ + 8^ + 80^ < T{X + 1) (L8) 



< V2nx( X -Ydl l ! 1 



. e ) V * ' 2x 8x 2 240x 3 ' 

For proofs and other details, see [10]. 

Related to (1.6), we prove in this paper the following 

Theorem 1. For every x > 2, we have 

19 167 T(.t + 1) 19 

28350x 5 ~ 283500a; 7 < n ( x ) x y /2^fh~' 1 ^ < 28350a; 5 ' 



15a; 2 / 

A direct consequence is the following asymptotic formula 



as i^ oo. 



r ( , + i).(f)'^s(i + i ^) , '(i + o(^)). 

First let us introduce the following function depending on a real parameter a, 
* lX+ % 1.1 139 571 



15a; 2 / Ylx 288a; 2 51 840x 3 2488320a; 4 

. 1 16997 \ 1 / 1 

+ — a H -f + O — 

1 15 149 299 200/ x 5 \x 6 

By equating the coefficients of a; -5 here and in (1.4) we obtain the value a — jsIq. 
In consequence we derive the formula 

19 



r(a; + l) = ^-J V^ ( 1 + — -^ J (l + OI — ||. as.c^-x 

(1.9) 
and we prove the following 

Theorem 2. For every x> A, we have 

-241 , r(x + l) -241 

<ln '-^—. — tk- < 



425250a; 7 



(f )' ^~x (1 + £,) '-+ISS* 425250 (a; + ^fffe) 



7 - 
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Going further, notice that 



.1.6 \* x+ i8W.:: | | ;|;-»() r,7 | 



15a; 2 x 8 / 12a; 288a; 2 51840a; 3 2488320a; 4 

163879 5246 819 



209018880a; 5 75246796800a; 6 
5 114861143 \ 1 / 1 

4 ~ 4514 807808 000/ a^ + la? 



and by equating the coefficients of x here and in (1.4) we obtain the value 6 

_ 482 
1063125 - 



1-1 The corresponding approximation formula as x — ► oo is the following 



/ T \x , / 1 480 \ 4 x ^i 89 ox:i / / 1 

r <- +1 »-(e) ^( 1 + Ts?-is«k?) ( 1+0 G? 

(1.10) 

By using a similar method, estimates as in Theorem 1-2 can be established for 
(1.10), but the computations become difficult. We omit the details for sake of 
simplicity. 

Numerical computations show us that for obtaining comparable results with (1.9) 
and (1.10) using series (1.4), at least the first eight, respective ten terms of (1.4) 
should be considered. 

2. Proofs of the results and conclusion 

There is the following record in [1, p. 29] for all x > and n > 1 
/ i \ i n r> 

]nr(* + l) = ^+-jln,-x + -ln2vr + g ¥W ^)^i (2-1) 

xr_i^_?_ r ( f z2n a dt 

+ l ' x™-iy \J x 2 + z 2 J e 2 -*-l' 

where B s are the Bernoulli numbers (B^j+i = 0, for all j > 1, and the first few 

Bernoulli numbers are B 1 = -1/2, B 2 = 1/6, S 4 = -1/30, B 6 = 1/42). See e.g. [1, 

p. 12]. Formula (2.1) provides the well known asymptotic expansion of the gamma 

function 

/ x\ x / 1 1 1 

T(x + 1) - - V2^exp H =■ (2.2) 

v ' \eJ P V 12a; 360.x 3 1260x 5 v ; 

1 1 691 



1680a; 7 1188a; 9 360 360X 11 
as x — > oo. As a direct consequence of (2.1), we have for all x > and k > 1 

l\i 1, „ ^ B 2j 

x -\ — In x — x-\ — ln27r+ > — ^ — — — - 

2) 2 A. 2 j(2j-1)x^-i 



< In T (x + 1) < ( a; + - ) In a; - a; + - In 27r + V^ — 



2j 



- 2j(2j-l)a^-i : 
(f^V^ — -' -^ ^ 2j (2j-l)x^ 



fl2fc ( x ) < ln (x\* r^z < a2k - 1 ^ > where as ^ = Yl ono-i-^^j-i - ( 2 - 3 ) 
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Proof of Theorem 1. The required inequality can be written as 

5i, / 1 \ 19 167 

■mil 



4 V 15x2 J 28 350a; 5 283 500a; 7 

. r(.a; + l) 5s. A , 1 \ , 19 
< In — -+ — —!— < — In 1 ' ' 



(§)* V^x~ ~ 4 V 15x2 J 28350x 5 ' 

Using (2.3), it suffices to prove that / > and g < on [2, oo), where 

5x ( 1 \ 19 167 

/ (x) = a 6 (x) - — In 1 



4 V 15x 2 7 28 350x 5 283 500x 7 

and 

, N 5s, / 1 \ 19 
g{x ) = a 5 (x)- -]n(l+ — 2 ) - ^^. 

Using a computer software such as Maple, we get 

f"(x) = —^ q"(x) = ^^ 

20270250x 13 (15x 2 + l) 2 ' 2970s 11 (15x 2 + l) 2 ' 

where 

P(x) = 3756240073 + 30236631356 (x- 2) + 56138769807 (x-2) 2 

+46394157344 (x - 2) 3 + 19614489268 (x - 2) 4 

+4144565880 (x - 2) 5 + 345380490 (x - 2) 6 

and 

Q(x) = 621331 + 2680532 (x-2) +4139925 (x-2) 2 +3145712 (x-2) 3 

+1274974 (x - 2) 4 + 264528 (x - 2) 5 + 22044 (x - 2) 6 . 

Now / is strictly convex, g is strictly concave on [2, oo), with / (oo) = g (oo) = 0. 
Thus / (x) > and g (x) < 0, for all x > 2 and the theorem is proved. □ 

Proof of Theorem 2. The required inequality can be written as 
5x 19 \, /. 1 \ 241 



In 1 



1890x 3 / V 15x 2 / 425250x 7 



. r(x + l) /5x 19 \. /, 1 \ 241 

< In - , „ —!= < 1 In H 

(f)V27rx U 1890x3^ V 15.x 2 ; 425250 ( 



41753252:/ 

By multiplying by x 3 and using (2.3), it suffices to prove that u > and v < on 
[4, oo), where 

s , , /5x 4 19\, / 1 \ 241 

u (x) = x 6 a 6 (x) 1 In H w -\ j 

K ' 6y ' V 4 1890; I l $x 2 ) 425250x 4 



and 



, 5x 4 19\, / 1 \ 241x 

v (x) = x d a 7 (x) - — — + — — - In 1 



4 1890 ; V 15x 2 ; 4 2 5250 ( 
Using Maple software, we get 



, , 884 546 \ 7 ' 
^ ~ 4175325k/ 



{V ) I ^_ 4i?(x) 



vS v >(x) 



2027025x 13 (15x 2 + 1) 
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,(V)^_ «W 



iA^(x) 



45045x 15 (15x 2 + 1)° (4175 325a; 2 + 884 546) 
where R, S are polynomials and the polynomials R {x + 4) and S 1 (x + 4) have all 
coefficients positive. 

Since vS v > < and v^ > on [4, oo) and u^ (oo) = v^' (oo) = 0, for every 
< j < 4, it results that u (x) > and v (x) < 0, for all x > 4 and the theorem is 
proved. □ 

Remark that our new aproximation formulas have great superiority over classical 
results (1.1)-(1.3), (1.6)-(1.7) and the inequalities stated in Theorems 1-2 improve 
much Ramanujan's inequality (1.8). 

/ . \qx+r 

As a final example, mention that by searching a new factor of the form I 1 H — ^ 1 
for Burnside result (1.2), the following asymptotic formula can be obtained 

By replacing x by x — ^, the following interesting half-argument formula can be 
stated 

,(x-l) 
^TTl-l 1- 



2/ \eJ y 15 (2a;. 

Moreover, it can be proved that for all x > 10, 

7 2311 73 , T(x 

< In 



2880x 4 907200x 5 64800x 6 n ^ / ^ sX ^ 23 \M*~ 1 ) 



< -- 



^(f)"(l- 



15(2x-l)' 

2311 



2880x 4 907200x 5 ' 
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Numerical Solution of Klein-Gordon-Zakharov Equations using 

Chebyshev Cardinal Functions 

M. Ghoreishi § , A.I.B.Md. Ismail* and A. Rashid 1 ' 

Abstract 

In this article, a numerical method is used for solving Klein-Gordon-Zakharov equations. The 
method consists of expanding the required approximate solutions as the basis of Chebyshev cardinal 
functions. The partial differential equations are reduced to nonlinear algebraic equations by using 
operational matrices of derivatives. The computational results are compared with those obtained in 
previous work and it was found that the method is accurate and efficient. 

Keywords: Klein-Gordon-Zakharov equations, Chebyshev cardinal functions, operational matrices 
of derivatives. 



1 Introduction 

The Klein-Gordon-Zakharov (KGZ) equations are given by the following partial differential equations 



[1]: 



d 2 



if 



dt 2 dx 2 



dt 2 dx 2 



+ 4> + w<P+{\cf>\ 2 )cj> = 1 

2 ) = o, 



dx 2 



xen,te (0,T], 
x€fi,te (0,T], 



(1.1) 

(1.2) 



where 51 = (— L, L), (p(x,t) is an unknown complex-valued function, w(x,t) is an unknown real- valued 
function. The exact solution of the system (1.1)-(1.2), which has been derived in [18, 19] is given by: 



(j>{x,t) ■■ 
w(x,t) 



10 



-2sedi 



-scch 



'_ + >/- 



x — t \ .exp 



1 + VE 



x-t 



l + \/5 



-x — t 



(1.3) 
(1.4) 



The system (1.1)-(1.2) is known to satisfy the following conservation laws [20]: 

i-l r 



-L 



1 



1 



W\ 



2^ + 2 H ^2 



dx = const, 



(1.5) 



where S, = X and 9 XX — wt- The KGZ equations describes the interaction of the Langmuir wave and the 
ion acoustic wave in high frequency plasma [1, 2]. The KGZ system can be derived from the two fluid 
Euler-Maxwell system, and further details can be found in [3, 4, 5, 6] and references therein. 

Many exact and numerical methods have been introduced in the literature for the KGZ equations 
and equations similar to the KGZ equations, Guo and Yuan [7] found the global smooth solution for 
KGZ equations and Guo [8] developed a global smooth solution in non-homogenous medium for the 
KGZ equations. Gan [10, 9] investigated the orbital instability of standing waves for the KGZ equations. 
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Exact traveling waves for the KGZ equations have been developed by Li in [11]. In the last decade, much 
attention has been given in the literature to the design, development, analysis and implementation of 
methods for KGZ equations, see for example [12, 13, 14, 15, 16, 17]. 

This paper presents a numerical method based on Chebyshev cardinal functions for solving KGZ 
equations. In this work we reduce the partial differential equations to nonlinear algebraic equations by 
using operational matrices of derivatives. The computational results are compared with those obtained 
in previous work [20]. The paper is organized as follows: In Section 2 we propose the Chebyshev cardinal 
functions. Numerical method for KGZ equations is described in Section 3. Numerical results that 
illustrate the efficiency of the proposed method are reported in Section 4. Section 5 contains concluding 
remarks. 

2 Chebyshev Cardinal Functions 

J. P. Boyd defined the cardinal functions of order N over the interval [— 1, 1] in his book [23]: 

Cj(fl = T , %# ry j = l,.-.,N + l, (2.1) 

where prime denotes the differentiation with respect to £, while T/v+i(C) is the second kind Chebyshev 
function of order N + 1 in [—1,1] defined by 

T N+ i(C) = cos((N+ 1) arccos(C)). (2.2) 

We change the variable x — LQ to use these functions on [-L, L\. Now any function rj{x) on [-L, L] can 
be approximated as 

N+l 

V (x) « J2 l(*i)Cj(x) = * T< M*)> (2-3) 

i=i 

where 

'2(^1) 

TV 



x j = L(^ r ^-l), j = 1,2,-.., N + l, 



-L = x\ < x 2 < X3, • • • , < x N+ i = L, 

* = [r](x 1 ),r](x2), ■■■, v(xn+i)] T , (2.4) 

and 

$n(x) = [C 1 (x),C 2 (x), . . . , C N+1 (x)f. (2.5) 

2.1 The operational matrix of derivative 

The differentiation of function $jv m (2-5) can be expressed as [22]: 

& N = (D N )^> N (2.6) 

where Dn is (N + 1) x (N + 1) operational matrix of derivative for cardinal Chebyshev functions. The 
matrix Dn can be obtained by the following process. Let 

& N = [C[(x),C 2 (x),...,C' N+1 (x)} T . (2.7) 

Using (2.3) any function C'Ax) can be approximated as 

N+l 

C' j (x)= ^Cj(x fc )C fe (x). (2.8) 

fe=i 
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Comparing (2.6) and (2.8), we get 



D N = 



(2.9) 



C[(xi) ••• C[(x N+ i) 

3 Description of Numerical Method 

Suppose 3>at(x) is the vector of Chebshev cardinal functions on [—L,L] defined in (2.5) and 3>jv(£) 
is the vector of cardinal functions on [0, T]. Let <fr = u + iv, then (l.l)-(l .2) can be written as 



d 2 u d 2 u 
dt 2 dx 2 
d 2 v d 2 v 



dt 2 dx 2 

d 2 w d 2 w d 2 

dt 2 dx 2 dx 2 



+ u + wu + (u 2 + v 2 )u = 0, 
+ v + wv + (u + v )u = 0, 



{u 2 + v 2 ) = 0, 



with initial conditions 



u(x, 0) = Ke(4>o{x)) , v(x, 0) = Im((/>o(x)), 



du 



(x,0) = Re(^i(x)), 



dt 

u>(x,0) = wo{x), 



dv 



(x,0)=Im(<Mx)), 



t)w 
~dt 



(x,0) = u>i(x), 



and the boundary conditions 

u(-L, 0) = u(L, 0) = 0, v(-L,0)=v(i,0) = 0, w(-i,0) = w(L,0) = 0. 

By applying the definitions of [22, 23] we can derive our method as follows: 
The unknown functions u(x,t), v(x,t) and w(x,t) can be approximated as 

JV+lM+1 

u(x,t) ~ J2 S UijdWCjty) =$l{x)U$ M {t), 
»=i j=i 

JV+1M+1 

v(»,t) ~ ^ X^ ^CjC^CjW = $£(x)F$ M (i), 

JV+1M+1 

1=1 j=l 

where 



t/ 



and 



Ui,i 




Ul,M+l 


Un+i,i 




Un+i,m+i 








"Wi,i 




W 


= 


.VKat+1 



1/ 





"^1,1 


Vl, M+l 




.Viv+i,i 


Vjv+1,M+1 


Wl,M+l 




WiV 


+1.M+1. 


; 



(3.1) 
(3.2) 
(3.3) 

(3.4) 
(3.5) 

(3.6) 

(3.7) 



(3.8) 

(3.9) 

(3.10) 

(3.11) 
(3.12) 
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Now we can approximate the second order derivatives with respect to t of unknown functions u(x,i), 
v(x,t) and w{x,t) as 

-^ = Qp*Z(x)U* M (t) = $ T N {x)U$%{t) = $l(x)U(D 2 M )$ M (t), (3.13) 

c\2 £)2 

-^ = —<& T N ( x )V$ M {t) = ^(x)y^(t) = *£(a;)V(I&)*Mt), (3.14) 

p\2 f)2 

-qF = Qp*"( x)W * M ® = ^W^mW - ^(^(^)$«((). (3.15) 

The second order derivatives with respect to x of unknown functions u{x,t), v(x,t) and w(x, t) can be 
approximated as 

q^ = ^2^W»m(<) - ($")£(z)£/$m(£) = $^(a:)(^) r [/$M(t), (3.16) 

£ - p^(i)^«(t) = (&%(x)V$ M (t) = ^(a;)(^) r V*M(*), (3.17) 

W 2 = ^$«(^)^M(i) = (&%(x)W* M (t) = $£(a;)0D&) T W$ji,(i). (3.18) 

By applying (3.8)-(3.10), we can write the initial conditions as 

u(x, 0) = $%{x)U$ M (0) = fte(tfo(aO)> (3.19) 

v(x, 0) = $^(a;)y*Af (0) - /m(^o(x)), (3.20) 

tu(s, 0) = ^(x)W$ M (0) = w (z), (3.21) 
and 

^(x, 0) = $l(x)U$' M (0) = $£(x)[/(£>m)$m(0) = 72e(0i(»)), (3.22) 

^(z,0) = *^(aj)V*' M (0) = $l(x)V(D M )$ M (0) = Im(M*)), (3-23) 

^(x,0) = $l(x)W& M (0) = *^(*)W(D M )* M (0) = Wl (x). (3.24) 

Substituting (3.13)-(3.18) into (3.1)-(3.3), and collecting the equations at the points at x = Xi, i = 
l,2,...,N+l,t = tj,j = l,2,...,M+l,we obtained 

<^ T N {x i )U{D 2 M )^ M {t ] ) - <S> T N {xi){D 2 N )U<S> M {t 3 ) + *Tr(xi)U$M(tj) 

+ ([$£(*;) W<J> M fe)] x [$T{x i )U$ M (t j )\) + ([^(x^Mitj)] 2 (3.25) 

+ [^(xiW^Mitj)] 2 ) [$%{x i )U$ M {t j )] =0, 

^{xi)V{D 2 M )^ M {tj) - $ T N {x i ){D' 2 N )V$M{t j ) + ^KxiW^Mitj) 

+ ([^{Xi)W^ M {tj)\ x [^(x^V^Mitj)]) + ([$J r {x i )U$ M (t j j\ 2 (3.26) 

^( Xl )W(D 2 M )^ M (t 3 ) - $l(x i )(D 2 N )W$ M (t j ) - 2([$J r (x i )U$ M (t j )] 
x[*%{x i ){rP N )U*M{t j )] + [$Z{x i ){D N )U$ M {t j )] 2 ) + ([$l(x i )V<!>M(t j )] (3.27) 

x[*^(a;i)(D^)V*M(ti)] + [*jv(&i)ODiv)V*itf(*j)] 2 ) = 0, 

with initial conditions 

^fe)WM(O) = fle(0o(»i))> (3.28) 

*jv(»i)V* M (0) = Jm(^o(xi)), (3.29) 

^W^ M (0)=WoW, (3.30) 
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and 



$Jr{xi)U{D M )&M(0) = J2e(0i(»i)), 
^l( Xl )V(D M )^ M (0) = Im(Mxi)), 
&Z(xi)W(D M )$ M (p) = «7i(xi), 



(3.31) 
(3.32) 
(3.33) 



Equations (3.25)-(3.27) together with equations (3.28)-(3.33) give a system of nonlinear equations, which 
can be solved for Uij, Vy and Wij, for i = 1, 2, . . . , TV + 1, j = 1, 2, . . . , M + 1. 

4 Numerical Results 

In this section, we present some numerical results of our scheme for the Klein-Gordon-Zakharov 
equations. All computation were carried out in Matlab 6.5 on a personal computer. We study Langmuir 
wave and ion acoustic wave. The accuracy of the scheme is measured by using the following error norm: 



L r 



max -.{Wv^ixiM - \\v appiOK (xi,t)\\}, 

1<2<N+1 



where r\~ u, v and w, while r) c * act (xi,t) represents the exact solution and ?7 approx (:Ei,/;) represents the 
approximate solution. 

4.1 Solution of Conserved Quantities 

In this section we solve the conserved quantities by the numerical method based on Chcbyshcv 
Cardinal functions. Let 



f(x)dx 



(4.1) 



We note that an integral is the special case of ordinary differential equation u' = f(x, u) in which / is 
independent of u. Equation (4.1) can be written as an initial value problem 

u' = f(x), u{a) = 0, x > a, 

We use the Chebyshev Cardinal functions for [a, b] on Chebyshev-Gauss-Lobatto points. To impose the 
boundary condition u(a) = 0, we strip off the last row and column of the differentiation matrix D^. We 
obtain the linear system of equations 

tf,{xi){D N )U$ M {0) = f, i = 1, 2, . . . , N + 1 

where / = (f(xi), f(x±), ..., /(xjv+i))- The system of linear equations can be solved by any standard 
numerical procedure. For more detail see [21]. 



4.2 Example 

We consider a example of KGZ equations (1.1)-(1.2). The initial condition at t = are given by [20]: 



u(x,0) = Re | scch \ x | .cxp 



HvrwT 



v(x, 0) = Im | scch j \j — - — x | .exp 



w(x, 0) = wq(x) = — 2sech 



20 < x < 20. 




(4.2) 
(4.3) 
(4.4) 
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u\{x) = Re | .sech | \j — - — x | .tanh | \j — - — x | .exp 



10-\/2 , / /1 + V5 

seen | \j — x I .exp 





(4.5) 



Vi(x) = Im | .sech | \j — - — x ] .tanh | \j — - — x | .exp 



10- v^ 



wi{x) 



sech 



-4scch 



'i + VE 



-x .exp 




x .tanh 




l + VE 



-20 < x < 20, 



-20 < x < 20, 



(4.6) 



(4.7) 



where a, /i and v are constants. The analytical solution of the KGZE equation (1.1)-(1.2) is given by 
equation (1.3)-(1.4). The boundary conditions are given by (3.7). 

The error L^ is computed and are shown in Table 1 along with the results of the previous method by 
Wang and Chen [20] for comparison. From the numerical result give in Table 1 to Table 3, it is observed 
that throughout the simulation, the error norm Lrx, remains less than 0.2 x 10~ 4 . The numerical results 
of the present method are better than the the results obtained from the finite difference method of Wang 
and Chen [20]. 

The KGZ equation have Langmuir wave and ion acoustic wave with initial conditions (4.3)-(4.7). The 
Langmuir wave has amplitude 0.8740 given in the exact solution. The peak position of the Langmuir 
wave is located at x = in t = 0, while the peak position of Langmuir wave at t = 7.25 is located at x = 5 
(see figure 1). Therefore the Langmuir wave move towards the right with velocity 0.6897, while the ion 
acoustic wave has the similar behavior as Langmuir wave but the peak position are in opposite directions 
and moves towards right with velocity 0.6897 (see figure 1.). The space-time graphs of Langmuir wave 
are given in figure 2, it is clear that the waves move toward right with the increases of time. From Table 
4, we can see the present method conserve the conserved quantities by exactly at least six decimal places. 



Tabic 1: Comparison of maximum error at (x, t) = (—20, 1) 



T.Wang [20] 



Present Method 



1.1249E-8 

2.2922E-8 



3.7928E-10 
8.9837E-12 



2.2268E-13 
6.2031E-14 



2.6017E-11 
3.30114E-9 



2.2350E-9 
9.8748E-13 



1.3279E-14 
7.3140E-15 



Table 2: Comparison of maximum error at (x, t) = (0, 1) 



T.Wang [20] 



2.8104E-4 
7.4145E-5 







Present Method 






V 


w 


u 


V 


w 


3.3176E-4 
2.2816E-5 


2.6012E-4 
6.8993E-5 


3.9293E-5 
8.3256E-6 


2.2265E-5 
3.3727E-6 


3.7123E-5 

5.7872E-6 
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Tabic 3: Comparison of maximum error at (x, t) = (10, 1) 



T.Wang [20] 



Present Method 



1.9035E-8 
4.8106E-9 



1.4914E-8 
3.7165E-9 



9.1287E-13 
2.1403E-13 



2.8146E-9 2.3025E-9 8.2398E-14 

5.7215E-10 4.6274E-10 3.2514E-14 



Table 4: Conserved quantities for <\> and w at N = 128 



t 

0.0 

7.25 

14.50 

21.75 



1.049828 
1.049828 
1.049828 
1.049828 



3.664638 
3.664648 
3.664648 
3.664648 





Figure 1: The left figure shows the graph of numerical solution of \u + iv\, while the right figure shows 
the numerical solution of w 



Space-time graph of numerical solution 



Space-time graph of numerical solution 



1 V 
0.8- 

— 0.6- 

> 

+ 

.=. 0.4- 






Figure 2: The left figure shows the space-time graph for < t < 7.25, while the right figure shows the 
space-time graph for < t < 21.75 



5 Conclusion 

In this article, we presented a numerical scheme for solving one dimensional Klein-Gordon-Zakharov 
equations. The shifted Chebyshev cardinal functions [23] on interval [0, 1] are employed to solve the equa- 
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tions. The partial differential equations are reduce to nonlinear algebraic equations by using operational 
matrices of derivatives. Numerical results demonstrate the present method is more accurate and efficient 
than finite difference method. 
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Abstract 

In this paper, an efficient splitting iteration method for solving Toeplitz-plus- 
Hankel linear systems is presented based on the circulant and skew-circulant s- 
plitting of the coefficient matrix. We analyze the computational complexity and 
convergence properties of the new splitting iteration method. Moreover, good 
estimations of the optimal parameter are discussed for further accelerating. Nu- 
merical results are given to illustrate the performance of the new splitting iteration 
method. 

Keywords: Discrete Fourier transform; Toeplitz-plus-Hankel matrix; Circu- 
lant and skew-circulant splitting; Iteration method 



1 Introduction 



An n-by-n matrix T of the form 



k 


t-l 




tl-n 


t\-n 


t\ 


to 


t-l 

to 




tl-n 


tn-2 








U 


t n -\ 


tn-2 




h 


to 
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is called a Toeplitz matrix, i.e. matrices with constant entries along their diagonal. An 
n-by-n matrix H of the form 



h hi 

K-2 ■ ' ' 



h„-2 h n -\ 
h„ 

h 2n -2 
hm-2 h 2n -\ 



(2) 



is called a Hankel matrix, i.e. matrices with constant entries along their anti-diagonal. 
The linear systems with Toeplitz-plus-Hankel coefficient matrices arise from a variety 
of scientific and engineering applications, such as signal processing, image deblurring; 
see references [1,2]. So efficient approaches for solving Toeplitz-plus-Hankel systems 
have received much attention. Most of the recent works for solving Toeplitz-plus- 
Hankel systems were focused on fast direct methods [3, 4, 5, 6, 7, 8]. Little attention 
was paid to iteration methods for solving Toeplitz-plus-Hankel systems. 

Bai, Golub and Ng proposed the Hermitian and skew-Hermitian splitting iteration 
method for the non-Hermitian positive definite systems based on the Hermitian and 
skew-Hermitian splitting(HSS) of the coefficient matrix [9]. Moreover Ng presented 
the circulant and skew-circulant splitting iteration method for Toeplitz systems based 
on the circulant and skew-circulant splitting(CSCS) of the coefficient matrix [10]. Re- 
cently, HSS-like iteration methods were developed for positive definite Toeplitz linear 
systems [11, 12]. 

It is worth noting that JH is a Toeplitz matrix where H is a Hankel matrix and J is 
the anti-identity matrix, and Toeplitz matrix T possesses a circulant and skew-circulant 
splitting (CSCS) [13], i.e. 

T = C + S, 



where 



C =2 



k) t-\+t n -\ ■ ■ ■ t- n+ 2 + ?2 t- n+ i + t\ 

t\ + t-n+1 h t-1 + t n -\ t- n+ 2 + ?2 



: h + t-„+i 

tn-2 + t-2 

tn-\ + t-\ t n -2 + t-2 



t() 



t-l + t n -\ 
t\ + t- n+ i to 



(3) 



and 



S = 



to t-\ - t n -\ ■ ■ ■ t- n+ 2 - ?2 t- n+ \ - t[ 

h — t- n +\ h t-l — t n -\ t- n+ 2 — ?2 



: h - t- n +\ 

tn-2 - t-2 

tn-\ - t-\ t n -2 - t-2 



to 



t-l — t n -[ 
t\ - t- n +\ to 



(4) 
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Then we propose a new splitting for Toeplitz-plus-Hankel matrix, i.e. 

Ti+Hi = Ti + JT 2 = (d + JC 2 ) + (Si + JS 2 ), (5) 

where T h C, and S , are Toeplitz matrices, their corresponding circulant matrices and 
skew-circulant matrices defined in (3) and (4) for i=\, 2. Noting that the circulant 
matrix C and the skew-circulant matrix S possess following spectral decompositions: 

C = F H K x F n (6) 

and 

S = Q.* n F* n A 2 F n n n , (7) 

where Q n = diag[l, (-l)" 1/n , • • • , (-l)^"- 1 )/")], F n is the Fourier matrix, Ai is the diag- 
onal matrix containing the eigenvalues of C and A 2 is the diagonal matrix containing 
the eigenvalues of S . It allows us to multiply C\ + JC 2 or S \ + JS 2 by a vector with just 
two fast fourier transforms(FFT) after obtaining the eigenvalues of C, or S , for z = 1,2. 
And it will be shown later that the solution of the systems 

(Ci + JC 2 )z = r or (S l +JS 2 )z = r 

can be easily obtained by just two fast fourier transforms and solving a simple system. 
Above discussion motivate us to propose an efficient splitting iteration method for 
Toeplitz-plus-Hankel systems based on the circulant and skew-circulant splitting. 

By iterating alternatively between the two splitting parts, we obtain the new split- 
ting iteration method as follows: 

Given an initial guess x°, for k = 0, 1, 2, • • • , until x (k) converges, compute 

(ai + Ci + JC 2 )x (k+ ^ = (aI-S l - JS 2 )x {k) + b, 
(ai + S i + JS 2 )x {M) = (ai -Ci- JC 2 )x (k+ ^ +b, 

where a is a positive constant. 

It is obvious that the roles of C\ + JC 2 and S\ + JS 2 are equivalent. 

This paper is structured as follows. In Section 2, We analyze the computational 
complexity and convergence properties of the new splitting iteration method. More- 
over, good estimations of the optimal parameter are discussed for further accelerating. 
Numerical examples are reported to illustrate the effectiveness of the splitting iteration 
method in Section 3. 

2 Convergence analysis of the new splitting iteration 

To give a two-step splitting iteration framework, we first recall the following lemma in 
[9]. 
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Lemma 2.1 Let A e C nxn , A = M ,• - N t (i = 1,2) be two splittings of the matrix A, 
and x° e C" be a given initial vector. If{x k ] is a two-step iteration sequence defined by 

M lX (k+ b = N l x {k) + b, 
^ M 2 x {k+l) = N 2 x (k+ 2 } + b, 

k = 0, 1 , 2, • • • , then 

x ik+l) = M2 1 N 2 Af[ 1 N l x (k) + M 2 \l + N 2 M- X l )b, k = 0, 1, 2, • • • . 

Moreover, if the spectral radius p(M 2 l N 2 M^ l N\) < 1, the iteration sequence {x k } con- 
verges to the unique solution x* e C" of the system Ax = b for arbitrary initial vector 
x°eC n . 

Since C x + JC 2 and S i + JS 2 are similar to F*(Ai + F n JF* n A 2 )F n and Q;f;(2i + 
F n Q, n JQ,* t F* n I. 2 )F n Q. n respectively, the special structure of F„7F* and F n Q, n JQ,* t F* n re- 
quired to be investigated. The following Lemmas give explicit formulas of these ma- 
trices. 

Lemma 2.2 The nonzero entries of the matrix F n JF* n are (1 , l)-entry 1, (i, j')-entry 
(L>~ l+i along anti-diagonal i + j = n + 2. 

Proof. It can be easily verified that the (i, j)-entry 

I (j.n-m-1) + ajin-m-D^j _!+...+ w ('-l)^"- 2 )0--D + ^"-DO'-D) 
n v ' 

of the matrix F n JF* n is the sum of the first n terms of a geometric sequence with a 
common ratio of —i - j + 2. From the fact a»"=l and the formula for the sum of the 
first n terms of a geometric sequence, it can be known that the nonzero entries of the 
matrix are (l,l)-entry 1, (z, j')-entry to~' +1 along anti-diagonal i + j = n + 2. □ 

Remark 2.1 The matrix F n JF* n is a Hermitian and sparse matrix with only n nonze- 
ro entries. Then the solution of the system (C\ + JC 2 )z = r can be easily obtained by 
just two fast fourier transforms and solving a simple system (al + Ai + F n JF* n K 2 )r = z 
with nonzero entries along the principal diagonal and anti-diagonal i + j = n + 2. 

Lemma 2.3 The nonzero entries of the matrix F n Q. n J£T n F* n are (i, j)-entry (-1) "»' 
along anti-diagonal i + j = n + 1 . 

Proof. Let 6 be (-l)~s. It can be easily verified that the (i, j')-entry 

i /^-i^n-ixi-D + »-20 1 w (»-2x.--i) 57 m + . . . + e l e n ~ 2 co (i - l) ^ n - 2)U - 1) + e n ~ l ri n - l)U - X) \ 

of the matrix F n Q. n J£l* t F* n is the sum of the first n terms of a geometric sequence with 
a common ratio of —i - j + 1. From the fact o>" = 1 and the formula for the sum of 
the first n terms of a geometric sequence, we observed that the nonzero entries of the 
matrix are (i, j')-entry (-1) "<•' along anti-diagonal i + j = n + 1. □ 
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Remark 2.2 The matrix F n Q n JQ* n F^ is a Hermitian and sparse matrix with on- 
ly n nonzero entries. Then the solution of the system (5i + JS 2 )z = r can be eas- 
ily obtained by just two fast fourier transforms and solving a simple system (al + 
Ei + F n Q. n J£l* n F*^L 2 )r = z with nonzero entries along the principal diagonal and anti- 
diagonal i + j = n + 1. 

For the convergence property of the new splitting iteration method, we recall the 
following lemma in [14]. 

Lemma 2.4 Let 

V(a) = (al-P)(al + Py\ 

If P € C" x " is a positive definite matrix(i.e., ^(P* + P), the Hermitian part of P, is a 
Hermitian positive definite matrix), then it holds that 

||V(a)|| 2 < 1 Va > 0. 

Theorem 2.1 Let a be a positive constant. If C\ + JC 2 and Si + JS 2 defined in 
(5) are positive definite matrices, then the iteration matrix M(a) of the new splitting 
iteration is given by 

M(a) = (aI + Si + JS 2 )~\aI -Cx- JC 2 )(aI + C x + JC 2 )~\aI - 5 X - JS 2 ) (9) 

and its spectral radius p(M(a)) is bounded by 

||(a/ - C x - JC 2 )(aI + Ci + JC 2 )\\ 2 \\(al - S 1 - JS 2 )(aI + S 1 + 75 2 )|| 2 . 

Therefore, it holds that 

p(M(a)) < IKo-7 -Cx- JC 2 )(aI + C x + JC 2 )\\ 2 \\(al -S x - JS 2 )(aI + Sx + 75 2 )|] 2 < 1 for Va > 0; 

(10) 
i.e. the new splitting iteration converges to the exact solution x* e C" of the system 
Ax = b. 

Proof. Let M(a) = (al -Cx- JC 2 )(aI + Cx+ JC 2 )(aI - S 1 - 75 2 )(al + 5 1 + 75 2 ), 
then 

p(M(a)) = p(M(a)) < \\(al -C x - JC 2 )(aI + d + JC 2 )(aI -S x - JS 2 )(aI + Sx + 75 2 )|| 2 

< \\(al -Cx- JC 2 )(aI + Cx + JC 2 )\\ 2 \\(al - 5 x - JS 2 )(aI + Sx+ 75 2 )|| 2 ' 

Since Cx + JC 2 and 5i + 75 2 are positive definite matrices, from the Lemma 2.4 we 
can show the inequality (10) holds. □ 

Remark 2.3 The cost for solving two spares linear systems (Ai + F n JF* n A 2 )r = z 
and (Ei + F ra Q„7Q*F*E 2 )r = z is trivial. Thus in each iteration the leading computa- 
tional cost are five fast Fourier transforms. 

To further improve the efficiency of the new splitting iteration method, it is desir- 
able to find good estimations of the optimal parameter a* which minimizes the spectral 
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radius. If C\ + JC 2 and S\ + JS 2 defined in (5) are normal matrices, we can calculate 

the estimation 

{a-yf + if 
a = mm max - 

by the formula in Theorem 2 of [10]. 

Remark 2.4 The problems of computing eigenvalues of matrices Ai + F„7F*A 2 
and Si + F„Q„7Q*F*E 2 can be transformed into the problems of solving the following 
equation 



A - a n 



~ a \n 



A — Cln n —Cln n 



2'2 



2'2 



+ 1 



—an . n A — Cl n , n+1 

2 2 2 2 



_ «nl 



/I — Cl„ 



0. 



(ID 



Then the eigenvalues of matrices Ai + F n JF^A 2 and Si + F„Q„7f2*F*S 2 can be com- 
puted efficiently by the following recurrence 

D n = [A — (an + ^nn)^ + ^ll^nn ~ ^nl^ln]D n -2, 

where D n is the n-th order determinant in (1 1). 



3 Numerical examples 

In this section, the effectiveness of the proposed splitting iteration method for solving 
Toeplitz-plus-Hankel systems is illustrated. Let 



a k 



i r 



-ike 



f(6)e- m de, fc = 0,±l,±2, 



be the Fourier coefficients of /. The function / is called the generating function of 
the Toeplitz matrix. Similarly a Hankel matrix H can be generated by the generating 
function of the corresponding Toeplitz matrix JH. 

We test the performance of the new splitting method for two Toeplitz-plus-Hankel 
systems. The Toeplitz matrices T and JH of the first test are generated by the generat- 
ing functions f(x) = x 4 + 1 and f(x) = O.lx 4 + 0.1 respectively. The Toeplitz matrices 
T and JH of the second test are generated by the generating functions f(x) = x A + 1 and 
f(x) = (\x\ 3 + 0.01) respectively. All the generating functions are from [15]. The right- 
hand side b is a vector with all entries one and the zero vector is our initial guess. And 
the stopping criterion used is 1 1 ^"^ 1 1 2. / 1 1 *"o 1 1 2 < 10" 7 , where r q is the residual vector at q 
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Table 1: Number of iterations for two test Toeplitz-plus-Hankel systems 



n 


16 


32 


64 


128 


256 


512 


1024 


test 1 


36 


40 


42 


42 


43 


44 


44 


test 2 


41 


46 


48 


49 


50 


51 


52 



iterations. Table 1 demonstrates the performance of the new splitting iteration method 
in terms of number of iterations for solving the two test Toeplitz-plus-Hankel system- 
s. It shows that the iteration number grows very slowly as the size of linear systems 
goes from 64 to 1024. We can safely conclude that the new splitting iteration method 
provides a good alternative for the fast direct methods with (nlog 2 n) complexity. 
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SOME IDENTITIES OF THE TWISTED (/i,g)-EULER 

NUMBERS AND POLYNOMIALS ASSOCIATED WITH 

BERNSTEIN POLYNOMIALS 

C. S. RYOO 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : Recently, we introduced some interesting relations between twisted q-Euler number and 
Bernstein polynomials (sec [10]). In this paper, we give some interesting identities on the twisted 
{h, g)-Euler polynomials and Bernstein polynomials. 

Key words : Eulcr numbers and polynomials, twisted (h, g)-Euler numbers and polynomials, 
Bernstein polynomials 

1. Introduction 

Throughout this paper, let p be a fixed odd prime number. The symbol, Z p , Q p and C p denote 
the ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic 
closure of Q p . Let N be the set of natural numbers and Z + =MU {0}. As well known definition, the 
p-adic absolute value is given by |x| p = p~ r where x = p r - with (t,p) = (s,p) = (t, s) = 1. When 
one talks of g-cxtension, q is variously considered as an indeterminate, a complex number q G C, or 
a p-adic number q G C p . In this paper we assume that q G C p with |1 — q\ p < 1. 

We assume that UD(Z p ) is the space of the uniformly differentiable function on Z p . For 
/ G UD(Z p ), the fcrmionic p-adic invariant integral on Z p is defined as follows: 

I-i(f) = / f(x)d^ 1 (x) = lim V f(x)(-iy, sec [1, 2, 3, 4] . (1.1) 

In? N-^-OO A * 

For n G N, let f n (x) = f(x + n) be translation. As well known equation, by (1.1), we have 

I-i(fn)= f(x + n)d»- 1 (x) = (-l) n /(x)d M -i(x) + 2^(-l)"- 1 -'/(0. (1.2) 

The Euler polynomials are defined by the generating function as follows: 

o °° -t-n 

e xt = ^E n {x)-:, see [1-10]. (1.3) 

In the special case, x = 0, E n (0) = E n are called the n-th Euler numbers(see [1-10]). 
Let C p n — {w\w p — 1} be the cyclic group of order p n and let 

T p = lim C pn = U n >iC pn , see [8-10]. 

For w G T p and h € Z, we defined the twisted (h, g)-Eulcr polynomials as follows: 

2 



wq h e t 



1 ^— ' '^' n! 



In the special case, x = 0, En^ w (0) — En,q, w are called the n-th twisted (h, g)-Euler numbers. 
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From (1.4), we note that 

«^) = E(?)<^- (1-5) 

i=o ^ ' 

From (1.2) and (1.4), for n = 1, we have 

/ ^e'^d/i-ifo) = e rt - X! ^W V (!- 6 ) 

By (1.6), we obtain 

' g^z + y) n dn-i{y) = £#> ( x ), for n e Z+. (1.7) 



As well known definition, Bernstein polynomials of degree n are given by 

B k . n (x) = \l)x k {l -x) n ~ k , where x £ [0,1], n, fee Z+. (1.8) 

In [1], Kim introduced p-adic extension of Bernstein polynomials as follows: 

Bk.n(x) = ( p fc (l - a;) n_fe , where ieZ p and n, fc G Z + . (1.9) 

In this paper, we investigate some properties for the twisted (h, g)-Eulcr numbers and poly- 
nomials. By using these properties, we give some interesting identities on the twisted (h, g)-Eulcr 
polynomials and Bernstein polynomials. 

2. Some identities on the Bernstein and twisted (h, g)-Euler polynomials 

From (1.6), we can derive the following recurrence formula for the twisted (h, g)-Euler numbers: 



^-rw-- d ^ (E «S + 1 >" + «« = ' . '- ' (2.D 



'"■«■" l + wq"' v v «'" ' "■«■" [0, jf„>0, 

with usual convention about replacing (Eq t w) n by En^ w . 

By (1.4), we easily get 

V^L _ 1 (l- a; )(-l)"* T = ^^ e'^w^^lW^ (2-2) 

n=0 y n=0 

By (2.2), we obtain the following theorem. 



Theorem 1. Let n £ Z+. For w £ T p , we have 

<L» = (- 1 )"^ 1 ^^2- 1 ^- 1 (i -x). 

From (1.7), we note that 



q hx w x x n dn- 1 {x) = Ei h l w , for n £ Z+. (2.3) 

By (2.1), for n G N, we get 
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41»(2) = (£«+1 + 1)» 



1=0 ^ ' 



= £,"" 



££ (•;) ^oi 



0,«,t» ^ ft Z^ I J 



1 " 

— V 



^ E (H) 



\ + wq h wq h ^\lj l ' q - w 



wq 
= —+ 1 #W 

h ( h \9 n.q.w 

wq n (q n w) z 
Therefore, by (2.4), we obtain the following theorem. 

Theorem 2. For n € N, we have 



VC( 2 ) = 2 +^c 



By (2.3) and Theorem 2, we have the following corollary. 
Corollary 3. For n € N, we have 

-\ f q- hx w- x (x + 2rd^ 1 (x) = 2 + wq h E^ lyj _ 1 . 

wq h J^ n,q ,w 

By (1.7), (2.3) and Corollary 3, we know that 

q hx W x (l - x) n dH-!{x) = (-1)" / q hx W x {x - l) n dH-i(x) 



= J_ E {h) (2) 

W qh n,q 1 ,w ^\ I 

= w^l «"*"«;-(* + 2)»efo_ 1 ( a! ) 

= 2 + tV l £ (/l) _ 1 _, 

^ n,g ± ,iy 1 



= 2 + wq' 1 I q- hx w- x x n diJ,- 1 {x). 
Therefore, we have the following theorem. 
Theorem 4. For n e N, we have 

g'^w^l - a;) n dM-i(cc) = 2 + wq' 1 / q- hx w~ x x n dfi_ 1 (x). 



(2.4) 



In (1.9), we take the twisted fermionic p-adic invariant integral on Z p for one Bernstein poly- 
nomials as follows: 
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^VB^Wd/t-iti) = (fj ]T (" l k \-l) n - k ~ l J q hx w x x n - l dn-i{x) 



n—k / j 

n \ v-~v n — k 



k ^ \ I 

1=0 

t—k 



Ervh-^-^v, ( 2 - 5 ) 



© E ( n /)(-i) , < ) «.,,». wherc »•* eZ +- 



From the reflection symmetric properties of Bernstein polynomials, we note that 

Bk,n{x) = B n _i cn (l — x), where n, k G Z + and a; € Z p . (2-6) 

For n, k G Z + with n > k, we have 

q hx w x B kin (x)dn--i{x) = / ^VB^^fl-i)^!^) 



fc) E (J) ("^ / z ^^(l - *)"-'**-!(*) 

(l) E (J)*" 1 )* - ' ( 2 + u ^/ z a"**"'"^""'**-!^ 



Therefore, we have the following theorem. 

Theorem 5. For n, k G Z + with n > k, we have 

fe 



jf ^.w^iw - Q E (J)(-i)*-' (H^a^,^ 



By (2.5) and Theorem 5, we have the following theorem. 
Theorem 6. Let n,k G Z + with n > k. Then we have 

g (" 7 4 )<-i><45,,. - g (J) (-i)'-' (2 + V<V,,„-, 



Let ni, ri2, fc € Z + with m + ri2 > 2fc. Then we get 
B fcini {x)B k>n2 (x)q hx w x dfi_ 1 (x) 



n l\ f n 2\ V~^ ^fc 



k \ k , 

1=0 
2k 

M ^ 

k \k 



£)( 2 *)(-l)' +2fc (2 + V / g-^urV^ViCao) 



fc J V jfc 



Therefore, we obtain the following theorem. 
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Theorem 7. For ni,n,2,k G Z + with m + n 2 > 2k, we have 
B k>ni (x)B k>n2 (x)q hx w x dn- 1 (x) 



)(*)E(*)<-i>"*P+-«'*SW .,»-)■ 



By simple calculation, we easily see that 



£fc,m {x)B k , n2 (x)q tlx w x d^ 1 (x 



E (-i) , (" 1 + 7"")/ Pvr^in-M (2.7) 



k \k ^ y ' \ I 

' -0 



ni+n2 — 2k 

E (-^('^'r^lC,^ where n 1; n 2 ,fc e Z + . 



ni\/n2\ v— \ , / ni + n 2 — Zk 



k \k ^ y ' \ I 

1=0 



Therefore, by (2.7) and Theorem 7, we obtain the following theorem. 
Theorem 8. Let ri\,n 2 ,k G Z + with n\ + n 2 > 2fc. Then we have 

lev 



2fe 

2k (2 + wq h E (h l , _, _, 
1=0 

ni-\-ri2 — 2fc 



e (-D'r^r 2 ")^ 



7 l+2k,q,w' 

1=0 ' ' 



For m, ri2, Ti3, fc G Z + with ni + n 2 + ri3 > 3fc, by the symmetry of Bernstein polynomials, we 

see that 



B k!ni {x)B ktn2 {x)B k>n3 {x)q hx w x dn-i{x) 



:) (:) (:) t (*)i-ir £ ^-a - *>--- -<*..,« 

3fc 

k J \ k J \ k 



n>] ^ ' n3 ^ E ( 3 *)(- 1 ) I+3fc iTfc / ^ te ^~ a; ( a; + 2 ) Ill+ " 2+ " 3_ '^-i( a; ) 



;=o 



£)( 3 *) (-!)'+» A 



» * t'^'*l ( - 1)H *' 2 + '^' 5 ""*'"* 1 '"'"'"-'• 



Therefore, we have the following theorem. 

Theorem 9. For ni,n2,n 2 , k G Z + with ni + n 2 + ng, > 3/c, we have 



B ktni (x)B k ^ 2 (x)B ktn3 (x)q hx w x d^-i(x) 

";)C) C)g(T)(-')' +a 'P + ^<U.,-., 8 -,,.-,). 
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In the same manner, multiplication of three Bernstein polynomials can be given by the following 
relation: 

B k ^ ni (x)B k ^ 2 (x)B k ^ z (x)q hx w x d^ 1 (x) 

\k)\k) ^ (_1 H i ) E i+s k , g ^ 

where m, n 2 , H3, k G Z + with ni + n 2 + n^ > 3fc. 

Therefore, by Theorem 9, we obtain the following theorem. 

Theorem 10. Let ni,n2,n,3,k G Z + with n\ + n 2 + n 3 > 3k. Then we have 

,'S/c 



;— n V / 



,/ipCi) 

l+B2+n3- (,(J _1 ,MI _1 



ni+«2+«3-3fc / o; v 

E (-i)Y ni+n2 t n3 - 3fc )^ 



7 / /+3/c,g,w' 



Using the above theorem and mathematical induction, we obtain the following theorem. 

Theorem 11. Let m G N. For m, n 2 , . . . , n m , A: G Z + with ni + • • • + n m > mk, the multipli- 
cation of the sequence of Bernstein polynomials B k . ni {x), ■ ■ ■ , -Bfc,n„, (x) with different degrees under 
fcrmionic p-adic invariant integral on 7L V can be given as 

/ (f[Bk, ni (x)) <I hx w x d^i(x) 



/=o 



We also easily see that 



/ (f[B k , ni (x))q hx w x dn^(x) 



ni~\ \-7i m —7nk 

nC)] E r^-y--™){-i)<4 






(2.8) 



foil / / I ^ I l+mk,q,w' 

By Theorem 11 and (2.8), we have the following corollary. 

Corollary 12. Let mfN. For m, n 2 , ■ • • , n. m , fc G Z + with ni + • • • + n m > mk, we have 

mk / , 

mk 



E 7 (-!)"-(> +«^^U 



Z=0 



E ( ni + '"V m_mK )(-i)'<L 9 . 
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Abstract 

The purpose of this paper is to present a numerical technique for solving the 
fractional ordinary differential equations (FODEs) and fractional partial differential 
equations (FPDEs). The proposed technique is based on operational Tau method 
(OTM). The main idea behind the OTM is to convert the desired problem to some 
operational matrices. The development of the technique for FODEs and FPDEs 
is considered. Some linear and nonlinear experiments are applied to solve ID and 
2D fractional differential equations (FDEs) and a comparison is made between the 
proposed technique and the other methods. The results demonstrate the accuracy 
and the validity of the new technique. 

Key-words: Spectral methods; Operational approach of the Tau method; Improved algebraic 
formulation; Fractional ordinary differential equations; Fractional partial differential equations. 
2010 Mathematics Subject Classification: 76M22; 34A99; 08A99; 26A33; 35A25. 

1. Introduction 

The Tau method has been applied to a wide class of ordinary differential equations (ODEs); 
partial differential equations (PDEs); integral equations (IEs) and integro-differential equations 
(IDEs). Tau method as a branch of spectral methods have become increasingly popular in 
recent years, especially since the development of fast transform methods, with applications in 
numerical simulation of turbulent flows and other problems where high accuracy is desired for 
complicated solutions. In 1981, Ortiz and Samara [1] presented an operational technique for 
the numerical solution of nonlinear ODEs with some supplementary conditions based on the 
standard Tau method [2]. The theoretical analysis and numerical applications of this method 
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has been described in a series of papers [3-7] for linear ordinary differential eigenvalue problems. 
The method was developed for numerical solution of PDEs and their related eigenvalue prob- 
lems, iterated solutions of linear operator equations [8-13] and for IDEs, too [14]. The object of 
this work is the development of the operational Tau method (OTM) for the numerical solution 
of FODEs and FPDEs. 

FODEs and FPDEs have been extensively investigated and applied for many real problems 
which are modeled in various areas. For instance; in mathematical physics [15], in fluid and 
continuum mechanics [16], viscoplastic and viscoelastic flows [17], biology, chemistry, acoustics 
and psychology [18]. Also, FODEs and FPDEs have been the focus of numerous studies. In 
addition, considerable attention has been given to the solutions of FODEs and FPDEs of physical 
interest [15,19-21]. 

There are several approximation and numerical methods for the solution of FDEs. The most 
commonly used ones are; homotopy perturbation method (HPM) [22, 23], Adomian decompo- 
sition method (ADM) [24-26], variational iteration method (VIM) [22, 27], fractional iteration 
method (FIM) [28] and fractional difference method (FDM) [27-29]. 

Out of the aforesaid mentioned methods, we are desired to present the operational approach 
of the Tau method to solve FODEs and FPDEs. Because in the Tau method, we are dealing 
with a system of equations wherein the matrix of unknown coefficients is sparse and can be 
easily invertible. Also, the integral part appearing in the equation is replaced by its operational 
Tau representation and then we obtain a system of algebraic equations wherein its solution is 
easy. 

The paper has been organized as follows: Section 2 gives notations and basic definitions 
of the fractional calculus. Section 3 is devoted to introduce the OTM and its application to 
the FODEs. In Section 4, we develop the OTM to solve FPDEs. In Section 5, the Chebyshev 
polynomials as base functions are considered. Some illustrative numerical experiments are given 
in Section 6 followed by the discussion and conclusion is presented in Section 7. 



2. Basic definitions of the fractional calculus 

In this Section, we state some preliminaries and definitions of fractional calculus [15, 30]. 

Definition 1. A real function u(x), x > is said to be in the space C^, /i G K, if there 
exists a real number p > fJ,, such that u(x) = x p v(x), where v(x) G C[0, oo) and it is said to be 
in the space C™ iff u^^x) G C M , m G N. 

Definition 2. The fractional derivative of u{x) in the Caputo's sense is defined as: 



D a u{x) = —^ [ X (x-t) m - a - 1 u ( ' m ')(t)dt, 

T(m - a) J 



when m — 1 < a < m, toGN, x > 0, u{x) G C^. 
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Definition 3. For m to be the smallest integer that exceeds a, the Caputo's space-fractional 
derivative operator of order a > is defined as: 



D%u(x,t) = < 



' r 'x-a) m - a - l dm ^ a,t) da, ifm-Ka<m, 



T(m — a) Jo 
d m u(x, t) 



da r 



y dx m 

and the time-fractional derivative operator of order a > is defined as: 

1 '* 



if a = m G N, 



Dfu{x, t) = < 



T(m — a) J 
d m u(x,t) 



I - T) m - a - l 3mU S X : T) dr, if m - 1< a < m, 



dr r 



(3) 



3V 



if a = m G N. 



3. Implementation of the OTM on FODEs 

For clarifying the concepts of applied operational approach of the Tau method on FODEs, 
we need assert some preliminaries and some notations. 

Let us consider the matrices /x = [fiij]™ j = q, M = [mjj]" =0 and r\ = ^ T M, where jjl^j = Si+ij 
and Mj j = (i + l)5ij; 5ij is the Kronecker symbol. 

We are seeking a polynomial solution to approximate u(x) £ L 2 [a,b]. Let 4> = {0j(£)}^o = ^x^ 
are a set of arbitrary orthogonal polynomial bases defined by a lower triangular matrix $ and 
x-c = [l,x,x 2 , ...,x n , ...] . In continuation, we consider the following lemma. 



Lemma 1. Suppose that u(x) is a polynomial as u(x) = > Uj£* = ux^, then we have: 

i=0 



d r 

dx' 1 



■u(x) = wq r x x , 



r = 0,l,2,..., 



(4) 



x s u(x) = u/i s x x , 



8 = 0,1,2,..., 



and 



/ u(t)dt = u(x x - u(x a , 

J a 

where u = [u ,ui, . . . ,u n , . . .], x a = [l 

with only nonzero elements Ci,i+i = fXi> £ = 0,1,2,.... 

Proof: Seeref. [31]. 



. C(/« (X « . . . « Ct i** 



(5) 

(6) 

, a G R and £ is an infinite matrix 

□ 



From the above assumptions concern to orthogonal basis, we consider orthogonal series 
expansion of the exact solution u(x) € L 2 [a, b] as: 



£ 

j=0 



U ( X ) = /Ui4>i{ x ) = u $ x 2 



(7) 
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where u = {tii}^ and any distinct function f{x) can also be considered as: 

oo 

f{x) = Y J hHx)=?^xi f=[/ ,/i,...]. (8) 

i=0 

Now, the idea is approximating D a u{x). Simple computations reveal that: 

(x - t) m - a -HPdt = ^ m ~ a ^ P + ]} x m ~ a+ P, p = 0,1,2,.... (9) 



/o T(m- a + p + 1) 

Substituting equation (7) in equation (1) and using equations (4) and (9), we have: 

D a u{x) = — / (x - t) m - a - l ^—(u<S>* t )dt = 

v ; T(m - a) 7 dt m v ' 

—^— f X {x-tT- a - 1 {u$rr*t)dt = 

T(m - a) J 

u^r]™^- 1 f (x-t) m - a ~ 1 x t dt = u<S>r] m rty, 

T(m - a) J 

T(p + 1) 

where T is an infinite diagonal matrix as ITb , = — -Si j and 

B L J J T(m- a + p + 1) J 

iTr _ \ m—a m-a+1 m-a+2 ^m-a+p 1 T 

-i: tij * tX" « J/ • • • • ■ tX" « • • • I • 

By approximating x m ~ a+p ,p = 0, 1, 2, ... , as follows: 



rn—a+p 



^ a P ,i<fii(x) = & P ®*x, a p = [a Pj0 , a Pj i, a P)2 , • • •] , 



(10) 



i=0 

we have: 

* = [a $x :E ,ai$x x ,a2$x a; ,...,ap$x :E ...] T = [a ,ai, a 2 , . . . ,a p , . . .} T $x x . 

Let us suppose that II = [ao, ai, a 2 , . . . , a p , . . .] , be the coefficient matrix of the last relation. 
Thus, we have: 

D a u(x) = u$77"Tf = u<f>ri m m<f>XL x = v$ X;E , where v = u^TII. (11) 

Lemma 2. Let x x = [l,x,x 2 ,...] and u = [ito,tti,u 2 , . . .] are infinite vectors and 3> = 
[(fro 1 4>i 1 4>2 1 • • •] is infinite matrix (</>'s are columns of $). Then, we have: 

X^U^Xj = Ux-r, (12) 

where U is an upper triangular matrix as: 

J HkLo u k(l>k,j-i, i = l,2,..., j>i, 



u„ 



0, j < i, 
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and if suppose that u{x) = u<J>x x represents a polynomial, then for any positive integer s, the 
relation 



s-l. 



u s (x) = u$U s - L x x , 



(13) 



is valid. 



Proof: 



x x u$ = [1, 



X, X 



[U0o|u^>i|u02| 



therefore 



Xj;U$X a 



U0o U01 U(f>2 

U(pQX U(j)iX U(p2^ 
U(j)QX 2 U(/>iX 2 U(j)2X 2 



U<p U01 U(f>2 

u<^>o£ U(f)ix u^2^ 

Ui^o^ 2 U(/>iX 2 U(f)2X 2 



[l,x,x 2 ,...]' 



i+0 






i=0 



UG>,X 



U</> U01 U0 2 

u0o u^i 
u0 o 



if we call the last upper triangular coefficient matrix as U, then we have: 



x 



U 



hj 



uc 



0, 



■j-i, 



2 = 1,2,..., j>i, 

J < i, 



Y!k=0 U k<Pk,j-i, * = 1,2, ... , j > i, 

0, j < i. 



Now, in order to prove equation (13), we start by induction. For s = 1, it is obvious that 
u(x) = u^x,,;. For s = 2, we rewrite u 2 (x) = u$x x u<J>x x and using equation (12), we have: 

u 2 (x) = u^Uxj, 

therefore equation (13) is hold for s = 2, too. Now, suppose that equation (13) is hold for s = k, 
then we must prove that for s = k + 1 the relation is valid, too. Thus, 



,fc+i/ 



rfc-l 



fc-1, 



U K+i (x) = U K (x)u(x) = (u^V K ~ 1 X x )(u^X x ) = uSlr^Xa.UfcXa.) = U^lTx*, 



hence, equation (13) is proved. 

We have the following corollary to compute (D a u(x)) r 



□ 



Corollary 1. With assumption in lemma 2, any positive power of equation (11) can also 
be written as: 



(D a u(x)) r = v$ V-'x. 



(14) 
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where 

v __ J IZkLoVkfaj-i, * = 1,2, ... , j > i, 
lJ " \0, i < i. 

Lemma 2 and corollary 1 have effective rules for numerical solution of nonlinear problems. By 
using these advantages of Tau method, most of nonlinear problems can be solved and expressed 
as polynomials, easily. Also, for any positive integers r and s, we can write u s (x) and {D a u{x)) r 
with respect to any arbitrary polynomial basis as follows: 

u s (x)=u(<S>XJ s - 1 <S>- 1 )$x x , and (D a u(x)) r = v^V^ 1 ^ 1 )^, (15) 

where, ^x^ is a polynomial basis. By attention to equations (4) and (7), it is obvious that in 
each FODEs any boundary condition of the problem can be replaced by an algebraic expression 
based on polynomial basis. Finally, if we choose finite algebraic equations gained in the problem 
and imposing boundary conditions, then we can obtain a square system wherein its solution 
gives an unknown vector as u n = {tifc}^ =0 . 

4. Implementation of the OTM on FPDEs 

In this Section, we state the required preliminaries of the Tau method to apply on PDEs of 
fractional order. In this case, we suppose that the function u(x, t) is defined on [a, b] x [c, d] and 
is infinitely differentiable. Let us suppose that 

x X)t = [{l,t, t 2 , . . .}, {1, t, t 2 , . . .}x, {1, t, t 2 , . . .}x 2 , ...f , 

be the standard base for polynomials in M 2 . We seek a polynomial in M 2 to approximate u(x,t) 
such that 

oo oo 

u(x,t) = ^^aijfaix^jit), 

j=0 j=0 

where (j) x = {(f>i(x)}^ and ipt = {V'jWI'^Lo are ^ ne se ^ s °^ arbitrary orthogonal polynomial 
bases defined on ID space. Since, we use finite series in the Tau method, thus we suppose that 
the approximation is as: 

n n 

u(x,t) = J2J2u i{n+1)+j (f>i(x)ij j {t). (16) 

i=0 j=0 

By multiplying <f>i(x) and ipj(t) in the above summation and extracting its matrix of coefficients 
as $ with respect to base x X) t, we can assume that the approximate solution of u(x, t) is as below. 

Lemma 3. Suppose that <f> x = V^x^ and ipt = V^x^ where V^ and V^, are coefficient matrices 
with respect to x x , xj and u = [uo ; u±,U2, • • • , ^( n +i) 2 ] • Then equation (16) can be written as: 

u(x,t) = ufe^, (17) 
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where 5> is blocky matrix as: 



$ 



(V^)o,oV0 (V^)o,iV^ (^)o )2 V0 
(^)i,o^> (V^)i,iV0 (^)i )3 V0 

(^2,0^ (^)2 )2 V0 (V^) 2 , 3 ^ 



(ra+l) 2 x(n+l) 2 



Proof: Expanding equation (16) yields 

u(x, t) = u [(f>o(x)ipo(t), (^o(x)V'i(t), • • • , (f>o(x)ip„(t),(f)i(x)ipo(t),<l>i(x)ipi(t), 

■■ ■ ,(/>l(x)lp n (t),-- ■ ,</>n(x)^o(t),(f>n(x)lpi(t),. . . , </>n(x)lpn(t)] T ■ 

Each <f> r (x) and V'sW can be written as: 

(l>r(x) = [(j>r,0,<f>r,l,---<Pr,n]X-x, and 1p s (t) = [lp sfi , 1p s ,l, . . . 1p s ,n]^t- 

To evaluate equation (18), we must compute (j> r (x)ip s (t), r,s = 0,1, ... ,n. Thus, 

n n 

(p r (x)lp s (t) = [(j> r ,0,<f>r,l, ■ ■ ■ 4>r,n]^xhPs,0,1ps,l, ■ • ■ Y^n]** = ^ ^ ^s,i(l>r,jX j t l = 

i=0 j=0 

[<firfi{lps,0, 1ps,l, ■■■ , 4>s,n),<t>r,l(4>s,0,4>s,l, ■ ■ ■ ^s,n), • • • , <t>r,n(tpsfi, ^s,l, • • • ^s,n)]^x,t- 
Therefore we can construct a matrix such that: 



u(x, t) = u 



(^)o,oV0 (^) O) iV0 (^)o l2 V0 
(^)i,oV0 (V^)i,iV0 (^)i, 3 ^ 
(V^flV^ (V^Vip (^) 2l3 V0 



x x , t . 



(18) 



(19) 



If we call the above coefficient matrix as <£, then this lemma is valid. 



□ 



Lemma 4. Suppose that u = [no, u\, 112, ■ ■ ■ , W( n+1 )2,0,0 . . .], $ = [<fo I </>i I <fe I • • ■], x X)i = 
[{1, t, t 2 , . . .}, {l,t, t 2 , . . .}x, {l,t, t 2 , . . -}x 2 , . . .1 and u(x, t) = u^x.^ is a polynomial. Then, 



we have: 

i- -j—u(x,t) = u*^x Xjt , r = l,2,... 



(20) 



where 



fc, fc(n + l) + l < i = j < (k + l)(n + l), k = 0,l,...,n, 

0, otherwise. 



d 



"• l^ n ( x > f ) = u<J>r /r x x,t, r = l,2, 



dt 
where 



[n. 



■tn,j 



A , i = j, i = l,2,...n, 
0, otherwise, 



and [A ] M 



(21) 



q, p = q + l, q=l,2,...,n, 



0, 



otherwise. 
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iii. t s u(x, t) = u&fj,fx Xjt , s = 1, 2, . . . 
where 



[/,. 



t\i,j 



B , i = j, i = l,2,...,n, 

0, otherwise, 



and [Bq] 



P,Q 



(22) 



1, q = p+l, p=l,2,...,n, 

0, otherwise. 



iv. x s u(x, t) = u&fi s x x x j, s = 1, 2, . . . 
where 

fl, j = i + n + 1, i = 1,2, ... ,n(n + 1), 



(23) 



[/i 



zJM 



0, otherwise. 



Proof: The proof of these properties can be obtained by simple computations, which we neglect 
here due to the increased volume of the paper. □ 



Lemma 5. By all assumptions in lemma 4, we have: 

x Xjt u#x Xj t = Ux^t, 
where U is an upper triangular matrix as: 

_ JY^kLoUk^kj-i, i = l,2,..., j>i, 



(24) 



U 



hj 



v 0, j < i, 

and for any positive integer s, the relation 

u s (x,t) = uW -1 ^, 
is valid. 

Proof: We have: 

x^.iU = [{l,t,t 2 ,...}, {l,t,t 2 ,.. .}x, {l,t,t 2 ,.. .}x 2 ,.. .] [uo,u 1 ,u 2 ,...\ = 
[{l,t, t 2 , . . .}u, {1, t, t 2 , . . .}xu, {l,t, t 2 , . . .}x 2 u, . . .f , 

X^ U<1> = [{1, t, t 2 , . . .}U, {1, t, t 2 , . . .}XU, {l,t, t 2 , . . .}X 2 U, . . .} T [00 1 01 1 02 1 • • •] = 

[ll^oXa^lu^iX^lu^XaMl • • -] T i 



(25) 



so 



X^U^X^t = [u0 O X a; ,t|u0lX :Eit |u02X 3;) i| . . .] [{1, t, t 2 , . . .}, {l,t, t 2 , . . .}X, {1, t, t 2 , . . .}x 2 , . . .] T 



U0 O U01 U0 2 U0 3 

U0o u 01 u 02 

U0O U01 

u0 n 



[{l,t,t 2 ,...},{l,t,t 2 ,...}x,{l,t,t 2 ,...}x 2 ,. 



2 ]T 
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If we let U to be the last coefficient matrix, then we have: 

x Xjt u$x Xji = Ux X)t , 
where 



U 



ucj)j-i, i = l,2,..., j>i, 



hj 



0. 



j < i, 



0, j < i. 



To prove the second part of this lemma, applying the induction as the same way in lemma 2, gains 
the desired result, easily. □ 



Now, we want to compute D®u(x, t) and Dfu(x, t) in operational forms. For computing 
D%u(x,t), substituting equation (17) in equation (2), yields: 



D%u(x,t) = < 



1 



T(m — a) Jq 

gm 



am 
l.r - a) m ~ a ~ 1 Tr - z: (u®x (7yt )da, if m - 1 < a < m, 



da 



in 



(u*x, t ), 



Kdx m ' 
When a = m £ N, lemma 4 implies that 



if a = m G N. 



D?u(x,t) 



gr, 



dx r 



:(u<f>yL x ,t) = u$r£x Xj t, 



but when m — 1 < a < m, using lemma 4 again, we have: 

1 f'X 07T) 

D2u(x,t) = - r (s-a)— °-i 

r(m — a) Jo oa r 



(u<J>X CTji )<i<7 



(26) 



r , X , [ X (x-*) m -«- 1 u$T,?x <T , t da = u*r,? - 1 f \x - a)" 1 """ 1 ^.^. 

r(m - a) 7 r(m - a) 7 

Since each element of the base x ff t, is as <7 p t <? , p, q = 0, 1, . . .; from equation (9), we have: 

I /-a; i 



T(m — a) Jq 



(x — a 



.m—a—l 



a n q da = t q 

r(p + i) 



Y(m — a) Jq 



(x-a) 



m—a—l 



a p da 



rn—a+ 



T(m — a + p + 1) 
where T and \1/ have the same structure in equation (10) 



pt q = [v^]t q = rn$i«x x , 



(27) 



For computing Dfu(x,t), by substituting equation (17) in equation (3), we have: 
1 



D?u(x,t) 



T(m — a) Jq 

am 



t am 

(t - T ) m - a - 1 - — (u*x a . )T )dT, if m - 1< a < m, 



dr r ' 



<9i r 



:(u*x Xit ), 



if a = m S N. 
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When a = m £ N, using lemma 4 yields 



am 

Dfu{x, t) = —(uSx^) = ulfr,, (28) 

but when m — 1 < a < m, by using lemma 4 again, we have: 

1 v 7 r(m -a) J <9r m v ' 7 

r , X , [\t-T) m -°- 1 u<S> V ?x x , T dT = u<S>r ] ? 1 fit-rT-o-^dr. 

T(m -a) J T(m - a) J 

Since each element of the base x XiT , is as x p T q , p, q = 0, 1, . . .; from equation (9), we have: 
' f (t - r)" 1 -"-^^ 9 ^ = x p — [ (t- T) m - a - X T q dT = 



T{m — a) Jo T{m — a) J 

. r ^ g+ ^ t m-a + q x p = rj^p = rn $ X P Xt , (29) 

T(m — a + q + 1) 
where T and \1/ have the same structure in equation (10), too. 

Lemma 6. Suppose that x x ,t = [{1, t, t 2 , . . .}, {1, t,t 2 , . . .}x, {l,t,t 2 , ■ ■ -}x 2 , . . .] , 
x x = [l, x, x 2 , . . . , x n ~\ and x t = [l, t, t 2 , . . . , t n ~\ . Then, we have: 

„ fl, j =p(n+ 1) +i < (n + 1) 2 , 

arx t = Wx Xjt , p = 0, 1, . . . ; where Wjj = <^ (30) 

10, otherwise, 

and 

. fl, j = (i- l)n + q + i < (n + l) 2 , 

t'Xj, = Vx I)t , q = 0, 1,...; where V»j = < , (31) 

0, otherwise. 



Proof: The proof of these properties can be obtained by simple computations, which we neglect 
here due to the increased volume of the paper. □ 

Using the above lemma for equations (27) and (29), for m — 1 < a < m, we have: 

£>>(x, t) = u^r Ilp^Vx^i = uTx Ii( , where T = $r/™iTI$V, (32) 

and 

D?u(x, t) = u$t#T IIp^Wx^ = uftx^, where ft = $?7 t m iTI$W . (33) 

Also, these relations can be expressed in arbitrary polynomial bases as D x u(x, t) = uT$ _1 $x a; ^ 
and Dfu(x,t) = uft$ _1( L>x Xi i, where ^x^t is the polynomial base. 
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Lemma 7. With assumption in lemma 6, for any positive integers s and v, the following 
relations are valid. 



(D«u(x, t)) s = uTK s - 1 x Xtt , where K id 
and 



(D?u(x, t)) v = uttP v - L x X:t , where 
Proof: The proof is the same as lemma 5. 



i,3 



) 2^k=0 U k L k,j-i, I 

[o, 

o, 



1,2,..., j>i, 
3 < i, 



1,2 



5 "1 m m m •} 



3 > h 
j < i. 



(34) 



(35) 



□ 



5. Converted Chebyshev polynomials 

In Sections 3 and 4, we have considered OTM based on arbitrary orthogonal polynomials. 
Since converted Chebyshev polynomials are more applicable, then we can use them for a wide 
range of problems. In consequence, we consider operational Tau approximation of the FODEs 
and FPDEs with converted Chebyshev polynomials T* = {Tj*(x)}^ = T*x x . It is well known 
that the coefficient matrix of them have the same structure of general Chebyshev polynomi- 
als. They are orthogonal functions and they can be used to obtain a good approximation for 
transcendental functions. In the sequel of this Section, we introduce a convertor matrix for 
converting Chebyshev polynomials. The Chebyshev polynomials are defined on [—1,1] as 



\T (x) = l,Ti(x) = x, 

[T i+ i(x) = 2xTi(x) -Tj_i(x), i = 1,2,3,..., 

and shifted Chebyshev polynomials are defined as 

l,T 1 *(x) = ^^, *€[«,,&], 
2( 2x - {b + a) )T*(x)-T*(x), i = l,2,3.... 



TO = 
T* +1 (x) 



b—a 



(36) 



(37) 



Now, we consider the following lemma. 



Lemma 8. Suppose that T and T* are coefficient matrices of Chebyshev polynomials {Tj(x) | x G 
[—1, 1], z = 0,1,2,...} and shifted Chebyshev polynomials {^(x)) x £ [a,b], i = 0, 1, 2, . . . } 
respectively. Then we have: 

T* = TQ, 

where 



Q 



i-3 



with v = jt- and w = q -^. 

b—a a—b 



G) 

0, 



v l 3 w J , 



i>3, i, 3 =0,1,2,..., 
i <3, 



Proof : Definition of T states that: 



r n(x) i 




1 




' T^x) 1 




Ti(x) 

T 2 (x) 


= T 


x 
x 2 


=> 


T*(x) 

T^{x) 


= T 


- 








- 





1 

2x-(b+a) 

b—a 

' 2x-(b+a) \2 

v b-a ' 



1 

V X + w 
(vx + w) 2 



11 
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1 











V 


w 








v 2 


2vw 


w 2 





V 3 


3vw 2 


3v 2 w 


w 3 



We know that (vx + w) n = £™ =0 (7)« i w n-i a; i , thus 



1 
i; x + u; 

(fx + w)' 



If we let Q be the last coefficient matrix, then 

[T * (x) , IT (x) , T 2 * (x) . . .f = TQx x , where Q^ = 

so 

T* = TQ. 

Therefore, the statement of the lemma is valid. 



gy-w, 



X 



i>3, *,J = 0,1,2,.. 

* < J, 



□ 



Note 1. It is noticeable that if the solution i.e. u(x,t) has no singular point in [— 1, 1] x [—1, 1] 
then the expansion of u(x, t) based on Chebyshev polynomial is convergent. If u(x, t) has 
singularity at some points (xi,tj),i = 0,1, ... ,n,j = 0,1,..., m, and let us suppose that 
[3 = min \xi\,i = 0, 1, . . . , n, then Chebyshev expansion of u(x, t) is convergent for points (x, t) 
such that x < (3 [32] . This is the main condition which guarantees the approximate solution to 
be convergent. 



6. Illustrative numerical experiments 

In this section, some experiments of linear and nonlinear FDEs on ID and 2D are given to 
illustrate our results. In all experiments, we consider the shifted Chebyshev polynomials as basis 
function. In this work, the orthogonality of the basis functions is important, because it reduces 
the run time of the source programs and computations time. The computations associated with 
the experiments discussed above were performed in Maple 14 on a PC with a CPU of 2.4 GHz. 

Experiment 6.1 Consider the following FODE, 



D a u(x) + u"(x) + u(x) =8, x > 0, < a < 2, 

with the initial conditions: u(0) = u'(0) = 0. We have solved this experiment for n = 30, 
different a and have compared it with the closed form series solution of the exact solution [27] 

~ J^ /j\ (_1) Vfc-ja+2 

as > > I I — : -. The results given in [27, 331, state that the OTM is the best in 

^ ^ \kj T(2k - ja + 3) L J 

accuracy among them. The comparison is shown in Table 1. 
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Table 1: Comparison of the solutions of FDM, ADM, VIM and OTM with the 
exact solution for different a and x of experiment 6.1 



X 


UFDM 


UADM 


U VIM 


UOTM 


u Exact 


a = .5 
0.0 


0.000000 


0.000000 


0.000000 


0.000000 


0.000000 


0.1 


0.039473 


0.039874 


0.039874 


0.039765 


0.039750 


0.2 


0.157703 


0.158512 


0.158512 


0.157070 


0.157036 


0.3 


0.352402 


0.353625 


0.353625 


0.347422 


0.347370 


0.4 


0.620435 


0.622083 


0.622083 


0.604764 


0.604695 


0.5 


0.957963 


0.960047 


0.960047 


0.921851 


0.921768 


0.6 


1.360551 


1.363093 


1.363093 


1.290552 


1.290457 


0.7 


1.823267 


1.826257 


1.826257 


1.702114 


1.702008 


0.8 


2.340749 


2.344224 


2.344224 


2.147401 


2.147287 


0.9 


2.907324 


2.911278 


2.911278 


2.617120 


2.617001 


1.0 


3.517013 


3.521462 


3.521462 


3.102013 


3.101906 


a= 1 

0.0 


0.000000 


0.000000 


0.000000 


0.000000 


0.000000 


0.1 


0.039325 


0.038925 


0.038925 


0.386673 


0.386673 


0.2 


0.154541 


0.153742 


0.153742 


0.149353 


0.149353 


0.3 


0.341385 


0.340182 


0.340182 


0.324153 


0.324153 


0.4 


0.595453 


0.593846 


0.593846 


0.555303 


0.555303 


0.5 


0.912227 


0.910214 


0.910214 


0.835243 


0.835243 


0.G 


1.267112 


1.284685 


1.284685 


1.156668 


1.156668 


0.7 


1.715433 


1.712597 


1.712597 


1.512574 


1.512574 


0.8 


2.192488 


2.189258 


2.189258 


1.896296 


1.896296 


0.9 


2.713612 


2.709964 


2.709964 


2.301537 


2.301537 


1.0 


3.273081 


3.270029 


3.270029 


2.722398 


2.722398 


a= 1.5 












0.0 


0.000000 


0.000000 


0.000000 


0.000000 


0.000000 


0.1 


0.036111 


0.036478 


0.036478 


0.032852 


0.033507 


0.2 


0.139904 


0.140640 


0.140640 


0.123882 


0.125221 


0.3 


0.306402 


0.307485 


0.307485 


0.265664 


0.267609 


0.4 


0.531856 


0.533284 


0.533284 


0.452944 


0.455435 


0.5 


0.812989 


0.814757 


0.814757 


0.681350 


0.684335 


0.G 


1.146733 


1.148840 


1.148840 


0.946961 


0.950393 


0.7 


1.530132 


1.532571 


1.532571 


1.246125 


1.249959 


0.8 


1.960252 


1.963033 


1.963033 


1.575365 


1.579557 


0.9 


2.434223 


2.437331 


2.437331 


1.931357 


1.935832 


1.0 


2.949144 


2.952567 


2.952567 


2.311672 


2.315526 



In the above experiment, we compared the OTM with the FDM, ADM and VIM for solving 
a FODE. We observe that higher-order accuracy can be achieved by OTM than using the same 
terms in the other methods. These results, demonstrate another capability of the proposed 
method. Also, when a is an integer, the OTM is so much accurate than the other methods. 

Here, we desire to show that the proposed method is convergent. We test this case by 
considering the behavior of the solutions when n increases. In Table 2, the results demonstrate 
that by increasing n, the round-off error of the method decreases. 
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Table 2: Comparison of the 


OTM for different n and ct with the exact solution of 


experiment 


6.1 










X 


n = 5 


n = 15 


n = 25 


n = 35 


UExact 


a = 0.5 












0.0 


0.000000 


0.000000 


0.000000 


0.000000 


0.000000 


0.1 


0.040224 


0.039818 


0.039773 


0.039761 


0.039750 


0.2 


0.158542 


0.157207 


0.157089 


0.157060 


0.157036 


0.3 


0.350021 


0.347642 


0.347451 


0.347406 


0.347370 


0.4 


0.608462 


0.605059 


0.604802 


0.604742 


0.604695 


0.5 


0.926525 


0.922214 


0.921898 


0.921825 


0.921768 


0.6 


1.296005 


1.290973 


1.290606 


1.290522 


1.290457 


0.7 


1.708089 


1.702584 


1.702174 


1.702080 


1.702008 


0.8 


2.153604 


2.147913 


2.147466 


2.147365 


2.147287 


0.9 


2.623269 


2.617689 


2.617190 


2.617083 


2.617001 


1.0 


3.107950 


3.102761 


3.102128 


3.101999 


3.101906 


a = 1.0 












0.0 


0.000000 


0.000000 


0.000000 


0.000000 


0.000000 


0.1 


0.038667 


0.038667 


0.038667 


0.038667 


0.038667 


0.2 


0.149354 


0.149353 


0.149353 


0.149353 


0.149353 


0.3 


0.324162 


0.324153 


0.324153 


0.324153 


0.324153 


0.4 


0.555349 


0.555303 


0.555303 


0.555303 


0.555303 


0.5 


0.835416 


0.835243 


0.835243 


0.835243 


0.835243 


0.6 


1.157184 


1.156668 


1.156668 


1.156668 


1.156668 


0.7 


1.513871 


1.512574 


1.512574 


1.512574 


1.512574 


0.8 


1.899178 


1.896296 


1.896296 


1.896296 


1.896296 


0.9 


2.307366 


2.301537 


2.301537 


2.301537 


2.301537 


1.0 


2.733333 


2.722398 


2.722398 


2.722398 


2.722398 


a = 1.5 












0.0 


0.000000 


0.000000 


0.000000 


0.000000 


0.000000 


0.1 


0.029606 


0.032038 


0.032687 


0.033169 


0.033507 


0.2 


0.114693 


0.121909 


0.123507 


0.124709 


0.125221 


0.3 


0.250115 


0.262625 


0.265101 


0.267005 


0.267609 


0.4 


0.431165 


0.448945 


0.452213 


0.454765 


0.455435 


0.5 


0.653355 


0.676483 


0.680467 


0.683607 


0.684335 


0.6 


1.202977 


0.941308 


0.945940 


0.949616 


0.950393 


0.7 


1.530132 


1.239750 


1.244981 


1.249143 


1.249959 


0.8 


1.520555 


1.568232 


1.574104 


1.578719 


1.579557 


0.9 


1.859128 


1.922864 


2.929872 


1.934997 


1.935832 


1.0 


2.212022 


2.297889 


2.307849 


2.314162 


2.315526 



In this experiment, we observe that higher-order accuracy can be achieved by increasing n. 
This fact ensures us that the method is convergent for higher polynomial degree. These results, 
demonstrate another capability of the proposed method. Furthermore, when a is an integer, the 
OTM is so much accurate. 
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Experiment 6.2 Consider the following nonlinear FODE, 

D a u{x) + e u{ - x) = 0, 0<a<l, 

u(0) = 0. 

The exact solution of this initial value problem for a = 1, the ODE case, is u{x) = —ln{x + 1). 
In this problem, we use from the following expansion to linearize e u ^ x ' as: 



E 



?! 



We have solved this problem for n = 11 and a = 0.75, 0.85, 0.95, 0.99, 0.999. Figure 1, shows the 
numerical results. In the Figure, there is a good agreement with the same results obtained by 
using the VIM and ADM in [28]. Also, the results show that when a — ► 1, then approximate 
solution tends to exact solution, rapidly. 



Figure 1. The graphs of the experiment 6.2 for n = 11 and different a 



u(x) - 1 - 



-1.5- 




- a = 0.7:5 



a = 0.8:5 

-<x=0.95 « = °S9 

* a= 0999 ■ a= 1 (Exact solution) 



Experiment 6.3 Consider the following nonlinear FODE [34], 

9 



D a u(x) = -y/u(x) + u(x), 1 < a < 2, x > 0, 

u(0) = 1, u'(0) = 2. 
The exact solution of this initial value problem for a = 2, the ODE case, is 

u{x) = \ (\e^ + \e~^ - 1 2 
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The numerical results of the solution for n = 10 and a = 1.5, 1.75,2, compared with the HPM, 
are given in Table 3. Also, the nonlinear term in the problem is expanded as the following series: 



1, 
l+-(u 

2 V 



1) 



u 



1) 



1 , 
16 v 



1) 



128 



(u 



D 4 + 



Table 3: Comparison of the solutions of HPM and OTM with the exact solution for different a and x 
of experiment 6.3 





a - 


= 1.5 


a - 


= 1.75 




a = 2 




X 


UHPM 


UOTM 


UHPM 


UOTM 


UHPM 


UOTM 


UExact 


0.0 


1.00000000 


1.00000000 


1.00000000 


1.00000000 


1.00000000 


1.00000000 


1.00000000 


0.1 


1.28245453 


1.25127654 


1.23780724 


1.22934593 


1.21697814 


1.21697814 


1.21697814 


0.2 


1.65028248 


1.59134824 


1.53420555 


1.51587669 


1.47098992 


1.47099037 


1.47099037 


0.3 


2.09444288 


2.01182972 


1.88844768 


1.86064977 


1.76704394 


1.76704923 


1.76704923 


0.4 


2.61939160 


2.51346262 


2.30514239 


2.26766722 


2.11071067 


2.11074085 


2.11074085 


0.5 


3.23340806 


3.09921740 


2.79109495 


2.74266841 


2.50817057 


2.50828744 


2.50828744 


0.G 


3.94743003 


3.76140179 


3.35490799 


3.29186910 


2.96626225 


2.96661653 


2.96661653 


0.7 


4.77490977 


4.44407982 


4.00703217 


3.91920598 


3.49253054 


3.49343764 


3.49343764 


0.8 


5.73195406 


4.94458363 


4.75997836 


4.61955254 


4.09527467 


4.09732725 


4.09732726 


0.9 


6.83756778 


4.69087327 


5.62861104 


5.36359893 


4.78359634 


4.78782294 


4.78782298 


1.0 


8.11394079 


2.29381291 


6.63049227 


6.06756297 


5.56744792 


5.57552751 


5.57552764 



Since the exact solution for a = 1.5 and a = 1.75 does not exist, we are in doubt which of 
the solution of HPM or OTM is more accurate, but this doubt removes soon by attention to 
the obtained results for a = 2. Here, you can easily see the OTM is more accurate and has well 
agreement to the exact solution. Thus we prefer using OTM instead of HPM to solve nonlinear 
FODEs. 

Experiment 6.4 Consider the following linear time-fractional convective-diffusion equation, 
d a u 



dt c 



du d 2 u 
dx dx 2 



2(l + t + x z ), t>0,xeR, 0<a< 1, 



with the initial condition: u(x, 0) = x 2 . 

We have solved this problem for n = 8 and a = 0.75, 0.85, 0.95 and compared it with HPM [22] 

to show the efficiency of the OTM. The results are given in Table 4. 
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Table 4: 


Comparison of the HPM and 


OTM for different t and x of 


experiment 6.4 




t/x 




UHPM 




UOTM 




a = 0.75 


a = 0.85 


a = 0.95 


a = 0.75 


a = 0.85 


a = 0.95 


t=0.1 

0.00 


0.017325 


0.014486 


0.011452 


0.025199 


0.017920 


0.012299 


0.25 


0.079825 


0.076986 


0.073952 


0.087699 


0.080420 


0.074799 


0.50 


0.267326 


0.264486 


0.261452 


0.275199 


0.267920 


0.026229 


0.75 


0.579826 


0.576986 


0.573952 


0.587699 


0.580420 


0.574799 


1.00 
t=0.2 

0.00 


1.017326 


1.014486 


1.011453 


1.025199 


1.017920 


1.012299 


0.067432 


0.056444 


0.045243 


0.077557 


0.060178 


0.046034 


0.25 


0.129932 


0.118944 


0.107743 


0.140057 


0.122678 


0.108534 


0.50 


0.317432 


0.306444 


0.295243 


0.327557 


0.310178 


0.296034 


0.75 


0.629932 


0.618944 


0.607743 


0.640057 


0.622678 


0.608534 


1.00 
t=0.3 
0.00 


1.067432 


1.056444 


1.045243 


1.077558 


1.060179 


1.046035 


0.142801 


0.121285 


0.099954 


0.154136 


0.125161 


0.100719 


0.25 


0.205301 


0.183785 


0.162454 


0.216636 


0.187661 


0.163219 


0.50 


0.392801 


0.371285 


0.349954 


0.404136 


0.375161 


0.350719 


0.75 


0.705301 


0.683785 


0.662454 


0.716636 


0.687661 


0.663219 


1.00 


1.142801 


1.121285 


1.099955 


1.154136 


1.125162 


1.100719 


t=0.4 














0.00 


0.241393 


0.207880 


0.175242 


0.252852 


0.211689 


0.175989 


0.25 


0.303893 


0.270380 


0.237742 


0.315352 


0.274189 


0.238489 


0.50 


0.491393 


0.457880 


0.425242 


0.502852 


0.461689 


0.425989 


0.75 


0.803893 


0.770380 


0.737742 


0.815352 


0.774189 


0.738489 


1.00 
t=0.5 

0.00 


1.241394 


1.207880 


1.175243 


1.252852 


1.211688 


1.175989 


0.361591 


0.315341 


0.270835 


0.372193 


0.318879 


0.271561 


0.25 


0.424091 


0.377841 


0.333335 


0.434693 


0.381379 


0.334061 


0.50 


0.611591 


0.565341 


0.520835 


0.622193 


0.568879 


0.521561 


0.75 


0.924091 


0.877841 


0.833335 


0.934693 


0.881379 


0.834061 


1.00 


1.361591 


1.315341 


1.270835 


1.372194 


1.318879 


1.271561 



The obtained results in Table 4, demonstrate the approximate solution obtained using the 
OTM is in good agreement with the approximate solution obtained using the HPM for all values 
of t and x. 

Experiment 6.5 Consider the following nonlinear space-fractional Fisher's equation, 

du d 1 - 5 - 



u 



dt dx 1 - 5 



u(x, t)(l — u(x, t)) = x , x > 0, 



with the initial condition: u(x, 0) = x. 

We have obtained the approximate solution for n = 7 with different t and x. Comparison of the 
OTM with VIM [35] and generalized differential transform method (GDTM) [36] are given in 
Table 5. 



17 



VANANI, AMINATAEI: NUMERICAL SOLUTION OF FRACTIONAL DE 



626 



Table 5: Comparison of the solutions of GDTM, VIM and OTM for different t and x of 
experiment 6.5 



t=0.1 



t=0.2 





ugdtm 


UyiM 


UOTM 


ugdtm 


UVIM 


UOTM 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.1 


0.110197 


0.110123 


0.110123 


0.119817 


0.119386 


0.119302 


0.2 


0.220333 


0.220243 


0.220239 


0.240073 


0.239548 


0.239453 


0.3 


0.330252 


0.330158 


0.330153 


0.359392 


0.588663 


0.358809 


0.4 


0.439954 


0.439870 


0.439869 


0.477771 


0.477364 


0.477393 


0.5 


0.549439 


0.549383 


0.549389 


0.595204 


0.595069 


0.595229 


0.G 


0.658706 


0.658701 


0.658716 


0.711688 


0.712008 


0.712343 


0.7 


0.767755 


0.767825 


0.767854 


0.827220 


0.828207 


0.828759 


0.8 


0.876585 


0.876761 


0.876806 


0.941795 


0.943694 


0.944504 


0.9 


0.985196 


0.985512 


0.985576 


1.055411 


1.058498 


1.059601 


1.0 


1.093587 


1.094081 


1.094166 


1.168066 


1.172648 


1.174077 


X 




t=0.3 




t=0.4 




ugdtm 


UyiM 


UOTM 


ugdtm 


UVIM 


UOTM 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.1 


0.127035 


0.126129 


0.125536 


0.129536 


0.128692 


0.126286 


0.2 


0.256895 


0.255777 


0.255291 


0.267899 


0.266790 


0.265133 


0.3 


0.384480 


0.383473 


0.383307 


0.401893 


0.401330 


0.401004 


0.4 


0.509772 


0.509305 


0.509667 


0.531477 


0.532516 


0.534090 


0.5 


0.632755 


0.633359 


0.634452 


0.656611 


0.660556 


0.664574 


0.6 


0.753415 


0.755727 


0.757743 


0.777260 


0.785664 


0.792632 


0.7 


0.871740 


0.876498 


0.879621 


0.893392 


0.908056 


0.918431 


0.8 


0.987717 


0.995769 


1.000160 


1.004976 


1.027956 


1.042129 


0.9 


1.101336 


1.113633 


1.119438 


1.111987 


1.145590 


1.163878 


1.0 


1.212587 


1.230189 


1.237524 


1.214400 


1.261189 


1.283822 



From the above comparison, a good agreement of OTM with the other methods is observable. 

7. Conclusion 

Nowadays, most of the real physical world problems can be best modeled by the FODEs 
and FPDEs. Besides modeling, the solution techniques and their use are most important to 
obtain high accurate solutions. The main idea of the proposed method (OTM) is to convert the 
problem including linear and nonlinear terms to an algebraic system to simplify the computa- 
tions. Several experiments of FODEs and FPDEs were numerically solved and compared with 
the most powerful methods such as HPM, VIM, FDM, GDTM and ADM. From the results, it 
can be easily seen that OTM obtains results as accurate as possible. So, OTM is a powerful tool 
which enables us to handle even nonlinear problems. It is seen that, for the case where the exact 
solution is known, the numerical results demonstrate the high accuracy of the scheme. These 
results supported the confidence in applying this method to FODEs and FPDEs in which the 
theoretical solution is not known. 
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Abstract 

Two generalized induced linguistic aggregation operator called the gen- 
eralized induced linguistic ordered weighted harmonic mean (GILOWHM) 
operator and generalized induced uncertain linguistic ordered weighted 
harmonic mean (GIULOWHM) operator is defined. Each object pro- 
cessed by these operators consists of three components, where the first 
component represents the importance degree or character of the second 
component, and the second component is used to induce an ordering, 
through the first component, over the third components which are lin- 
guistic variables (or uncertain linguistic variables) and then aggregated. 
Based on the GILOWHM and GIULOWHM operators respectively, we de- 
velop two procedures to solve the multiple attribute group decision making 
problems where all attribute values are expressed in linguistic variables 
or uncertain linguistic variables. Finally, an example is used to illustrate 
the developed procedures. 

Keywords: Group decision making, linguistic variable, generalized 
induced linguistic ordered weighted harmonic mean (GILOWHM) oper- 
ator, generalized induced uncertain linguistic ordered weighted harmonic 
mean (GIULOWHM) operator, operational laws. 

2000 AMS Subject Classifications: 90B50, 91B06, 90C29 

1 Introduction 

Information aggregation is essential process of gathering relevant information 
from multiple sources. Many techniques have been developed to aggregate data 
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information [12,13,20-23,27]. Yager and Filev [26] introduced an induced aggre- 
gation operator called the induced ordered weighted averaging (IOWA) opera- 
tor, which takes as its argument pairs, called OWA pairs, in which one com- 
ponent is used to induce an ordering over the second components which are 
exact numerical values and then aggregated. Later, some new induced aggre- 
gation operators have been developed, including the induced ordered weighted 
geometric (IOWG) operator [21], induced fuzzy integral aggregation (IFIA) op- 
erator [24] and induced Choquct ordered averaging (ICOA) operator [25]. Xu 
and Da [21] introduced two more general aggregation techniques called general- 
ized IOWA (GIOWA) and generalized IOWG (GIOWG) operators, and proved 
that the OWA and IOWA operators are the special cases of the GIOWA op- 
erator, and that the OWG and IOWG operators are the special cases of the 
GIOWG operator. All this operators have been used in situations in which 
the input arguments are numerical values. In some situations, however, the in- 
put arguments take the form of linguistic variables or uncertain linguistic vari- 
ables rather than numerical ones because of time pressure, lack of knowledge, 
and the decision maker's limit attention and information processing capabili- 
ties [1-10,14-19,28-30]. Recently, Xu [19] developed various generalized induced 
linguistic aggregation operators, such as the generalized induced linguistic or- 
dered weighted averaging (GILOWA) and generalized induced linguistic ordered 
weighted geometric (GILOWG) operator, both of which can be used to deal with 
the linguistic information, and generalized induced uncertain linguistic ordered 
weighted averaging (GIULOWA) operator and generalized induced uncertain 
linguistic ordered weighted geometric (GIULOWG) operator, both of which can 
be used to deal with the uncertain linguistic information. In this paper, we 
shall develop two new aggregation operators called generalized induced linguis- 
tic ordered weighted harmonic mean (GILOWHM) operator and generalized 
induced uncertain linguistic ordered weighted harmonic mean (GIULOWHM) 
operator, which can be used to deal with linguistic information or uncertain lin- 
guistic information, and study some of their desirable properties. Each object 
processed by these operators consists of three components, where the first com- 
ponent represents the importance degree or character of the second component, 
and the second component is used to induce an ordering, through the first com- 
ponent, over the third components which are linguistic variables or uncertain 
linguistic variables and then aggregated. It is shown that the induced linguistic 
ordered weighted harmonic mean (ILOWHM) [11] operator and linguistic or- 
dered weighted harmonic mean (LOWHM) [11] operator are the special cases 
of the GILOWHM operator and that the induced uncertain linguistic ordered 
weighted harmonic mean (IULOWHM) operator and uncertain linguistic or- 
dered weighted harmonic mean (ULOWHM) operator are the special cases of 
the GIULOWHM operator. Two procedures based on the GILOWHM and GIU- 
LOWHM operators respectively, are developed to solve the multiple attribute 
decision making (MADM) problems where all decision information about at- 
tribute values take the forms of linguistic variables or uncertain linguistic vari- 
ables. Finally, an illustrative example is pointed out. 

2 Preliminaries 

The linguistic approach is approximate technique, which represents qualitative 
aspects as linguistic values by means of linguistic variables [28-30]. 
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Let S = {si : i = 1, 2, . . . ,£} be a finite and totally ordered discrete label 
set, whose cardinality value is odd. Any label, Sj, represents a possible value 
for a linguistic variable, and it must have the following characteristics [6]: (1) 
the set is ordered: Sj > Sj if i > j, and (2) there is the negation operator: 
neg(si) = st-i+i- We call this linguistic label set S the additive linguistic scale. 
For example, S can be defined as: 

S = {si = extremely poor, S2 = very poor, S3 = poor, 

S4 = slightly poor, S5 = fair, sg = slightly good, 
s-; = good, sg, = very good, sg = extremely good}. 

To preserve all the given information, we extend the discrete linguistic label 
set S to a continuous linguistic label set S = {s a : a £ [1, q]}, where q (q > t) 
is a sufficiently large positive integer. If s a G S, then Xu [16] called s a the 
original linguistic label, otherwise, Xu [16] called s a the virtual linguistic label. 
The decision maker, in general, uses the original linguistic labels to evaluate 
alternatives, and the virtual linguistic labels can only appear in operations [16]. 

Let s = [s a ,S/j], where s a ,sp e S, s a and sp are the lower and upper 
limits, respectively, then Xu [15] called s the uncertain linguistic variables. For 
convenience, we let S be the set of all the uncertain linguistic variables. 

Consider any three linguistic variables s\, s\ 1 , s\ 2 G S, and any three uncer- 
tain linguistic variables s = [sajS/j], Si = [s Ql ,S/3j and S2 = [sa 2 i s p2\i an d let 
fj, G [0, 1], then we define their operations as follows: 

(1) s\ 1 e «a 2 = s Ai +a 2 ; 

(2) /zsa = s mA ; 

(3) J - = *i; 

(4) si ©s 2 = [s Ql ,s ft ] © [s a2 ,S(3 2 ] = [s ai QiSuziS^ ®Sfa]; 

(5) As = X[s a , sp] = [Xs a , \sp}] 



(6) I = Vs 



1 



In order to compare uncertain linguistic variables, Xu [17] provided the fol- 
lowing definition: 

Definition 2.1 Let si = [s ai ,sp 1 ] and S2 = [s Q2 ,S/3 2 ] be two uncertain linguis- 
tic variables, and let len(si) — f3\ — a\ and len(s2) = /?2 — &2, then the degree 
of possibility of s\ > S2 is defined as 

max{0,len(Si) + len(s 2 ) -max(/3 2 - ai,0)} 

p(si > s 2 ) = . — ,_ , — 7^^ . (1) 

len(si) +len(s 2 ) 

From Definition 2.1, we can easily get the following results: 

(l)0<p(Si>5 2 )<l,0<p(5 2 >*i)<l; 

(2) p(s 1 > s 2 )+p(s 2 > si) = 1. Especially, p(s 1 > h) = p{h > h) = \- 
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3 Generalized induced linguistic aggregation op- 
erators 

3.1 The GILOWHM and GIULOWHM operators 

Definition 3.1 [11] Let LWHM : S n -> S, if 

LWEU w ( Sai ,s a2 ,...,s an )= - W2 l — — , (2) 

where w — (wi,W2,-_ 1 -,w n ) T is the weight vector of the s ai with Wi G [0,1], 
Y^i=i w i = 1) s «i e &i then LWHM is called the linguistic weighted harmonic 
mean (LWHM) operator. Especially, if Wi = 1 and Wj = 0, j ' ^ i, then 
LWHM(s ai ,s as , . . . ,s a J = s a% \ if w = (i, i, . . . , ^) T , then LWHM operator 
is called the linguistic harmonic mean (LHM) operator, i.e., 

LHM(s ai ,8a 2 ,...,8aJ = • (3) 

Syn j_ 

The fundamental aspect of the LWHM operator is that it compute an ag- 
gregated value taking into the importance of the sources of information. 

Definition 3.2 [1 1] A LOWHM operator of dimension n is a mapping LOWHM 
S n — > S, which has an associated vector w = (u>\, u>2, ■ ■ ■ , w n ) T with w% £ [0, 1] 
and Y^i=i w i = 1) such that 

LOWHM m (s a „s tt2 ,...,s a J= mi - W2 — -j— , (4) 



S 3l S /3 2 ^ " S /3n 



where s^ is the ith largest of the s ai . 



The weighted vector w = (w\, W2, ■ ■ ■ , w n ) T can be determined by using 
some weight determining methods like the normal distribution based method. 

Definition 3.3 An ULOWHM operator of dimension n is a mapping ULOWHM 
S n — > S, which has an associated vector w — (wi, W2, ■ 
and Y^i=i w i = -*■' sucn * na * 



t> = (wi,w 2 ,- 


.. ,w„) T with Wi e [0, 1] 


1 


(^1 


»1 ffl «2 m . 
5% ® -S0 2 ® 


^„ 



ULOWHM u; (5 1 ,5 2 ,...,« n ) 

where s^. is the ith largest of the Sj. 

The fundamental aspect of the LOWHM and ULOWHM operators is re- 
ordering of the arguments to be aggregated, based on their values. When using 
the ULOWHM operator, we need to rank the uncertain linguistic arguments Si 
(i = 1, 2, . . . , n). To do so, we first compare each argument Si with all arguments 
§j (j = 1, 2, . . . , n) by using (1), and let pij = p(Si > §j). Then we can contract 
a complementary matrix P = (pij) n xn where: 

Pij > 0,Pij +Pji = I, Pn = ^> hi = 1,2, ...,n. 
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Summing all elements in each line of matrix P, we have Pi — Y^j=iPij> * = 
1,2, ... ,n. Then, in accordance with the values of Pi (i — 1,2, ... ,n), we can 
rank the arguments Si (i = 1,2, ... ,n) in descending order in accordance with 
the values oi Pi (i = 1,2, ... ,ri). 

Definition 3.4 [11] An induced LOWHM (ILOWHM) operator is defined as 

follows: 

ILOWHM™ ((ui, s ai ), {u 2 ,s a2 ), ..., (u n ,s a J) = „, „, — - -^ (6) 

— © — ©•••© — 

where w = (wi,W2, ■ ■ ■ ,w n ) T is a weighting vector, such that Wi G [0, 1], i = 
1, 2, . . . , n, Y^i-i Wi — 1, sp. is the s ai value of the LOWHM pair (m, s ai ) having 
the ith largest Uj, and Ui in (uj, s a .) is referred to as the order inducing variable 
and s ai as the linguistic argument variable. Especially, if w — (-,-,..., -) T , 
then ILOWHM is reduced to the LHM operator; if m = s ai , for all i, then 
ILOWHM is reduced to the LOWHM operator; if u t =No. i, for all i, where 
No. i is the ordered position of the a,, then ILOWHM is the LHM operator. 

However, if there is a tie between (ui,s ai ), (uj,s a .) with respect to order- 
inducing variables, in this case, we can follow the policy presented by Yager 
and Filov [26] - to replace the arguments of the tied objects by the mean of the 
arguments of the tied objects (i.e., we replace the argument component of each 
of (ui, s a .) and (uj, s a .) by their average (s a . © s a .)/2). If k items are tied, we 
replace these by k replicas of their average. 

In the following, we shall give example to specify the special cases with 
respect to the inducing variables. 

Example 3.5 Consider the following collection of LOWHM pairs: 
(Si, S3), (se, 87}, (83, Si), (s 5 , s^. 

Performing the ordering the LOWHM pairs with respect to the first component, 
we have 

(s 6 , S 7 ), (S 5 ,S4), (s 4 , S3), (s 3 , Si). 

This ordering induces the ordered linguistic arguments 

s fJl = 87, S/3 2 = S4., s fJ3 = s 3 , sp 4 = si. 

If the weighting vector w = (0.3, 0.1, 0.4, 0.2) T , then we get an aggregated value: 

ILOWHM u ,((s 4 , s 3 ), (s 5 ,s 7 ), (s 3 , si), (s 6 , s 4 )) 

1 

S 7 ^ Si ^ S3 ^ Si 

Definition 3.6 An induced uncertain LOWHM (IULOWHM) operator is de- 
fined as follows: 

IULOWHM^ «ui, h), (U2,h), • • • , («n, Sn)) = ^ m ^ ; ^ (7) 
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where w — (w\, w 2 , ■ ■ ■ , w n ) T is a weighting vector, such that Wi G [0,1], 
i = 1, 2, . . . , n, Y^i=i w i = 1) ^ft i s the Si value of the ULOWHM pair (m, Si) 
having the ith largest Ui, and Ui in (v,i,Si) is referred to as the order induc- 
ing variable and Si as the uncertain linguistic argument variable. Especially, 
if w = (i,i,...,i) T , then IULOWHM is reduced to the ULHM operator; 
if Ui = Si, for all i, then IULOWHM is reduced to the ULOWHM operator; 
if Ui =No. i, for all i, where No. i is the ordered position of the a%, then 
IULOWHM is the ULHM operator. 

However, if there is a tie between (ui,Si), (uj,Sj) with respect to order- 
inducing variables. In this case, we can replace the argument component of 
each of (ui, Si) and (uj, Sj) by their average (s, © Sj)/2). If k items are tied, we 
replace these by k replicas of their average. 

Example 3.7 Consider the following collection of ULOWHM pairs: 

(0.5, [S3, * 4 ]>, (0-3, [8 6 , 87]), (0.7, [82, S 3 \) , (0.4, [82,84]). 

Performing the ordering the ULOWHM pairs with respect to the first compo- 
nent, we have 

(0.7, [* 2) s 3 ]), (0.5, [53, s4), (0.4, [s 2 , s 4 ]), (0.3, [s 6 , s 7 ]). 

This ordering induces the ordered linguistic arguments 

Sf3! = [S2,S 3 ],S0 2 = [s3,S 4 ],S /33 = [S2,S 4 ],S 04 = [s 6 , S 7 ]. 

If the weighting vector w — (0.3, 0.1, 0.4, 0.2) T , then we get an aggregated value: 

ILOWHM„((0.5, [s 3 , Si ]), (0.3, [s 6 , s 7 ]), (0.7, [s 2 , s 3 ]), (0.4, [s 2 , s 4 ])) 
= [s2.40jS3.94]- 

An important feature of the ILOWHM operator is that the argument order- 
ing process is guided by a variable called the order inducing value. This operator 
essentially aggregate objects, which are pairs, and provide a very general family 
of aggregations operators. In some situations, however, when we need to pro- 
vide more information about the objects, i.e. each object may consist of three 
components, a direct locator, an indirect locator and a prescribed value, it is 
unsuitable to use this induced aggregation operator as an aggregation tool. In 
following we shall present some more general linguistic aggregation technique. 

Definition 3.8 A generalized induced LOWHM (GILOWHM) operator is given 

by 

GILOWBM w ({v 1 ,u 1 , s ai ), (v 2 ,u 2 ,s a2 ),. . . , (v n ,u n , s a J) (8) 

1 



Wl_ ffi i^2_ ffi . . . ffi Wn_ 



where w = (w\, w 2 , ■ ■ ■ , w n ) T is the associated weighting vector with Wi £ [0, 1] 
and Yli=i w i ~ 1> the object (vi,Ui, s ai ) consists of three components, where 
the first component m represents the importance degree or character of second 
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component Ui, and the second component Ui is used to induce an ordering, 
through the first component Vi, over the third component s ai which are then 
aggregated. Here, sp. is the s ai value of the object having the jth largest Uj. In 
discussing the object (vi,Ui,s ai ), because of its role we shall refer to the Vi as 
the direct order inducing variable, the Ui as the indirect inducing variable, and 
s ai as the linguistic argument variable. 

Especially, if v^ — u i: for all i, then the GILOWHM operator is reduced to 
the ILOWHM operator; if v t = s at , for all i, then the GILOWHM operator 
is reduced to the LOWHM operator; if Vi = No. i, for all i, where No. i is 
the ordered position of the s ai , then the GILOWHM operator is reduced to 
the LWHM operator; if to =(£,£,... , \) T , then the GILOWHM operator is 
reduced to the LHM operator. 

Example 3.9 Consider the collection of the objects 

(No. 3, Kim, sj), (No. l,Park, s 7 ), (No. 2, Lee, s 2 ), (No. 4,Jung,s 5 ). 

By the first component, we get the ordered objects 

(No. l,Park, s 7 ), (No. 2, Lee, s 2 ), (No. 3, Kim, si), (No. 4, Jung, s 5 ). 

The ordering induces the ordered arguments Sfc — s 7 , sp 2 = s 2 , sp 3 = si, 
S/3 4 = S5. If the weighting vector for this aggregation is w — (0.3,0.1,0.2,0.4) T , 
then we get 

GILOWHM„((No.3, Kim, Si),(No.l, Park, s 7 ), (No.2, Lee, s 2 ),(No.4, Jung, s 5 )) 

1 

_ 0.3 m 0.1 m 0.2 ffi 0.4 - S 2.70- 

However, if we replace the objects in Example 3.9 with 

(No. 3, Kim, si), (No. l,Park, S7), (No. 2, Lee, s 2 ), (No. 3, Jung, S5), 

then there is a tie between (No. 3, Kim, s±) and (No. 3, Jung, 55) with respect to 
order direct inducing variable, in this case, we can follow the policy: we replace 
the linguistic argument component of each of (No. 3, Kim, si) and (No. 3, Jung, s 5 ) 
by their average (si © ss)/2 = s 3 . This substitution gives us ordered arguments 

«/3i = s 7, S P 2 = s 2, Sf3 3 = S3, Sf3 4 = s 3 . Thus 

GILOWHM„((No.3, Kim, si),(No.l, Park, s 7 ), (No.2, Lee, s 2 ),(No.3, Jung, s 5 )) 

1 

— 0.3 „*, 0.1 rr, 0.2 ^ 0.4 — s 3.44- 



«7 S 2 S 3 S 3 



If we replace (8) with 



GIULOWHM to ((w 1 ,m 1 ,si), (v 2 ,u 2 , h), ■■■, (v„,u n ,s n )) (9) 

1 



wi m W2_ fp, . . . m 2£n 
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then by Definition 3.8, we get a GIULOWHM operator. Especially, if Vi = 
m, for all i, then the GIULOWHM operator is reduced to the IULOWGM 
operator; if vt = Si, for all i, then the GIULOWHM operator is reduced to the 
ULOWHM operator; if Vi = No. i, for all i, where No. i is ordered position of 
the Si, then the GIULOWHM operator is reduced to the ULWHM operator; if 
w = (i,i,...,i) T , then the GIULOWHM operator is reduced to the ULHM 
operator. 

Example 3.10 Consider a collection of the objects 

(0.3, Kim, [ax, * 3 ]>, (0.1, Park, [s 7 , * 8 ]>, (0.2,Lee, [s 2 , s 3 }). 

Performing the ordering of the objects with respect to the first component, we 
get the ordered objects 

(0.3, Kim, [«!, s 3 }), (0.2, Lee, [s 2 , s 3 }), (0.1, Park, [s 7 , * 8 ]). 

The ordering induces the ordered uncertain linguistic arguments s^ = [si,S3], 
§ff 2 = [s2,S3], sp 3 — [s7,s§]. If the weighting vector for this aggregation is 
w = (0, 2, 0.6, 0.2) T , then we have 

GIULOWHM^((0.3,Kim, [s u s 3 ]), (0.1, Park, [s 7 ,s s ]), (0.2, Lee, [s 2 ,s 3 ])) 
— [s2.337S3.42]- 

If the direct order inducing variables Vi (i = 1, 2, . . . , n) take the form of un- 
certain linguistic variables s^ (i = 1, 2, . . . , n), then we shall use, to rank these 
uncertain linguistic variables, the procedure for ranking uncertain linguistic ar- 
guments when using the ULOWHM operator. 

Example 3.11 Consider a collection of the objects 

([si,s 2 ],Kim, [s 2 ,s 4 ]), ([s 4 ,s 5 ],Park, [s 7 ,s 8 ]), ([s 3 , s 5 ],Lee, [s 2 ,s 3 ]). 

To rank the first components Vi (i = 1,2,3) of the objects, we first compare 
each m with all these first components Vi (i — 1,2,3) by using (1), and then 
construct a complementary matrix 

/ 0.500 0.000 0.000 \ 
P = 1.000 0.500 0.667 . 
V 1.000 0.333 0.500 / 

Summing all elements in each line of matrix P, we have 

Pi = 0.500, p 2 = 2.167, p 3 = 1.833. 

Then we rank all the variables Vi (i = 1, 2, 3) in descending order in accordance 
with the values of pi (i = 1, 2, 3) 

v 2 = [s4,s 5 ], v 3 = [s 3 ,s 5 ], vi = [s 1 ,s 2 ]. 

Performing the ordering of the objects with respect to the first component, we 
get the ordered objects 

([54,85], Park, [s 7 ,s 8 ]), ([s 3 ,s 5 ],Lee, [s 2 ,s 3 ]), ([si,s 2 ],Kim, [s 2 ,s 4 ]). 
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The ordering induces the ordered uncertain linguistic arguments s^ — [sr,sg], 
sp 2 = [s2,ss\, S/3 3 = [52,^4]. If the weighting vector for this aggregation is 
w = (0,2,0.6,0.2) T , then we have 



GIULOWHM^^Isi, s 2 ],Kim, [« 2 , s 4 ]>, ([* 4) s 5 ],Park, [s 7 , s s }), 
([s 3 ,s 5 ],Lee, [s 2 ,s 3 ])J = [s 2 . 33 ,s 3 ., 



;.64j 



3.2 Some properties of the GILOWHM operator 

In the following we shall make an investigation on some desirable properties of 
the GILOWHM operator. 

Theorem 3.12 (Commutativity) If ((vi.u'i. s' ai ), (v[ , u[ , s' ai ) , . . . ,{v' n ,u' n , s' a J) 
is any permutation of ((vi, Mi, s ai ), (vi, Mi, s ai ), . . . , (v n , u n , s Qri )), then 

GILOWHM^ ((mi, mi, s ai ), (V2, m 2 , s Q2 ), . . . , (v„, m„, s Qn » 

= GILOWBM w ((v[,u' 1 ,s' ai },(v' 2 ,u' 2 ,s' a2 },...,(v' n ,u' n ,s' an )). 

Proof Let 

GILOWHM to ((wi,ui, s ai ), (v 2 ,u 2 , s a2 },. . . , (v n ,u n ,s a J) = w W2 Wn 

— © — ©•••© — 

GILOWHM^ ((vi, m' 1; s' ai ), (v 2 , m 2 , s« 2 ), . . . , (v' n , u' n , s' a J) = Wl ^ W2 ^ ^n^"- 



S 0l b (i 2 



s 

{'"1 



lince ((wi,Mi,s' ai ), (v' 1 ,u' 1 , s ' ai ), ■■■, W n , u' n , s' an }) is a permutation of ((u 1; Mi,s ai ), 
«i,Mi,s Ql ),..., (v„,M n , s a „}), we have sp i = s' . (j = 1,2, ...,n), then 

GILOWHM^ ((mi, mi, s ai >, (V2, m 2 , s a2 ), . . . , (v„, u„, s Qn » 

= GILOWHM w (K,m' 1 , s' ai ), (v' 2 ,u' 2 , s' a2 ), . . . , (v' n , u' n , s' an )). 

Theorem 3.13 (Idcmpotcncy) If s a . = s a , for all i, then 

GlLOWHM w ((vi,ui, s ai ), (v 2 ,U2,s a2 ),. . . , (v n ,u n , s a J) = s Q . 

Proof Since s a . = s a , for all i, we have 

GILOWHM^((vi, ui, s ai ), (v 2l u 2l s a2 }, . . . , (v n ,u n , s an )) 



1 1 



S/3-! S^3 2 S0 n S Q S Q 



Theorem 3.14 (Monotonicity) If s Qi < s' a ., for all i, then 

GILOWHM,,, ((ui, mi, s ai ), (v 2 ,U2,s a2 ),..., (v n ,u n ,s a J) 

< GILOWHM to ((«i,ui,s^ i ), (v 2 ,u 2 ,s' a2 ),. .. , (v n ,u n ,s' a J). 
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Proof Let 

GILOWHM to ((wi,ui,s ai ), (v 2 ,u 2 , s a2 ), ..., (v n ,u n ,s a J) = w W2 



GILOWHM w ((vi, wi, s' Ql ), (v 2 , u 2 , s' a2 ), ..., (v n , u n , s' a J) 



1 



Wl ps "'2 



Since s ai < s' a ., for all i, it follows that sp i < s'», then 

GILOWHM to ((wi,ui,s ai ), (v 2 ,w 2 ,s a2 ),..., (v„,u„, s a „)) 

< GILOWHM to ((«i,ui,s^ i ), (v2,U2,s' a2 ),. .. , (v„,w„, ««„))• 

Theorem 3.15 (Boundedness) 

min(s a .) < GILOWHM aj ((ii 1 ,u 1 ,s ai ),(w 2 ,ii 2 ,s a2 ),...,(iJ n ,ii n ,s an )) < max(s Q J. 

Proof Let maxj(s Q .) = sp and minj(s ai ) = s a , then 

GILOWHM„((t) 1 ,«i,s Ql ), (v2,W2,s Q2 ),.. . , (v„,u„,s an )) 
_ 1 1 

GILOWHM lu ((ui, ui, s Ql ), (v 2 , u 2 , s a2 ), . . . , (v„, w„, s Qn » 

1 1 

> 



OH ffi ™2- m . . . as Wn_ — U>1 (Ts w 2 



Hence we have 

min(s a J < GILOWHM lt) ((ui,ui,s Ql ), (v 2 ,u 2 ,s a2 ), . . .,(v n ,u n ,s an )) < max(s Q J. 

i i 

Similarly, we can prove that GIULOWHM operator also has the desirable 
properties above. 

4 An approach to group decision making 

For a group decision making with linguistic information, let X = {x\, x 2 , . . . , x n } 
be a set of alternatives, and G = {Gi,G 2 , ■ ■ ■ ,G m } be the set of attributes, 
and u> = (u)\,u) 2 , ■ ■ ■ ,w m ) T be the weight vector of attributes, where u>i > 0, 
i = 1, 2, . . . , m, Y^iLi ^i = 1- Let U = {ui, u 2 , . . . , u{\ be a set of decision 
makers, and V = {v i, v 2 , . . . , V;} be the set of importance degrees or charac- 
ters of decision makers Uk (k = 1,2...,/). Suppose that A^ — (a\-') mxn is 

(k) ~ 

the linguistic decision matrix, where a, •■ G 5* is preference value, which takes 
the form of linguistic variables, given by the decision maker W& G [7, for the 
alternative Xj € X with respect to the attribute G% € G, for all fc = 1, 2, . . . , i; 
i = 1,2, ...,m; j = 1,2, ...,n. 



10 
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In the following, we apply the GILOWHM operator (whose exponential 

weighting vector w = (wi, w 2 , ■ ■ ■ ,wi) T , Wk > 0, k = 1,2, . . .1, J2k=i w k = 1) 
and the LWHM operator to group decision making with linguistic information: 

Procedure I. 

Step 1: Utilize the GILOWHM operator 

a,ij = GILOWHM^, ( (vx , mi , a\f ) , (v 2 , u 2 , a\f ),..., (vj , u x , a\] ) ) , 
= Wl m w 2 m m w\ ' » = 1,2, ...,m; j = 1,2, . .. ,n 

~TlT W ~~(2j tb • • • fcb -(IT 

a. / a v / a. . 

to aggregate all the decision matrices A^ (k — 1,2,...,/) into a collective 
decision matrix A = (aij) mxn , where Vk (k = 1,2,.../) are direct order inducing 
variables and u^ (k — 1, 2, . . . /) are indirect order inducing variables. 

Step 2: Utilize the decision information given in matrix A, and the LWHM 
operator 

dj = IWBM UJ (a lj ,a 2 j, . . . , a mj ) 

= 7 = 12 77 

to derive the collective overall preference values a,j of the alternative a; j , where 
lo = (u)\, w 2 , . . . ,oj m ) T be the weight vector of attributes. 

Step 3: Rank all the alternatives Xj (j — 1, 2, ...,n) and select the 
best onc(s) in accordance with the collective overall preference values a,j (j = 
1,2,,. ..,n). 

Step 4: End. 

Now we consider the group decision making problems under interval un- 
certainty where all the attribute values are expressed in uncertain linguistic 
variables. The following notations are used to depict the considered problems: 

Let X, G, uj, U and V be presented as above-mentioned, and let A^ = 
(4 )nxm be an uncertain linguistic decision matrix, where a\- E S is prefer- 
ence value, which takes the form of uncertain linguistic variables, given by the 
decision maker uu € U, for the alternative Xj G X with respect to the attribute 
Gi e G, for all k = 1, 2, . . . ,1; i = 1, 2, . . . , m; j = 1, 2, . . . , n. 

Similar to the Procedure I, a procedure for solving the above problems can 
be described as follows: 

Procedure II. 

Step 1: Utilize the GIULOWHM operator 

<Hj = GIULOWHM w ((7j 1 , Ul ,ag ) ), (« 2 , U2 ,^ 2) ), . . . , («,,«,, og)), 

= t«i m w 2 ffi . .. ffi m > « = 1,2, ...,m; j = 1,2, .. . ,n 



11 
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to aggregate all the decision matrices A^ (k = 1,2,...,/) into a collective 
decision matrix A = (aij) mxn , where Vk (k = 1,2,.../) are direct order inducing 
variables and Uk (k — 1,2,.../) are indirect order inducing variables. 

Step 2: Utilize the decision information given in matrix A, and the ULWHM 
operator 

a,j = ULWHM u; (aij, a 2 j, ■ ■ ■ , a m j) 

= 7 = 19 77 

I7J w S7J w w S7~ 

to derive the collective overall preference values cij of the alternative Xj , where 
u> = (u>i, W2 5 • • • ,^m) T be the weight vector of attributes. 

Step 3: To rank these collective attribute values a* (i = 1, 2, . . . , n), we first 
compare each a, with all cij (j = 1, 2, . . . , n) by using (1). For simplicity, we let 
Pij = p(iii > a,j), then we develop a complementary matrix as P — (pij)nxn, 
where: 

Pij > 0, p^ + pji = 1, pa = 0.5, i, j = 1, 2, . . . , n. 

Summing all elements in each line of matrix P, we have 






5 ^5 ' 



Then we rank the a^ (i = 1, 2, . . . , n) in descending order in accordance with 
the values of Pi (i = 1, 2, . . . , n). 

Step 4: Rank all the alternatives Xi (i = l,2,...,n) and select the best 
onc(s) in accordance with the hi (i = 1, 2, ... n). 

Step 5: End. 

5 Illustrative example 

Let us suppose an investment company, which wants to invest a sum of money 
in the best option (adapted by Herrera et al. [5]). There is a panel with five 
possible alternatives in which to invest the money: (1) X\ is a car industry; (2) 
X2 is a food company; (3) x% is a computer company; (4) x± is an arms company; 
(5) X5 is a TV company. 

The investment company must make a decision according to the follow- 
ing four attributes (suppose that the weight vector of four attributes is lo — 
(0.3,0.4, 0.2,0. 1) T ): (1) G\ is the risk analysis; (2) G 2 is the growth analysis; 
(3) G3 is the social-political impact analysis; (4) G4 is the environmental impact 
analysis. 

There is three decision makers Uk (k = 1,2,3) to evaluate five alternatives 
as follows: U\ is Anderson; u 2 is Smith; and u 3 is Brown, where V\ = No. 3, 
t>2 = No. 2 and W3 = No. 1 are order positions of relative importance of decision 
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makers Uk (k = 1,2,3), respectively. The five possible alternatives Xj (j = 
1,2,3,4,5) arc evaluated using the linguistic scale: 

S = {si = extremely poor, s 2 = very poor, S3 = poor, 
S4 = slightly poor, S5 = fair, s@ = slightly good, 
S7 = good, sg = very good, sg = extremely good}. 

by three decision makers under the above four attributes Gi (i = 1,2,3,4), and 
construct, respectively, the decision matrices A^ = (aL )ix5 (k = 1,2,3) as 
listed in Tables 1-3. 

Table 1: Linguistic decision matrix A^ 





Xl 


x-i 


Xi 


Xa 


X5 


Gl 


S6 


«9 


SA 


S3 


S6 


U-2 


S3 


Si 


ss 


S8 


SA 


G 3 


S7 


SA 


Sd, 


S8 


Si 


G 4 


S2 


SA 


S6 


S7 


S8 



Table 2: Linguistic decision matrix A^ 2 ' 





Xl 


Xl 


Xz 


Xa 


x 6 


Gi 


St; 


S8 


SA 


S7 


S3 


U-2 


S3 


S(i 


ss 


S8 


SA 


G 3 


S7 


SA 


S6 


S7 


S<) 


Ga 


S2 


S3 


SA 


S6 


S8 



Table 3: Linguistic decision matrix A^ 





Xl 


X2 


x 3 


xa 


X5 


Gi 


S6 


S8 


SA 


S7 


S2 


G 2 


SA 


S(i 


ss 


S7 


SA 


G 3 


st 


S3 


S7 


S<) 


SB 


G4 


S3 


S4 


SA 


S7 


S7 



Now we utilize the proposed procedure I to prioritize these alternatives: 
Step 1: Utilize the GILOWHM operator (whose weight vector is w = 
(0.3,0.4,0.3) T ) 

a l3 = GILOWHM w ( ( Vl , ui , a\f ) , (t* , u 2 , ag } ) , (v 3 , « 3) ag> ) ) , 
z= 1,2,3, 4;j = 1,2,3,4,5 

to aggregate all the decision matrices A^ (k — 1, 2, 3) into a collective decision 
matrix A = (ay)4 X 5 (Table 4). 

Step 2: Utilize the decision information given in matrix A, and the LWHM 
operator 

aj = LWHM W (oij , a 2 j , fl3j , «4j ) 

= A — 1 9 Q 4. K 

aij a-2j ®3j &Aj 
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Table 4: Collective linguistic decision matrix A 

Xl X2 X;i X4 X 5 



G l 


56. 


S8.3 


S4.0 


S5.0 


S3.0 


U-2 


S3. 2 


S6.3 


ss.o 


S7.7 


S4.0 


G 3 


S7.0 


S3. 6 


S6.3 


S7.8 


S8.0 


a 4 


S2.2 


S3. 5 


S4.4 


S6.6 


S7.7 



to derive the collective overall preference values aj of the alternative Xj : 

Ol = S4.02, 0,2 = S5.44, «3 = S5.577 a 4 = S6.55, 05 = S4.20- 

Step 3: Rank all the alternatives Xj (j — 1,2, 3,4,5) and select the best 
one(s) in accordance with the collective overall preference values a,j (j = 1,2, 
3,4,5): 

X4 y x 3 y x-i y xi y x 5 

thus the best alternative is X4. 

If three decision makers evaluate the performance of five companies Xj (j = 
1,2,3,4, 5) according to attributes Gi (i = 1,2,3,4) by using the uncertain 
linguistic terms in the set S and constructs, respectively, the uncertain linguistic 
decision matrices A^ (k — 1,2,3) as listed in Tables 5-7. 

In such case, we can utilize the proposed procedure II to prioritize these 
alternatives as follows. 

Step 1: Utilize the GIULOWHM operator (whose weight vector w = 
(0.3,0.4,0.3) T ) 

a y =GIULOWHM ro ((^ 1 ,u 1 ,ag ) ),^2,U2,ag ) )'( v 3,w 3 ,ag ) )) ) 
t = l,2,3,4;j = l,2,3,4,5 

to aggregate all the uncertain linguistic decision matrices A^ (k — 1,2,3) into 
a collective uncertain linguistic decision matrix A = (0^)4x5 (Table 8). 

Step 2: Utilize the decision information given in matrix A, and the ULWHM 
operator 

a,j — ULWHM W (dij , a 2] , a 3j , cLy ) 

= i' = 1 2 3 4 5 

(ilj Ci2j Cl3j &4J 

to derive the collective overall preference values a,j of the alternative Xj : 

«1 = [«2.49, 53.98] i«2 = [«2.67, «4.59] , «3 = [«1.78> «3.48] , 
«4 = [S2.36)S4.09])O5 = [ s 2.77, s 4.6l] • 

Step 3: To rank these collective overall preference values a,j (j = 1, 2, 3, 4, 5), 
we first compare each tij with all a, (i = 1,2,3,4,5) by using (1), and develop 
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Tabic 5: Uncertain linguistic decision matrix A^ 1 ' 



xi 



■■r-2 



X?, 



■I'-l 



Xr, 



Gi 


[s5,sr\ 


[57,S 9 J 


[S2,S 4 J 


[53, s 5 ] 


[S4,S6 


G 2 


[S2,S 3 ] 


[56,57] 


[S7,5g] 


[53, S5] 


[S4,S6 


G 3 


[52,54] 


[ss,se] 


[51,53] 


[56, 57] 


[S4,S 5 


d 


[53,54] 


[S2,5 3 ] 


[S3,S 5 ] 


[52, S3] 


[S3,54 



Table 6: Uncertain linguistic decision matrix A^ 2 ' 





Xl 


X2 


3^3 


Xi 


x 5 


Gi 


[S6,S 7 ] 


[S8,Sg] 


[51,52] 


[53, S5] 


[si,s 3 ] 


Gi 


[S2,Si] 


[52,53] 


[53,55] 


[52,S4] 


[84,85] 


G z 


[51,52] 


[52,53] 


[51,52] 


[52,34] 


[55, se] 


Gi 


[53,55] 


[S4,56] 


[S2,S 3 ] 


[51, S3] 


[S4,s fi ] 



Table 7: Uncertain linguistic decision matrix A^ 





X 


1 


X2 


3^3 


Xi 


x 5 


G'l 


S6 


S8 


\S6 


S8 


|51 


53 | 


|S2 


S3 


[S4,S 5 ] 


G 2 


[53 


S4J 


[Si 


53] 


[54 


S5J 


[s-.i 


Si] 


[S3,5 4 ] 


G 3 


[si 


53J 


[53 


S5J 


[52 


53J 


[54 


S5] 


[«3,«4] 


Gi 


[S2 


S3] 


[S2 


S4J 


[S4 


S5J 


1*1 


S2] 


[S2,S 4 ] 



Table 8: Collective uncertain linguistic decision matrix A 



Xl 



■'■■> 



x:i 



Xi 



[S7.OO, S8.67J [51.18, S2.67J 

[si. 82, S3. 62] [S3. 98, 55.77] 

[S2.78, S4.ll] [Sl.18, S2.50] 

[52.50,54.14] [52.67,53.95] 



[S2.61, S4.I7] [Sl.82, S4.ll] 

[S2.50, S4.26] [53. 64, S4.88] 

[S3.O8, S4.93] [S3.92, 54.96] 

[Sl.18, S2.6l] [52.86,54.62] 



G\ [S5.66, S7.27J 

G2 [S2. 22, S3. 64] 

G3 [Sl.54, S2.67] 

Gi [S2. 61, S3. 92] 



a complementary matrix: 

/ 0.500 

' 0.616 

0.310 

0.497 



0.384 


0.690 


0.503 


0.500 


0.776 


0.611 


0.224 


0.500 


0.327 


0.389 


0.673 


0.500 



0.363 \ 

0.484 l 

0.201 

0.370 



\ 0.637 0.516 0.799 0.630 0.500 ) 

Summing all elements in each line of the matrix P, we have 

Pi = 2.440, p 2 = 2.987, p 3 = 1.562, p 4 = 2.429, p 5 = 3.082 

and then we rank dj (j — 1,2,3,4,5) in descending order in accordance with 
the values of pj (j — 1, 2, 3, 4, 5): 

«5 > a 2 > a,i > di > 03. 
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Step 4. Rank all alternatives Xj (j = 1,2,3,4,5) by the ranking a,j (j = 
1,2,3,4,5): 

^5 >~ x 1 >~ x l >- x 4 >~ x 3 

and thus the most desirable alternative is x§. 

6 Conclusions 

In this paper, we have defined the GILOWHM and GIULOWHM operators, 
by which each object processed consists of three components, where the first 
component represents the importance degree or character of the second compo- 
nent, and the second component is used to induce an ordering, through the first 
component, over the third components which are linguistic variables (or un- 
certain linguistic variables) and then aggregated. We have also shown that 
the ILOWHM operator and LOWHM operator are the special cases of the 
GILOWHM operator, and that the IULOWHM operator and the ULOWHM 
operator are the special cases of the GIULOWHM operator. In the process of 
aggregating information, these operators can avoid losing the original linguistic 
or uncertain linguistic information and thus ensure exactness and rationality of 
the aggregated results. Moreover, based on the GILOWHM and GIULOWHM 
operators respectively, we have developed two procedures for solving the MADM 
problems where all decision information about attribute values take the forms 
of linguistic variables or uncertain linguistic variables. To verify the effective- 
ness and practicality of the developed procedures, we have given an illustrative 
example. 
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A GENERALIZED RANDOM NONLINEAR VARIATIONAL INCLUSION FOR 
MULTI- VALUED RANDOM OPERATORS IN A UNIFORMLY SMOOTH 

BANACH SPACE* 

NAWITCHA ONJAI-UEA AND POOM KUMAM* 

Abstract. In this paper, we introduce and study the random nonlinear variational inclusion problem 
with multi-valued random operators. We define a random iterative algorithm for finding the approx- 
imate solutions of class of random variational inclusions and establish the convergence of random 
iterative sequence generated by proposed algorithm in a uniformly smooth Banach space. Our result 
in this paper improves and generalizes some know corresponding results in the literature. 



1. Introduction 

Variational inequalities and variational inclusions are among the most interesting and important 
mathematical problems and have been studied intensively in the past years since they have wide appli- 
cations in the optimization and control, economics and transportation equilibrium, engineering science 
and physical sciences. For these reasons, many existence result and iterative algorithms for various vari- 
ational inclusion have been studied extensively many authors (see, for example, [ ]). Very recently, 
Lan [ ] first introduced a new concept of (A, ?7)-monotonc operators, which generalizes the (H, 77)- 
monotonicity, A-monotonicity and other existing monotone operators as special cases, and studied 
some properties of (A, ?7)-monotone operators and defined resolvent operators associated with (A, rj)- 
monotone operators. Lan et al. [24] introduced a new class of general nonlinear random multi-valued 
operator equations involving generalized m-accretive mappings in Banach spaces. By using the Chang's 
lemma and the resolvent operator technique for generalized m-accretive mapping due to Huang et al 
[18], they also prove the existence theorems of the solution and convergence theorems of the generalized 
random iterative procedures with errors for this nonlinear random multi-valued operator equations in 
g-uniformly smooth Banach spaces. In the past years, many existence results and random iterative 
algorithms for various random variational inequality and random variational inclusion problems have 
been studied. For more details, see [8, 11, 12, 13, 22, 21, 30] and the references therein. 

Motivated and inspired by the recent research works in this fascinating area, the purpose of this 
paper is to introduce and study a new class of general nonlinear multi- valued random operators with 
generalized m-accretive operators in Banach spaces, give the notion of proximal random operators 
associated with the A-monotone random operators. An iterative algorithm is defined to compute the 
approximate solutions of random variational inclusion problems. The convergence of the iterative 
sequences generated by the proposed algorithm is also shown. 

2. Preliminaries 

Throughout this paper, let (fi, A, /x) be a complete c-finite measure space and E be a separable real 
Banach space. We denote by B(E), (•, •) and || • || the class of Borel tr-fields in E, the inner product and 
the norm on E, respectively. In the sequel, we denote 2 E , CB{E) and H by 

2 E = {A : A e E}, CB(E) = {A C E : A is nonempty, bounded and closed} and the Hausdorff 
metric on CB(E) respectively. 
Next, we will use the following definitions and lemmas. 
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ator; monotone accretive operator . 
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•f Corresponding author email: poom.kum@kmutt.ac.th (P. Kumam). 

1 



649 



2 N. ONJAI-UEA AND P. KUMAM 

Definition 2.1. A operator x : £1 — > E is said to be measurable if, for any B E B(E), {t E £1 : x{t) E 
B}eA. 

Definition 2.2. A operator F : ftxE — > E is called a random operator if for any x E E, F(t, x) = y(t) 
is measurable. A random operator F is said to be continuous (resp. linear, bounded) if for any t E f2, 
the operator F(£, ■) : E — !• _E is continuous (resp. linear, bounded). 

Similarly, we can define a random operator a : fl x E x E — > E. We shall write F t (x) — F(t, x{t)) 
and a t (x,y) — a(t,x(t),y(t)) for all t £ O and x(t), y(t) E E. 

It is well known that a measurable operator is necessarily a random operator. 

Definition 2.3. A multi-valued operator G : ft — > 2 E is said to be measurable if, for any B E B(E), 
G~ l {B) = {t £ ft : G{t) n B ^ 0} € A. 

Definition 2.4. A operator u : Q — > E is called a measurable selection of a multi- valued measurable 
operator T : ft — > 2 E if u is measurable and for any t £ ft, u(t) E T(t). 

Lemma 2.5. [4] Let M : ft x E — > CB(E) be a H -continuous random multi-valued operator. Then, 
for any measurable operator x : ft — > E, the multi-valued operator M(-,x(-)) : ft — > CB(E) is 
measurable. 

Lemma 2.6. [ ] Let M, V : Q x E — > CB(E) be two measurable multi-valued operators, e > be a 
constant and x : fl — > E be a measurable selection of M . Then there exists a measurable selection 
y : tt — > E of V such that, for any t E CI, 

\\x(t)- y (t)\\<(l + e)H(M(t),V(t)). 

Definition 2.7. A multi-valued operator F : fl x E — > 2 E is called a random multi-valued operator 
if, for any x E E, F(-,x) is measurable. A random multi-valued operator F : fl x E — > CB(E) is 
said to be H-continuous if, for any t E Cl, F(t, ■) is continuous in H(-, •), where H(-, •) is the Hausdorff 
metric on CB(E) defined as follows: for any given A,BE CB(E), 



H(A, B) = max < sup inf d(x, y), sup inf d(x, y) \ 



eAV^ B v eB- 

Suppose that f,g,P,S : fl X E -> E and M : fl x E x E ->• 2 E with Im(g) n dom(M(t, •, s)) ^ 0, 
K, T, G : fl x E — > 2 E are three multi-valued operators. Let N : fix E x E x E — ► E be single-valued. 
Now, we consider the following problem: 

Find measurable mappings x,u,v,w : fl — > E such that u(t) E K(t,x(t)), v(t) E T(t,x(t)), w(t) E 
G(t,x{t)) and 

(2.1) E M(t, g(t, x(t),w(t)) + N(t, S(t, x(t)),u(t),v(t)) + P(t, u(t)) - {f{t, v{t)) - g(t, x(t))}. 

The inequality (2.1) is called random variational inclusion problem with random multi-valued oper- 
ators. The set of measurable mappings (x, u, v, w) is called a random solution of (2.1). 
Some special cases of the problem (2.1): 

(1) If P = and f(t,v(t)) — g(t,x(t)) for all t £ Cl, then problem (2.1) is equivalent to finding 
x,v,w : ft — > E such that v(t) £ T(t,x(t)), w(t) £ G(t,x(t)) and 

(2.2) £ N(t, S(t, x(t)),u(t),v(t)) + M(t, g(t, x{t)), w{t)) 

for all t £ Q, and u(t) E M(t,x(t)). Problem (2.2) is introduced and studied by Lan et al, [24]. 
If G is a single-valued operator, g = I, the identity mapping and N(t,x,y,z) — f(t,z) +g(t,x,y) 
for all t £ and x,y,z E E, then problem (2.1) is equivalent to finding x,v : Q — > E such that 
v(t) £T(t,x(t)) and 

(2.3) £ f(t, v(t)) + g(t, S(t, x(t)),u(t)) + M(t, x(t), G(t, x(t))), 

for all t £ ft and u £ Al(t,x(t)). The problem (2.3) was considered and studied by Agarwal et al [2]. 
when G = I. 

If M(t, x, s) = M(t, x) for all t £ CI, X, s £ E and, for all t E Vt, M(t, •) : E — > 2 E is a generalized 
m-accretive mapping, then the problem (2.1) reduces to the following generalized nonlinear random 
multi-valued operator equation involving generalized m-accretive mapping in Banach spaces: 
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Find x,v : O — > E such that v(t) e T(t,x(t)) and 
(2.4) e iV(t, S(t, x(t)),u(t),v(t)) + M(t, g(t, x(t))) 

for all * S fi and u(t) e M(t,x(t)). 

(2) If E = H, N(t, S(t, x(t)),u(t),v(t)) = and for all t £ ft, then the problem (2.1) reduces to the 
following random variational inclusion problem in Hilbert space was considered and studied by Ahmad 
and Farajzadeh [1]. 

J q {x) = {/* G £* : (x,r) = IMI 9 and ||/*|| = M^ 1 } 



The generalized duality mapping J q : i? — > 2 E is defined by 



for all x £ E, where q > 1 is a constant. In particular, J 2 is the usual normalized duality mapping. It is 
well known that, in general, J q (x) = \\x\\ q ~ 2 J 2 {x) for all x ^ and J q is single-valued if E* is strictly 
convex (see, for example, [31]). If E = H is a Hilbert space, then J-i becomes the identity mapping of 
H. In what follows we shall denote the single- valued generalized duality mapping by j q . 
The modules of smoothness of E is the function pe '■ [0, oo) — > [0, oo) defined by 

Pi5(t) = sup{-||:r + j/|| + ||a;-y||-l: |M| < 1, ||y|| < *}. 

A Banach space E is called uniformly smooth if lim Pi y ' = and E is called q- uniformly smooth if 

there exists a constant c > such that PE(t) ^ c ^ q -, where q > 1 is a real number. 

It is well known that Hilbert spaces, L p (or l p ) spaces, 1 < p < oo and the Sobolev spaces W m ' p , 1 < 
p < oo, are all q- uniformly smooth. 

In the study of characteristic inequalities in g-uniformly smooth Banach spaces, Xu [ ] proved the 
following result. 

Lemma 2.8. Let q > 1 be a given real number and E be a real uniformly smooth Banach space. Then 
E is q-uniformly smooth if and only if there exists a constant c q > such that, for all x, y £ E and 
jq(x) € J q {x), the following inequality holds: 

\\x + y\\ q <\\x\\ q + q{y, Jq {x))+c q \\y\\i. 

Definition 2.9. A random operator g : fl x E — > E is said to be: 

(a) a-strongly accretive if there exists J2(x(t) — y(t)) S J2(x(i) — y{t)) such that 

(9t(x) - gt{y),32(x(t) - y(t))) > a(t)\\x(t) - y(t)\\ 2 

for all x(t), y(t) E E and t G fl, where a(t) > is a real- valued random variable; 

(b) {5-Lipschitz continuous if there exists a real-valued random variable f3(t) > such that 

\\gt(x) - g t (y)\\ < (3(t)Mt) - y(t)\\ 

for all x(t), y(t) <E E and t € Q. 

Definition 2.10. Let S : Q x E — > E be a random operator. A operator N: QxExExE — > E 
is said to be: 

(a) g-strongly accretive with respect to S in the first argument if there exists jzixit) — y(t)) € J%{x{t) — 
y(t)) such that 

(N t (S t (x), ■, •) - N t (S t (y), ., •), j 2 (x(t) - y(t))) > g(t)\\x(t) - y(t)\\ 2 

for all x(t), y(t) £ E and t £ fl, where g(t) > is a real-valued random variable; 

(b) e-Lipschitz continuous in the first argument if there exists a real-valued random variable e(t) > 
such that 

||iVi(a;, v )-JVi(y, v )||<c(*)||x(t)-i/(«)|| 
for all x(t), y(t) £ E and tGQ. 

Similarly, we can define the Lipschitz continuity in the second argument and third argument of 

A(-,-,-)- 
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Definition 2.11. Let r\ : 17 x E x E — > E* be a random operator A : 17 x E — ► £ be a random 
operator and M : 17 x E — > 2 E be a random multi-valued operator. Then M is said to be: 

(a) ri-accretive if 

(u(jt)-v(t)Mx,y)) >o 

for all x(t), y(t) £ E, u(t) £ M t {x) and v(t) £ M t (y) where M f (z) = M{t,z(t))yt e 17; 

(b) strictly rj-accretive if 

(«(*)-«(«), »h(a:,y)) >0 

for all x(t), y(t) £ J5, u(i) G M t (x), v(t) £ M t {y) and i £ (] and the equality holds if and only if 
u(t) = v{t) for all t 6 17; 

(c) strongly rj-accretive if there exists a real-valued random variable r(t) > such that, for any t € 17, 

(u(t) - v(t),Vt(x,y)) > r(t)\\x(t) - y(t)\\ 2 

for all x(t), y(t) £ E, u(t) £ M t {x), v(t) £ M t (y) and t £ 17; 

(d) generalized m-accretive if M is ^-accretive and (A t + p(t)M(t, -)){E) = E 1 for alH e £7 and p(i) > 0. 

Remark 2.12. If E = E* = H is a Hilbcrt space, then (a)-(d) of Definition 2.11 reduce to the 
definition of 77-monotonicity, strict 77-monotonicity, strong 77-monotonicity and maximal 77-monotonicity 
respectively; if E is uniformly smooth and r)(x,y) — j 2 (x—y) £ J 2 (x — y), then (a)-(d) of Definition 2.11 
reduce to the definitions of accretive, strictly accretive, strongly accretive and m-accretive operators 
in uniformly smooth Banach spaces, respectively. 

Definition 2.13. The operator 77 : 17 x E x E — > E* is said to be: 

(a) monotone if 

(x(t)-y(t)Mx,v))>0 

for all x(t), y(t) £ E and ieU; 

(b) strictly monotone if 

(*(*)-!/(*). »ft(a:,y)}>0 

for all &(£), y(t) £ E and i £ 17 and the equality holds if and only if x(t) = y(t) for all t £ 17; 

(c) S-strongly monotone if there exists a measurable function S : 17 — > (0, 00) such that 

(x(t) - y(t),i lt (x, y)) > S(t)\\x(t) - y(t)\\ 2 

for all x(t), y(t) £ E and t 6 17; 

(d) r-Lipschitz continuous if there exists a real-valued random variable r(i) > such that 

IM*,V)II <T(t)||s(t)-y(t)|| 
for all x(t), y{t) £ E and t e 17. 

Definition 2.14. A multi- valued measurable operator T : 17 x E — > CB(E) is said to be j-H- 
Lipschitz continuous if there exists a measurable function 7 : 17 — > (0, +00) such that, for any t £ 17, 

jy(T t (s),T t (y))< 7 (t)||s(t)-y(t)||, 

for all &(*), y(£) e S. 

Definition 2.15. A random operator A : 17 x £? — > 25 is said to be 

(i) monotone, if 

(A(t,xi(t)) - A(t,x 2 (t)),xi(t) - x 2 {t)) > 0, Vaji(t),aj 2 (*) €E,teSl, 

(ii) r-strongly monotone, if there exists a measurable function r : 17 — > (0, 00) such that 

U(t,xi(t))-i4(t,s 2 (i)),*i(t)--a>2(t)) >r(t)\\xi(t)-x 2 (t)\\ 2 Vxi(t),x a (t) e E,t e 17, 



Definition 2.16. Let M : 17 x E x E — > 2 be a generalized m-accretive random operator and 

T p(t) 

'M t{ 



A : 17 x E — > E be r-strongly monotone random operator. Then the proximal operator J^} is 



defined as follows: 

J P ^{z) = {A t + p{t)M t )-\z) 

for all t £ 17 and z £ E, where p : 17 — > (0, 00) is a measurable function and 77 : 17 x E x _E 
a strictly monotone operator. 
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Lemma 2.17. [ ] Suppose that E is a reflexive Banach space with the dual space E* . Let A : 51 x E — > 
E* be a r-strongly monotone mapping such that for each fixed i £ 51 and M : 51 x E — > 2 E be a A- 
monotone mapping, then J^n) '(#) : 51 x _E* — ^ E 1 is Lipschitz continuous with constant r ( t )_p( t \ m ( t ) ; 



i.e., 



TP(.t)> A tf„\ _ lP(t),At' ' 



WW & - J m« Mil ^ r(t)-p(t)m(t) ]]x - yl Vx ' y G E *> 
where p(t) G I 0, ^Wy ) is a real valued random variable. 

3. Random Iterative Algorithms 

In this section, we suggest and analyze a new class of iterative methods and construct some new 
random iterative algorithms for solving the problems (2.1). 

Lemma 3.1. The set of measurable mapping x,u,v,w : 51 — > E a random solution of problem (2.1) if 
and only if for all t G 51, and 

g t (x) = J p ^[A t {g t {x))-p{t){P t {u) - (f t (v) - g t (x)) + N t (S t (x),u,v)}]. 

Proof. The proof directly follows from the definition of J^J 'as follows: 

9t(x) = J^lMstix)) ~ P (t){P t (u) - (Mv)-g t (x)) + N t (S t (x),u,v)}} 

& g t (x) = (At + p^Mty^AMx)) - p(t){P t {u) - (f t (v) - g t (x)) + N t (S t (x),u,v)}} 

& {A t + p(t)M t )g t (x) = A t (g t (x)) - p(t){P t (u) - (f t (v) ~ g t (x)) + N t (S t (x),u, v)} 

& p(t)M t (g t (x),w) = -p(t){P t (u) - (f t (v) -g t (x)} + N t (S t (x),u,v)} 

& G M t {g t {x), w) + P t {u) - (f t (v) - g t {x)) + N t (S t (x),u, v). 

a 

Algorithm 3.2. Let M : 51 x E x E — > 2 E be a random multi-valued operator such that for 
each fixed t £ fi and s G E, M(t,-,s) : E — > 2 E be a generalized m-accretive mapping and 
Range{g)f]domM(t,-,s)^9. LetS,g: ttxE — >E,n: VlxExE — > E and N : QxExExE — > E 
be single-valued operators, K,T,G : 51 X E — > 2 E be multi-valued operators and X : 51 — > (0, 1] be 
a measurable step size function. Then, by Lemma 2.5 and Himmelberg [14], we know that, for given 
xq(-) G E, the multi-valued operators K(-,xq(-)),T(-,xq(-)) and G(-,xq(-)) are measurable and there 
exist measurable selections uq(-) € K(-,xq(-)),vo(-) G T(-,xq(-)) and vjq(-) € G(-,xq(-)). Set 

xi(t) = xo(t)-\(t){g t {xo)-jM:* t JA t ( gt {x ))-p(^ 

where p and A are the same as in Lemma 3.1. Then it is easy to know that x± : 51 — > E is measurable. 
Since u {t) G K t (x ) € CB(E),v (t) € T t (x ) G CB(E) and w (t) G G t (x ) G CB{E), by Lemma 2.6, 
there exist measurable selections U\{t) G K t (xi),Vi(t) G T t (xi) and W\{t) G G t (xi) such that for all 
te 51, 

|«o(<) - «i(*)|| < (1 + ^HiKtixo^Ktixt)), 
\v (t) - wi(t)|| < (1 + \)H(T t (xo),T t { Xl )), 
\w (t) - wi(t)\\ < (1 + \)H(G t (x ), G t (xi)). 

By induction, we can define the sequences {x n (t)}, {u n (t)}, {v n (t)} and {w n (t)} inductively satisfying 

x n+ i(t) = x n (t) - \{t)lg t (x n ) - J P M t \]J n) [A t {gt{x n )) - p(t){Pt(u n ) - (ft(v n ) - gt(x n )) + N t (St(x n ),u n ,v n )}] j 
«n(*) € M t (x n ), \\u n (t) - u n+1 (t)\\ < (1 + ^ I )H(K t (x n ),K t (x n+1 )), 
v n (t) G T t (x n ), \\v n (t) -v n +i{t)\\ < (1+ —^)H(T t (x„),T t (x„+i)), 
w n (t) EG t {x n ), \\w n (t) - w n+1 (t)\\ < (l + ^ T )ff(C7 4 (a; n ),G , t (a ; „ +1 )). 

From Algorithm 3.2, we can get the following algorithms. 
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Algorithm 3.3. Suppose that E, M, g, n, S, N, K, T, G and A be the same as in Algorithm 3.2 and 
setting P = 0, ft(v n ) — 9t{x n ) and A = I for all t £ fi. Then, for given measurable Xq : Cl — > E, we 
have 

x n +i(t) = x n (t) - \(t){g t (x n ) - J P M^., Wn) [gt(.x n ) - p(t)N t (S t {x n ),u n ,v n )}} 
(3 1) I u n(t) ^ K t (x n ), \\u n (t) -u n+1 (t)\\ <(1 + 7 ^- [ )H(K t (x n ),K t (x n+1 )) 7 

S w„(t) e T t {x n ), \\v n (t)-v n+l (t)\\<(l + ^ I )H(T t (x n ),T t (x n+1 )), 
w n (t)eG t (x n ), \\w n (t) - w n+1 (t)\\ < {1 + ^ I )H(G t (x n ) ) G t (x n+1 )). 

Algorithm 3.4. Suppose that E , M , rj, S , K , T and A are the same as in Algorithm 3.2 and setting 
P = 0, ft(v n ) = gt(x n ) and g,A = I for all t £ fl. Let G : Cl x E — > E be a random single-valued 
operator and N(t, x, y, z) = f(t, z) +g(t, x, y) for all t £ Cl and x,y, z £ E. Then, for given measurable 
xq : Cl — > E, we have 

x n+1 (t) = (1 - \(t))x n {t) + \(t)J p ^l Gt(Xn) {x n {t) - p(t)[J t {v n ) + g t {St(x n ),u n )]} 
u n (t) € K t (x n ), \\u n (t) - u n+1 (t)\\ < (1 + ^ l )H{K t {x n ),K t {x n+1 )), 
v n (t) € T t (x n ), \\v n (t) - v n+ i(t)\\ < (1 + ^ I )H(T t (x n ),T t (x n+ i)), 

Algorithm 3.5. Let M : Cl x E — > 2 E be a random multi-valued operator such that for each fixed 
t £ Cl, M(t, ■) : E — > 2 E is a generalized m-accretive mapping and Range(g) p| domM(t, •) 7^ 0. // S , 
g, rj, N , K , T and A are the same as in Algorithm 2.1 and P = 0, ft{v n ) = gt(x n ) and A = 1 for all 
t S Cl. Then for given measurable xq : Cl — > E, we have 

x n +\{t) = x n (t) - \{t){g t (x n ) - J P M^[gt{Xn) - p{t)N t (S t (x n ),u n ,v n )]} 
u n (t) e K t (x n ), \\u n (t) - u n+1 (t)\\ <(l+^ I )H(K t (x n ),K t (x n+ i)), 
v n (t)£T t {x n ), ||« n (t)-w„ + i(t)|| <{l + ^ I )H(T t {x n ),T t {x n+1 )). 

4. Main Results 

Theorem 4.1. Let E be a q-uniformly smooth and separable Banach space, M : CI x E x E — > 2 E be 

a random multi-valued mapping such that for each fixed t £ £1 and s £ E, M(t,-,s) : E — >• 2 E is a 
generalized m-accretive mapping g : Cl x E — > E is a-strongly accretive and p, g {t)-Lipschitz continuous 
and Range(g) D dom(Al(t, •, s)) 7^ 0, for all t 6 Cl. Let rj : CI x E x E — > E be a S-strongly monotone 
and r-Lipschitz continuous and S : Cl x E — > E be a a-Lipschitz continuous random operator. Let 
N:ClxExExE^Ebea g-strongly accretive with respect to S and e-Lipschitz continuous in 
the first argument, and fi-Lipschitz continuous in the second argument, v-Lipschitz continuous in the 
third argument, respectively. Suppose that A : Cl x E — > E is r-strongly monotone and [iA{t)-Lipschitz 
continuous. Let f,P:ClxE—>Ebe Lipschitz continuous random mappings with constants ipf(t) 
and ip p (t), respectively. Let K,T,G : Cl x E — > CB(E) be H-Lipschitz continuous with constants 
pxit), Urit) and fJ,a(t) respectively. If there exist real-valued random variables p(t) > and 7r(t) > 
such that, for any t £ Cl, x,y,z £ E , 

(4-1) II J$>£ (z) - J P £l: A J(z)\\ < n(t)\\x - 2/|| 

and the following conditions hold: 

f k(t) = (l + r(t) 4 ( g )m(t) ) (1 - qa{t) + c q (3(t) 9 )« + <t) ma {t) + r(t) 1 A p ^ m(t) < 1, 

■ >\ (Mth K (t) + ^/(*)M*) + (i - QPttMt) + c q e{ty<tY)\) < (w*)-P(«wo)(i-*m) 

where c q is the same as in Lemma 2.8 for any t £ Cl. If there exist real-valued random variables \(t), 
p(t) > then there exist x*(t) £ E,u*{t) £ K t (x*),v*(t) £ T t (x*) and w*(t) £ Gt(x*) such that 
(x* (t) , u* (t) , v*(t), w*(tj) is solution of the problem (2.1) and 

x n (t) -> x*(t),u n (t) -»■ u*(t),v n (t) -t v*(t),w n (t) -> w*(t) 

as n — > 00, where {x n (t)}, {u n (t)}, {v n (t)} and {w n (t)} are iterative sequences generated by Algorithm 
3.2. 

Proof. From Algorithm 3.2, Lemma 2.17 and (4.1), we compute 

\\x n+1 (t) - x n (t)\\ = \\x n (t) - \{t){g t (x n ) - J P ^ A J n) [A t {gt{x n )) - p{t){P t (u n ) - (f t (v n ) - g t {x n )} 
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+ N t (S t (x n ),u n ,v n )}} 

-x n -i(t) - X(t){9t{x n -i) - J^lJMgtix^)) - p(t){P t (u n ^) 

-(ft{v n -i) -srt(»n-i)} + -^'t('S , t(a; n _i),w n _i,u n _i)]}|| 

< ||a; n (t) - x n -\{t) - X(t)(g t (x n ) - g t {x n -i))\\ 

+ X(t)\\jff ( ; A J n) [A t (g t (x n )) ~ P (t){P t (u n ) - (f t (v n ) - g t (x n ) 
+ N t (S t {x n ),u n ,v n )} 

~ J M^ n _JM9t(x n -l)) - p(t){P t {Un-l) - (ft(Vn-l) ~ 9t(Xn-l)} 
+ N t (S t (x n -l), Un-lj V n -l)] || 

< ||a;„(t) - x n -i(t) - X(t)(g t (x n ) - g t (x n -i))\\ 

+ \(t)\\J p V ( ' A J n) [A t (g t (x n )) - P (t){P t (u n ) - (/ t K) - g t (x n ) 
+ N t (S t {x n ),u n ,v n )} 

- J P £l A J n) [A t (g t (x n ^)) - p{t){P t {u n ^) - (/ t («„_i) - <7t(z„-i)) 

+ N t (S t (x n -l), Un-l, Vn-l)]|| 

+ A(i)||jg ( ) '^ ) [^( fft (a; n _ 1 )) - p(i){P t (u„_i) - (/ t (v„-i) -ft(x„-i) 
+ N t (S t (x n ^i), u„_i, v„_i)] 

-^.'^^[^(ft^n-l)) " P(*){^t(«n-l) - (/tK-l)-ft(Vl)} 

+ A r t(S't(x„_i),u„_i,u„_i)]|| 

< ||a; n (t) - x n _i(t) - X(t)(g t (x n ) - 9t{x n -i))\\ 

+ ^ !l ,.J |[A t (g f (a; n ))-p(t){P t (M n )-(/ t K)-g t (a; n )) + iV t (5 t (a; n ),M n ,i; n )}] 

r(i) — p{t)m(t) 

- [A t (5 t (x n _i)) - p(t){P t (w„_i) - (/t(v„_i) -.g t (x„_i)) +iV t (S' t (x„_i),M„_i,w„_i)]}|| 
+ A(t)7r(t)||w„- w„_i|| 

< ||a; n (t) - x„-i(t) - X(t)(g t (x„) - g t (x n -i))\\ 

X(t)p(t) 



r(t) - p{t)m{t) 

A(t) 
r(t) - p(t)m(t) 

Kt) P {t) 

r(t) - p(t)m(t) 
X(t)p(t) 



\\(gt(x n ) - 9t(x„-i)) + N t (S t (x n ),u n ,v n ) - N t (S t (x n -i),u n -i,v n -i) 

\\Mot(x n )) - A(gt(xn-i))\\ 
||P(0-P t K-i)|| 

\\ft(Vn) -/t(Wn-l)|| 



r(t) - p(t)m(t) 

+ A(t)7r(t)||w„ -u; n _i || 
< ||a;„(t) - x n -i(t) - X{t)(g t (x n ) - g t (x n -i))\\ 

+ r ( t ) - n(t)m(t) V Xn ^ ~ Xn -^ ~ ^t{x n ) - 9t{Xn-l))\\ 

+ ||a;„(t) -x n -i(t) + (N t (S t {x n ),u n ,v n ) - N t (S t {x„-i),u n ,v n ))\\ 
+ \\N t (S t (x n -i),u n ,v n ) - N t (St{x n -i),u n -i,v n )\\ 

+ \\N t (S t {x n - 1 ) 7 u n - 1 ,v n ) - N t (S t {x n -i),u n -i,v n -i)\ 

A(t) 



r(t) - p{t)m{t) 

Mt) P {t) 

r(t) - p(t)m(t) 

Kt)p{t) 

r(t) - p{t)m(t) 



\\A t (g t (x n )) - A t (g t (x„_ 1 ))|| 

||PK)-PK-i|| 

\\ft(Vn) - ft(Vn-l)\\ 
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+ \(i)n(t)\\w„ - w n -i\\ 
< (l-A(t))||x„(t)-a;n-i 

Pit) 



+ A(t)(l + r (t) -pl) m (t) ^ Xn ® " Xn - l{t) ~ {9t ^ Xn) " 5 * (x "- l))l1 

+ ^7^ 77^ — 7771 II ^nC*) -»n-l(*) + (Nt(St(x n ),U n ,V n ) - N t (St{x n -i),U n ,V n ))\ 

r(t) — p(t)m(t) I 

+ \\N t (S t (x n -i),U n ,V n ) - N t (St(Xn-l),U n -l,V n )\\ 

+ \\N t (St(x n -i),u n -i,v n ) - N t (St(xn-i),u n -i,v n -i)\\\ 



r(t) -p(t)m(t) llM9t{Xn)) ~ A ^(zn-i))ll 

Ht)p(t) 

r(t) - p(t)m(t) 
X(t)p(t) 



\\Pt(u n ) - P t (u„_i)|| 

/i(^n) ~ ft(v n -l)\\ 



r(t) - p(t)m(t) 
(4.3) -+- A(*)tt(*) ||*o„ — w„_x || . 

By using g t is a strongly accretive and Lipschitz continuous, we have 

\\x n (t) - x n -i(t) - (gt(x n ) - g t {x n -i))\\ q 

< \\x n (t) - x n -i(t)\\ q - q({g t (x„) - 9t(x n -i)),jq(x n (t) - x n -i(t))) 
+c q \\gt(x n ) - g t (x n -i)\\ q 

< (1 - qa{t) + C q P(t) q )\\x n (t) - x n ^{t)\\\ 

that is 

\\x n {t) - X n -l(t) - (gt(x n ) - 9t(x n -l))\\ 

(4.4) < (1 - qa{t) + C q P(t) q )«\\x n {t) - 3!n-l(*)||, 

where c q is the same as in Lemma 2.8. Also from the strongly accretivity of N with respect to 5* and 
the Lipschitz continuity of N in the first argument, we obtain 

\\x n (t) -x n -i(i) - {N t (S t (x n ),u n ,v n ) - N t (S t (x n -i),u n ,v n ))\\ 

(4.5) < (I - qg(t) + c q e(t) q a(ty^\\x n (t) - x^^l 

By Lipschitz continuity of N in the second and third argument and since K, T, G are iJ-Lipschitz 
continuous and /, g, A and P are Lipschitz continuous, we have 

\\Nt(St(x n -i),u n ,Vn)) - N t (St(x n -i),u n -i,v n )\\ < p(t)\\u„ -«„_i|| 

< p(t)(l + -)H(K t (x n ^),K t (x n )) 

n 

(4.6) < (l + ->(t)Aiif(t)||a; n (t)-a!n_i(t)||, 

n 

\\Nt(S t (x„-i),U„-i,V n ) - Nt(St(Xn-l),Un-l,V n -l)\\ < v(t)\\v n - V n -i\\ 

< v(t){l + -)H(T t (x n -i),T t (x n )) 

n 

(4.7) < (l + -)i/(t)M<)IM*)-Sn-i(*)ll> 

n 

IK-Wn-iH < (l + -)J3 r (Gt(aJ„-i),Gt(a:„)) 
n 

(4.8) < (l + -)fi G (t)\\x n (t)-x n ^(t)l 

n 

||P t («n)--Pt(«n-l(*))ll < ^p(<)ll«n(*)-«r.-l(*)ll 

(4.9) < ^ p (t)/* Jr (t)(l + -)||ar n (t)-a; B _i(t)|| ) 

n 

||/t(«n(*))-/t(Vn-l(t))ll < ^/(t)IK(t)-«»-l(t)ll 



656 



A GENERALIZED RANDOM VARIATIONAL INCLUSION 

(4.10) < ^/(i)M*)(l + -)||a;n(t)-Sn-i(t)l|. 

\\A t {gt(x„)) - A t (g t (x n -i))\\ < HA\\gt(%n) - gt(x n -i)\\ 

(4.11) < HAlpg\\x n (t) - X n -l{t)\\. 

Using (4.4)-(4.11) in (4.3), we obtain for all * £ CI, 

(4.12) \\x n+ i(t) - x n (t)\\ < 6n(t)\\x n (t) - X n - X (t)\\ 
where 

e„(t) = i-\(t) + \(t) Kn (t), 



r{t)-p{t)m{t). 

(l- M (t) + C,e(t)M*)*)« 



r W -^U) (1 - «*> + C « e(i)V( * )9) * + r W -pft) m( t) 



+ ( X + ~) M L ( A Mt)^K{t) + V/(*)M*)) + (1 + -)7T(t)AiG(t) 

7i r(£) — p(t)m(t) V / n 

Letting 

*> = i 1 + r(«) -1(l)m( t ) ) (1 - «*> + *W>* + «W»«>® + r(«) -^)m(«) 

+ r(t) _ P ^ )mW (^ P ftWft) + V'/WM*) + (i - ?e(*) + c,e(t)Mt)«)«), 

6»(i) = 1 - A(t) + A(*)k(*). 

Thus K„(i) — !• /«(£), ^n(i) — > 0{t) as n — > oo. From the condition (4.2), we know that < 6(t) < 1, 
for all t £ il. Using the same arguments as those used in the proof in [Lan et al, Theorem 3.1, pp 14, [24]] 
it follow that {x n (t)}, {«„(£)}, {v n (t)} and {w n (t)} are Cauchy sequences. Thus by the completeness of 
E, there exist u*(t),v*(t),w*(t) £ E such that u n (t) — > u*(t),v n (t) — > v*(t),w n (t) -» w*(t) as n — > oo. 
Next, we show that u*(t) £ K t (x*), we have 

d(u*(t),K t (x*)) = inf{||«*(t) -V|| : W e #t(z*)} 

< ||u*(t)-i^t)||+d(un(t), #*(»*)) 

< ll«*(*) - «»(*)ll + J3 r (K't(a:»»), «"«(«*)) 

< ||u*(t) - u n (t)\\ + n K {t)\\x n {t) - x*{t)\\ — ► 0. 

This implies that u*(t) G K t (x*). Similarly, we can get v*(t) £ T t (x*) and w*(t) £ G t {x*) for all (6fl. 
Therefore, from algorithm 3.2 and the continuity of J P } i. \, P, N and S, we obtain 

g t (x) = J^; [At( 9 t(x)) - p(t){P t (u) - (f t (v) - g t (x)) + N t (S t (x),u, v)}} 

By Lemma 3.1, we know that (x* (i) , u* (t) , v* (i) , w* (t)) is a solution of the problem (2.1). This com- 
pletes the proof. □ 

If P = 0, f(t,v(t)) — g(t,x(t)) and A = I, the identity mapping, in Theorem 4.1, then we can get 
the following theorems. 

Theorem 4.2. Let E, M, r\ 7 g, N, S, K, T, G and A be the same as in Theorem J^.l. Assume that 
M : O X E x E — 5- 2 E is a random multi-valued operator such that for each fixed t £ ft and s £ E, 
M(t, ■, s) : E — > 2 E is a generalized m-accretive mapping. If there exist real-valued random variables 
p(t) > 0, 7r(i) > and jhl = r i t \_ \ t ) m {t') suc ^ that (4-1) holds and 



k(t) = (l + T{i)8{t)- X ) (1 - qa(t) + C q j3(tY)« + 7T(t)p HG (t) 

r(t) 



<1, 



(4.13) [p(t)^ p (t)p K (t) + i Jf (t)p T (t)) + (l- q p(t)g(t) + c q e(tya(t)")^ < Si ' H ' " /> ' ,/ " 
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where c q is the same as in Lemma 2.8 for any t E ft. the iterative sequences {x n (t)}, {u n (t)} and 
{ v n(t)} defined by Algorithm 3.3 converge strongly to the solution (x*(t),ij,*(t),v*(t)) of the problem 
(2.2). 

Theorem 4.3. Let E, r\, M, S, K, T and X be the same as in Theorem 3.1. Assume that M : 
fl x E x E — > 2 E is a random multi-valued operator such that, for each fixed t G ft and s G E. 
M(t,-,s) : E — > 2 E is a generalized m-accretive mapping. Let f : ft X E — > E be v-Lipschitz 
continuous, S : ft X E — > E be a a-Lipschitz continuous random operator, G : ft X E — > E be £- 
Lipschitz continuous and g : ft x E x E — > E be g-strongly accretive with respect to S and e-Lipschitz 
continuous in the first argument and [i-Lipschitz continuous in the second argument, respectively. If 
there exist real-valued random variables p(t) > and ir(t) > such that (4-1) holds and 

p(t)(V P (t)M*) + V>/(*)M*)) + (i - w(t)e(t) + cp(i)Mt)V(t)«)S < Mk^MM , 

for all t e ft, where c q is the same as in Lemma 1.1, then, for any t & ft, the iterative sequences {x n (t)}, 
{u n (t)} and {v n (t)} defined by Algorithm 3.5 converge strongly to the solution (x*(t), u*{t), v*(t)) of 
the problem (2.3). 
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Abstract 

Here we study the univariate quantitative approximation of real and 
complex valued continuous functions on a compact interval or all the real 
line by quasi-interpolation sigmoidal neural network operators. This ap- 
proximation is derived by establishing Jackson type inequalities involving 
the modulus of continuity of the engaged function or its high order deriva- 
tive. Our operators are defined by using a density function induced by 
the logarithmic sigmoidal function. The approximations are pointwisc 
and with respect to the uniform norm. The related feed-forward neural 
network is with one hidden layer. 

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30, 
41A36. 

Keywords and Phrases: sigmoidal function, neural network approxima- 
tion, quasi-interpolation operator, modulus of continuiuty, complex approxima- 
tion. 

1 Introduction 

Feed-forward neural networks (FNNs) with one hidden layer, the only type of 
networks we deal with in this article, are mathematically expressed as 

n 

N n (x) = y^ CjQ- ((a,j -x) + bj), xeR s , seN, 

3=0 

where for < j < n, bj € K are the thresholds, aj e R s are the connection 
weights, Cj G M. are the coefficients, (aj ■ x) is the inner product of aj and x, 
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and a is the activation function of the network. In many fundamental network 
models, the activation function is the sigmoidal function of logistic type. 

It is well known that FNNs arc universal approximators. Theoretically, 
any continuous function defined on a compact set can be approximated to any 
desired degree of accuracy by increasing the number of hidden neurons. It was 
proved by Cybenko [10] and Funahashi [12], that any continuous function can 
be approximated on a compact set with uniform topology by a network of the 
form N n (x), using any continuous, sigmoidal activation function. Hornik et 
al. in [14], have shown that any measurable function can be approached with 
such a network. Furthermore, these authors proved in [15], that any function of 
the Sobolev spaces can be approached with all derivatives. A variety of density 
results on FNN approximations to multivariate functions were later established 
by many authors using different methods, for more or less general situations: 
[17] by Leshno ct al., [21] by Mhaskar and Micchelli, [9] by Chui and Li, [7] by 
Chen and Chen, [13] by Hahm and Hong, etc. 

Usually these results only give theorems about the existence of an approx- 
imation. A related and important problem is that of complexity: determining 
the number of neurons required to guarantee that all functions belonging to a 
space can be approximated to the prescribed degree of accuracy e. 

Barron [4] shows that if the function is supposed to satisfy certain conditions 
expressed in terms of its Fourier transform, and if each of the neurons evaluates 
a sigmoidal activation function, then at most O \£) neurons are needed to 
achieve the order of approximation e. Some other authors have published similar 
results on the complexity of FNN approximations: Mhaskar and Micchelli [22], 
Suzuki [23], Maiorov and Meir [19], Makovoz [20], Ferrari and Stengel [11], Xu 
and Cao [25], Cao et al. [6], etc. 

The author in [1] and [2], see chapters 2-5, was the first to establish neu- 
ral network approximations to continuous functions with rates by very specif- 
ically defined neural network operators of Cardaliaguct-Euvrard and " Squash- 
ing" types, by employing the modulus of continuity of the engaged function or 
its high order derivative, and producing very tight Jackson type inequalities. 
He trcatcs there both the univariate and multivariate cases. The defining these 
operators "bell-shaped" and "squashing" function are assumed to be of com- 
pact support. Also in [2] he gives the TVth order asymptotic expansion for the 
error of weak approximation of these two operators to a special natural class of 
smooth functions, see chapters 4-5 there. 

For this article the author is greatly motivated by the very important article 
[8] by Z. Chen and F. Cao. 

He does related to it work and much more beyond however [8] remains the 
initial point. So the author here performs univariate sigmoidal neural network 
approximations to continuous functions over compact intervals of the real line 
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or over the whole R, then he extends his results to complex valued functions. 
All convergences here are with rates expressed via the modulus of continuity 
of the involved function or its high order derivative, and given by very tight 
Jackson type inequalities. 

The author comes up with the correct precisely defined quasi-interpolation 
neural network operator related to compact intervals, and among others, im- 
proves results from [8]. Our compact intervals are not necessarily symmetric to 
the origin. Some of our upper bounds to error quantity are very flexible and 
general. In preparation to prove our results we establish further properties of 
the basic density function defining our operators. 

2 Background and Auxilliary results 

We consider here the sigmoidal function of logarithmic type 

s(x) = , x £ R. 

It has the properties lim s (x) — 1 and lim s (x) = 0. 

x— >+oo x— > — oo 

This function plays the role of an activation function in the hidden layer of 
neural networks, also has application in biology, demography, etc ([5, 16]). 
As in [8], we consider 

$(x):=-(s(x + l)-s(x-l)), x£R. 

We notice the following properties: 

i) $(cc) >0, VieK, 

ii) £?=-«, *(*-*) = 1 > VxeM, 
hi) Es*L-co &(nx-k) = l, V x £ M; n £ N, 

1V ) JZo®( X ) dx=1 ' 

v) <1> is a density function, 
vi) <f> is even: $ (— x) = $ (x), x > 0. 
We see that ([8]) 

$(») = 



2e / (l + e- x - 1 )(l + e- :E + 1 ) 

e 2 -l \ 1 

2e 2 ) (1 + e x - r ) (1 + p.-*- 1 )' 
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and 



$' (a;) = 



e 2 -l 



(e x - e~ x ) 
e(l + e a; - 1 ) 2 (H-e- x - 1 ) 2 



< 0, x > 0. 



Hence 
vii) <I> is decreasing on R + , and increasing on R_. 
Let < a < 1, nGN. We observe the following 



E 

k = — oo 
c — fc| > n 



$ (to — fc) 



E 

fc = — oo 
|na; — fc| > n 



$ (\nx - k\) < 



e 2 -l 



2e2 J J (l + e -i)(l + e— *) 



<ix < 



e 2 -l 

2e 



( n i-«-i) 
e 2 -l 



e 2 -l 



>- x rfa;= I I ffl-K""- 1 ) 



2c 



= 3.1992e- 



We have found that: 

viii) for neN, < a < 1, we get 



y^ $ (n.x - k) < 



k = — oo 
|ncc — fc| > n 1_a 



e 2 -l 



= 3.1992e" 



Denote by [•] the ceiling of a number, and by |_ - J the integral part of a 
number. Consider x € [a, b] C M. and neN such that \na\ < \nb\ . 
We observe that 

oo Y nb \ 

i = y^ $ (to - k) > v^ $ (to - fc) = 

fc— — oo fc=[na] 

|n6J 

y^ $(|na:- fc|) > <J>(|nx- fc |) , 

/c— [na] 

for any fco € [|"na] , \nb\] H Z. 

Here we can choose fco € [["-a] , L n ^J] ^ Z such that \nx — fco| < 1. 
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Therefore $ (\nx - k a \) > $ (1) = 0.19046485. 
Consequently, 

L«6j 

JT ®{nx-k) >$(1) = 0.19046485. 

k— \na] 

Therefore we obtain 



si:^ W*-*) < * = 5 - 250312578 > v x e [o, 6] . 



IX 



We also notice that 

[_7T.&J M-l OO 

1 - JT ®{nb-k)= JT $(nb-k)+ JT $ (nb - k) 

k=\na] k= — oo fe=Lri6J+l 

> $ (n& - \nb\ - 1) 
(call e := nb- \nb\ , < e < 1) 

= $ (e - 1) = $ (1 - e) > $ (1) > 0. 

Therefore lim (l - Efc^jLl $ ( n6 ~ fc )) > °- 
Similarly, 

LnfcJ [no]— 1 oo 

1 - y K j <fr (na - k) = V] $ (na — k) + V] $ (na - fc) 

fcfnal fe= — oo fe=LnhJ+l 

> $ (na - [na] + 1) 
(call n := \na\ — na, < n < 1) 

= $(1-7?) > $(1) >0. 

4n&J 

Therefore we derive that 



Therefore again lim ( 1 — V\ r i $ ("a — k) ] > 0. 



x) lim y^L™ r i <& (^ — fc) 7^ 1, for at least some a; S [a, 61. 

n— >oo I na I 

Let / <G C ([a,b]) and n € N such that \na] < [nb\ . 

We introduce and define the positive linear neural network operator 

y-L"<>J f (k\ $ 1 _ k \ 
G n (f,x)~ ' — - , x€[a.b}. (I) 
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For large enough n we always obtain \na] < \nb\ . Also a < - < b, iff \na] < 
k < [nb\ . 

We study here the pointwise convergence of G n (/, x) to / (x) with rates. 

For convinicnce we call 



[nb\ 



G* n (f,x):= ]T f(-)<$>(nx-k) 



/c— \na~\ 



that is 



Thus, 



G n (f,x) 



G n (f,x)-f(x) 



G* n (f,x) 



Ei= r J „ al * (nx k) ■ 



(2) 



(3) 



G* n (f,x) 



Eili * («* - *) 



/(*) 






^(/,aO-/(s)ES n „i *(«*-*>) 



E^nal *(»*-*) 



Consequently we derive 



\G n (f,x)-f(x)\< 



$(1) 



Lnfcj 



G* n (f,x)-f(x) J2 *(nx-k) 

k= \na] 



(4) 



(5) 



That is 



|G„(/,a;)-/(aO| < (5.250312578) 



[nb\ 



E (f(-)-.f( X ))*(nx-k) 

k=\na] 



(6) 



We will estimate the right hand side of (6). 

For that we need, for / <G C ([a, b]) the first modulus of continuity 

«i(M):= sup \f (x) - f (y)\ , h>0. 

x, y E [a, b] 
\x — y\ < h 



(7) 



Similarly it is defined for / <G Cb (K) (continuous and bounded on R) . We have 
that limwi (/, h) = 0. 



h^O 



When / e Cb (K) we define, (see also [8] ) 

G n (/, x) ■- 22 f[-)${nx-k), n e N, x e M, 



fc= — oo 



(8) 



the quasi-intcrpolation neural network operator. 

By [3] we derive the following three theorems on extended Taylor formula. 
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Theorem 1 Let N G N, < e < § small, and f G C N ([-§ + e, f - e]) 
i,i/e [- 1 + e, | - e] . T/ien 

f^ ^ ^ i V" (/°sin -1 ) (any) , . fc 

/ (a;) = / (y) + 2^ n ( sm x ~ sm v) + K * U/. x ) . ( 9 ) 



fe=i 



where 



k\ 



K N (y, a;) 



1 



(7V-1)! 



(10) 



(sinx — sins) ( (/ o sin 1 ) (sin s) — (/ o sin x ) (sin y) J cos s ds. 



Theorem 2 Let f e C^ ([£,7r - e]), JV e N, e > small; x,y € [e,7r-e]. 
TTien 



JV 



„-l\(fc) 



w/iere 



(focos *) (cosy) fc 

(cos x- cosy) + iv Ar (y,x), (11) 



fc=i 



it! 



#iv (3/i x ) 



(iV-1)! 

(cos x — cos s) - (/ o cos -1 ) (coss) — (/ o cos -1 ) (cosy) 



(12) 
sins ds. 



Theorem 3 Let f G C w ([a,6]) for / G C^ (R)), N G N; x,y G [a, 6] for 
x, y G RJ. TTien 



TV 



(A:) 



/(*) = /(») + £ 



f/olnij (e- y ) 



fc=i 



w/ie 



/v! 



K N (y,x) 



(e- x -e- y ) k + K N (y,x), (13) 



1 



(JV-1)! 



(14) 



(e" x -e- s ) 



JV-1 



(JV) 



(JV) 



f/olnij (e -s ) - f/olnij (e -2/ ) 



e s o!s. 



Remark 1 Using the mean value theorem we get 



|sinx — siny| < \x — y\ , 

|cosx — cosy| < |x — y\ , Vi, y G R, 



furthermore we have 



|sinx — siny| < 2, 

|cos x — cos y | < 2, V x, y e 



(15) 



(16) 
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Similarly we get 

\e~ x -e~ v \ <e- a \x^y\, (17) 

and 

\e- x -e- y \<e- a -e- b , Vx,j/g[a,o]. (18) 

Let g (x) = lni x, sin~ x, cos -1 x and assume fv> (xo) = 0, fc = 1, ..., iV. 
Then, by [3], we get (/ o g- 1 )® (g (x )) = 0, j = 1, ..., TV. 

Remark 2 it is wje/l known that e x > x m , mefl, for large x > 0. 



Let /ixed a, /3 > 0, then 


a 




G N, and for large x > we have 


e x > xTfl > xf . 


So /or suitable very large x > we get 


e x " > (x^y =x a . 


We proved for large x > and a, j5 > i/iai 


e x " > x Q . 


Therefore for large n£N ar«i /ixed a, /3 > 0, we have 






e nli > n a . 



(19) 



(20) 

That is 

e~ nfi < n- a , for large neN. (21) 

So for < a < 1 we get 

e- nll ~ c " < n- a . (22) 

Thus be given fixed A, B > 0, for the linear combination I An~ a + Be~ n J 
the (dominant) rate of convergence to zero is n~ a . 

The closer a is to 1 we get faster and better rate of convergence to zero. 



3 Real Neural network Approximations 

Here we present a series of neural network approximations to a function given 
with rates. 

We first give. 
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Theorem 4 Let f E C ([a, b]) , < a < 1, n € N, x € [a, b}. Then 



i) 



\G n (f, x) -f{x)\< (5.250312578) 



and 



-'i (/,^) +6-3984 H/ILe-"' 1 " ' 



||G n (/) - /IL < A, 

where H]!^ is i/ie supremum norm. 

Proof. Wc see that 



L«6j 



fc— [lift] 

E 

A;— [rw] 



E U " )-fW )*(nx-k) 



< 



/(-)-/(*) 



Lnbj 

E 

fc = [no] 
|--z|<^ 

In I — n a 

lnb\ 

E 

A; = [no] 

\ h I 1 

I n I n a 



/(-)-/(*) 



/(-)-/(*) 



$ (m — fc) = 

$ (na; — k) 



$ (ni - k) < 



[nb\ 

E ^(/, 

k = \na\ 



$ (ra — k) + 



±-x\<\ 



2 11/11 



wi / 



[nb\ 

y^ $ (ra - fc) < 

fc = [na] 
|fc - nx| > n 1_Q 



y^ $ (nx - k) + 

k = — oo 



=:A, 

(23) 

(24) 
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211/lloc E 



k = — oo 
\k — nx\ > n) 



<I> (nx - k) < 

(by (viii)) 



^(/^Jh- 2 H/IU (3.1992) e-« (1 - a> 

= Wl ^^) +6 - 3984 ll^l-^" <1 ^ ) - 



That is 

E (/(£)-/(*))*(»**-*) < Wl (/,^) + 6.3984 H/ll^e-"' 1 ""'. 

Using (6) we prove the claim. ■ 

Theorem 4 improves a lot the model of neural network approximation of [8] , 
see Theorem 3 there. 

Next we present 

Theorem 5 Let f € C B (K), < a < 1, n E N, x E R. Then 
i) 



\G„ {/■■>■) -fi.r)\<^ ( f,±) +6.3984 11/11^ e-" (1 " =: /,. (25) 



and 



ii) 



\G n (f)-f\\<n. 



(26) 



Proof. We observe that 



\G n (f,x)-f(x)\ 



E J [ ~ ) ^ ( nx ~k) — f ( x ) E * ( na: - ^) 



E (/(£)-/(*))*(**-*) 



* E 

A;— — oc 



/ r -/(*) 



$ (nx — k) 



E 

fc = — oo 



/(-)-/(*) 



$ (na; — k) 



x\ < 



\ n I — n u 



E 



k = — oo 
1 1 i i 
- -X \> 4r 



/(-)-/(*) 



<f> (nx - k) < 



10 
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E «*(/. 

k = — oo 



$ (iM - fc) + 



-x < 



2II/II 



y^ $ (ra - fc) < 



fc = — oo 
* - a; I > -4 



wi / 



y^ $ (nx - fc) 

fc = — oo 



t-x\<± 



2II/II 



E 

k = — o 
|fc — nxl > 



$ (nx - fc) < 

(by (viii)) 



Wl ( / '^) +2|l/ll - (3 - 1992)e ^ < " a> 
= Wl ( / 'i) +6 ' 3984|l/ll - e ^ < " Q) ' 

proving the claim. ■ 

Theorem 5 improves Theorem 4 of [8] . 

In the next we discuss high order of approximation by using the smoothness 
of/. 

Theorem 6 Let f E C N ([a, b]), n, N € N, < a < 1, x € [a, b}. Then 



i) 



y^l^M 



G„ (/, x) - / (x)| < (5.250312578) • 

1 



(27) 



3 = 1 



r- 



n aj 



(3.1992) {b -a) e~ 



wi / 



'W 



1 \ 1 



.3984)11/(^1^(6-0) 



iV 



,(l-a) 



-e 



n"/ n aAr iV! TV! 

iij assume further fv> (xo) = 0, j = 1, ..., N, for some xq g [a, 6], if ZioMs 



«i(/ (JV) , 



|G„(/,x )-/(xo)| < (5.250312578)- 
1 \ 1 , (6.3984) II /W II (6 -a) 



(28) 



N 



i aN N\ 



N\ 



11 
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notice here the extremely high rate of convergence at n ( N + 1 ) a ) 
Hi) 

||G„ (/)- /IU < (5.250312578) • (29) 



N \\f (j) \ 



wi / 



e(AT) 



1 \ 1 



n Q / n aAr 7V! 



— + (3.1992) (b- a) J e- n(1 " } 



■^^)\\f lN) \L( b-af c _ nll - a ; 



N\ 



Proof. Next we apply Taylor's formula with integral remainder. 
We have (here -,x €. [a,b]) 



"SHTS 



x\ + HfW (t) - /W (*)) 



(l-*) 



A-l 



(N-iy. 



-dt. 



Then 



/ ( k \ $ (nx -k) = J2 j -^r^® ( nx -k)( k -x 



$(nx-k) j (/ (JV) (t)-/ (JV) (ar)^ ^" ^ 



A-l 



(7V-1)! 



-dt. 



Hence 



Lnfcj 



L«6j 



y^ / ( - ] $ (ra - k) - f (x) V^ $ (nx - fc) 



A' 



Lnfcj 



2^ - — -^ 2^ <b{nx-k)\ x 

.7=1 "'' fc= Trm] 



L nfcj A (A_ i ) JV - 1 

^ $(nx-k) (f {N) (t)-fW(x)) U „ j _ dt. 

fc=[nal * 



(AT-1)! 



Thus 



G* n (f,x)-f(x)[ J2 $(nx-k)\=J2 L 1 f l G* n ((.-x) j )+A n (x) 



,k—\na] 



3 = 1 



where 



LnbJ 



A„ (x) := J2 $ (ns - fc) / (/ (JV) (t) - / (JV) (a) 



fc-[na] 



AT-1 



(JV-l)! 



-dt. 



12 
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We assume that b — a > -\, which is always the case for large enough n e 
'(6-0)- 



that is when n > 

Thus || - a; | < ^ or || 
As in [2], pp. 72-73 for 



7 := 



, Af-l 



/ w W-/ (Ar) w) ( t f) -. 'ii- 



(JV-l)! 



in case of I - — x I < -^-, we find that 



\i\<^Af iN \ 

(for x < - or x > -). 

Notice also for x < - that 



1 \ 1 



i aN N\ 



~" (f (N) (*) / (Ar) (*)) 



(I-*) 



Af-l 



(JV-l)! 



-dt 



< 



(TV) 



m-t) 



r>(t)-r>( X ) 

JV-l 



°% (JV-l)! 
Next assume - < x, then 



-di = 2 



(AT) 



(-- 

V n 


t) JV - x 


(JV 


-1)! 


(-- 


viV 

■ x ) - 



JV! 



dt < 



< 2 



p(N) 



(6-o) 

JV! 



iV 



f (JV) 



s (/ (A ° (t) - / (JV) (*)) 
" (f {N) (*) - / (JV) (*)) 



(l-i) 



Af-l 



(JV-l)! 



-dt 



(£"') 



Af-l 



(JV-l)! 

. Af-l 



■dt 



< 



(t- k n) 



ooJk (JV-l)! 



/W (t) - /W ( X) 

-d/ = 2 / W 



(JV-l)! 



-di< 



Af-l 



(*"£) 



A^ 



JV! 



< 2 



P (Af) 



(*»-") 

oo JV! 



A< 



Thus 



M<2 



(Af) 



(6_-o) 

JV! 



A' 



in all two cases. 



13 
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Therefore 



LnbJ [rib] 

A„ (x) = V^ $ (nx — fc) 7 + V] $ (m - fc) 7. 



fc-[na] 



li_Js± 



Hence 



\k(x)\< f; $(^_ fc )Lf/w,-i A ' 



fc— [na] 
|£-x|<^ 

/ \ 

|n&| 

y^ $ (nx - fc) 

k— \na~\ 

Vl*-H>^ / 



n a / AMn^" 



r (N) 



(b-a) 



N 



< 



wil/W, 



1 \ 1 



n Q / N\n Na 
Consequently we have 



(AT) 



\N 



^f- 0.1992) e-' 1 - 



1 \ 1 



I A„ (x)| < «i /W, - — ^- + (6.3984) 



|/W|| (&-< (1 _ a) 



n a I n aNN\ 



N\ 



We further sec that 



Lnbj 



G* n ((• - x) j ) (x) = 2 *(«*-*) 



Therefore 



L«6j 



(t,. 



|nbj 

E 

fc=|~na] 



L „ UJ 
((•-x) J J (x) < J2 $(nx-k) 



y^ $ (nx - fc) 



Lnbj 



^ -arl < 4 



fc = \na 

■ — x\ 

— V^ $ (nx - fc) + (6 - 



+ J^ $ (nx - fc) 

fc = \na\ 



< 



\ h i 1 

\- -x\> \ 

I n I n a 



[nb] 



n a 3 



fc = \na\ 
\ k -x\ < 4r 

In I — n a 



L«bj 

Y^ $ (nx - fc) 

fc = \na\ 
\k — nx\ > n 1_Q 



< -L + (6 -a) J (3.1992) e""^. 



14 
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Hence 



O], (i- -•'■)') (»| < ^j + (b-aY (3.1992) e- nil - a \ 



foij = l,...,N. 

Putting things together we have proved 



Lnfcj 



G* n (f,x)- \ ]T *(nx-k)\f(a 

fc— \na] 



^ |/ (j) (*)| 



3 = 1 



J 



-L + (3.1992) (6 -a) j e-" (1 " a) 



vi If™, 



1 \ 1 



(6.3984) H/WI^ (b -af _ n(1 . a) 



i aN Nl 



N\ 



that is establishing theorem. 
We make 

Remark 3 We notice that 

N 



o n (/, X )-J2 ^]r^G n ((• - x y) ( X ) - f ( X ) 



3 = 1 



+ 



G* n (f,x) 



(El= r J „ al * inx *)) (e^Li * («* - *) 

-/(*) = 



E^<(--* y)w 



/ iV 

g; (/,*)-£ 

Therefore we get 



f u) (g 



ECjLi $ (** - *) 



|n&J 



-G;((--^)(x)] ( J] $(nx-fc)]/(x) 

. fc= [na] 



G„ (/, a;) - £ ^^G„ ((• - af) (x) f (x) 



< (5.250312578) • 



G ;(/. i )HE^r G »(('- i ) , )wH E *(™-k)]f(x) 



j =i 



r- 



.k--\na] 



V i G [a, b] 



(30) 



In the next three Theorems 7-9 we present more general and flexible upper 
bounds to our error quantities. 
We give 



15 
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Theorem 7 Let f e C N {[a, b]), n, N e N, < a < 1, x € [a, b}. The 



1) 



( \ W , X 

W/olm e"" , . 

G n (/, x) - 2 H G « (( e ~' - e ~*) . *) " / (*) 

i=i J ' 



(5.250312578) 






(6.3984) (e" a - e 

TV! 



-6' 



A r 



/olni 



(JV) 



2; 



AT 

E 



(/°lni)° (e"*) 



G„(/,x)-/(x)| < (5.250312578)- 

(3) 

i , - ■'■ i 

1 



-a? 



J 



n«J 



(3.1992) (6 -a) J e 



J „-n k 



N\n aN " 



( ( V 

w i I (/ oln iJ 



(6.3984) (e- a - er b 

AM 



N 



(N) 



/ ° In 2 

5j J//W (x ) = 0, j = 1, ..., AT, i* ZioZds 

I G„ (/,xo)-/(x ) I < (5.250312578) ■ 



e~ aAr // \W e" 

jvw^ Wl U /0ln iJ '^ 



(6.3984) (e- a - er b ) 

AH 



A' 



/olni 



(AT) 



,(!- = ) 



Observe here the speed of convergence is extremely high at (w+1)o 
Proof. Call F := fo lni . Let x, * e [a, 6]. Then 



A 



/ ^ -/«-£ 



i?(j) ( e -x) , _ , 



< 



(31) 
(32) 



+ 



(33) 



where 



i=i 



ii'jv I ^ - 



j / k 

■- ' ' K N (x, - , 
n 



(JV-1)! 



16 
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JV-l 



F (N) ( e -sj _ F (N) ^-^ 



Thus 



[nb] . . \nb\ 

y^ $ (m - fc) / 1 - ) - / (x) ^2 * ( nx — k) = 

k=\na~\ k—\na] 



E JT^ E ^^-^(e-^-e-J + J2 $ ( nx ~ fc )(A^T)! 



j=i 



Therefore 



/c— [rta] 



JV-l 



(e" -e"') " [fW( e -')-FW(c-) 



cfe 



Lnfcj 



G£ (/,*)- /(a) E *(»*-fc) 

^G;((e--et,x) + P„W : 



i=i 



where 



with 



L«6j 



£/„ (») := Yl $ ( na; ~ fc ) »> 

k— \na] 



n:= 



JV-l 



(JV-l)! 

Case of |£_ x |<£. 

i) Subcase of a; > |. I.e. e~™ > e" 



(e-n-w) " [^W-fClfe-) 



dw. 



< 



1 



JV-l 



(JV-l)! 

1 
(JV^T)! ./, 

1 



/ A: \ J v — x 



dw < 



JV-l 



f^'U-e^l Mffl< 



(JV-l)! 



Wl 



F W 



JV! 



TV 



-Wl 



jrW, e -» 



JV-l 
( : " — w I cJwj < 



< 



17 
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,N 



-aN 



«i fW,e- 



N\ 



*~ aN ( F (N) * 



k 

x 

n 



< 



Nln aN 



Wl 



Hence when x > - we get 



M< 






ii) Subcase of - > x. Then e » < e x and 
1 r e ~ x , fcx Jv-i 



I Ml 



< 



(JV-1)! 
1 



(k \ JV — 1 



<fl/7 < 



JV-1 

w — e " J wi 



(AT-l)! 

fc 



FW,|iu-e -a, |)dti;< 



JV-1 

w — e ™| dw < 



(A' 



V( F '"' e "°HI) 



iY 



AT! 



Wl 



F (iV) (_ \ ,-a.\ 



N 

N 



< 



< 



i.e. 






,-oJV 



when - > x. So in general when - — x\ < -^- we proved that 

n — ° I n I — n a ^ 



iN 



Ui\<^"AF {N \ e - 



Also we observe: 

i)' When £ < x, we get 



l/*l< 



1 



(TV- D' 
2IIFWII 

II II PC 

(N-iy. 



N-l 

w ) dw I 2 



i?W 



A ! 



N 



< 



2||fW| 
IvT 



(c- - e" b ) 



a 



18 
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ii)' When - > x, we obtain 



(N-l)\ 

2||FW 

= nT 

We proved always true that 



< 



Consequently we get 



AT-l \ 

w — e~™ ) dw 2 



jrW 



fcN JV 2||fW|| , , xJV 



2(e- a -e-") JV ||FW 
AH 



|£4(x)|< J^ ®(nx-k)\ii\+ ^2 $ {nx - k) \n\ < 

k = \na\ J fc = [no] 



^-x|<^ 



k -x\ >^ 



' I -,(N) e 



N\n aN 



-A F(N) ^))\ E *(— fc ) 



Vfe=-c 



/ 



2(e- a -e- b ) iV || J F( iv ) 



\ 



y^ $ (nx - k) 

k = — oo 



J |fc- nx| > 



< 



^ l F (N) < 



F Wl 



2(e-°-e- 6 )"||FW 

TV! 



/ 



(3.1992) e" 



T (l-a) 



TV!n aAr \ n 

So we have proved that 



We also notice that 

G;((e--e- !B ) J ',x)|<G:(| 



e - '-e -a, | J ,a;) -- 



e- aj G; ([ - x| J , x) = e- ai Y, $(nx-k) 

,k—\na] 



k 

X 

n 



-0,3 . 



19 
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[nb] 



y^ $ (nx - k) 

k = \na\ 
\x- k \ < -4 



n I — n° 





- a; 


+ 


[nb] 

E 






k = [na] 






\ 


i & i i 

k - - > -W 

1 n 1 n a 



<I> (ra — fc) 









A; 




j 


— - 


- X 




n 







< 



- "J 



Vnb\ 



— + (b- a) j Yl * (nx - fc) 



n aj 



-"J 



k = \na] 

I b \ 1 

71 — - > — 



— + (3.1992) (b- a) j e-" (1 a) 
n" 3 



< 



Thus we have proved 

G;(( e -- e -f , a 



<e~ aj 



^ + (3.1992) (6 - a ye- n{1 - a) 



for j = 1, ..., N, and the theorem. ■ 
We continue with 

Theorem 8 Let f e C^ ([-f + s, § - e]), n, N € N, < e < § , e small, 
x € [-f + s, § - e] , < a < 1. T/ien 
4 



3 = 1 



.?! 



G„ ( (sin • — sin x) J , x ) — / (#) 



< (34) 



(5.250312578) 



Wi ( (/ o sin ) 



-i\M 



'(3.1992) 2 W+1 (/o 



n a7V AH 



2; 



AH 

G„ (/, x) - f {x)\ < (5.250312578) • 
• -i\U) ,- 



n Ufosm-y 3 ' (sin a;) 



J! 



— + (3.1992) (tt - 2e) 3 e-™' 1 ^' 



20 
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Wi ((/osin x ) 



-i\W 



AMn aAr 



(3.1992) 2 N+1 
M 



(/ o sin J 



(35) 

3) assume further fv> (x ) = 0, j = 1, ..., JV /or some io£ [— f + £, f — e] , 
it ZioWs 

|G„ (/, ar ) - / (*o)| < (5.250312578) • (36) 

wift/osin- 1 )^,^) / (3.1992) 2^+! (/osin- 1 )^ 



n ttAr AM I AT! 

Notice in the last the high speed of convergence of order n~ a ^ N+1 ' . 
Proof. Call F := f o sin" 1 and let |,s € [-§ + e, § - e] . Then 

N 



,'k\ , ^F^Usmx) ( k 
./(-]- / W = 2^ J\ I sm n ~ smx 



1 [- ( . k . 

— - — — t / sin sm s 

[N-\)\J X \ n 



N-l 



(f^ (sins) - F^ (sins)) dsins. 



Hence 



Lnfcj 



fc= [na] 



Lnfcj 



y^ / I - J $ (nx - fc) - / (s) V] $ (ra - k) 



k— \na~\ 



N 

E 



F^') (sins) 



LnbJ 



fc=[na] 



Lnfcj 



> $ (nx — fc) I sin sinx I + 7^7 rr /^ $ (nx — £;) • 

~ ~ \ n 1 \ ± • r 1 . _ _ _ 



(iV 



fe-[?io] 



sm sm s 

n 



N-l 



(FW (sins) - F™ (sins)) dsins. 



Set here a = — |+e, o=|— e. Thus 



Lnfcj 

G n (/,s)-/(s) £ $(nx-k) = 

fe=[na] 

^ ^^1g; ((sin • - sinx) J , s) + M„ (s) , 



i=i 



.?! 



where 



Lnfcj 



M n (s) := ^ $ (nx - fc) p, 

fc= [na] 



21 



ANASTASSIOU: NEURAL NETWORK APPROXIMATION 



680 



with 



k 



k 

1 /■» /. 

P '■= -, rr / Sin 

" (N-1)\J X \ 
Case of 1 1 



w-i 



1 
- sin s ) (.F^ (sin s) - F {N) (sin x)\ d sin s. 

i asc oi I- — x\ < \. 

i) Subcase of — > x. The function sin is increasing on [a, b] , i. 



Then 



e. sin - > sin 2. 

n — 



k 



r ( . k 

— / sin — 

(N-1)\J X \ n 



JV-l 



l sin s 

n 

.1 f sin ^ ( . k \ N ^ 

— / sm w 

(JV-l)! 



F^ (sin 



s)-F (JV) (sina;) 



1 



/ h \ N ~ 1 

I sin - - w ) (F (JV) H - F W (sin at)) dw < 



<i sin < 



< 



(JV- 



, -. JV-l 

i .sin w) u>i[F^ ', \w — sinxl J dw < 

1)! ./sin* \ n J V / 

fc \ (sin | - sin a;) 

sm sin x ; — < 

n J JV! 



Wi(F (JV) , 



So if | > x, then 



^MH)*^-*" 1 ^" ^) 



i 



|p|<< 



1 



JV!n aiV ' 



ii 



Subcase of - < x, then sin - < sinx. Hence 

F™ (sin 



^Is^wJli' 



k\ N ^ 
sin s — sin — I 



n , 



s) — F^ N ' (sin a;) dsins = 



1 />sinic / i \ AT— 1 

/ L - sin - ) F^ (u>) - F (JV) (sin x) dw < 

\™ ~ 1J- J sin ^ V n / 

.„;„ „ , . v IV— 1 



-i />sinx 



(JV- 

1 



i | w — sin — ! 



, N N-l 

l-J wi (F (Ar) ,|w-sin:r|) dw < 

(JV-l)! V 



sin x — sm — / w — sm — 



dw < 



<ivV'( F( "'-R|) 



(sm x — s ! ii vi 



- sin l; 



JV 



< 



JV! V W n ~ n ttAr JV! V W 
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We proved for - < x that 
So in both cases we got that 



N N r 



l"l^'( F< "'^)^An- 



when I - — x I < -\. 

In I — n a 

Also in general (- > x case) 



N-l 



ipi - (iv^T)! r( sin ^ sins| " sm ^ 2 



F 



(N) 



1 



(A-l)! 



-ii! -; : / 7 \ N—l 

sin w | dw I 2 



(TV) 



TV 



1 / • k . . 

— - sm sin x ) 2 

A! \ n 



p(N) 



< 



2 N+l 



F 



p( N ) 



Also (case of - < x) we get 

|p|< ' 



, , , sin s — sin — d sin s 2 

(A- 1)! \Jk V n 



N-l 



p(N) 



1 / f sinX ( . k\ N - X , , 

— / \ w — sin — dw 2 

(A-i)! iy Bin A V 



i 



smi — sin ■ 



(A-l)! A 

So we proved in general that 



Therefore we derive 



_nj_ 2 



< 



2 N+1 



p( N ) 



p( N ) 



< 



2 N+1 



A! 



p( N ) 



LnfcJ [_nb\ 

\M n (x)\< ^2 &(nx-k)\p\+ Yl ®(nx-k)\p\< 

k= \na] k= \na] 



' m(FW,l) \ (3.1992) 2 N+1 
N\n aN I + ~ A! 



pW 
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So that 



|M n (a;)|< 



uii(F<- N \^) (3.1992) 2 N+1 



Nln aN 



Nl 



p(N) 



Next we estimate 



G* ( (sin • — sin x) 3 ,x\ < G* I |sin • — sin x\ 3 , x ) < 



[nb\ 

G* n (\--x\ j ,x)= J2 *(nx-k) 

k— \na~\ 



< 



(work as before) 



Therefore 



4j + (3.1992) (ir-2ey e - n(1 "\ 



G* n ((sin- - sinxf ,x) \<^~ + (3-1992) (tt - 2e) 3 e^^, 

j = l,...,N. 

The theorem is proved. ■ 
We finally give 

Theorem 9 Let f e C N ([e, it - e\), n,N e N, e > small, x e [e,n — e], 
< a < 1. TTien 



< (37) 



G„ (/,*)- 


jv / j. _i\ U) i 

y, (/ o COS *) ( 

.7=1 ■ y ' 


cosx) / 
G„ ( (cos 


• — cosx) 5 , ml 


"/(*) 




(5.250312578) 


U((/ocos-) W ,^) 






n aATJV! 






/ (3.1992) 2 JV+1 


If -1\M 

(/ocos ^ 


oo I ^-n* 1 -") 






\ iV! i" 


; 



2; 



N I (/ocos- 1 ) 00 (cos ») 



G„(/,x)-/(x)| < (5.250312578)- 
1 



J I 



n Q J 



+ (3.1992) (7r-2e) J 
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Wi I (/ o cos x ) 



-i\W 



N\n aN 



(3.1992) 2 N+1 



(/' 



-i\W 



(38) 
3) assume further /"' (xq) = 0, j = 1, ..., N for some xq G [s,tt — s], it holds 

\G n (/, x Q ) - f (» )| < (5.250312578) • (39) 

wift/ocos- 1 )'* ,^ / (3.1992) 2*+* (/ocos" 1 )™ 



n aJV AH I TV! 

Notice in the last the high speed of convergence of order n~ a ^ N+1 ' ■ 
Proof. Call F := / o cos -1 and let J,i£ [e, 7r - e\. Then 



iV 



/ = -/<*>-£ 



FW(cosa;) 



i=i 



cos COS X 

n 



(iV-1)! 
Hence 



cos cos s 

n 



N-l 



(fW (cqss) - F<"» (cos a:)) dcos; 



Lnfcj 



[nb] 



y^ / I - J $ (no; - k) — f (x) V] $ (ra - fc) = 

fc-fm] fc— [na] 

L«bj 



j=i 



J! 



k— \na] 



L«6j 



^F«)(cos») £3 _, .,/ fc V I ^ _, 

2^ 7i 2^ ^(ng-fe)(cos--co8g) + r;v _ 1) , 2^ $ (^- fc )' 



cos COS s 

n 



N-l 



Set here a = e, b — 7r — e. Thus 



(JV-1)! 

F (JV) (coss) -F w (cos a)) dcoss. 

Lnfcj 



G;(/,x)-/(x) ^ *(nx-k) = 
2_. n G'n ((cos- — cosx)- 7 , x) +Q n (x) 



3 = 1 



.?! 



where 



[nb] 

Q n (x):= ^2 $(nx — k)\, 

k—\na] 



2o 
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with 
A:= 



— / cos cos s 

(N-1)\J X \ n 



1 



k 
cos w 

n 



)iv — 1 
(f^ (coss) - FW (cos a:)) dcoss 

FW(«;)-FW(cosa:))dii;. 



JV-l 



(N - IV , 

V J y ^ J • J cos a: 

Case of I- — x\ < \. 

i) Subcase of - > x. The function cosine is decreasing on [a, b] , i.e. cos - < 
cos a;. 
Then 



|A|< 



1 f cosx ( k 

-, — / \ w — cos — 



N-l 



| (fW (w) - FW (cos a;)) \dw < 



1 f cosx ( k 

» r 7V, / W — COS 



/ h\ N ~ 1 

I w — cos — 1 wi I F' ' , I w — cos x| ) rfw < 



Wl 



,A r 



fc\ (cos a; — cos -) 
F w ,cosa:-cos- ] ^ ] — ^— < 



Wl 



fW, 



A: 



I JV 



AH 



< Wl (FW, 



1 \ 1 



i aN NV 



So if | > a;, then 



1 ' - V W n aAr JV! 



ii) Subcase of - < x, then cos - > cosx. Hence 



|A|< 



1 



(JV-l)! 

(JV^TJT 

1 

Wl 



cos w 

n 



cos U) 

n 



N-l 



N-l 



F^(w)-F ( - N Ucosx) 

Wl I ^W ( y, _ CO g X j ^y; < 



dtu < 



(JV-l)! 



tm k \ r° s " ( k \ N ~ 1 , 

F y ; ,cos cosx ) / I cos w] aw < 

n 



N\ 



Wl 



1 


-Wl 


' ' F {N \ 


k 

X 

n 


(JV-l) 


f F (N) i 


k 

n 


■ X 


) 


k 
n 


— X 


N 



(cos ^ — cos x) 



n 



N 



< 



<JL Wl f f w ) i)_ 

- JV! V n a J n 



tN ■ 
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We proved for - < x that 

' A '^( F(A0 'i) 
So in both cases we got that 



1 \ 1 

N\n aN ' 



\\\<wAf^,—\ — 

1 ' ~ V n a Jn a 



1 \ 1 



when I - — x I < --W . 

In I — n a 

Also in general (- > x case) 



|A|< 



1 



(iV-1)! 



iV-l 

w — cos — I dw I 2 
n 



p(N) 



< 



1 f *\.\ 

— - cos a; — cos — | 2 

iv! \ n 



p(N) 



< 



2 N+1 



irw 



Also (case of - < x) we get 
1 



|A|< 



(N-l)\ 



cos w dw 2 



1 ( k \\ 

M lcos--cosx) 2 



F 



(N) 



< 



>/V+l 



m 



F 



p(N) 



(JV) 



So we proved in general that 



|A|< 



2 N+1 



jrW 



Therefore we derive 



[_nb\ [_nb\ 

|©n(a:)|< Y. $(nx-k)\\\+ ^ ${nx-k)\\\< 

k— \na] k— [no] 

(k:\x-^\<^) (k:\x-^\>^) 



c* I fW 



1 \ 1 



i aN N\ 



(3.1992) 



2 N+1 



(JV) 



So that 



|e„(x)|< 



n aN N\ 
Next we estimate 

G* ( (cos • — cos x) J , x ) 



(3.1992) 



2 N+l 



F 



p( N ) 



< G* ( Icos- — cosxP ,x ) < 
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[nb\ 

G* n (\--x\ j ,x) = J2 *(™-k) 

k— \na] 



< 



(work as before) 



4j + (3.1992) (^-2e) J e-" <1 "'. 



Therefore 



G* n ((cos--cosxY ,x) < ^- + (3.1992) (vr-2e) J e- n<1 "\ 

j = l,...,N. 

The theorem is proved. ■ 

4 Complex Neural network Approximations 

We make 

Remark 4 Let X := [a,b], M. and f : X — > C with real and imaginary parts 
Aj/2 : / = /1 + if 2, i = V~ T- Clearly f is continuous iff f\ and f 2 are 
continuous. 
Also it holds 

f^{x) = f[ j) (x)+ifi j) {x), (40) 

for all j = 1, ..., N, given that f u f 2 e C N (X), JVeN. 

We denote by Cb (R, C) the space of continuous and bounded functions f : 
M — > C. Clearly f is bounded, iff both /1, /2 are bounded from M. into K, where 

f = h + ih- 

Here we define 



and 



G n (/, x) := G„ (/1, x) + iG n (f 2 , x) , 
G n (f,x) := G n (fi,x) +iG n (/ 2 ,x) . 



(41) 
(42) 



We observe here that 

\G n (f,x) - f (x)| < \G n (A,x) - h (x)\ + \G n (fax) - h (x)\ , (43) 

and 

\\G n (f) - /IL < \\G n (A) - AIL + \\G n (h) - ML ■ (44) 

Similarly we get 

\G n (f,x) - f(x)\ < \G n (f u x) - h (*)| + \G n (f 2 ,x) - h (x)\ , (45) 

and 

\\G n (/) - f\\ < \\G n (A) - All + \\G n (f 2 ) - / 2 || . (46) 
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We present 

Theorem 10 Let f E C ([a, b] ,C) , / = A + if 2 , < a < 1, n e N, x e [a, b}. 
Then 



i) 



\G n (f,x)- f(x)\ < (5.250312578) ■ 



" ! /i'^) +«i (/a.^) ) +(6-3984) (HMU + H/alDe- 



and 



ii) 



\\G n (/) - /|l < Vi 



(47) 

: "01, 

(48) 



Proof. Based on Remark 4 and Theorem 4. ■ 
We give 

Theorem 11 Let f E C B (K, C), / = /i + if 2 , < a < 1, n € N, x € R. TTierc 



*; 



|r;„(/..r)-/ ( ,-,|< [„(/i,^+ w .(/^ 



wj 



(6.3984) (H/1IL + H/2IU e" 



|G n (/)-/|L <v 2 . 



^2 



(49) 



(50) 



Proof. Based on Remark 4 and Theorem 5. ■ 

Next we present a result of high order complex neural network approxima- 
tion. 



Theorem 12 Let f : [a, b] — > C, [a, b] C M., such that f = f\ + if 2 . Assume 
h,h €C N ([a,b]), n,N G N, < a < 1, x € [a,b]. Then 

i) 

\G n (f,x)-f(x)\< (5.250312578)- (51) 






— + (3.1992) (b- a) j e- nil a) 



(^r^M/r^)) 



'(6.3984) (|/< 



c(N) 



* N N\ 



fW 



+ 



(b-a) 



N- 



Nl 
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M) 



cti) 



ii) assume further f\ (xo) = f% (x$) = 0, j = 1, ..., N , for some xq £ [a, b], 
it holds 

\G n (/, x ) - f (x )\ < (5.250312578) • (52) 

■(«i(/ 1 (JV) ,^)+^(^,^)) 



(6.3984) 



n 



(N) 



* N N\ 



e(N) 



- + 



(b-a) 



iY> 



m 



notice here the extremely high rate of convergence at n ( N + 1 ) a ^ 
Hi) 

\\G n (/)- f\\ x < (5.250312578) • 






(J) 



U) 



n a] 



(3.1992) (6- a/ e 



J „-n k 



^(/r^+^/r^)) 



(6.3984) (|/< 



f W 



iJVjyi 



c(N) 



(b-a) 



N 



N\ 



Proof. Based on Remark 4 and Theorem 6. 



-)e~ n 



(!-<*) 



(53) 
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Abstract 

In this study, we prove the classical Hardy inequality in block weighted sequence space. 
Also, by a non-negative function K = K(x, y) we define corresponding continuous case of 
the block sequence space. Indeed, by a non-negative Lebesgue measurable function K on 
(0,oo) x (0,oo), we define 

L p K :=lf : j°° (£ K(x,y)\f(x)\dx) P dy<^\. 

The space L P K equipped by the norm ||/||p,K = I J °° ( J °° K(x,y)\f(x)\dx) dy \ is a 
normed linear space. Finally, for K which is homogeneous of degree 9 we prove that 

\\f\\p,K<C(p,q,e)[J x^+^\r{x)\dxy . 

Keywords: Integral inequality; Hardy's inequality; Block weighted sequence space; Nirrlond's 

operator. 

Msc 2000: 26D15 

1 Introduction 

The classical Hardy inequality reads: 

r { inmy dx<{ j^yr r{x)dx , (p>1) (1 _ 1} 

Jo v x ' \p—l' Jo 

where, / is nonnegative function such that / G L P {R + ) and R+ = (0, oo). The almost dramatic 
period of research for at least 10 years until G. H. Hardy [2] stated and proved (1-1) was described 
in details in [4]. 

Another important inequality is the following: 
If p > 1 and / is a nonnegative function such that / € L P (R + ), then 



oo , roo 



(/ ^dxYdy<-^— f{y)dy. (1-2) 

\Jo x + y ' sin{^) Jo 
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It was early known that these inequalities are in fact equivalent. Moreover, (1-2) is sometimes 
called Hilbert's inequality even if Hilbert himself only considered the case p = 2 {LP spaces were 
not defined at that time). 

We also note that (1-1) can be interpreted as the Hardy operator H : (Hf)(x) := - J^ f(i)dt, 
maps L p into LP with the operator norm q = -^j- (since, it is known that ( -^ J is the sharp con- 
stant in (1-1) ) . Similarly, (1-2) may be interpreted as also the operator A : (Af)(y) := Jq°° ^l^r^dx 
maps LP into P with the operator norm - 



In 1928 Hardy [4] proved an estimate for some integral operators as a generalization of the Schur 
test, from which the first "weighted" modification of Hardy's inequality (1-1) followed, namely 
the inequality 

(Kim.) v dx < (^^-y r fW/ dx , (p > i) (i - 3) 

V x I \p — a — 1^ Jo 

valid , with p > 1 and a < p — 1, for all measurable non-negative functions / (see [3] Theorem 
330), where the constant ( _ p _ 1 ) is the best possible. The prehistory of (1-1) up to the time 



K p— a— 1 
when Hardy finally proved (1-1) in 1925 in [3] can be found in [6]. After that the inequality 

has been developed and applied in almost unbelievable ways. See for instance the books [6] , [7] 

devoted to this subject and also the historical article [5] and references given therein. 

In this study, at first we prove a weighted Hardy inequality in discrete form and then verify 
Hardy inequality in weighted block sequence space. Finally, by a non-negative and homoge- 
neous function K = K(x,y) in definition 2.1 we obtain some Hardy-type inequalities. 



2 New results 

Suppose that w = (w n )™ =1 is a non-negative sequence of real numbers . For p e i?\{0}, let l v w 
denotes the space of all real sequences x = {xk}^ = i, such that 

OO 1 



>,p := {J2 Wk \ Xk \ p ) p < °°- 



fe=l 
For the continuous case, L^ denotes the space of all functions /, such that 



i 

w,p 



w(x)f p (x)dx) p < oo. 



Lashkaripour and Foroutannia in [8], defined the weighted block sequence space as follows. 
Assume that F = (F n ) is a partition of positive integers where each F n is a finite interval of TV 
and 

maxF n < min.F„ + i (n = l,2, ...). 
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The weighted block sequence space l^ F is defined as 

oo 
C,F := \ X = ( X n) '■ Yl Wn \ < X ' Fn > \ P <<X>j, 

Tl=l 

where, < x, F n >= J2j£F n x j- The norm on l^ F is denoted by ||.|| P; u,,f and is defined by 

oo l 

IMIp,w,F := ( Yl Wn \ < x > F n> \ P ) P ■ 



n=l 



Note that with the above-mentioned definition tP w F is not a normed sequence space. Indeed, one 
may consider x = (1,-1,0,0,...), F\ = {1,2}, F2 = {3,4}, ... and w n = 1 then, ||x||p,«,,F = 
whereas x/0. 
We reform the above-mentioned definition as 



L w,F 



:= \x = (x n ) : Y Wn \ Y \ x i\) <00 p 

^ n=l i€F n ' 



1 



jeF n 

and 

, 00 

IMU-F := f Y Wn { Y \ x i 

\ n=\ jeF n 

Of course, for non-negative sequences the two definitions coincide. 

G. Bennett in [1] for a matrix A with non-negative entries and p > 0, defined the sequence space 

Ia(p) = \ x = ( x n) : Y (X^ a ™- fc l Xfc l) < °°}- 

n k 

For p > 1 with the norm 

\\ x \\a(p) = (J2{J2 a ^k\ x k\) Y , 

Ia(p) i s a normed sequence space. 

By a partition F = (F n ), we correspond a matrix A = (a n; jt) such that a„ ; fe = 1, for fc € F n and 
a n,fc = 0, otherwise. One may easily verify that 

where, 

lkL,A( P ) = (J2 Wn C52 a ^\ x k\) p ) p ■ 

n k 

For any partition, the corresponding matrix is a quasi-summability matrix, which is an upper 
triangular matrix which has column-sums 1. 
For a certain I n such as I n = {n}, I = (I n ), is a partition of positive integers, l p w I = l w j( p ) = C 
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and H^Hio^z — 1 1 x | \j (p\ ^ w — ||^||wj>- 

In light of above considerations, we define continuous form of the space Ib<p) as follows: 

Definition 2.1 Let p > 1 and K = K(x,y) be non-negative Lebesgue measurable function in 
(0,oo) x (0,oo), we define 

L p K :=(f : H^r K( Xl y)\f(x)\dx) P dy<^ 



i 

P , \ V 



WO 

The space L P K equipped by the norm ||/|| P) k = ( Jo°° ( fo° -^( x ' y)\f( x )\dxYdy ) is a normed 
linear space. In special case by taking K(x, y) = 1, for x = y and in otherwise, L P K is reduced 
to the usual space L p '. Also, by considering K(x,y) = w(y), for x = y and in otherwise, the 
weighted space L^ is obtained. 
By taking K in above-mentioned definition as: 

K(x,y) = { y ^ (x " y) ' 

\0 (x>y), 

we obtain in Theorem 2.12 below that 



v__^( P Y \fP(n.\\J>. 

p-P-V Jo 



oo 



P ,K<( Z -a J / \f\x)\x^dx. (P<P-1) 



Note that this corresponds to (1-1) and (1-3), where (3 = and (3 = a, respectively. 

Lemma 2.2. (Young inequality; see [9, p. 30 or p. 49 ]) If p > 1 and h + h = 1, then 

, a p W 

ab < 1 

p q 

for all a, b > 0. 

In the following, inspired by Elliot's and Ingham's proof for the classical Hardy's inequality we 
prove a weighted Hardy inequality(see [6, p. 158]). 

Theorem 2.3. Let a n > and < w n < 1. If p > 1, then 

Yl ( — ) w n <q P Y^ «>») 



where, A n = Yl=\ a k- 

proof. Let a n = —^ and ckq = 0, then we have 



a p n — qa p n 1 a n = oP n — qa 



p n 1 (na n - (n- l)a n -ij 
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= a£(l - nq) + (n — l)qa p n 1 a n -i- 
Now, by applying Lemma 2.2 one may obtain 

p v 

< - g<"V < <(1 - ng) + (n - l) g (^ + "^ 

= (g-l)((n-l)<_ 1 -n<). 
Since, < tu n < 1 we have 

a p n w n - qa p l ~ 1 a n w n <{q- l)((n - l)a£_i - na£j. 

Summing from 1 to N yields 

N / a \p N / A \P~ L 

E(v) ^-^(v) a ^ - (1 - q)Na * ^ °' 

n=l n=l 

so from Holder's inequality we infer that 

?i=1 n=l n=l 

Division by the last factor completes the proof. 



Proposition 2.4. (Schur, see [1] Proposition 7.1) Fix p, 1 < p < oo, and suppose that A is a 
matrix with non-negative entries. If 



sup V a„ ifc = -R < 
n fc=i 

and 



oo 



sup £ a n>i = C < oo, 

k n=\ 

j_ l 

then A maps l p into l p and ||-Ax|L < R p * Cp ||x|L. 

In the following, we generalize the above-mentioned proposition to the weighted sequence spaces 
for upper triangular matrices. 

Lemma 2.5. Suppose that 1 < p < oo, that w = (w n ) is a non-negative increasing sequence 
and let B = {b n ^k) be an upper triangular matrix with non-negative entries. If we take 



sup y* bi j = Rb < oo, inf V^ b{ ,■ = Cb < oo, 

then for x > 0, we have 

j_ i 

II T II , - <" P P * ^P II T II 

II ^ llw),B(p)— -"-B ^ B II llw,p • 

5 
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Proof. By applying Holder's inequality, we have 



oo oo 

V 



■r II'... ,>,. .— ^ Wj ( y~] bj.r.r 



p 

w,B(p)~ Z^ w i\£^, u h3^1 
1 j=l 



oo oo 

i=l 3=i 

oo , oo _ 1 oo 

i=l jr'=i j'=i 

oo oo 

i=i j=« 



Now, since (t« n ) is increasing, one may obtain 



oo J 



3=1 i=l 

<^ nP~ ^ r 1 ll ll 

— ^B ^B || X \\w,p ■ 

Theorem 2.6. Let a n > and (w n ) be an increasing sequence satisfying < w n < 1. If p > 1 
and -B = (6 ni fe) is an upper triangular matrix with non-negative entries, then 

i i 

117 I ^ np* /^i V II | 

\\' la n\\w,B(p) — "-B ^B^ll^rallp^) 

where, ha n = ^ k=1 is the discrete Hardy operator. 

Proof. By using Lemma 2.5 and Theorem 2.3 the assertion is proved. 

Corollary 2.7. Let a n > and < w n < 1 be an increasing sequence. If p > 1 and F = (F n ) 
is a partition of natural numbers then 

i 

||'Wn||p,'U>,.F <- iV P (7||CJn||p,TOj 

where, ha n = fc ~ 1 and N is the largest cardinal number of F n 's. 

Note that for the case of weighted block sequence space the right-hand side constant necessarily, 
is not the best possible. Indeed, it depends on the weight of that space. For instance, in the 
following we prove a special case. 

Theorem 2.8. Let a n > and w n = —=, a > 0. If p > 1 and F = (F n ) is a partition of natural 
numbers such that, F n = {nN — N + 1, nN — N + 2, ..., nA^} then 

— + - 
||fran||p,w,F < Np* pq\\an\\p,w, 
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where, ha n = fc=1 — . The constant factor is the best possible. 
Proof. By applying Holder's inequality we have 



OO -i 



\ ha n\\p, w ,F = J2^{ E H'/ 
"=1 iGF n 



oo -I 

1 £_ 



77. 
Ji=l iSF„ 



<E^ME(K) P )- 

Since, for j £ F n , we have j < nA'" so 



OO I 

i^c F <^ +a EE^(K) p 



7 L 



OO -I 

<^ +Q E^(^) p 



n n u 



N^ +a \\hn \\ p 



< a p Np~* +a \\n \\ p 
Fix n, for j £ F n , take afc = 1 for 1 < k < j and a& = 0, otherwise. Then 



OO -i 

1 / \-^ , \p 



\ ha n\\p,w,F = J2^( E K 






NP 

a 



II 



On the other hand 



\hn \\ p < n p \\n \\ p 
\ na n\\ W:P ^ y II^IIm^F 

— ^ Z / ha 



/.r 
jyl-Q 

<a p - 



So 



(n- l) a ' 



J_ , a /fi — 1 \ — 

/ia„ L w f > giVp* p[ I p \\ha 

\ n J 

By tending n to infinity one may obtain 



n\\w,p- 

n ■ 



\\ha n \\ PiWi F > qNp* p \\ha n \\ w , p . 

Theorem 2.9. Let p > 1 and K = K(x,y) be non-negative Lebesgue measurable function on 
(0, oo) x (0, oo). Suppose that K is homogeneous of degree 6. Then 

JP c TV 
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Moreover, 

i 

p 



>o 
where 



p ,K<C(p,q,9)( xrt 1+ V\fP(x)\dx) 



c{p,q,e) = ( n K(t,i)t~vdty( r K{i,t)t {p - i){i+e) -uty 



'0 ' K J0 

Providing all integrals be finite. 

Proof. By applying Holder's inequality we have 

p = [°° ( [°° K(x,y)\f(x)\dx) P dy 



wo 
" (^J^Kkx,y)\f(x)\( X )^)(Kkx,y)(^)dxJdy 

< l" ( r(K{x,y)\f{x)\(-fdx)(rK{x,y)(y-fdxf~ l dy. 



Note that 



So 



o \Jo v v y 7 ' x Jo K x< 

K{x,y)(^Y P dx= r K(yt,y)C*-ydt 

K x/ Jo 

f°° 1 

= y 1+e / K(t,l)t~pdt. 
Jo 

Ik < ( I q °° K(t, l)t-ht) P ~ l 1^ y^ 1 * 1 **) ( j™ K(x, y)\fP(x)\(-)«dx) dy 

= (jf K(t,i)r^t) p y l/ p (*)l(/ ^(^,y)y (p - 1)(1+e) ( )^yjdx 

/ K(t,l)t~*dt) / \f p (x)\( / tffoztXxtjfr-^+^r'xdiJds 

™ K(tA)t-*ti)^\r K(i,t)t^ i){ ™ ) -«dt)( r x p^\fP{ X )\dx). 

Corollary 2.10. Suppose that p > 1, that K(x,y) is non-negative and homogeneous of degree 
-1, also assume that K(x,y) = K(y,x). Then 

^ (J o K(x,y)\f(x)\dxj dy<Cj o \f(x)^dx, 

where 

/■OO ! 

C = / K(t,l)t~idt. 
Jo 

Proof. By assumptions on K we have 

/ K(t,l)t~pdt= / r^M)* 1- *dt 

Jo jo 

/•oo i 

= / K^^r^Udt. 
Jo 
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oo _j 

K(l, z)z~ dz. 
o 



Note that Corollary 2.10 corresponds to Theorem 319 in [3]. Also, B. Yang in [10] by defining 
the integral operator T as: 

(Tf)(y) := / K(x,y)f(x)dx, y € (0,oo), 

Jo 

and assuming some conditions on K, found the norm of operator T. He supposed that K(x, y) is 
continuous in (0, oo) x (0, oo), satisfying K(x,y) = K(y,x) > 0. Then, for e(> 0) small enough 
and x > 0, Yang by setting K e (r,x) as 

l+e 

K e (r,x):= K(x,t)(-j dt (r = p,q), 

proved the following assertions: 



(i) if Ko(r, x) = / °° K(x, t) ( | J dt = Ko(p)(r = p,q;x > 0), and Kq(p) is a constant indepen- 
dent of x, then T £ B(L r (0, oo) — ► L r (0, oo)) and ||T|| r < Ko(p)(r = p,q); 

(ii) if K e (r, x) = K e (p)(r = p, q; x > 0) is independent of x, and K t (p) = Kq(p) + o(l)(e — > + ), 
then ||T|| r = i^o(p)( r = P) <?)• 

Remark 2.11. Note that similar to discrete case, constant factor necessarily, is not the best 
possible. Indeed, it depends on K. For instance, in the following we give a new proof for in- 
equality (1-3), which the constant factor is the best possible. 

Theorem 2.12. Let p > 1 and j3 < p — 1. Also, suppose that 

K(x,y) = { y ^ (x " y) ' 

10 (*>y), 

and 

/■oo 

x^|.P(a;)|da; < oo. 

oo 



/0 
Then 



< 



(Hbr) I iw^*- 



<r- K ' \p-l3-D h 
Proof. By applying Holder's inequality we have 

/•oo . /-oo . p 

l,K= I (I K(x,y)\f(x)\dx) dy 



wo 
^(^"(^(^y)!/^)^-) 8 )^^^)^)')^)^ 



oo / /-OO 



<y o (J q (K(x,y)|r(x)|(^) SP dx)(y o K(x,y)(|) S9 dx)^^. 
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Note that „^ ^ 

^ K(x,y)(^y q dx= f" K(yt,y)t- S iydt 



o x x y Jo 

f 3 rl 



yp I r sq dt 
Jo 

§_ 

yv 



1 — sq' 
providing, s < \. So 



9 



p < 
p,K — 



1 / roo \ roo 



I Z" 00 

' x"|/P(x)|dx, 



(sp-^tl-^-Uo 

providing, (5 < sp < p — 1. One may easily verify that, the factor of integral attains its minimum 
at s = -^, so we have 

ntioned in Theorei 
ci, C2 such that 



If inequality mentioned in Theorem 2.12 takes the form of equality, then there exist constants 



This leads us to 



ci\f p (*)\Q 


sp /y\ sc i 
= c 2 (-j 
^X' 


i/ p wi = 


ci ( y \ s pi 

C\ \x' 




C2 /yy+p 




C\ \X' 


xP\f*(x)\ = 


c 2 /y 1+/3 \ 


POD 

/ s^|/P(x)|dx < 00. 



So 



This contradicts to 

Jo 

Let (a n ) be a non-negative sequence with ai > and ^4 n = ai + ...a n .Two matrices are associated 
with the sequence (a n ). The first is called the Norlund matrix iV a = (a n ,k) n ^>o is defined as 
follows: 

f %* A; < n, 

[0 fc > n, 

and the second is called the weighted mean matrix M a = (a nt k) n ,k>o which is defined as the 
following: 

/ f- k<n, 

y fc > n. 

10 
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In light of above-mentioned definitions, by a weight function w(x) = x a (a/-l) on (0, oo) we 
define continuous Norlund and continuous weighted mean operators as the following: 

/•oo 

(T N f)(y):= N(x,y)f(x)dx, l/€(0,oo), 

Jo 



and 



where 



/■oo 

(T M f)(y):= M(x,y)f(x)dx, j/€(0,oo), 

Jo 

(x-y) a , 

N(x,y) = { Io zadz 

y > x, 



y < x, 



M(x, y) = \ So z " dz 

y > x. 



Corollary 2.13. Suppose that p > 1 and a > — -. Then 

**< 4x^11/11*. (2" 1 ) 

1 + pa 

p ,N<(l + a)p(l + a,-)\\f\\ p , (2-2) 

p 

where /?(., .) is beta function. 

Proof. Note that M = M(x, y) and N = N(x, y) are non-negative and homogenous function 

of degree -1. Now, by applying Theorem 2.9 we have 



where 



I , roo 



c{p,q,-i) = n M(t,i)t~*dtyn M(i,t)t~«<tty. 



' v JO 

j^d + a^-^UtYi I (l + a)t a -*dtY 



_ p(l + a) 

1 +pa 

For the second inequality we have 



C{p,q,-1) = ( [°°N(t,l)r>dty( [°° N(l,t)t~*dty 



i , ' 1 



11 



i' 
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(l + a)/0(l + a,-; 

V 



Remark 2.14. Inequalities mentioned in the above corollary mean that the operators Tm and 
Tjy are bounded in L p (0, oo) and 

II^m ||lp-»-i,p < -r~. 

1 + pa 

and 

\\T N \\ LP ^ LP <(l + a)/3(l + «,-). 

p 

Remark 2.15. By taking K(x,y) = jn— in Theorem 2.9 we have 

C(p,g,-1)= / -^-f// 



POO 




Jo 


l + t 


(3(-, 
p 


J) 


7T 




sjn( 





So, Theorem 2.9 asserts that 



/( x ) j A p j ^ ^ 



dx) P dy < — 4^r / / p (y)dy 

/ ami - ) ./n 



a: + y ' sin(^) Jo 

This means that, Theorem 2.9 is a generalization of Hilbert's inequality. Indeed, Hardy et al. 

in [3] prove the following statements: 

Suppose that p > 1, pi = -^y, and that K(x,y) has the following properties: 

(i) K is non-negative, and homogeneous of degree -1, 

/■OO _i /"OO _j_ 

(ii) / i^(x, l)x vdx= I K(l,y)y p'dx = k, 

Jo Jo 

_ 1 _ JL 

and either (m) K(x, l)x p is a strictly decreasing function of x, and K(l,y)y *" of j/, or more 

_ i 
generally, (Hi/) K(x, l)x p decreases from x = 1 onwards, while the interval (0,1) can be divided 

into two parts, (0, £) and (£, 1), of which one may be null, in the first of which it decreases and in 

_ j_ 
the second of which it increases, and K(l,y)y j" has similar properties. Finally suppose that, 

when only the less stringent condition (iiil) is satisfied, 
[iv) K(x,x) = 0. 

Then 

unless (a m ) or (b n ) is null, 

v 



n 

12 



a p 
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unless (a m ) is null, 

W]Tlf(m,n)& n Y' <*T#» 



m y n ' n 



unless (6 n ) is null (see [3 Theorem 318]). For the corresponding theorem for integrals see [3 
Theorem 319]. Note that by applying Holder's inequality one may easily prove that the above- 
mentioned three inequalities are equivalent. 
They extend the above-mentioned assertions as follows: 

Suppose that K(x, y) is a strictly decreasing function of x and y, and also satisfies conditions 
(i) and (ii), that X m > 0, \i n > 0, 

A m = Ai + A 2 + ... + A m , M n = iii + ij, 2 + ... + Hn, 

and that p > 1. Then 

unless (a m ) or (b n ) is null. 

If K(x,y) = T^pr, the following inequality is obtained (see [3, Theorem 321]): 

i_ i 

•'"■m ~r JKin sin — 

VW 

In light of above considerations, we shall prove the following corollary of Theorem 2.9. 
Corollary 2.16. By taking w(x) = x a (a/ —1) and defining W(x) = Jq w(t)dt, then 

f(x)g(y) < — ^-( f f p (x)dx)' ( r g q {y)dy)\ 





JO Jo 


a 

x"y 


P 




W(x) + 


W(y) 


Proof. 


By taking 












K(x,y) = 


in Theorem 2.9, we have 










C(p, q, 


-1) = 



X q yp XI yP 

1 + a) 



l+OL _|_ ail+Ol ' 



W(x) + W(y) v 'x l+a + y 



/ K(t,l)t~'dtyn K(l,t)t~«dt) p 

(1+Q) U i+in=*) U rr^* 



Now, by substituting z = t 1+a and noting that 



oo z a ~ ^ 



l3(a,b) = / — — r-rcte, 

v 7 Jo (l + z) a + 6 

we obtain 

C(p,q,-1) = 0(-,-) 

p q 

13 



MOAZZEN, LASHKARIPOUR: HARDY INEQUALITY 704 



7T 



sm , 
\p 



This completes the proof. 



Suppose that (w n ) and (v m ) are two non-negative sequences. Also, assume that M w = (ffi-) n ,k>i 
and M v = (y-) n ,k>i are the corresponding their weighted mean matrices, respectively. In this 
case, let M VyW = (a>i,j)i,j>i denotes the product of M w and M v . Then 






Now, we define the weighted mean operator and the niirlond's operator of two functions w(t) 
and v(t) as follows: 



M%{x,y) = 


( v(y) rx w(t) ,. 
J W(x)Jy V(t) al 

I ° 


y <x, 

y > x, 


K(x,y)=l 


J w(x—t)v(t—y)dt 
W{x)V(y) 




y < x, 
y > x. 



10 WO 
where 

Cm(p,Q,-1 



Corollary 2.17. Suppose that w(t) = t a and v(t) = £ 7 , that 7,0 > — . Then 

M^(x,y)\f(x)\dxjd y y < C M (p,q,-l)\\f\\ p , 

p(l + q)(l+ 7 ) 
(pa + l)(p7 + 1)' 

Proof. The assertion is a consequence of Theorem 2.9. 



Corollary 2.18. Suppose that w(t) = t a and v(t) = i 7 , that ^ < 7 < =± and a > -1. If 
1 < p < 2 then 

°° ^ N^(x,y)\f(x)\dxjd y y < C N (p,q,-l)\\f\\ p , 

where 

C N (p, q, -1) = (1 + a)(l + 7 )/?(l + a, 1 + 7 )/3(- 7 - -, a + 7 + 2). 

Proof. The assertion is a consequence of Theorem 2.9 and that 

P(a, b)= f x a -\l - x) h - l dx a,b>0. 

Jo 



14 
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1 Introduction 

In 1938, A. Ostrowski [8] proved the following important inequality: 

Theorem 1 Let f : [a, b] — > M. be continuous on [a, b] and differentiable on 
(a,b) whose derivative f : (a, b) — > R is bounded on (a, 6), i.e., H/'H^ := 
su Pte(a,h) !/'(*)! < +°°- Then 



a — b 



f(t)dt - f(x) 



< 



(x- 



a+b\2 
2 I 



(b-af 



(b-a)\\f'\\ 



(1) 



for any x G [a,b].The constant \ is the best possible. 



Since then there has been a lot of activity around these inequalities with 
important applications to Numerical Analysis and Probability. 

This paper is greatly motivated and inspired also by the following result. 

Theorem 2 (see [1]). Let f G C n+1 ([a, b]), neN and x G [a, b] be fixed, such 
that f ( - k \x)={), k = l,...,n. Then it holds 



b — a 



f(y)dy-f(x] 



||f(™+i)|| 

^ jK Hop 

" (n + 2)! 



(x - a) n + 2 + (b - x) n + 2 
b — a 



(2) 
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Inequality (2) is sharp. In particular, when n is odd is attained by f*(y) ■= 
(y — x)" +1 ■ (b — a), while when n is even the optimal function is 

7(y):=\y-x\ n+a (b-a), a>l. 

Clearly inequality (2) generalizes inequality (1) for higher order derivatives of 
/• 

Also in [2], see Chapters 24-26, we presented a complete theory of left frac- 
tional Ostrowski inequalities. 

Here we combine both right and left Caputo fractional derivatives and pro- 
duce Ostrowski inequalities. 

For the concepts of right and left Caputo fractional Calculus we use here, 
we refer to [3]- [7], and [9]. 

2 Main Results 

We make 

Remark 3 Let [a, b] C R, a > 0, m = \a] . Let f € AC m {[a, b\), x Q G 
[a, b] (i.e. .f^- 1 ) G AC([a,b})). Thus f G AC m ([a,x }), and f G .4C m ([x , b]). 
Consequently, by [4, P-4-0], 

-' /WW , v*. i 



/W=E^-^ + fnf {x-JT- x D« x j{j)dJ, vxe[x ,b]. 

t^n kl r («) Vxo 



/(*) = £S^ (x ~* o)fe + fWs {J-x) a - 1 r^ _f{j)dJ, v^io.4 

ffere D^ /, D" _ / are i/ie left and right Caputo fractional derivatives of order 
a. 

Assume f^ k '(xo) =0, k = 1, ...,m— 1. Then 

/(x) - /(*„) = =^r f (x - Jr-'D^JiJW, Vx G [x , b] (3) 

and 

.,(x) - f{x ) = - * 
Hence 



fir] ~ f{Xo) = r(ajJ ( J -x) a ~ lD % -f( J W> VxG[a,x ]. (4) 



|/(x) - /(*o)| <^fV J)"" 1 |^ /(J)| dJ (5) 



^ (/>-'>"-'<") ll D -'l 



I oo,[xq,6] 

'X 



1 (x-xp)" ,, ,, 

r(a) a " * x ° J ^oo,[x ,b] 
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Hence 



\f(x) f(x )\ < " D **f"°°;^ ( x Xo )°, v.t G [ Xo ,b]. 
1 (a + 1) 



Similarly it holds 



\f(x)-f(x Q )\<-^([°(J-x) a - 1 dj)\\D« f\\ , , 

> J v ' J v u/l — P(q,) \ I I " 0_ lloo,[o,xo] 



1 (xo-x)",, . 

Xn — •' 



r(a) a " iCo_ Hoo.Io.a'o] 

ll-D a _ fll 

II x o '' lloo,[a,xo] 



r(a+l) 



-(x -x) c 



that is 



1 [a + 1) 



Next we see that 



b — a 



f{x)dx - f(x ) 



< 



1 

b — a 

1 



(/(:r) - f(x ))dx 



f(x) - f(x )\dx 



(6) 



(7) 



(8) 



\f{x)-f(x )\dx+ / |/(a:)-/(aro)|cte 



< 



b — a 

i j r xo 

b-a\Ja 

l r r xa 

(6-a)r(a + l) \ll J?g °- / ll~.[°.-°]y B ^"^ 
l^*oL,[xo,6] A*-*o) a <fc} 

(x - a)" \ 



/||D a fll 

a)r(a + l) l" x ° H~.[o,xo] 



(6-a)r(a + l) 



a + 1 



x o-' lloo,[xo,6] I a + 1 

1 



(6-xo) 



a+l 



(&-o)r(a + 2) 



(ll^xn-Zll r Ax -a) a+1 
(Jl x — J Moo,[o,xo] v ' 



(9) 



+ \\ D *xj\\ r H (&-a;o) a+1 i 



We have proved that 
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Theorem 4 Let fa, 61 cl, a > 0, m = \a\ , fe AC m ( fa, 61), and \\D? f\\ , . 

L ' J ' ' ! ' ' J VL " J/ " II xo~ J \\oo,[a,xo] 

\\D" , ,, < oo, in € fa, 61. Assume f^ k '(xn) = 0, fc = 1 to — 1. TTien 

II * x o \\oo,[xo : b\ ' u L ' J ^ v u/ ' 



6 — a 



/(x)da; - /(x ) 



< 



(6-a)r(a + 2) 
+ ll^xn/ll i H (&-*o) a+1 i 

II *xqj Ilcso,[xo,oj v ; j 



[^ II ^0 * lloo,|a,icoj y 



(10) 



< 



i 



T(a + 2) 
We also make 
Remark 5 ^4s before we have (a > 1' 



max 



(ll^xn-Zll r , J^xn/ll i ,i)( & -a) Q - 

(Jl ^o *' IIoo,|o.,xqJ H *#0* / II oo,[;eoj0| J v y 



\f(x) - f(x )\ < 



1 



r ( a ) ix 



(x-J)"- 1 D" /(J) dJ 



(x-xq)*- 1 ,, ,, 

T(a) H * Xo l^i([»o,!>])' 



XTiat is we ge£ 



!/(*) - /(*o)| < ^"rgp 1 ll^o/|L 1( , , 6] , . Vx € [* ,6]. 



Similarly we derive (a > 1) 



|/(x) - f{x )\ < 



1 



< 



< 



i 
i 

Tjaj 



{J-xT- l \D a Xa _f{J)\dJ 



(xo-x)*- 1 \D« o _f(J)\dJ 



(xo-xr-'WD^f^ 



l([a,*ol) 



That is 



I/O*) - /Ml < {X \^ fe-/lk M > Vx € [a,* ] 



(11) 



(12) 
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As before we have 



b — a 



f(x)dx - f(x ) 



<t— I \f(x)-f(x )\dx 

b — a ' 



b — a 



< 



° |/(:f) - f(x )\ dx + f \f(x) - f(x )\dx 1 

Jx J 

(13) 

w^m { (f (xo " x)a ~ ldx ) i^-/il m 

= (b-a)T(a + l) \ {X ° ~ ^ H- D "o- / llii([a,-o]) 
+ (b-x T\\D° xJ \\ Li{[xoM) }. 



(14) 



We have proved 



Theorem 6 Let a > 1, m = [a] , and f e AC m ([a,6]). ylsswrne that f^ k \xo) = 
0, fc = l,..., m-1, .T e[a,6] and D% o _f e Li([o,x ]), D? Xo / e Li([x ,6]). 
TTien 



1 



b — a 



f(x)dx - /(x ) 



- (6 - o)r(a + 1) i^ a) " H jD -o-/IL 1 ([a ) x ]) 

+(&-^rii^ /|| Ll([CC0;6]) } (15) 

~ r(a + l) maX lll L '""-^llii([a^o]) ' ll^o/ILidxo.b])/ 

•(fe-a)"- 1 . 



We further make 



Remark 7 Let p, q>l:- + - = l and a > 1 — - . Working as before on (3) 
and (4) and using Holder's inequality we obtain 



1 (x- x ) a -*~ L - 
r(a) (p(a - 



j4nd aZso it Zio/rfs 



1/(^-/(0:0)1 < rfey jglif^ l|Pgo-/|L. (W Vx€[a,x ]. (17) 



ANASTASSIOU: FRACTIONAL OSTROWSKI INEQUALITIES 



711 



We see that 



b — a 



f{x)dx - f(x ) 



< 



b — a 



C ° \f(x) - f( Xo )\ dx+ f \f(x) - f(x )\dx 

x 



< 



1 



(b - a)T(a)(p(a - 1) + iy/P 

_ ' t b 

D a f 



(x -x) a - 1+ pdx 



L q ([a,x ]) 



- { I (■'■-■n,) , '- i + 'dx)\\D tx J\\ L9{[xoM) 

(18) 
(19) 



(b-a)T(a)(p(a-l) + iy/p(a + l) 



{(x - afH ||^ _/|| L9([aiXo]) + (b s ) a+ * \\D* x J\\ Lq([xoM) } . 



We have proved 



Theorem 8 Let p, q > 1 : - + - = 1, a > 1 — -, m = \a] , a > 0, and 

f £ AC m ([a,b}). Assume that fW(x ) = 0, k = 1, ..., m - 1, x £ [a,b]. 
Assume D Xo _f £ L q ([a,Xo\), and D" f £ L q ([xo,b]). Then 



b — a 



f(x)dx - f(x ) 



< 



(b-a)r(a)(p(a-l) + iy/P(a+l) 
{(xo-ar^\\Dl_f\\ Lq{[axo]) 

+ (b-xoT^\\D° Xo f\\ Lq{[xoM) } 



(20) 



< 



r(a)(p(a-l) + l)Vp( a +i) 



\L q ([a,xo]) 



\D 



{\\D a XQ -f 

su./IL.d^])}-^—) - 1 



(21) 



-1/9 



Corollary 9 Leip = q = 2, a > \, m= \a] , a > 0, and/ e AC m ([a, b]). As- 
sume f( k '(x ) = 0, k = 1, ..., m— 1, x € [a, b]. Assume D" _f £ L 2 ([a, xq]), and 
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D? X J € L 2 ([x ,b}). Then 



b — a 



f(x)dx - f(x ) 



< 



(b-a)T(a)(2a-l) 1 / 2 (a + \) 
{(x -ar+i\\D« o _f\\ L2( 



(22) 



*ol) 



+ (b-x ) a+ ^ 



L 2 ([xoM) 



< 



1 



T(a)y/2a-l(a+±) 
max(||D°/|L ,. n ,||D° /||, ,, ,A ■ {b - a) a ~'. 

(_ll xq-J \\L 2 ([a,xo]) ' II * x o J nL 2 {[xo,b\) J v ' 

We further make 
Remark 10 Here a > 0, a < xq < 6. -Let 



/(*) 



(x-x ) a , a; e [x ,b], 
(.to -x) Q , x e [a,x ]. 



(23) 



See / is m ,4C m ([x , 6]), and in AC m ([a,x ]). 

See i/iai /_ (ceo) = / + (xo) = 0, fc = 0, 1, ..., m — 1. 
Hence there exists j at Xq, also j € AC [a, o\. 



That is f e AC m [a,b}. 
We find that 



and 



Consequently 



\D" f\\ , .=r(a + l), 

I so — * lloo,[o,xo] v ' 



|Z>" /|| . H =r(a + 1). 

I *s * llcx>,[so,o] v ' 



(24) 
(25) 



/?.//..s.<i<n=--, < , r fe^fe^ l) {(*o- fl )° +1 + (fc-*or +1 } 



(6-a)r(a + 2)(a- 
w -^ {{ x -a)^ + (b- X o)^} 



Also we see that 

L.H.S(10) 



1 



xo rb 

(xo — x) a dx + I (x — xo) a dx 

J Xo J 

a+l /-^ „,_\a+l 



6 — a 

1 r(x -a) Q+1 (&-*„) 



b — a) \ a + l a + l 

' {(xo-ar +1 + (6- a; o) a+1 } 



(b — a) (a + 
Therefore inequality (10) is sharp and attained 



(26) 



7 
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We have proved 
Proposition 11 Inequality (10) is sharp, in particular it is attained. 

References 

[1] G. A. Anastassiou, Ostrowski type inequalities, Proc. AMS 123 (1995), 3775- 
3781. 

[2] G. A. Anastassiou, Functional Differentiation Inequalities, Research Mono- 
graph, Springer, New York, 2009. 

[3] G. A. Anastassiou, On Right Fractional Calculus, "Chaos, Solitons and Frac- 
tals", 42 (2009), 365-376. 

[4] K. Diethclm, Fractional Differential Equations, online: 

http://www.tubs.de/ dicthclm/lchrc/f-dgl02/fde-skript.ps.gz. 

[5] A. M. A. El-Sayed and M. Gaber, On the finite Caputo and finite Riesz 
derivatives, Electronic Journal of Theoretical Physics, Vol. 3, No. 12 (1006), 
81-95. 

[6] G. S. Frederico and D. F. M. Torres, Fractional optimal control in the sense 
of Caputo and the fractional Noether's theorem, International Mathematical 
Forum, Vol. 3, No. 10 (2008), 479-493. 

[7] R. Gorcnflo and F. Mainardi, Essentials of 

Fractional Calculus, 2000, Maphysto Center, 

http://www.maphysto.dk/oldpages/events/LevyCAC2000/MainardiNotcs/fm2k0a.ps 

[8] A. Ostrowski, (1938) Uber die Absolutabweichung einer differtentiebaren 
Funktion von ihrem Integralmittelwert, Comment. Math. Hclv. 10, 226-227. 

[9] S. G. Samko, A. A. Kilbas and O. I.Marichcv, Fractional Integrals and 
Derivatives Theory and Applications, (Gordon and Breach, Amsterdam, 
1993) [English translation from the Russian, Integrals and Derivatives of 
Fractional Order and Some of Their Applications (Nauka i Tekhnika, Minsk, 
1987)]. 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 14, NO.4, 714-723 , 2012, COPYRIGHT 2012 EUDOXUS PRESS, LLC 



Fixed point theorems for r — (/?— concave-convex 
operators and applications * 
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Abstract 

In this paper, we introduce the concept of a r — (/?— concave-convex operator. 
Meanwhile by the properties of cone and monotone iterative technique, we prove 
some new existence and uniqueness theorems of fixed points for mixed monotone 
operators under more extensive conditions in ordered Banach spaces. Finally, we 
apple the results to a nonlinear Hammerstein integral equation. The results given in 
this work generalize and extend some known results (e.g., [Z. Q. Zhao, Existence and 
uniqueness of fixed points for some mixed monotone operators. Nonlinear Anal., 73 
(2010)1481-1490.]). 

Key 'words: r — (p— concave-convex operator; mixed monotone operator; fixed 

point; integral equation 
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1 Preliminaries 

It is well known that mixed monotone operators are a class of important operators, 
which are extensively used in nonlinear differential and integral equations (see [1-3]). 
In the past several decades, many authors investigated the existence and uniqueness of 
mixed monotone operators and obtained a few fixed point theorems for mixed monotone 
operators in ordered Banach spaces, (see [4-9] and the references therein). Recently, some 
authors focused on mixed monotone operators with certain concavity and convexity (see 
[10-13]). In 2004, Xu [14] introduced the 0— concave(— tp) -convex operator and found a 
general method to deal with such a class of operators with certain concavity and convexity. 
In 2010, Zhao in [15] introduced the e-concave-convex operator and obtained some new 
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existence and uniqueness theorems of fixed points for mixed monotone operators without 
any compact or continuous assumptions or the assumption for the coupled-upper-lower 
solutions in ordered Banach spaces. The main difference between a 0— concave (— tp)- 
convex operator and an e-concave-convex operator is that , for a <fi— concave (— (/?)-convex 
operator A(x,y), there is just one variation (x or y) with a coefficient t, but for the e- 
concave-convex operator Ai(x,y), not only the variation x has a coefficient t, but also y 
has a coefficient |, where t G (0,1). Hence they are different concepts. Moreover, the 
introduction of an e-concave-convex operator initiates a new research field of the fixed 
pint theory for binary operators. 

Now, a natural problem arises: can we copy with such a class of binary operators as 
the e-concave-convex operator with certain concavity and convexity by a general method 
as well as being done in [14]? 

In this work, in order to solve this problem, we present the concept of a r — (p— concave- 
convex operator which includes the e-concave-convex operator as an especial case. With- 
out demanding the assumptions of the existence of coupled upper-lower solutions or 
compactness or continuity, we prove the existence and uniqueness of fixed points for 
t — ip— concave-convex operators. Our results in essence extend and generalize the cor- 
responding ones in [15]. As an application, we apply our main fixed point theorem to a 
class of nonlinear Hammerstein integral equations. 

For the convenience of readers and the discussion of the following sections, we state 
here some definitions, notations and suggest ones refer to [1,2,3, 14, 15]. 

Suppose E is a real Banach space with norm || • ||. A nonempty convex closed set P 
is called a cone if it satisfies the following conditions: 

(i) x G P, A > implies Xx G P; 

(ii) x G P and —x G P implies x = 8, where denotes the zero element of E. 

A partial order in E is given by u < v iff v — u G P. If u < v and «/d, then we 
denote u < v. P is called normal if there exists a constant N such that, for all x,y G E, 
9 < x < y implies ||x|| < TV || y ||, the smallest constant N satisfying the above inequality 
is called the normality constant of P. P is called a solid cone if int(P)( the set of interior 
of P) is non-empty. 

Assume that D C E. We say that an operator A : D x D — ► E is mixed monotone 
if A(u, v) is non-decreasing in its first argument u and is non-increasing in its second 
argument v, i.e., U\ < u 2 (ui,u 2 G D) implies A(ui,v) < A(u 2 ,v) for any v G D and 
v i < v 2 (v i, v 2 G D) implies A(u, Vi) > A(u, v 2 ) for any u G D. (u, v) G D x D is said to be 
a coupled upper- lower solution of A if u < v, u < A(u,v), A(v,u) < v. (u*,v*) G D x D 
is said to be a coupled quasi- fixed point of A if A(u*, v *) = u* and A(v *, u*) = v*. x* G D 
is called a fixed point of A if A(x*,x*) = x*. 
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Definition 1.1. (see [14]) Let E be a real Banach space and D C E. A : D x D — > E is 

said to be 0— concave(-ip)— convex, if there exist a function : (0, 1] xD — ► (0, oo) and a 

function tp : (0, 1] x D — ► (0, oo) snc/i #ia£ (t, x) G (0, l]xD implies t < <f>(t, x)tp(t, x) < 1, 

and also A satisfies the following two conditions: 

(HJ A{tx, y) > 0(t, x)A(x, y), Vt 6 (0, 1), V(s, n) G £> x D; 

f# 2 J A(x,Ty)<^4(a;,n) ; Vt G (0, 1), Vf^JGDxD. 

Let P be a cone in E. For e G P + — P \ {0}, set 

P e = {x G E\ there exist positive numbers a, [3 such that ae < x < f3e). 
In [15], an e— concave-convex operator is introduced as follows. 

Definition 1.2. (see /i5/j Suppose that A : P e x P e — ► P e and e G P + . Suppose that 
there exists an rj(u,v,t) > such that 

A(tu,r 1 v)>t(l + f](u,v,t))A(u,v),\/u,veC e and < t < 1. 

TTien, A zs caWed an e— concave- convex operator. 

Now, we give the definition of t — </?— concave-convex operators. 

Definition 1.3. Let E be a real Banach space, P be a cone in E. We say an operator 
A:PxP^Pisr — tp— concave-convex if there exist a function r(t) defined on an 
interval (a, b) and a map tp : (a, b) x P x P — » (0, +oo) such that 

(Ci) t : (a, o) — ► (0, 1) is a surjection; 

(C 2 ) A (r{t)x,^t )y ) > tp(t,x,y)A(x,y), Vt G (a, b), V(x,y) ePxP; 

(C 3 ) tp(t,x,y) > r(t),\/t G (a,b), \f(x,y) G P x P. 

When r(t) = t, we say that A is a tp— concave- convex operator. 

Remark 1.1. The t — tp— concave-convex operator as well as the tp— concave- convex 
operator is a generalization of the e— concave- convex operator which is introduced in [15]. 

Remark 1.2. Condition (Ci) in Definition 1.3 implies that 

A (^- x ,T(t)y) < — - ^A(x,y), Vt G (a,o),V(x,n) G P x P. (1.1) 

^ / y.(t,^*,r(t)n) 
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2 Main results 

In this section, we present our main results. 

Theorem 2.1. Let E be a real Banach space and P be a normal cone in E. Suppose 
that an operator A : P x P — *■ P is mixed monotone and t — tp— concave- convex. In 
addition, suppose that there exists h G P + such that A(h,h) G Ph and for any t G (a, b) 
and x, y G Ph, <p(t, x, y) > (p(t, h, h). Then operator A has a unique fixed point x* in Ph 
and for any initial Xo,yo G Ph, constructing successively the sequences 

x n = A[x n -i,y n -i), y n = A[y n _i, x n -i), n = 1, 2, ■ ■ ■ , 

we have \\x n — x*\\ — > and \\y n — x*\\ — > 0(n — > oo). 

Proof. Since A(h, h) G Ph, we can choose a sufficiently small number Ao G (0, 1) such that 

\ h < A(h,h) < —h. 
Ao 

It follows from (Ci) that there exists t G (a, b) such that t(£ ) = A , hence 

r(t )h<A(h,h)<^—h. (2.1) 

From (C3), we know that y?(£o 5 ^; 7i) > r (^o)- Thus, y?(£o> ^> ^)/ r (^o) > 1 an d we can take 
a positive integer k such that 

¥>(*o,M)V> 1 (22) 



r(t ) J ~ T(t )' 
which implies 



T(t0) ^'<r(t ). (2.3) 



cp(t ,h,h) 

Set Mo = l T (to)} k h, vo = l/[r(t )] fc /i. Clearly, uo,v G P^ and Uq = [r(t )] 2fc wo < ^o- Take 
any r G [0, [t(£o)] 2A: ], then r G (0, 1) and Mo > rv o- By the mixed monotonicity of A, we 
get A(w ,i>o) < ^4(^0) M o)- Combining condition (C2) with (2.1) and (2.2), we obtain 

•4(«„, »,„) = A ([r M ]% ^k) = A (r(*„) ■ [.«„)]- '/, -L_ ■ p^ft 

> f (*,, WW]-/, j^a) -4 ([r^l-ft, ^^pfc 

> </? f t , [r(t )] fe_1 /i, , (t yifc-i fe ) " ' ^ f to ' r ( to ^' wTT ^j ^* ' H ' H ^ A ^ h) ^ 

> [ V 9(to,/ i ,/i)] fc -r(to)/i>[r(to)] fe /i = M . 
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For t G (a,b), from (1.1) and (2.3), we have 

1 , \ . / I 1 



A(v , u ) = A ^^h, [rft,)]**) = A [^- y j^-^h, r(t ) • [t(* )]^ 

V (to, p^ft, [r(io)] fe -^) V[^o)] fc ) 

1 11 

V (*o, ^ [r(to)]^ 1 ^) V? (to, ^y/i, r(t )h) TO, &, *0 

1 1 1 

Hence we get 

M < A(uq,vq) < A(v ,u ) < v Q . (2.4) 

Construct successively the sequences 

u n = A(u n _i,D n _i),t) n = A(t) n _i,u n _i), n = 1,2,- •• . 

By the mixed monotonicity of A, we have 

Mi = A(u ,v ) < A(v ,u ) = v 1 . 

By induction, we get u n < v n , n = 1, 2 • • • . Then from (2.4) and the mixed monotonicity 
of A, we have 

Uo < Ml < • • • < u n < • • • v n < • • • v i < Vq. (2.5) 

Noting that uq > rvo, we get u n > uq > rt> > rv n , n = 1, 2, • • • . Set 

r n = sup{r > 0\u n > rv n }, n = 1, 2, • • • , 
then we have u n > r n v n , n = 1, 2, • • • and 

M n+1 > u n ^ r n v n ^ r n v n+li n = 1, 2, • • • . 

So r n+ i > r n , namely, {r n } is increasing with {r„} C (0, 1]. Assume r n — > r* as n — > oo. 
Next we prove r* = 1. 

Indeed, suppose to the contrary that < r* < 1. From (Ci), there is t\ G (a, 6) such 
that r(ii) = r*. Distinguish two cases: 

Case one: There exists a positive integer iV such that r^ — r*. In this case, we get 
r n = r* for all n > N. Therefore, for all n > iV, we have 

w n+ i = A(w n , u n ) > A ( r*v n , —u n \ = Ai r(ti)u„, "TTT^n J 

> V?(*l, W n , Mn)-4(^n, «n) > v(*l) ^, ^MKi, Un) = <f(h, h, h)v n+1 . 
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By the definition of r n , we obtain r n+ \ = r* > tp(ti,h,h) > T(ti) = r*, which is a 
contradiction. 

Case two: For all positive integer n, r n < r*. Then we get < r n /r* < 1. By (Ci), 
there exist s n G (a, b) such that r(s n ) = r n /r*. So we have 

u n+1 = A(u n ,v n ) > A(r n v n , —u n ) = A —r*v n , ——u r 

= A ( r(s n ) ■ r*v n , — — - • — u n J > ip(s n , r*v n , —u n )A(r*v n , —u n ) 

> ip(s n , h, h)A(r*v n , —u n ) = ip(s n , h, h)A ( r(ti)v n , —r—ru n 

r* \ r(ti) 

> (p(s n , h, h)(p(t!, h, h)A(v n , u n ) = tp(s n , h, h)(p(t u h, h)v n+1 . 
By the definition of r n , we have 

r-n+i > <p(s n , h, h)(p(t!, h, h) > r(s n )v?(ii, h, h) = ~^(p{ti, h, h). 

Let n — > oo, we obtain r* > (r*/r*)ip(ti, h, h) > r(ti) — r* , which is also a contradiction. 
Hence limn^ooTn = 1. For any natural number m, we have 

< u n+m - u n < v n - u n < v n - r n v n < (1 - r n )v n < (1 - r n )v ; 

9 <v n - v n+m < v n - u n < (1 - r n )w . 
By the normality of P, we get, as n — > oo, 

|| u n+m - u n \\< N || (1 - r n )v ||^ 0; 

II v n - v n+m - \\<N\\ (1 - r n )v ||^ 0. 

Here N is the normality constant of P. So {u„} and {v n } are Cauchy sequences. Since 
E is complete, there exist u* and f* such that u n — > w*, f„ — >■ f* as n — > oo. From (2.5), 
we have -u*,f* G [mo^o] and for any n, u n < u* < v* < v n . Therefore, 

< v* - u* < v n - u n < (1 - r n )v . 

Since P is normal, 

|| v* -u* \\<N || (1 -r n )v 1 1 — ^ 

as n — * oo. Thus u* = v*. Let a;* = u* — v*, we have, by the mixed monotonicity of A, 

u n+1 = A(u n ,v n ) < A(x*,x*) < A(v n ,u n ) = v n+1 . 

Take n — > oo, the normality of P implies x* = i4(x*,x*). Namely, x* is a fixed point of 
A. 

6 



YIN, GUO: CONVEX-CONCAVE OPERATORS 



720 



In the following, we prove that x* is the unique fixed point of A in P/,. In fact, assume 
x is also a fixed point of A in P^. By the definition of Ph, there exist positive numbers 
Ai,A 2 , i]i,r]2 such that 

Xih < x* < X 2 h, r\\h <x< 772/1. 

Then, 

x> Vl h>^X 2 h>^x*. 
X 2 A2 

x* > \ih > — r) 2 h > — x. 

Put 71 = sup{7 > : x > 7a;*, x* > 7:?}. Clearly, < 71 < +00. Furthermore, we prove 
71 > 1. Suppose to the contrary that < 71 < 1, by (Ci), there exists t 2 G (a, b) such 
that t(£ 2 ) = 7i- Thus, 



A r{t 2 )x*, 



x = A(x,x) > A I 71X*, — x* 
\ 7i 

> (p(t 2 ,x*,x*)A(x*,x*) = ip(t 2 ,x*,x*)x*. 



r(t 2 



-x 



Because (p(t 2 , x*,x*) > r(t 2 ) = 71, this is in contradiction with the definition of 71. Thus 

71 > 1 and then we have x > x* and x* > x. Hence x = x*, that is A has a unique fixed 

point in P h . 

For any initial x ,y G Ph, we can choose a small number d, e 2 G (0,1) such that 

1 1 

e\h < x < — h, e 2 h <yo< — h. 
ei ' e 2 

By (Ci) again, there exist £ 3 ,£ 4 G (a, 6) such that t(£ 3 ) = ei,r(£ 4 ) = e 2 . Hence, 

r{h)h <x < 



I 1 

h, r(£ 4 )/i <y$< , . 1 h. 



r(t 3 ) ' V4/ " tfU -r(t 4 
We can choose a sufficiently large positive integer m such that 



y(>3, ^, ft-) 
r(ts) 



> 



ritsY 



<f(U, h, h) 
r(t 4 ) 



> 



iuy 



Let a = min{r(t 3 ),r(t 4 )}, then a G (0,1). By (Ci), there exists /ii G (a, 6) such that 
r(jUi) = o. Put m = [r(/ii)] m /i, t7 = (l/[r(/ii)] m )/i. Then m ,?7 g Ph and w < ^Oil/o < 
v . Let 

M n = A(u n _i,U n _i),U n = A(u n _i,tZ n _i) 

and 

x„ = A(x n _i,y n _i),y n = A(y„_i,x„_i). 

By a proof similar to that of the existence of x*, we can prove that there exists y* G Ph 
such that linin^oo u n = lin^oo v n = y* and A(y*, y*) = y*. The uniqueness of fixed point 



of A implies y* = x*. By induction, we can get u n < x n , y n < v n n 
is normal, we have lim n ^oo x n = x* and lin^oo y n = x*. 



1, 2, • • • . Since P 

□ 
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Remark 2.1. If the hypothesis (C3) in Definitionl.3 is replaced by 

(C 3 ) tp(t,x,y) is non-decreasing in x and is non-increasing in y, and the other conditions 

are unchangeable in Theorem 2.1, then the conclusions of Theorem 2.1 are also true. 

Remark 2.2. // we suppose that operator A : Ph x P h — *■ P h , then A(h, h) G Ph is clear. 
So we have the following corollaries. 

Corollary 2.1. Let E be a real Banach space and P be a normal cone in E. Suppose 
h > 9 and that an operator A : Ph x P h — ► P h is mixed monotone and r — (p— concave- 
convex. In addition, suppose for any t G (a, b) and x, y G Ph, (p(t, x, y) > ip(t, h, h). Then 
operator A has a unique fixed point x* in Ph and for any initial xq, yo G Ph, constructing 
successively the sequences 

x n = A[x n -i,y n -i), y n = A{y n _i, x n -i), n = 1, 2, • • • , 

we have \\x n — x*\\ — ► and \\y n — x*\\ — >• 0(n — >• 00). 

Corollary 2.2. (see [15]) Let E be a real Banach space and P be a normal cone in E. 
Suppose h > 9 and that A : Ph x P^ — ► Ph is a mixed monotone operator. Suppose that 
there exists an r](t,u,v) > such that 

A(tu, -v) >t(l + r)(t,u,v))A(u,v), \/u,veP h , < t < 1. (2.6) 

Then A has a unique fixed point x* in Ph and for any initial xo,yo G Ph, constructing 
successively the sequences 

x n = A(x n -i,y n -i), y n = A[y n _i, x n -i), n = 1, 2, ■ ■ ■ , 

we have \\x n — x*\\ ^0 and \\y n — x*\\ — > 0(n — > 00). 

Proof. In Theorem 2.1, put r(t) = t and tp(t, u, v) — t(l+r)(t,u,v)), then all the conditions 
in Theorem 2.1 are satisfied. Thus, from Theorem 2.1, we prove Corollary 2.2. □ 

Remark 2.3. The corresponding results in [15] turn out to be special cases of our main 
results, (see Theorem 3.1 and 3.2, Corollary 4-1 and 4-2 in [15]). 

Remark 2.4. In our results, as well as in [15], we need not assume that the operator 
A is compact and continuous or that the condition of the coupled upper-lower solutions 
holds. Thus our results in essence improve and extend relevant results in [11-13]. 
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3 Applications 

In this section, we investigate the existence of solutions for a class of nonlinear Ham- 
merstein integral equations on unbounded regions by using some of the fixed-point theo- 
rems given above. 

Example : Considering the following nonlinear integral equation: 

x(t) = (Ax)(t) = I K(t, s) [x a (s) + x-P(s)] ds, (3.1) 



where «,/?£ (0, 1) are positive constants. 

Conclusion: Suppose that K : W 1 x W 1 — » IR 1 is a positive and continuous func- 
tion. Then equation (3.1) has a unique positive solution x*(t). Moreover, constructing 
successively the sequences {x n }^L 1 and {y n }^Li with 



x n (t)= / K(t,s 



Xn-l(s) + Vn-lis) 



Vn-l( S ) + X n-l( S ) 



ds. 



ds 



y n (t)= / K(t,s) 
for any positive continuous functions xo(t),yo(t) defined on M. n , we have, as n — » oo, 

sup \x n (t) — x*(t)\ — ► and sup \y n (t) — x*(t)\ — > 0. 
teR" teiR n 

Proof. Let E = Cs(R n ) be the space of continuous functions defined on M. n . For any 
x e E, define ||x|| = sup teM n |x(i)|, then E is a Banach space. Denote by P = C^(lR n ) 
the set of all nonnegative functions on Ce(lR n ), then P is a normal solid cone in E. 
Hence, giving a positive continuous function h(t) on W 1 , we know that there exist positive 
constants Ai,A 2 G (0,1) such that, for any t G lR n , Xih(t) < x (t) < (1/Xi)h(t) and 
Mh{t) < y (t) < (l/A 2 )/i(t). 

Clearly, equation (3.1) can be denoted by x = A(x, x), where A(x, y) = A\(x) + A 2 (y), 
A 1 (x) = f Rn K(t, s)x a (s)ds, A 2 {y) = f Rn K(t, s)y^(s)ds. Then A : P x P -► P. 

In following, we prove that A satisfies all the conditions of Theorem 2.1. 

Assume that P defines a partial order < in E, then A : P x P -^ P is a mixed 
monotone operator. Set 

P h = {xeE: there exist A,^>0 such that Xh(t) < x(t) < fih(t), Vt G R n }. 

Since -ft' : lR n x ]R n — >■ IR 1 is a positive and continuous function, A(h, h) G P^. Let 
oo = min{a,/5}, then o G (0, 1). For any map r(t) : (a, 6) — >■ (0, 1), where a < b, let 
V?(t) = r(t) Q °, then A is a r — </?— concave-convex operator. Thus, by Theorem 2.1, we 
know that equation (3.1) has a unique positive solution x*(t). □ 

9 



YIN, GUO: CONVEX-CONCAVE OPERATORS 723 



References 

[1] D. J. Guo, V. Lakshmikantham, Coupled fixed points of nonlinear operators with appli- 
cations, Nonlinear Anal. 11 (1987) 623-632. 

[2] K. Deimling, Nonlinear Functional Analysis, Springer- Verlag, New York, Berlin, 1985. 

[3] D. J. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, 
Boston, 1988. 

[4] D. J. Guo, Existence and uniqueness of positive fixed point for mixed monotone operators 
with applications, Appl. Anal. 46 (1992) 91-100. 

[5] D. J. Guo, Existence and uniqueness of positive fixed point for mixed monotone operators 
with applications, Appl. Anal. 34 (1988) 215-224. 

[6] Z. T. Zhang, New fixed point theorems of mixed monotone operators and applications, 
J. Math. Anal. Appl. 204 (1996) 307-319. 

[7] Z. T. Zhang, Fixed-point theorems of mixed monotone operators and applications, Acta 
Math. Sinica 41 (1998) 1121-1126 (in Chinese). 

[8] Y. S. Wu, G. Z. Li, On the fixed point existence and uniqueness theorems of mixed 
monotone operators and applications, Acta Math. Sinica 46 (2003) 161-166 (in Chinese). 

[9] X. G. Lian,Y. J. Li, Fixed point theorems for a class of mixed monotone operators with 
applications, Nonlinear Anal. 67 (2007) 2752-2762. 

[10] Z. Drici, F.A. McRae, J. Vasundhara Devi, Fixed point theorems for mixed monotone 
operators with PPF dependence, Nonlinear Anal. 69 (2008) 632-636. 

[11] Z. Q. Zhao, Xinsheng Du, Fixed points of generalized e-concave (generalized e-convex) 
operators and their applications, J. Math. Anal. Appl. 334 (2007) 1426-1438. 

[12] Y. X. Wu, Z. D. Liang, Existence and uniqueness of fixed points for mixed monotone 
operators with applications, Nonlinear Anal. 65 (2006) 1913-1924. 

[13] M. Y. Zhang, Fixed point theorems of 0— convex ip— concave mixed monotone operators 
and applications, J. Math. Anal. Appl. 339 (2008) 970-981. 

[14] S. Y. Xu, B. G. Jia, C. X. Zhu, Fixed-point theorems of <fr— convex 93— concave mixed 
monotone operators and applications, J. Math. Anal. Appl. 295 (2004) 645-657. 

[15] Z. Q. Zhao, Existence and uniqueness of fixed points for some mixed monotone operators, 
Nonlinear, Anal. 73(2010) 1481-1490. 



10 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 14, NO.4, 724-732 , 2012, COPYRIGHT 2012 EUDOXUS PRESS, LLC 



Expressions and Iterative Methods for the 
Weighted Group Inverses of Linear Operators 

on Banach Space 

Xiaoji Liu x * Chunmei Hu 1 

1 College of Mathematics and Computer Science, Guangxi University 

for Nationalities, Nanning 530006, P.R. China 

March 1, 2011 



Abstract 

In this note, some expressions and characterizations for the weighted group in- 
verses A w of operator A by using the technique of block operator matrix are given, 
three iterative methods for computing A w are established, and the necessary and 
sufficient conditions for iterative convergence to A w are discussed. 
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1 Introduction 

The Drazin inverse and the VF-weighted Drazin inverse are applied to varions 
fields, for example, applications in singular differential and difference equations, Markov 
chains, iterative methods and numerical analysis. 

Recently, a new weighted group inverse of the rectangular matrix had been defined 
in [1], the weighted group inverse A w is not the special case of the W- weighted Drazin 
inverse, which was defined by Cline and Greville in [2]. Some properties, expressions and 
the uniqueness have been proved by Cen in [1]. A constructive perturbation bound of 
the Drazin inverse of a square matrix was derived in [3]. The algebra perturbation and 
analytical perturbation of the weighted group inverse A w were studied in [5] . several 
approximate methods for the VF-weighted Drazin inverse of bounded linear operators 
on Banach space were presented in [6]. 

In this note, we mainly consider the weighted group inverse of operators on Banach 
space. For any operator A £ C(X,y), we denote its range, null space and spectral 
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radius by 1Z(A), Af(A) and p(A), respectively. Let A G C(X,y), if there exists some 
B G C(y,X), such that ABA = A holds, then B is an inner generalized inverse of A, 
and the operator A is called relatively regular. 

Definition 1.1. [1] Let A G C(X,y) and W G C(y, X). If X € C(X,y) satisfies the 
system of operator equations (W -system of operator equations) 

(W1)AWXWA = A, (W2)XWAWX = X, (W3)AWX = XWA 

Then X is called the weighted group inverse of A with W , and denoted by A^ w . If A^ w 
exists, then it is unique. 

Definition 1.2. [4] Let A G C(X,y). If there exist: a Banach space Z, and operators 
P G C(Z,y) and Q G C(X,Z), such that P is left invertible, Q is right invertible and 

A = PQ (1.1) 

Then (1.1) is the full-rank decomposition of A. 

It is easy to see that an operator A G C(X,y) has the full-rank decomposition, if 
and only if A is relatively regular. 

The following lemma is needed in what follows. 

Lemma 1.1. Let A G C(X) and A* exists. Then X = R(A) © N(A), and 

where A\ is invertible. 
Moreover, 



) ' V N(A) J \ N(A) 



A t _ Mi . R(A) \ / R(A) 
1 J • V N(A) J V N ( A ) 



(1.3) 

Proof. The result can be proved similarly as in [4]. □ 



2 Existence conditions, expressions and the characteriza- 
tion of the weighted group inverse JY W 

In this section, we will give some existence conditions for the weighted group inverse 
A* w , and also give several expressions for the inverse A^ w by using operator matrix 
blocks. 

Theorem 2.1. Let A G C(X,y), W G C(y,X), and A = PQ is the full-rank decom- 
position of A, where P G C(Z,y) and Q G C(X,Z). then the following statements are 
equivalent: 
(i) Ayy exists; 

(ii) (AWf and (WAf exist, and R(AW) = R{A),N(WA) = N(A); 
(hi) R{WA) © N(A) = X, N{AW) © R{A) = Y ; 
(iv) QWP is invertible. 
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Proof, (i) =>■ (ii): If A^ w exists, then we set Xq is the solution to the VF-system of 
operator equations. From (Wl), AWX WA = A, we get R(AW) = R(A),N(WA) = 
N(A). 

From (Wl) and (W3), (AW) 2 X = A, X (WA) 2 = A, hence, R((AW) 2 ) = R{A) = 
R(AW), N((WA) 2 ) = N(A) = N(WA). 

From (Wl), we have AWX WAW = AW,WAWX WA = WA, combining (W3), 
we get XqW(AW) 2 = AW, (WA) 2 WX = WA, therefore, N((AW) 2 ) = N (AW) , R((W A) 2 ) 
R(WA). Hence ind(AW) = ind(WA) = 1, i.e., (AWf and (WAf exist. 

(ii) =>• (in): (AWf exists is equivalent to R(AW) © N(AW) = Y, (WA)* exists is 
equivalent to R(WA) © N(WA) = X, since J2(AW) = R(A),N(WA) = N(A), then 
R(WA) © JV(A) = X, N(AW) © i?(A) = y. 

(hi) =4> (iv): Consider an arbitrary x G Z satisfying QWPx = 0. then PQWPx = 0, 
which implies AWPx = 0, then Px G N(AW). Since Px = PQQ r x = AQ r x G R(A), 
where Q r is the right inverse of Q. So Px G N(AW) n -R(^4) = 0. Since P is left 
invertible, hence x = and QWP is invertible. 

(iv) => (i): If QIFP is invertible, let X = P(QWPy 2 Q, it is easy to show that 
Xq is a solution to the W^-system of operator equations, then A* w exists. □ 

By Theorem 2.1, and From Lemma 1.1, we have the following result: 

Theorem 2.2. Let A G C(X ,y) is relatively regular, W G C(y,X), If A^ w exists, 

then: 

(i)4, = [(AWf) 2 A; 

(ii)4, = ^[(IFA)tt] 2 ; 

(iii)A^ = (AWfA(WAf; 

(iv)(AW)* = A\ v W; 

(v)(WA)t = WAl; 

(vi)Al = (WAW)^2 )N{A) . 

Next, we present the characterizations of the weighted group inverse A^ w by using 
the above expressions of A* w . 

Theorem 2.3. Let A G C(X,y) is relatively regular, W G C(y,X), If A^ w exists. 
Then there exist a unique operator X G C(y) such that 

AWX = 0, XAW = 0, X 2 = X, AW + X is invertible (2.1) 

and a unique operator Y G C(X) such that 

WAY = 0, YWA = 0, Y 2 = Y, WA + Y is invertible (2.2) 

Further, we have 

X = 1- A^WAW (2.3) 
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and 

Y = 1- WAWA\y (2.4) 

Proof. By Theorem 2.2, we get 

I-AIWAW=(° Q J 

It is easy to verify that X = I — Ay^WAW satisfies (2.1), which shows the existence 
of such operator X. 

To show the uniqueness, let Xq be an operator which satisfies (2.1) and let Xq be 
partitioned as 

yr _ ( X\\ X\2 
V -^21 -^22 

with respect to the space decomposition N(AW) ® R(A) = Y. 
By Equation (2.1), 

— (:'S)(^;;)f?? 



-* AW - (SS)(t!l)-(Si!! 

so that Xn = 0, X\2 = and X21 = 0. 

Since AVF + Xo is invertible, we get that X22 is invertible. From the assumption 
that X 2 = X, we have X| 2 = X 22 , that is, (X 22 - I)X 22 = 0. Thus, X 22 - I = 0, i.e., 

^22 = I- 

Finally, we get 

' 



V ° > I 

Thus, we obtain Xq = X = I — A^ W WAW. This shows that X unique exists. 

The second statement is proved in a similar manner. □ 

3 The iterative methods for computing Jv w 

In this section, we construct three iterative methods for computing A^ w , and prove 
the convergence by using operator matrix blocks. 
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Lemma 3.1. Let A G C(X,y) is relatively regular, W G C(y, X), If A* w exists, then 
(l)Pi = WA(WA)i = {WAfWA = P R{WA)MA) ; 
(2)P 2 = AW{AWf = (AW)* AW = P r{A ),n(aw)- 

Theorem 3.1. Let A € C(X,y) is relatively regular, W G C(y,X), If Ar w exists. 
Define the sequence (X k ) k in B(X ,y) in the following way: 

( R k = Pi-WAWX k , 

\ X k+1 = X k (I + R k ),k = 0,1,2,.... ( ■ > 

Then the iteration (3.1) converges to A* w if and only if TZ(Xq) = R(A),p(Ro) < 1. 
Proof. By Theorem 2.3, we have A i w P 1 = ^Pr(w/A),jv01) = A w, an d 

Pi = WA(WAf = 



Since, 



Hence, 



and 



Then, 



/ 0\ / R(WA) \ ( R(WA) 
) : I N(A) J "M N(A) 



PiP fc = Pi (Pi - WAWX k ) 

= Pi- PiWAWX k 

= Pl-P R{W A),N(A)WAWX k 

= P 1 -WAWX k = R k . 



R k = P 1 -WAWX k = P 1 -WAWX k _ 1 (I + R k _ 1 ) 

= Pi- WAWX k ^ - WAWX k _ x R k - X 

= R k _ x -WAWX k _ x R k _ x 

= PiP fe _i - WAWX^R^ 

= (Pi-WAWX^R^ 

_ p2 _ _ n2 k 

— n k-l — " ' — n ■ 



X k+ i — X k (I + R k ) 

= X fc _i(I + P fe _i)(/ + P fe ) 

= ...=X (I + R ){I + R 1 )---(I + R k ) 

= X (I + R )(I + R 2 )---(I + R 2 k ) 

= x (i + P + Rl + ■ ■ ■ + Rf +1 ~ l ) 



X k+1 (I - P ) = X (I - Rf +1 ) (3.2) 
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SUFFICIENCY If p(R ) < 1, then R 2 ->• (k -> oo) and I - R is invertible. 
From (3.2), we obtain X^ = X (I - Ro)' 1 . From R(X ) = R(A), by Theorem 2.3, we 
can set 

x °" V 

Then, 

I-Wii^iXn -WuAiXia 


Hence 



/-/?o , 7 

Since I — Rq is invertible, then WnA\Xn is invertible, which implies that Xn is 
invertible. Now 

( /-jto)--( Jl s I Y" ri1 -*?*"'). 

It is easy to verify 



X^ - X (I - Rq) l () () / \ (1 / 



Ittt— 1 n \ / /I— 2 



^ryfi ^ = ( A^A U 0) =A ^ 



NECESSITY If X k converges to A* w , then R k ->• Pi - W AW A\ = P 1 - 
WAW(AWfA{WAf = Pi - WA(WAf = 0(k -»• 0). Hence, we have fl§* ->• 0(fc ->• 0) 
and then p(Ro) < 1 and I — Rq is invertible. From (3.2), we obtain A* W (I — Rq) = Xq. 
So R{Xq) = R{A\ v ) = R{A). u 

The iterative method defined in Theorem 3.1 is the Newton- Raphson method for 
computing A\^. We now turn to study the pth-order iterative method for computing 
Ayy, where p > 2 is an integer. 

Theorem 3.2. Let A G C(X,y) is relatively regular, W G C(y,X), If A* w exists. 
Define the sequence (X k )k in B(X,y) in the following way: 



R k = p 1 - WAWX k 

fc+i = Xk{I + Rk + ■ ■ 

Then the iteration (3.3) converges to A^ w if and only if TZ(Xq) = R(A),p(Rq) < 1. 



X k+ i - X k (I + R k + --- + R P k 1 ), p>2,fc = 0,l,2,.... '"" 
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Proof. Since 



4^1 = A\y, PiR k = R k , (k > 0). 



and 

R k+l = P 1 -WAWX k+1 



P 1 - WAWX k (I + R k + ... + RP- 1 ) 
Pi - WAWX k - WAWX k R k (I + R k + • • • + P^ 2 ) 
R k - WAWXkRk - WAWX k Rl(I + R k + • • • + P^ 3 ) 
(Pi - WAWX k )R k - WAWX k R\(J + « fc + • • • + i^- : 
R\ - WAWX k R\{I + R k + --- + R p k - 3 ) 



R k - ■ ■ ■ - R . 



Furthermore, 



X k+l = X k (I + R k + --- + R p - 1 ) 

= X (I + Po + • • • + Po _1 )(/ + Pi + • • • + RT 1 ) ■■■(/ + R k + ... + Rt 1 ) 

= X (I + R + ... + Rl 1 )(I + R p + ... + (R p T- 1 )...(I + R( + ... + (R pk r- 1 ) 

= X (I + R + --- + R pk+[ - ] 



Hence, 



H) 



X k+1 (I - Po) = X (I - R pk+1 ) (3.4) 



SUFFICIENCY If p(P ) < 1, then R pk -> (k -> oo) and 7 - P is invertible. From 
(3.4), we obtain Xqo = Xq(I — Po) -1 . Similarly to Theorem 3.1, we have 



X oo = X (/-P )- 1 = ( "i " X1 " )=A 



A^Mn 

^ ' li 

NECESSITY Similar to the prove of the necessity of Theorem 3.1. □ 

The iterative method defined in Theorem 3.2 is the hyper power method for com- 
puting Ayy. when p = 2, it is the Newton- Raphson method. Similar to the prove of 
the of Theorem 3.1, we have the Euler-Knopp method: 

Theorem 3.3. Let A G £(X,y) is relatively regular, W G C(y,X), If A^ w exists. 
Define the sequence (X k ) k in B(X,y) in the following way: 

k 

X k = X Y,(Pi ~ WAWX y,k = 0, 1, 2, ... . (3.5) 

j=0 

Then the iteration (3.5) converges to A* w if and only ifTZ(Xo) = R(A),p(Ro) < 1. 
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4 Example 

Example: A = ( J , W = ( 2 l), AW = ( J , VFA = 5, in order to meet 

i?(Xo) = -R(-A), p(P\ — WAWXq) < 1, we can set Xq = aA, where a satisfies 

° <a< l 

Let a = 0.06, for the Newton-Raphson iteration, we have 

k Xj, Rfr 



0.0600 
0.1800 

0.0300 
0.0900 

0.0375 
0.1125 

0.0398 
0.1195 



0.5000 



0.2500 



0.0625 



0.0039 



1.5259e - 005 



0.0400 
0.1200 

X5 = X4, choose A^ = X4. By identity A^ w = A[(WA)^] 2 , we can compute that 
0.04 
0.12 
And for the Euler-Knopp iteration, we have 

k X}~ Rk 



Ayy = ( n ' 1f) ) , which is consistent with X4. 



0.0600 
0.1800 

0.0300 
0.0900 

0.0450 
0.1350 

0.0375 
0.1125 

0.0412 
0.1238 

0.0394 
0.1181 



0.5000 



0.2500 



0.1250 



0.0625 



- 0.0313 



0.0156 
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0.0403 
0.1209 

0.0398 

0.1195 

0.0401 
0.1202 

0.0400 
0.1199 



- 0.0078 



0.0039 



0.0020 



9.7656e - 004 



I °- 0400 i 

11 „ ,„™ 2.4414e- 004 



0.1200 
X12 = An, choose ^4^ = Xli. Then A^ is consistent with In. 
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Abstract 

The concept of differential subordination was introduced in [2] by S.S. Miller and P.T. Mocanu and 
developed in [3]. The concept of strong differential subordination was introduced in [1] by J. A. Antonino 
and S. Romaguera. In [4] the authors developed the concept of strong differential subordination. In [5], 
the authors introduced the class TL* [a, n, £] and studied strong differential subordinations for the functions 
of the class. In this paper we define the concept of Briot-Bouquet strong differential subordination for 
the functions of the class H* [a, n, £]. 

Keywords: analytic function, differential subordination, strong differential subordination, univalent func- 
tion, dominant, best dominant, convex function, differential equation. 
2000 Mathematical Subject Classification: 30C80, 30C45, 30A20. 

1 Introduction and preliminaries 

Let U denote the unit disc of the complex plane (J={zeC: \z\ < 1} and U — {z E C : \z\ < 1}. 

Let 7i(U x U) denote the class of analytic functions in U x U. In [5] the authors introduced the class 
H*[a,n,$ = {/ G H(U xU) | /(«,£) = a + a n {t)z n + a n+1 ^)z n+1 + . . . , z G U, £ G U}, with_a fe (£) 
holomorphic functions in U, k > n, and 7i u (U) = {/ G H*[a,n,S] : /(•,£) univalent in U for all £ e U}. 

We define K*{a) = < f G H*[a,n, £] | Re z ,,, ^ z lJ + 1 > a, z G t/, £ G E/ > , the class of convex functions 

of order a, where a < 1 and let if* = __"* (0) . 

In order to prove our main results we use the following definitions and lemmas. 

Definition 1.1 [5] Let H(z,£), f(z,£) be analytic in U x U. The function /(z, £) is said to be strongly 
subordinate to H(z,£), or H(z,tj) is said to be strongly superordinate to /(<£,£), if there exists a function w 
analytic in U , with w(0) = and \w(z)\ < 1 such that /(z,£) = H(w(z),^), for all £ G U. In such a case we 
write f(z,£) -<-< H(z,£), z eU, £ eU. 

Remark 1.1 (i) Since f(z, £) is analytic in U xU , for all £ G U and univalent in U , for all £ G U, Definition 
1.1 is equivalent to i_"(0,£) = /(0,£), for all ^U and f(U xU)c H(U x U). 

(ii) If H(z,£) = H(z) and /(z, £) = f{z) then the strong subordination becomes the usual notion of 
subordination. 

Definition 1.2 [5] We denote by Q the set of functions <?(-,£) that are analytic and infective, as function of 
z on U \ E(q) where 

E(q) = {(edU: lim q(z, £) = oo} 

and are such that g'(C, £) ^ for £ G dU \ E(q), £ G U. The subclass of Q for which q(0,£) — a is denoted 
by Q(a). 

Definition 1.3 [5] Let fij be a set in C, #(•,£) € Q and n be a positive integer. The class of admissible 
functions \_ n [_2<;, <?(•,£)] consists of those functions ip : C 3 xUxU — > C £/ia£ satisfy the admissibility condition: 

1>(r,a,t;z,€)tnt, (A) 

whenever r = q((, £), s = mC,q'(C„ £), Re f + 1 > toRc c ^[ C '^ +1 , z G C/, C G dU \ E(q), £ G U and 
m > n. 
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We write *i[fi € ,«(-,0] <wtt[%g(-,0]- 

/n the special case when Q^ is a simply connected domain, f2^ ^ C, onrf /i(-,£) is a conformal mapping of 
U x U onto fi;r we denote this class by ^ n [h(- , £) , q(- , £,)] ■ 

If ip : C 2 x U x U —* C, £/ien i/ie admissibility condition (A) reduces to 

il>(r,s;z.Otnt, (A') 

whenever r — o/(£, £), s = C</(C) £)■> z G ^ C G <?^ \ ^(°), £ G U ,and m> n. 
Ifip-.CxUxU— > C, £/ien i/ie admissibility condition (A) reduces to 

^(r;^^ (A") 

whenever r = g(CO, Z € U, £ &U, ( € dU \ E(q). 

Lemma 1.1 /5, 1%. 3] Let h(-,£) e H U (U), for all (, eU and q(,£,) E H U (U), for all £, eU, with q(0,£,) = a, 
and set q p {z,£) = q(pz,£). Let ip : C 3 x [/ x [/ — > C satisfy one of the following conditions: 

(i) ip € *n[ft(-,0)9p(-,0]> for some pE (0,1), or 

(^zj £/iere exists po E (0, 1) smc/i i/iai V G ^n^pdOiSpGiO] / or a ^ P G (/?o, 1)- 

lfp(',0 G -ff*[ a i n jC]; V'(p( z : 0> zp l2 p"{z, £); z, £) is analytic in U x U and 

ip{ P {z, £,),z P ' ( z , , «V(«, 0; 2 , -<-< &(*, 0. 

Lemma 1.2 /5, I7i. 5/ Lei /j(-,£) e ff u (?7), /or all £ E~U and let ip : C 3 x U xU ^ C. Suppose that the 
differential equation 

i/,(q(z, £),nzq'(z, £),n(n - l)zq' (z, C) + n 2 z 2n q"(z, £); z, = ft(*> 0, * G £/, £ e U, 

has a solution q(-,£), with g(0,£) = a, and one of the following conditions is satisfied: 
(i) fl(-,0 EQ and^E *„[M-.0,9(-»0]. 
(ii) q(;0 £ H U (U), forameU_ and i/> e * n [h(- , $), q p (- , Q] 
(Hi) o(-,C) G H U (U), for all ^ E U and there exists po E (0, 1) swc/i i/iai 

^ G *n[fep(-,0.«p(-.0] /° r a// /° G (po, 1). 
Ifp(',0 G-ff*[a, n, £], ip(p(z, £), zp' (z, £) , z 2 p"{z, £); z, £) is analytic in U x U andp(-,t;) satisfies 

i>(p(z, 0,zp' (z, C) , z¥'(z, 0; z, ■<■< h(z, 0, z e c/, e g Z7, 

i/ien 

p(z,o -«-« q(z,£), zeu, £eu, 

and (?(•,£) is the best dominant. 

2 Main results 

Definition 2.1 Let (3,y € C, /3 7^ 0, i/ie functions h(-,£) E Ti u (U), for all £ € U, with /j(0, £) = a, and Zei 
p G 7i* [a, n, £] satisfy 

P(z, + „ Z f {Z nl -<-< Hz, 6, * G 17, £ G F. (1) 

/W,?)+7 

T/iis first-order strong differential subordination is called Briot-Bouquet strong differential subordination. 
The name derives from the fact that a differential equation of the form 

q(z, + // ( S^ = *(*. 0, * g u, e g u, (2) 

is called a differential equation of Briot-Bouquet type. 
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Remark 2.1 (i) Strong differential subordination (1) is equivalent to: Let fj, 7 E C, (3 7^ 0, and let 51^ be 
any set in the complex plane C, the function p(-,£) € W*[a, n, £] and h(-,£) E TL U {U) for all £ E U satisfies 

where h(U x U) = fl^. 

(ii) More general, letp(-,£) E W*[a, n, £] and /i(-,£) € H*[a,n,£]. 

Related to the strong difTcrcntial subordination (1) we can formulate the next two problems. 

Problem 2.1 Given h(-,£) E TL U (U), for all £ E U with h(0,£) = p(0,£) wftai are t/ie conditions for the 
function (?(■,£) E Ti. u (U), for all £ E U, with q(0, £) = /i(0, £), /or all £ E U and find this function such 
that implication (1") holds. Moreover, find the best dominant a(-,£), for all ^ E U of this strong differential 
subordination. 

Problem 2.2 Given q(-,£) E U U {U), for all £ eU with g(0,O = p(0,£) find the function h(-,£) E H U {U), 

for all £ E U with h(0,£) = q(0,£), such that implication (1") holds. 

This paper provides certain results which respond to the above formulated problems. 
Theorem 2.3 Let /?, 7 E C, 13 ^ 0, and let convex function h(-,£) E H*[a,n,£] satisfies 

Re [/3h(z, + 7] > 0, z E U, £ E U. (3) 

Ifp(-,£) is analytic in U x U , with p(0,£) = h(0,£), for all £ E U then 

P^ ® + r1 { ^1 ^ h ^ ®> ZEU,^EU, (4) 

PP{z, + 7 

implies 

p(z,£) -<-<h(z,Z), zeU, £eU. 

Proof. Let t/j : C 2 x U x U ^ C, r = p(z,£), s = zp'(z,£) then ip(r,s;z,£) = r + fjr s , , and strong 
differential subordination (4) becomes 

i/>(j>(z,t),zi/(z,S);z,0 -<-<h(z,0, (5) 

implies p{z,(,) « q(z,£), z E U, £ E U. 

We will use part (ii) Lemma 1.1, with q{z,£) = h(z,£,) and h p (z,^) = h(pz,£) to prove this result. We 
only need to show that ip E $f[h p (-,£), h p (-,£)] for < p < 1. 

In this case, admissibility condition (A) reduces to showing 






^ = ^(h p ((, 0, mCh'JS, 0) = MC. + „, \/X / * h p( u x u )> ( 6 ) 



when |£| = 1, £ S [7 and m > n. 
Equality (6) is equivalent to 



when \(\ = 1, £ E U, and m > 1. 

Let 



^0 -/i P (C,0 



C^(C,0 /3/i P (z,0+7 : 



(7) 



C^(C,0 /3/ip(^,0 + 7' lj 

From Theorem 2.3 we have Re A = Re gh ,",,, > 0, i.e. | argA| < |, which is equivalent to 

I arg[V»o - /i p (C,0] - ar gC^p(0£)l < f smcc V(^ x U) is convcx , hp(C,0 € h p (dll, U) and C,h' p (C,,£,) is the 
outer normal to h p (dU, U) at /i p (C> £)> we conclude that -0o ^ /ip(£7 x t/) and p(z, £,) -<-< q(z, ^), z € [/, ^ e [/. 
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Example 2.1 Let [3 = 4, 7 = 2, h(z, = 1+ f z, Re ^7^ + 1 > and Re 4 ( 1 + fz) + 2 > 0. 7/ 
p(-,0 * s analytic in U x U with p(0,0 = M0>0> / or all ^ £ U then 

/W. + 7 4 

p(z,0^^l + |z, ze(7, £e!7. 

Theorem 2.4 7ei /?, 7 e C, /3 ^ and /ei convex function /i(-,0 G -H* [o> W, £] . Suppose that the Briot- 
Bouquet differential equation 

4(z>O + ^0^ = h(z,O, [?(0,0 = M<U) = a] (9) 

/las a solution q with g(0,O = a i/iai satisfy q(z,£) -<-< /i(z,0) z £U, £ £ U. 
If p £ 77*[a,n, £] i/ien 

P( ^ ) + /^|f^^^ (10) 

p0,0 -^-^g(z,0, «etr, £e !7, 

and (?(-,0 * s ^ e ^ es ^ dominant. 

Proof. Wc will use part (iii) of Lemma 1.2 to prove this result. Let ^ : C 2 x [7 x U — ► C, ^>(r, s ! z i *) — 
r + „ f_ , r = p(z, 0, s = z p'(^7 0) then strong differential subordination (10) becomes 

il>(p(z,0,zi/(z,S);z,0-<-<h(z,0, zeU,teTJ, (11) 

and we only need to show that ip £ ^ n [h p (-,^),q p (-,^)], for < p < 1. 

In this case, admissibility condition (A) reduces to showing that Vo = VK<Zp(C>0' m C<7p(C>0i z>0 = 

9p(C;0 + m /3MC£)+7 ^ ^p(^ x ^)' w hcn |C| = 1, £ € J7, and m > n. Using (9) we obtain ip = 

9p(C,0 + f MC0 - </>(C,0L ICI - i, C g C7. 

From g(z,0 -< M z ;0 we obtain g p (C,0 e ^ P (£7 x [7). 

Using this together with the fact that h p (U x [/) is a convex domain and — > 1, we deduce that 
"00 ^ ^p(^7 x U). Therefore ip £ ^n[h p (-,£),q p (-,£,)], and by Lemma 1.2 we conclude that p(z, "^ <7(- 2 ,0) 
and that (?(-,0 is the best dominant. ■ 

We can also use Theorem 2.4 to obtain a strong subordination relation between univalent solutions of 
Briot-Bouquet equation of the form (9). 

Theorem 2.5 Let h(-,£), £ £ U convex, with /i(0,0 — a an d let m and n be positive integers. Let g m (-,0 
and q n { m ,£), £, £U be univalent solutions of differential equation 

q(z,0 + "/^!'f = h{z,£), z £ U, £ G U, /3, 7 £ C, /3 ^ 0, (12) 

W,C)+7 

/or n = 77i and n respectively, with q n (z,£) -< /i(z, 0> z £ U , t; £ U . If rn> n, then 

Qm{z,Q ■<■< Qn{z,0- 

Proof. By hypothesis g TO (z,0 + ^(",0+7 = M^O) z e ^ £ eU - Lct 

P (z,0 = 9m(z m ,0, (13) 

we obtain p(z,0 + / p { z %% = q m {z m ,0 + "^",0+7 = ^"'^ XX ^'^' Z G ^ * G V ' 

Since p(.,0 G H* [a, m, £] C W*[a, n, £], g n (z, -<-< h{z,£) and </„(-, satisfies (12) we can apply Theorem 

2.4 to obtain p(z,£) -« q n {z,£), and from (13), we have q m {z m ,£) -<-< p(z,£), which implies q m {z, ^^ 

q n {z,£), z£U, ££U. m 

We can combine Theorem 2.3 and 2.4 and we obtain the following theorem. 



OROS: STRONG DIFFERENTIAL SUBORDINATION 737 



Theorem 2.6 Let h(-,£) be convex in U, with h(0,£) = a and Re \j3h(z,£) + 7] > 0, z € U, £ € U, /3, 7 € 
C, [3 ^ 0. Lei n be a positive integer and suppose that differential equation 

q(z, + "? g '^'f = K*> 0, zeU,£eU, (14) 

/W>0 + 7 

has a univalent solution q(-,£). If p € H*[a,n,£] satisfies differential subordination 

P^ + R Z f {Z c^l « h ^ 0. zeu, teu, (15) 

/W>?)+7 

i/ien 

and q(-,t;) is the best dominant. 

Proof. If we replace z by z n in (14) and let q(z,£) = q(z n ,^), we obtain <f(z, £) + g~ q ( z /)+ = 
h(z n ,£) -<-< h(z,£), z e [7, £ € £/, then the function ge H*[a, n, £] satisfies strong differential subordination 
(15). Since q(-,S,) satisfies the conditions of Theorem 2.3, we deduce that q(z,£) -« h{z,£) or equivalently 
q(z n ,£) -<-< h(z,£). Since this implies q{z,£) ~<~< h(z,£), we can combine this result with Theorem 2.4 to 
obtain p(z,£) -<-< q(z,£) -<-< h(z,!;), and g is the best dominant. ■ 
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1 Introduction 

Let p £ [1, oo] , / = R + or I = R, and / : I — S- R is twice diffcrcntiable with 
/, /" £ L p (I), then /' £ L p (I). Moreover, there exists a constant C p (I) > 
independent of /, such that 

ii/'iu^c^^n/ii^iirii^, a) 

where ||-|| 7 is the p-norm on the interval /, sec [1], [3]. 

The research on these inequalities started by E. Landau [9] in 1914. For the 
case of p = oo he proved that 

Oo (K+) = 2 and C^ (M) = y/2, (2) 

are the best constants in (1). 

In 1932, G.H. Hardy and J.E. Littlewood [6] proved (1) for p = 2, with the 
best constants 

C 2 (R+) = \/2, and C 2 (R) = 1. (3) 

In 1935, G.H. Hardy, E. Landau and J.E. Littlewood [7] showed that the 
best constant C p (R+) in (1) satisfies the estimate 

C p (R+)<2, for pe [l,oo), (4) 
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which yields C p (R) < 2 for p e [l,oo). Infact in [5] and [8], was shown that 

C p (R) < \/2. 

In this article we prove fractional Landau inequalities with respect to ||-|| , 
p > 1, involving the left Caputo fractional derivative. 
We need 

Definition 1 ([4], p. 38) Let v > 0, n — \v\ (\-~\ the ceiling of the number), 
f e AC n ([A,B]) (i.e. /("- 1 ) e 4C(L4,.B]), 4,Be Rj. We de/me tfte left 
Caputo fractional derivative 

Dl A f (x) := - 1 f (a - i)- ^ /<"> (i) dt, (5) 

1 \n-v) J A 

Vi£ [A, £?], onrf D" A f (x) := 0, if x < A. Here T is the gamma function. 
Definition 2 Let < v < 1, f € AC ([A, B]), we define 

DUf (x) = r *_ f (x - ty v f (t) dt, (6) 

V x e [A, B] . 

Notice D? A f (x) = /("), for neN. 

We make 

Remark 3 Let f e AC ([A, B]), Q<v<l, then \v + 1] = 2, and 

fl.V (x) = j^^y jT (* - ty v f" (t) dt = 

' ; * (* - tf-^+V- 1 f" (t) dt = D':+\f (x) . 



Y{2-{u + l))J A 
Hence it holds 

D: A f(x) = D:+\f(x). (?) 

2 Main results 

We use 

Theorem 4 ([2], p. 620) Let p,q > 1 : i + ± = 1, 1 - i < zv < 1, / e 
AC(L4,B]) ; A, Be R, A < B. Assume D» A f£ L q ([A,B]). Then 



1 ^ 



B-A.M 



II- d *a/IIl,([a,b]) ,_ xx^-i+i 

/ (») da; - / (A) < -^-t 1 ? rv ( b ~ A ) 

r(i/)(p(i/-i) + i)p(i/ + |J 

(8) 
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Wc make 



Remark 5 Letp,q>l : \ + \ = l, l-\ < v < 1, /' e AC ([A,B]), A,B e 



A< B. Assume D» A f e L q ([A, B}). Then 



B-A 



f(x)dx-f(A) 



< 



\D v , A f'\\ 



L q ([A,B]) 



r(i/)(p(i/-i) + i)p(i/ + i 



(B-A) 1 



(9) 

Equivalently we have: For p, q > 1 : ± + ± = 1, l — ± < u < 1, f e AC 2 ([A, B]), 
A,B e R, A < B. Assume D^ 1 f E L q {[A,B]). Then 



B-A 



(f(B)-f(A))-f'(A) 



< 



(10) 



I D v+1 f\\ 

\ U *A J\\ Lq {[A,B\) 



r(i/)(p(i/-i) + i)p(i/ + i) 



(B-A) 



v-l+h 



Therefore it holds 



\f'(A)\-^—\f(B)-f(A)\< "— f ll^E» 

B ~ A r(i/)(p(i/-i) + i)p(i/ + i 



(B-A) u - l+ ? 



(11) 



We also make 

Remark 6 Let 1 - ± < v < 1; p, g > 1 : ± + 1 = 1, / € AC 2 ([A, &]), Vfe > A. 
Assume D^ 1 / e L g ([A, +oo)) (tfras D^ 1 e L q ([A, b})). LetA<a<b. Then 
f e ^C 2 ([a, 6]) and Z^ 1 / € L g ([a, +oo)) and D^ 1 e L g ([a, 6]). #ere 



^r a +1 / (*) = y^v) [ {x tyv f " {t) dL 

If f" (t) > a.e., then 

Dl\ l f (x) > D»+\f (x) > 0, a.e., for x > a. 
Thus 

nn -> II n u+l f\\ >\\n l,+1 f\\ > II n v+1 f II 

00 ^ \\ 1J *A J \\ q ,[A,+oo) - II *A J llg,[a,+oo) - II * a ■> llg,[a,+oo) 

So it is not strange to assume that 



(12) 



n"+ 1 f\\ < II D v+1 f II 

I *a J llg,[ a ,+oo) - II *A J llg,L4,+oo) ' 



(13) 



V a > A (it is obvious when v € N). 
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We need 
Remark 7 Let a,b € [A, +00), a < b. Then we get 

\f(a)\<j^-\f(b)-f(a)\ + ll^^llwi) (6 _ ar i + |, 

b - a T (v)(p(is-l) + l)p(v+l) 

(14) 
We also assume that H/H^ \ A +oc ) < 00. 
T/iere/ore 

|/(a)]< 2|l/l '°°- [A ' +oo) + H^^IU.+oo) r(b-«r 1+ ', (15) 

b - a r(i/)(p(i/-l) + l)*(i/+±) 

V a, 6 e [A, +00), a < 6. 

JTie R.H.S. (15) depends only on b — a. 
Therefore 

9 11 f 11 II d" +1 f II 

||W II ^ z ll/lloo,l4,+o°) H *^ J \\q,[A,+°o) iu n \ v - l +T, 

11/ lloo,[A,+oo) S 7 - I ; ~rj tvKO-c) 

b - a r(u)(p(v-l) + l)i(y+±) 

(16) 
We may call t = b — a > 0. Thus 

9 II f II II D v+1 f II 

11// II ^ ^H/llooJA.+oo) \\ 1J *A J \\ q ,[A,+oo) f-l+h (T 7 \ 

1 r(i/)(p(i/-i) + i)p(i/+i) 

Vie (0,00). 

Notice that 0<^-l + 1 <l. Call 

M-aH/Hoo.^+oo). ( 18 ) 

*A / llg,L4,+oo) 



\ jj *a / 



I»(p(i/-l) + l)*(i/+± 

both are positive; and 



v:=u-l + -, (i/G(0,l)). (19) 



We consider the function 



y(t) = ^ + er, te(o,oo). (20) 
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The only critical number here is 

5 -(£)*. m 

and y has a global minimum at t$, which is 

y(t ) = (ei?) V+1 (v + l)v-(^). (22) 

Consequently, we get 

\D u+1 f\, 



4 r(i/)(p(i/-i) + i)-(i/ + i)_ 

( 2 |l/ll.,, + „,)^)(. + i)(.- 1 + i)^^. I-) 



We have proved that 



"-1+; 



ll/'IL,[A + co) < I -^rff = " (24) 



-!+i 



1 (\\f\\ \K^TJ .(\\ D »+if\\ U"+J) 

We have established the following L g result, left Caputo fractional Landau L q 
inequality: 

Theorem 8 Lei p,g > 1 : i + i = 1, 1 - i < i/ < 1, /e AC 2 ([A,b}), V6 > A. 



P 9 



Assume D^J f E L q {[A, +oo)) , 11/11^,^+^) < oo, and 

I < II D" +1 f II 

l<j,[a,+oo) - II *A J \\q\A,+oo) ' 



T~) v+l f II <lln I/+1 fll f?^ 



V a > A. Then 



2 U+h 



l/'llco^+co) < ( ^jff I • (*» 



(r (v)) ( ,y+ p) (p (y - 1) + 1) <^ 1+1) 



'-!+i 



(ll/Hoo,[X 1+ oo)) V ^ TFy • (ll^7|U, +co) ) ^ 
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We give 

Corollary 9 Let p,q > 1 : ± + \ = 1, 1 - ± < i/ < 1, / G AC 2 ([0,6]), V6 > 0. 
Assume D^ 1 f € L, ([0, +oo)) , H/H^ „ < oo, and 



? VL">^^yy > iu iioo,R + 

q,[a,+oo) — 11^*0 ^ llq,R_|_ 



D v+l f\\ < II D u+l f II ('OV^i 



V a > 0. TTien 

'2fi/+i 



II/'IL^ < | ,. V , H ) • (28) 



jy-l + i 
p 



(r (i/)) ( ,y+ p) (p (i/ - 1) + 1) <^ 1+1) 
fllfll U^+f) .(\\D v+1 f\\ )(^V) 

\\\T\\oo,R + ) ^11^*0 /||g,R H J 

We mention the case of p = q = 2. 

Corollary 10 Lei § < v < 1, / e AC 2 ([0,6]), V6 > 0. Assume D^ 1 / € 

L 2 (K+) ,/eioo (K+) , cmd 

II n" +1 f II < II n I/+1 f II roqi 

11-^*0 / II 2,[a,+oo) - 11-^*0 /||2,R+' ^J 

V a > 0. TTien 



17 ~ 2 



i/iu, <(^y^-- (30) 



fllfll H 1 ^/ . (\\D v+1 f\\ \ (' y+ i) 

^ll/lloo.R+J 1^11^*0 /||2,M + J 

When i/ = l we get: 

Corollary 11 Let p,q > 1 : - + \ = 1, / € AC 2 ([0,6]), V6 > 0. isswme 
/" G L g (R+) , / € Loo (M+) • Aen 

||/'|| co , R+ <(2( P +l))^- (31) 

(n/iu + )^-(iirii g ,« + )^- 

We finish with 

Corollary 12 Let f e AC 2 ([0,6]), V6 > 0. Assume f" e L 2 (R+) , / € 
Loo (K+) • L6en 

ll/'llco, R+ <^6-(ll/IL, R+ )"-(ll/"ll2, R+ ) f - (32) 
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Abstract 

For a second order variable coefficient elliptic boundary value problem in 3D, we 
derive the weak estimate of the first type for tensor-product quadratic pentahe- 
dral finite elements. Combined the estimate for the discrete derivative Green's 
function, we show that the derivatives of the finite element approximation and 
the corresponding interpolant are superclose in the sense of the L°°-norm. 

Mathematics subject classification: 65N30. 

Key words: tensor-product quadratic pentahedral elements, superconvergence, 

discrete derivative Green's function, variable coefficient elliptic equation 

I. INTRODUCTION AND PRELIMINARIES 

There have been many studies concerned with superconvergence of finite element 
methods in 3D. Books and survey papers have been published. For the literature, we 
refer to [1-12] and references therein. As for pentahedral elements, superconvergence 
results are achieved in [3, 6, 7, 9, 12]. Among of them, [7, 12] give how to locate su- 
perconvergent points of the pentahedral finite element approximation. Recently, we 
obtained supercloseness properties of pentahedral elements in the pointwise sense of 
the L°°-norm for the Poisson equation (see [9]). The present article shall discuss max- 
imum norm error estimates for derivatives of tensor-product quadratic pentahedral 
elements for a second order variable coefficient elliptic equation. 

In this article, we shall use letter C to denote a generic constant which may not 
be the same in each occurrence and also use the standard notation for the Sobolev 
spaces and their norms. 

The model problem considered in this article is 

3 3 

Cu = — V^ dj(aijdiu) + V^ (lidiu + a^u = f in Q,, u = on <9fl (1-1) 



'Supported by the Natural Science Foundation of Zhejiang Province (No. Y6090131), and the 
Natural Science Foundation of Ningbo City (No. 2010A610101). 
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Here Q = [0, l] 2 x [0, 1] = tt xy 
consisting of faces parallel to 
functions aij,ai £ IF 1,oo (0), 
d\u = g*, d 2 u = g, and d 3 u ■■ 
To discretize the problem, 
titioned into subcubes of side 
tahedra (triangular prisms), 
partitions as above. Thus £1 = 
1), where D and L represent a 
interval parallel to the z-axes, 



x Q z C TZ? is a rectangular block with boundary, dQ, 
the x-, y-, and z-axes. We also assume that the given 

ao G L°°(Q), and / € X 2 (S1). In addition, we write 
= ^, which are usual partial derivatives. 

one proceeds as follows. The domain 0, is firstly par- 

h, and each of these is then subdivided into two pen- 
We denote by {T h } a uniform family of pentahedral 
" U eG 7-he. Obviously, we can write e = D x L (see Fig. 

triangle parallel to the xy-plane and a one- dimensional 

respectively. 




is. 



FIG. 1. Pentahedral Elements 
We introduce the tensor- product quadratic polynomial space denoted by V, that 

q(x,V,z) = Yl a ijkX l y J z k , a ijk eK, q^V, 
(i,j,k)ex 

where V = V xy <S> V z , V X y stands for the quadratic polynomial space with respect 
to (x,y), and V z the quadratic polynomial space with respect to z. The indexing 
set X satisfies X = {(?, j, k)\i,j, k > 0, i + j < 2, k < 2}. Let IFL be the quadratic 
interpolation operator with respect to (x, y) £ D, and II| the quadratic interpolation 
operator with respect to z £ L. Thus we may define the tensor-product quadratic 
interpolation operator by IF : #o(e) ->• 'P(e). Obviously, II e = n| y eg) IIJ = n|<g)II 
The corresponding weak form of the problem (1.1) is 

a(u,v) = (f,v) Vv€Ht,(n), 



xy ■ 



where 



a(u , v) 



/■ 3 3 

/ ( 2J aijdiudjV + 2_] didiuv + clquv) dxdydz 
^ n i,j=i i=i 

3 3 

J^ (dijdiu, djv) + ^(a^u, v) + (oo«, u), 
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and 

(/ , v) = / fv dxdydz. 
Ja 

Define the tensor-product quadratic pentahedral finite element space by 

SiftQ) = {v£ H%(Sl) : v\ e G V{e) V e £ T h } . (1.2) 

Thus, the finite element method is to find Uh G Sq(CI) such that 

a(u h ,v) = (f,v) VvesJ(n). 

Obviously, there is the following Galerkin orthogonality relation: 

o(M-in,u)=OVt)eSj((]). (1.3) 

Additionally, from the definitions of II e and Sq(Q), we can define the global tensor- 
product quadratic interpolation operator II : Hq(Q) — > Sq(Q). Here (IIii)| e = H e u. 
In next section, we will bound the term 

3 3 

a(u— Uu, v) = V^ (a,ijdi(u—Tlu), djv) +^2i a A( u ~ Hm), v) + (ao(u— IIu), v). (1.4) 

II. A WEAK ESTIMATE FOR THE TENSOR-PRODUCT QUADRATIC 
INTERPOLATION OPERATOR 

In this section, we give the following weak estimate for the interpolation operator II. 
Lemma 2.1. Let {T h } be a uniform family of pentahedral partitions of Q, u G 
Ty 4 '°°(f2) n Hq(Q), and v G Sq(Q). Then the tensor-product quadratic interpolation 
operator U satisfies the following weak estimate: 

\a(u - Uu, v)\ < C/i 3 ||u||4 i oo,n| , u|i,i,Q. (2.1) 

Proof. Obviously, the remainder of the interpolation is as follows: 

(2.2) 



u — Uu = (u — Hxyu) + (u — H z u) + (tl xy (u — Tl z u) — (u — H z u)) 



= R-xy + Rz + R* j 

where (H X yu)\ e = Tl xy u, (U z u)\ e = II|u, and R* is a high-order term. Thus, we only 
need to analyze R xy and R z . 
We first bound the term 

a(R xy , v) = T,i,j=i(<Hj9iRxy, djv) + Td=i(aidiRxy, v) + (a R xy , v) 



Z^iiJ=l\ a ij^iRxyj OjV) + 2^j =1 (aiC'jil a ;j/j ' 

+ [E 3 j=i(a3jd3Rxy, djv) + J2i=i(ai3diR xy , d 3 v)^j ( 2 -3) 

+ (a 3 d 3 R xy + a R xy , v) 
Ji + J 2 + J 3 - 
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By the weak estimate of quadratic triangular elements (see [13]), 



\Ji\ < 



( Y^ aijdiRxydjV + ^2 a-idiRxyv) dxdy 



xy ij = l 



1 = 1 



dz 



namely, 

Consider the integral 



< Ch ||«||4,oo,n lsl/ |«|i,i,n ietf d« 

J \L Z 



< Ch ||ti||4,oo,n|v|i,i,n, 

|Ji| < Ch^WulUoo n\v\i ,i n. 



hi = / a 3 jd 3 R X ydjV dxdydz, j = 1,2,3. 
Jn 

Obviously, by the interpolation error estimate, we have 

\hj\ <C / \d 3 u - U xy (d 3 u)\ \djv\ dxdydz < C/i 3 ||w||4 ;00 n\v |i,i,n. 
As for the integral 

-f«3 = / aisdiR xy dsv dxdydz, i = 1,2. 
Since t> G Sq(Q), integration by parts yields 



/, 



/';-! 



vd 3 (a i3 diR X y) dxdydz 



(2.4) 



(2.5) 



/n jo 

Applying integration by parts again, we have 



vd^aizdiRxy dxdydz— \ vai 3 d 3 diR xy dxdydz. 
Jn 



I%3= / Rxydi(vd 3 ai 3 ) dxdydz + / d 3 R xy di(va i3 ) dxdydz. 
Jn Jn 

By the interpolation error estimate and the Poincare inequality, we derive 

\Ii3\ < C/i 3 ||«||4,oo,n|w|i,i,f2- 
From (2.5) and (2.6), 



(2.6) 



\J 2 \ < Ch \\u\\a,oo,ci\v\i,i,ci- (2.7) 

Applying the interpolation error estimate and the Poincare inequality directly 
gives 

\Js\ <C/t 3 ||«||4,oo,n|v|i,i,n. (2.8) 

From (2.3), (2.4), (2.7), and (2.8), 

\a(R xy , v)\ < Ch 3 \\u\\ At00t n\v\ 1:1>n . (2.9) 
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Next we bound the term 

a{R z , v) = J2lj=i{aijdiR z , djv) + E 3 =iK<%-Rz, v) + (a R z , v) 
= T,i=iT, 3 j=i(aijdiRz, djv) 
+ J2 2 j=i(a3jd 3 R z , djv) 
+{a 33 d 3 R z , d 3 v) 
+ [Ei=i(aidiR z , v) + (a R z , v)j 

+(a 3 d 3 R z , v) 

= K 1 + K 2 + K 3 + K 4 + K 5 . 

Applying the interpolation error estimate directly gives 

\Ki\ < Ch 3 \\u\\4,oo,n\v\i, re- 
integration by parts yields 

2 2 

K 2 = ^2(R Z , 9 3 (vdja 3j )) + ^(djR z , d 3 (va 3j )). 
3=1 j=i 

Applying the interpolation error estimate and the Poincare inequality gives 

\K 2 \ < C7i 3 |Mkoo,fiMi,i,n- 
To bound the term K 3 , we need the following expansion 

a>33(Q) = a 33 (Q ) + 0{h e ) = a° 3 + 0(h e ) V Q = (x,y,z) £ e, 
where h e = diam(e), and Qq G e is a fixed point. Thus, 

K 3 = ^2 ( / a 33 d 3 R z d 3 v dxdydz + I 0(h e )d 3 R z d 3 v dxdydz 
It is easy to see that 



0(h e )d 3 R z d 3 v dxdydz 



< Ch 3 \\u\\ Sj00: Ci\v\l,l,e, 



whereas (see [9]), 



(2.10) 



(2.11) 



(2.12) 



a 33 d 3 R z d 3 v dxdydz = 0. 
Summing over all elements yields 

\K 3 \ <C7i 3 H| 3l oo 1 n|«|i ) i 1 n. (2-13) 

Applying the interpolation error estimate and the Poincare inequality gives 

\K 4 \ <C^ 3 ||«|| 4l oo 1 n|w|i ) i 1 n- (2-14) 
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As for the term K§, integration by parts gives 

K 5 = -(R z , d 3 (a 3 v)). 
Thus, applying the interpolation error estimate and the Poincare inequality gives 

\K 5 \ < C^ 3 ||u||3 > oo 1 n|u|i,i 1 n- (2.15) 

From (2.10)-(2.15), 

\a(R z , v)\ < C/i 3 ||u||4,oo,n|u|i,i,fj- (2.16) 

Thus, combining (2.9) and (2.16) completes the proof of the result (2.1). 

III. SUPERCONVERGENCE OF THE TENSOR-PRODUCT QUADRATIC 
PENTAHEDRAL ELEMENT 

To derive superconvergence estimates, for every Z £ O, we need to give the definition 
of the discrete derivative Green's function dz/G z G Sq(£1) as follows. 

a(v,d z , £ G h z ) = d e v{Z) Vv G S#(fi). (3.1) 

where £ G 1Z 3 and \£\ = 1. dev(Z) stands for the onesided directional derivative 

d e v(Z) = lim V{Z + AZ \- V{Z \ AZ = \AZ\1 
v ' |azko |AZ| ' ' 

Lemma 3.1. For dz,eG z the discrete derivative Green's function defined by (3.1), we 
have the following estimate: 

d z ,iG h z \ iin <C\lnh\l. (3.2) 

The proof of the result (3.2) may be found in [10]. 

Finally, we give the following maximum norm supercloseness property. 
Theorem 3.1. Let {T } be a uniform family of pentahedral partitions of £1, u G 
W 4,00 (Q) n Hq(Q). For Uh the tensor-product quadratic pentahedral finite element 
approximation, andliu the corresponding interpolant to u. Then we have the following 
superconvergence estimate: 

\u h - Hu\ loon < Ch 3 |ln/i|t ||u|| 4 ,oo,fi. (3.3) 

Proof. For every Z G SI and unit vector £ G 1Z 3 , from (1.3) and (3.1), 

8 t K - n«) (Z) = a{u h - Uu, dz,eG h z ) = a(u - Uu, d z/ G h z ). 

Hence, from (2.1), 

\d t (u h - Uu) (Z)\ < Ch 3 ||n|| 4)00jn \dzjG h z \ . (3.4) 
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Combining (3.2) and (3.4), we immediately obtain the result (3.3). 
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ON SUPPORTS OF EQUILIBRIUM MEASURES WITH CONCAVE SIGNED EQUILIBRIA 

D. BENKO.+S. B. DAMELIN * AND P. D. DRAGNEV§ 

Abstract. Let S C K be compact. In this paper, we study the support of the equilibrium measure for a class of external fields Q : £ — > R, 
whose associated signed equilibrium measure has a positive part with concave density supported on at most two intervals. We prove that the support 
of the equilibrium measure is at most two intervals. Our proof uses the iterated balayage algorithm. As a corollary we obtain by a constructive 
method that the equilibrium measure of any two intervals has convex density. A non-trivial counterpart of the results to the unit circle is also 
presented. 

Key words. Logarithmic potential theory, external fields, equilibrium measure, equilibrium support 

AMS subject classifications. 31A15, 30C15, 78A30 

1. Introduction. In recent years minimal energy problems with external fields have found many applications in a 
variety of areas ranging from diverse subjects such as orthogonal polynomials, weighted Fekete points, numerical con- 
formal mappings, weighted polynomial approximation, rational and Pade approximation, integrable systems, random 
matrix theory and random permutations. Let EcCbe closed. An essential step towards the solution of such minimal 
energy problems is the determination of the nature of the support of the equilibrium measure /i := /j,q associated with 
a given external field Q : £ — ► (— oo, oo], As described by Deift [8, Chapter 6], information that the support consists 
of finitely many intervals allows one to set up a system of equations for the endpoints, from which the endpoints may 
be calculated, and thus, the equilibrium measure may be obtained from a Riemann-Hilbert problem or, equivalently, a 
singular integral equation. It is for this reason, that it is important to have a priori, conditions to ensure that the support 
S of fi is the union of a finite number of intervals. For more on the various applications of minimal energy problems 
we refer the reader to the references [1, 2, 3, 6, 7, 8, 9, 15, 17, 18, 19, 20] and those listed there in. 

In this paper we establish a sufficient condition that the equilibrium support consists of at most two intervals. The 
method utilizes the Iterated Balayage Algorithm, introduced and used first in the papers [15, 6, 7]. As a result from 
our analysis we establish also that the equilibrium measure for any two intervals is convex. In order to formulate our 
results we introduce some needed definitions and notations from potential theory. 

1.1. Potential-Theoretical Preliminaries. Let £ = U" =1 [a;, bi] or let £ be finitely many closed arcs on the unit 
circle. Let w — exp(-Q) be a function (called weight), where Q : £ — > (— oo, oo] is continuous in an extended sense 
but not identically infinity. 

Given a Borel probability measure v supported on £, its logarithmic potential and logarithmic energy are respec- 
tively given by 

U v {z) := J log T^~jdv{t), /(i/) := f J log ^—du{a)du{t). 

The weighted energy of v associated with the external field Q (or weight w) is defined as 

I w {v) :=I{y) + 2 J Q{x)dv{x). 

It is well known (see [11], [19, Theorem 1.3]), that under the above assumptions there exists a unique equilibrium 
measure /i := fi w associated with Q, that solves the minimal energy problem 

I w (fj,) = £ w ■= mm ueV(s) I w (is) (1.1) 
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2 D. BENKO, S. B. DAMELIN AND P. D. DRAGNEV 

where "P(S) denotes the class of all Borel probability measures supported on £. The support of the equilibrium 
measure is denoted by S^ or Sq. This measure is completely characterized by the Gauss variational conditions 

U»(x) + Q(x) = F, x € Sq, 

U*{x) + Q{x) > F, ieE, K ' 

with some constant F. We note that under the assumptions we have, the logarithmic potential U^(z) is continuous in 
C. In the particular case when Q = the unique minimizer /ij; of (1.1) is called an equilibrium measure of S. 

Next we introduce the notion of signed equilibrium (see [4]). 

DEFINITION 1 . Given a compact subset £cC and an external field Q, we call a signed measure rj E supported 
on E, and of total mass t)e(E) = 1, a signed equilibrium on E associated with Q, if 

U VB {x) + Q(x) = F E for all x £ E. (1.3) 



The choice of the normalization t)e(E) = 1 is just for convenience in the applications here. 

The next subsection is a brief summary of an essential tool in our analysis, called the Iterated Balayage Algorithm 
(see [15, 6, 7]). For the rest of the paper we will assume that £ is a union of finitely many intervals and that the 
external field Q has <5-H61der continuous first derivative for some 6 > 0. 

1.2. The Iterated Balayage Algorithm (IBA). We recall the notion of balayage onto a compact set (see [16, 
Chapter IV]). Let M be a compact subset of the complex plane with positive logarithmic capacity and such that the 
complement C \ M is regular. Then, if v is any finite positive Borel measure on C with compact support, there exists 
a unique measure v supported on M such that \\v\\ — \\v\\, and for some constant C, 

U c, (z) = U u (z) + C, z€M. 

The measure v is called the balayage of v onto M and we denote it by Bal(V; M). For a signed measure a = a + — a~ , 
the balayage is defined as Bal(a; M) := Bal(cr+; M) - Bal(cr~; M ). 

The Iterated Balayage Algorithm (IBA), presents an iterative method to solve the variational problem (1.2). Given 
an external field Q on So := S one proceeds as follows. The first step is to solve the integral equation 

log\x - t\v Q (t)dt = Q(x) - F , ieE„, (1.4) 

So 

subject to the condition 

v {t)dt = l. (1.5) 

So 

Here, Fo is a fixed constant. 

Since Q e C 1+<5 (£o) (recall that So consists of finitely many intervals), it can be shown that (1.4)— (1.5) has a 
unique solution vo(t), given by the Sokhotski-Plemelj formula (see [12, p. 425]). In the simplest case when So = [a, b] 
the formula for v is (see [12, p. 428]), 



v(x) = v (x) 



n\/(b — x)(x — a) 



+ -P.V. f ^-^^-t){t-a)dt 



■b m 

7t . n t — X 



a < x < b, (1.6) 



where the above integral is a Cauchy principle value integral. 

In view of Definition 1, w is the density of the signed equilibrium on S . If Vq happens to be non-negative on S 
then it is the density of the equilibrium measure with external field Q and we are done. If not, then we put 

do~o(t) :— vo(t)dt, 
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SUPPORT OF EQUILIBRIUM MEASURE 3 

so that (To is a signed measure of So. Clearly, 

U a ° (x) + Q(x) = F for all x e S 

Let (To = (Tq" — (Tq - be the Jordan decomposition of <j a and let 

Si :=supp(cr f ). 

From [15, Lemma 3], fi < a^ and supp(/i) C Si, so that in determining /i and its support we may restrict ourselves 
in (1.1) to S = Si. 

The next step is to determine the signed equilibrium associated with Q on Si, which is to solve the singular 
equation 

/ log\z - t\dai(t) = Q(x) - F!, zeSi (1.7) 

subject to the condition 

/ dai = 1. (1.8) 

Alternatively, using balayage one derives that the signed measure <j\ := <7q — Bal(erg~, Si) satisfies 

U ai (x) + Q(x) =Fi for all a; e Si, 

provided Si is regular (which will be the case in our applications), and by uniqueness it is the solution to (1.7)-(1.8). 
If Si is not regular the equality holds q.e. and still uniqueness holds, but we will not elaborate on this generality here. 
To describe this process, an operator J was introduced in [15, 6, 7] on all finite signed measures it on [a, b] with 
J da — 1 and cap(supp(cr + )) > as follows 

J (a) := er + — Bal(<7~;supp(er + )) = Bal(er; supp(er + )). 

Since the operator J sweeps the negative part of the measure a onto the support of the positive part, we have that 
J(a)+ <a+. 

The IBA scheme 

ZM = {(S,,a fc )}r =0 
is obtained as the iterates of the operator J applied to a signed (equilibrium) measure <to supported on the set So, i.e., 
S fc := supp^J, a k := J(a k -i) = J k (°v), A; =1,2,.... (1.9) 

The measures at are signed measures which have a Jordan decomposition <Tfc = a^ — a^ . It follows that 

and that 

SoDSi DS 2 D •••DS*. (1.11) 

Even for more general So one expects from (1.10) and (1.11) that the sequence {<t^}^L converges in the weak* 
topology to the equilibrium measure /i, but this has not been proven yet. If it holds, then we say that the IBA converges. 
Besides presenting a possible algorithm for numerical calculations, the iterated Balayage algorithm can also be used 
to prove rigorous results on the support of /i in certain situations. The main difficulty in proving that the iterated 
Balayage algorithm converges generally, lies in the fact that one has to show that the negative parts a^ tend to zero as 
k tends to oo. This can be shown, if one can control the limiting set S* := n^^Sfc. See for example [15, 6, 7]. 

Note that the IBA scheme is derived similarly if So is union of finitely many arcs of the unit circle T := {z G C : 
\z\ = 1}, in which case one uses [12, p. 425]. Finally, we remark that recently a continuous version of this algorithm 
has been used to solve the equilibrium problem for minimal Riesz energy problems for axis-symmetric external fields 
on the unit sphere § d (see [5]). 
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1.3. Balayage and Kelvin Transform. There is a natural relationship between balayage measures and equilib- 
rium measures. Let us recall that the Kelvin transform K : C — > C with center z an d radius R is given as the inversion 
with respect to the circle {\z — zq\ = R}, namely if z* = K(z), then z* lies on the ray stemming from zq passing 
through z and distances satisfy \z — zq\\z* — zq\ = R 2 . The distance distortion is given by 

- -- *l*-*l (1.12) 



\z-z \\x-z a \ 

To any measure v we associate its Kelvin transform v* = K{v) as dv*(x*) = dv(x). Observe, that both the point 
and measure conversion are self-inverse. 

Given a compact set A and a point zq ^ A we find the balayage 5 Za of the Dirac-delta measure 5 Z(I using Riesz's 
approach [16, Chapter IV, §5], namely if A* — K(A), then the following relation holds 

5Z=K(» A *), (1.13) 

where /^. is the equilibrium measure of A*. 

2. Results and examples. Following is our main result. 

THEOREM 2. Let £ C R and w : £ — > [0, oo), u; = exp(— Q) as described in Section 1.1. Suppose that the 
signed equilibrium on £ associated with Q exists and is denoted by tro- If supp(<7g ) consists of at most two intervals 
A\, Ai, and <Tq has a concave density on each subinterval, then the equilibrium support supp(/i) consists of at most 
two intervals B\, B2, with B\ C A\, Bi C A<i, and the equilibrium density is concave on each of these intervals. 

We remark that the theorem remains valid for any £ C R compact set as long as a^ has a support consisting of at 
most two intervals and a^ has a concave density. Also, the <5-H61der continuous first derivative condition on Q must 
be satisfied only on supp(<XQ ). 

The proof of this theorem relies on a lemma concerning the balayage of a measure onto one or two intervals, 
which we deem important by itself and include in this section. 

LEMMA 3. Let A be an interval or a union of two intervals, and let v be a positive measure with compact support 
in R, such that v[A) — 0. Then the balayage v — Bal(y, A) ofv onto A is absolutely continuous with convex density 
on every subinterval. 

If we consider v — 5 S , where S s is the Dirac-delta measure with point mass at s, and let s — > 00, then it is well 
known that densities of the balayage measures S s converge to the density of the equilibrium measure /i^. Therefore, 
we obtain as a byproduct of our analysis the following corollary. 

COROLLARY 4. The density of the equilibrium measure of the union of any two intervals is convex on every 
subinterval. 

EXAMPLE 5 . Let £ = [0, 3ir] and Q(x) :— 0.5 L In \x — t\ sin t dt. We can verify that the signed equilibrium 
is drj = 0.5 sin t dt. Since it is positive and concave on [0,7r] U [27r,37r], we conclude that the equilibrium measure 
associated with Q(x) is supported on at most two intervals I\ U I2, where I\ C [0, 7r] and I2 C [2ir, 3tt], and that the 
equilibrium density is concave. We remark that by symmetry, in fact the support will consist of two intervals which 
are symmetric to the point 1.57T. We also remark that this external field is not weak convex in the sense defined in [2, 
Definition 9], therefore it is an essentially new example in the literature. 

EXAMPLE 6. (Freud weights example) The following classical Freud weights example w(x) — e _ ' x ' (see [19, 
Example IV. 1.15]) provides a nice illustration of our results. For simplicity of the computations, we shall assume that 
A = 2, or equivalently Q(x) = x 2 , and £ = R. General theory yields that the support of the equilibrium measure 
associated with Q(x) is compact, so we may restrict ourselves to solving the minimal energy problem on the interval 
[— (3, f3] for some large enough (3. Using (1.6) we easily find that the density of the signed equilibrium in this case is 
given by 

Vp ( x )= 2 JfP^- ^r^—2 {2A) 

7T ir^/ j3 2 - x 2 

For (3 > 1 the function vp(x) is clearly concave, and thus by Theorem 2 the equilibrium support is one interval and 
the equilibrium measure associated with Q(x) has concave density. Indeed, it is known that supp(/iq) = [—1,1] and 
d/iQ(x) = (2Vl — x 2 /n) dx. Below we provide an alternative argument to this fact. 
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Observe that since vp(l) > for all f3 > 1, the IBA scheme is the collection of nested intervals supp(erfc) 
-/3fc, fik] Z> [—1,1], It can be calculated that the sequence {/3k} satisfies the recurrence relation 



The density of Uk is simply given by (2.1) with (3 replaced by /3k. One can easily show that /3k \ 1 as k — > oo, 
implying that supp(/ig) = [— 1, 1] and dpg(x) — (2y 1 — x 2 /ir) dx. 

The unit circle counterpart of Theorem 2 is not a trivial consequence of the result on the real line and its proof is 
essentially different, so we formulate it as a separate theorem. 

THEOREM 7. Let £ C T and w : X — > [0, oo), w — exp(— Q) as described in Section 1.1. Suppose that the 
signed equilibrium on S associated with Q exists and is denoted by <tq. If SUpp(<7o ) consists of at most two arcs 
A\,Ai, and da^ = g(9) d9 has a concave density g(9) on each of the arcs, then the equilibrium support supp(/i) 
consists of at most two arcs B\, Bi, with B\ C A±, B2 C A% and the equilibrium density is concave on each of these 
arcs. Here d6 indicates the arclength Lebesgue measure on T. 

We remark that the theorem remains valid for any ECT compact set as long as a^ has a support consisting of at 
most two arcs and da^ = g{6) dO has a concave density. Also, the (5-Holder continuous first derivative condition on 
Q must be satisfied only on supp(<7(j~). 

The key to the proof of the unit circle case is an analog of Lemma 3. 

LEMMA 8. Let A be an arc or a union of two arcs, and let v be a positive measure with compact support on T, 
such that v(A) — 0. Then the balayage v := Bal(^, A) ofv onto A is absolutely continuous measure with respect to 
the Lebesgue arclength measure d6 and has convex density on every subarc. 

Remark 9. It is possible to derive Lemma 3 from Lemma 8 through a limiting process, which we illustrate 
briefly. It is enough to consider only the point mass balayage case. Let s £ R be fixed, A = [a, b) U [c, d] C R, and 
let An be the preimage of A under the inversion with center s + iR and radius R. Observe, that Ar consists of two 
arcs on the circle \x — s — iR/2\ = R/2, and hence Bal(£ s , j4r) has convex density with respect to the Lebesgue 
arclength on every subarc. As R — ► 00 one can show that the density of Bal(<5 s , An) approaches that of Bal(<5 s , A), 
which would imply the convexity of the limit. However, instead of following this route, we prefer to prove Lemma 3 
directly, as its proof is simpler than that of Lemma 8, as well as illustrative and constructive. 

The next theorem establishes another condition which guarantees that the support of the equilibrium measure is an 
interval. We say that a function h(x) is strictly increasing (decreasing) a.e. on [— 1, 1], if there exists a set G C [— 1, 1] 
such that G has measure 1 and h(x) is strictly increasing (decreasing) on G. 

THEOREM 10. Let Q be an external field on [— 1, 1] as described in Section 1.1. Then the following hold: 

(a) Letf(x) := (l-x 2 )Q'(x). 

If f is convex on [— 1, 1], then the support S is an interval [b, 1], where b £ [—1,1). 
If f is concave on [— 1, 1], then the support S is an interval [— 1, b], where b £ (— 1, 1]. 

(b) For x £ [— 1, 1] let g(x) :— Q'(x)\/1 — x 2 , and let g(x) — otherwise. Assume that g(x) is absolutely 
continuous, f R L \{g' {x + u) — g'(x))/u\dudx < 00, and x 1— > L(</(je + u) — g'(x))Judu is a continuous 
function on (—1,1). 

If \/l — x 2 g'(x) is strictly increasing a.e. on [— 1, 1], then the support S is an interval [b, 1], where b £ 

[-1,1). 

If y/1 — x 2 q'(x) is a strictly decreasing a.e. on [— 1, 1], then the support S is an interval [—1,6], where 

6 6 (-1,1]. 



Example 11. Let 



Q{x) = carcsin(a;/a), x £ [— 1, 1], a > l,c ^ 0. 



We find that 



f(x) = c 



V a 2 — x 2 



a 2 - 1 



v^ 
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Thus, f or c > the function / is concave and the equilibrium support Sq = [—1,6]. For c < the function f(x) is 
convex and Sq = [b, 1]. Observe that the external field Q is weakly-convex in the sense of [2], so this is an independent 
verification of the result there. 

The remainder of this paper is devoted to the proofs of our results. 

3. Proof of the real line case. We will repeatedly make use of the Chebyshev's Integral Inequality (see [13, p. 
1092], [14, pp. 43-44]), which we formulate as a separate lemma and provide a short proof for completeness. 
LEMMA 12. (Chebyshev, 1882) Let f, g, h be integrable functions on [a, b] and let f > on [a, b\. 
(a) Suppose that both g and h are monotone increasing (decreasing). Then 

b c-b i>b c-b 

(fg)(x)dx / (fh)(x)dx< / f(x)dx / (fgh)(x)dx, (3.1) 



provided all integrals exist, 
(b) Ifh increases and g decreases (h decreases and g increases), then 

b cb cb cb 

(fg)(x)dx (fh)(x)dx> / f(x)dx (fgh)(x)dx, (3.2) 

Ja Ja Ja 

provided all integrals exist. 
Proof. Clearly (b) follows from (a) by substituting g with (— g), so let h, g be both monotone increasing (decreas- 
ing). Then 

f(x)f{y)[g(x)- g(y)][h(x)-h(y)}>0 for any x,ye[a,b}. 

Integrating the inequality yields 

f I f(x)f(y)[g(x)-g(y)}[h(x)-h(y)}dxdy>0, 

J a J a 

which implies (3.1). D 

Remark 13. In the particular case when h(x) — x, Lemma 12 has an interesting geometric interpretation. 
Suppose /, g, are integrable non-negative functions on [a, b] and g is an increasing function on [a, b]. Then (3.1) 
becomes 

J xf(x) dx < Jxf(x)g(x)dx 
Jf(x)dx ~ J f(x)g(x)dx ' 

Imagine that the [a, b] interval is a wire with density f(x). The above inequality says that the center of mass will move 
to the right if we multiply the density by an increasing non-negative function g(x). 

We now continue with the proof of Lemma 3. 

Proof of Lemma 3. It is enough to prove the lemma only for Dirac delta measures S s , s ^ A, because in general 
we have the representation 

§=/ ^fdv(s)=: [ f(t,s)dp(s), (3.4) 

where /(£, s) := dS s /dt. Then the convexity of v can be easily derived from that of f(t, s) by integrating the inequality 

f(at+(l-a)y, S )<af(t,s) + (l-a)f(y,s), < a < 1, t,y e A 
with respect to dv(s) and using (3.4) (recall that v(A) = 0). 
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We now consider two cases. 

Case 1: The set A consists of one interval, for simplicity A = [— 1, 1]. 

From [19, Chapter II, Corollary 4.12] we have that 

1 \/s 2 - 1 
f(t,s) = ±-^—L= (3.5) 

We claim that ftt(t, s) > for all t E (—1, 1). Without loss of generality let s > 1. Then we find that 
Vs 2 -1 / 2 s + t it 2 



• / """ S ' \(5-t)VT^ ' (s-i) 2 (l-i 2 )3/ 2 ' (.S-t)(l-i 2 )5/2 

which verifies the claim, since s + 1 > and s — t > 0, 

Case 2: The set /I consists of two intervals, i.e., A — [a, b] U [c, of]. Assume first that s E (b, c). Applying Kelvin 
transform K with center s and radius 1 we obtain A* :— K(A) — [b* , a*] U [d* , c*] (see Section 1.3). 
The density of the equilibrium measure of A* (see [21, Lemma 4.4.1]) is given by 

d -^= - '*'-"'' (3.6) 

at* TnJ\t* - a*\\t* - b*\\t* - c*\\t* - d*\ 

where y* E (a* ,d*) is determined from the equation 

d* t * _ * 

dt* = 0. (3.7) 



a * 7T\/|i* ^ a*||i* — b*\\t* — c*\\t* — d* 

Using the distance distortion formula (1.12) and the balayage/equilibrium relation (1.13) we derive the balayage den- 
sity as 

dl = = ^_ - a\\ S - b\\ S - c\\s - d \ \*-v\ t€jL (3 .8) 

dt 7r\s-y\ \t-s\y/\t-a\\t-b\\t-c\\t-d\ 

Let 

We shall prove that for fixed s E (b, c), we have <f>"(x) > for all x E (a, b) U (c, d). This amounts to the 
inequality 

< t ^ + 77 \ t ^ + t 7^7 + i ^ + t 77^7 \ > for a11 a; e A. (3.9) 



(x-y) 2 (x-s) 2 2[(x-a) 2 {x - b) 2 (x - c) 2 (x-d) 2 

(Observe that if y* = s, then y = oo and the factors |i — t/| and |s — y| in (3.8) are omitted and (3.9) obviously holds.) 
If y* E (a* , d*) \ {s}, then y € (—00, a) U (d, oo). Without loss of generality we may assume y E (—00, a). 
Clearly, for x E [c, d] (3.9) holds. So, let us fix i £ [a, 6]. From (3.7) we derive that 



d* r _ fl * 



:dt* 



J a * \/\t* - a* lli* - 6*1 If* - c*\\t* - d*\ 
y* -a* = \, V ' - - - ' (3.10) 

^dt* 
a* v/lt* — a*||t* — 6*||t* — c*||£* — d*| 
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Since \/|t* — c*\ is decreasing on [a* , d*} we can apply Lemma 12 (see also Remark 13) to estimate that 



*• ^ fjt^dt 



t ., ^/\t*-a*\\t*-b*\\t*-d*\ > ^~¥ J a . \jd*-t 

dt* / dt* 



y/Jt* -a*||£*-o*||i* -d*\ J a > y/{t* -a*)(d* -t*) 

The second fraction evaluates to (d* — a*)/2, thus reducing (3.11) to 

J\a* -6*1 d* - a* 
f - q* > v ' ' , (3.12) 

which after the Kelvin transformation becomes 

\y-a\ > y/\d-s\\a-b\ \d - a\ 
\y-s\ ~ y/\a-3\\d-b\2\d-s\' 



Rewriting (3.13) yields 



1 < 2 A /|j/- a || a - S | y/\d- S \\d-b\ ^_ < 1_ (3J4) 



\/\y-a\ \y~s\ \d-a\ \/\a-b\ y/\a-b\' 



where each of the two fractions above is less than 1. 
On the other hand, one easily derives that 



1(1 1 

mm 



xe[a,b] 2 [ (a - x) 2 (b-x) 2 ) (b-a) 2 ' 
So, the inequality (3. 14) implies (3.9) at least with a factor of four in excess. 



1 1 1 1 f 1 1 

< < < 



(y-x) 2 ~ (y-a) 2 ~ (a - b) 2 ~ 8 {(a - x) 2 {b - x) 2 

This establishes the lemma when s € (b, c), and hence for any measure v with supp(V) c [b, c] with v(A) = 0. If 
we assume that s 6 (— oo,a)U(d, oo), then the balayage fj, = Bal(S s , [a, d]) has a convex density by Case 1. However, 
from the properties of balayage measure we have that 

Bal(<5 S] [a,b] U [c,d]) = Ba%, [a, b] U [c,d]) = H\ A +Bal(/i| [6ie] , A). 

Both measures on the right have convex densities on A, the first, as a restriction of a measure with a convex density 
on the entire interval [a, d], and the second by what we just proved. Hence, S s has convex density and the lemma is 
proved. □ 

We are now ready for the 

Proof of Theorem 2. The proof is based on the iterated balayage algorithm discussed in Section 1.2. Let E := ^ 
and (To denote the signed equilibrium associated with Q. By the assumption of the theorem the latter exists, and 
if cro = o"d~ — Co is the Jordan decomposition of o~q, the measure ctq" has concave density and its support Si := 
supp(cr f ) consists of at most two intervals. Then from Lemma 3, Bal(erQ~, Si) is convex and thus, a\ = J(o"o) = 
cr^ — Bal(o-Q , Si) has concave density on Si, Therefore, S2 := supp(o- ] f ) consists of at most two intervals (nested 
in at most two intervals that make up Si). 

Continuing, in this way we obtain an IBA sequence of nested compact sets 

S D Si D . . . S„ D • • • D supp(^iQ) , 
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each made of at most two intervals. 

Now we show that the density of <r n , which we will denote by v n (x), is converging to the density of the equilibrium 
measure /xq associated with the external field Q(x). 

Let us assume that for all n we have £„ = [a n , b n ] U [c„, d n ], where [a n , b n ] and [c n , d n ] are two non-trivial 
disjoint intervals. If it was not the case, the proof would be the same. (We remark that even if So consisted of two 
intervals, we may "lose" one in the IBA if at one step v n < on [a n , b n ] or on [c n , d n ].) 

Let lim a n = a, Km b n = 6, Km c„ — c, Km d n = d. We have 

Q{x)-F n = J log \t - x\v n (t) dt 

] log\t - x\v n (t)dt (3.15) 

\og\t - x\v n (t)dt. 

\J[a n+u b n+1 ]u[c n+1 .d n + 1 ] J[a n ,a n + 1 ]U[b n + 1 ,b n ]U[c n ,c n + 1 ]U[d rl + 1 ,d rl ]J 

We claim that 



s n+I Js„\s„+ 



/ v n (t)dt->0. (3.16) 

J[a„ : a„ +1 ]u[6„ +1 ,6„]U[c„,c„ + 1 ]u[d n + 1 ,d„] 

If not, then we can chose a subsequence, denoted by n for simplicity, and m.j < 0, i = 1, . . . ,4, such that 
/ v n (t)dt — > mi, / v n (t)dt — ► TO2, / v n (t)dt —> mz, / v n (t)dt — > 7714, > y m^ < 0. 

•/[a„,o n+1 ] •'[6»+ l ,6„] «'[c„,c n+1 ] J[d„ +1 ,d„] /—J 

Since u„ is a bounded decreasing sequence, letting d := limt) n , we can use the dominated convergence 

[a,&]U[c,d] 

theorem and mean value theorem to derive that for any x E (a, b) U (c, d) 
lim(Q(x)—F n ) = I log |i— x\v(t)dt+m\ log |a— x|+TO2log |6— x|+ 7713 log \c— x|+m4log \d— x\. (3.17) 

J [a,b]U[c,d] 

This shows that F n has a finite limit. We also see that we must have mi = ni2 = m.3 = 7714 = 0. For example, if 
mi < 0, let x = a in (3.15) and let n — > 00. The right-hand side of (3.15) is approaching positive infinity while the 
left hand-side has finite limit, which is a contradiction. 

Let F := KmF„. From (3.15) we get that for any x E (a, b) U (c, d) 

Q(x)~F= log\t - x\v(t)dt. 

J[a,b]u[c,d] 

From (3.16) it is also clear that v(t) is a probability density function. The equilibrium measure /xq minimizes the 
weighted energy on £ and therefore on [a, b] U [c, d], too. Also, the support of zxq is a subset of [a, b] U [c, d]. It follows 
that v(x) is the density of the equilibrium measure (see [19, Theorem 1.3.3]). 

If a = b then supp(iiQ) = [c,d]. If c = d then supp(iiQ) = [a, b]. Finally, if a < b and c < d then 

supp(/zq) = [a, b] U [c, d], D 

4. Proof of the unit circle case. We proceed first with the proof of Lemma 8. 

Proof of Lemma 8. As in the proof of Lemma 3 above, it is enough to verify the Lemma for case of a point mass, 
so without loss of generality we assume that v = S s , where s E T \ A. 

Given two points on the unit circle e 1 ^ and e lB we denote by [e z ^,e ie ) the closed arc that connects the points 
counterclockwise. In this notation, its complement relative to the unit circle would be the open arc (e* e , e 1 ^). Since 
the case of an arc easily follows from the case of two arcs as we deform one of the arcs to a point, we set A = 
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FIG. 4.1. Circle case 



[e ta ,e l P] U [e n , e" 5 ], where e la , e I/3 , e 17 , e lS are points on the unit circle ordered counterclockwise. Without loss of 
generality we assume that s — i £ (e 4<5 , e M ) (see Fig. 4.1). For simplicity assume also that all angles below are given 
in the interval [tt/2, 5tt/2), meaning in particular that ir/2 <a<{3<-f<5< 5tt/2. 

To find the balayage V, we observe that after a Kelvin transform centered at s with a radius V2 the unit circle is 
sent to the real line and n A* = [a, b] U [c, d], where a = (e M ) , b = (e i/3 ) , c = (e* 7 ) , and d — (e ) (see Fig. 
4.2). Using Riesz's approach (Section 1.3) we find v = K(/ia*)- Recall that (see (3.6)) 



d^A' = 



\t*-y* 



TiVJi* - a\\t* - b\\t* - c\\t* - d\ 
where t* = (e 16 ) £ A and y* £ (6, c) is determined from the equation 

x* - y* 



dt*, t* £ [a,b] U [c,d], 



lb t^\/\x* — a\\x* — b\\x* — c\\x* — d\ 
Since the relationship between the Lebesgue measures on R and T is given by 

dt* \dt\ dO 



dx* = 0. 



t* 



t- 



iB 



we find that 



dt = 



2d6 



(4.1) 



(4.2) 



(4.3) 



Let y := j* := (y*)* with <f> £ (/3, 7). Using (1.12) and the formula |e l « - e K \ = 2| sin ( 5_C 
that (recall the order of the angles) 



dv = C- 



sin(^) 



d6 



we conclude 



dn(^) y|sin(^)sin(^)sin(V)sin(¥)|' 



€ [a,/3]U[ 7 ,<5], 



(4.4) 
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FIG. 4.2. Kelvin transformation - circle case 



where 



C 



dn (^) sin (/t*Z2) sin (^) sin (^) 



27rsin 



(*=p) 



Ifx* = (e^)*,then 



x -y = 



4>-<t> 



2 sin ( - *' j sm 






, x*,y* G [b,c\. 



Indeed, the equality holds with absolute values by (1.12) and since the signs of x* — y* and sin ( ^-^- J are the same 
we can remove the absolute value. Therefore, (4.2) implies that qb is determined uniquely by 



sin (V) 



> sin(^h/|sinfe)sin(^ 



sin (V) - (^) 



: rfV = 0, 



(4.5) 



which is equivalent to 



7 /^ 

cot 



sin (V) 



cot 



,nn^) A /|sm(^)sin(^) s in(^) s in(^ 



:CM 



i/>-8 



(4.6) 



^)y|sin(V)-n(V)-(V)-n(^)| 



<# 



/3 ■ fib- 

sin ' - — 



for any convenient choice of 0. 
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Recall that our goal is to show that for any tt/2 <a</3<j<S< 5tt/2, the balayage density function 



sin 



N(0) 



T^) y/\ ** (¥) -n (^) sin (V) -n (V) I " 



€ [a,/3]U[7,(J] 



is convex, provided satisfies (4.6). We will actually show more, namely that (log(iV"(0))) > 0. The latter is 
equivalent to verifying for all 9 £ [a, 0\ U [7, 5] the inequality 



< esc 2 



n/2\ , 1 
2 



/3 



2 / V 2 / V 2 

Let us fix 6* £ [a, j3] (the case 6 £ [7, <5] is considered similarly). If <f) — 6 > 7r, then 

,/0-7r/2 



^ 'esc 2 



(4.7) 



esc 



4 4 

| e # _ e ifl| | e *T/2 — e * fl | 



esc 



and (4.7) holds trivially. Henceforth, assume that — 6 < it. 

We now perform several perturbations to simplify the problem. First, we study the effect of substituting 8 with 
5n/2. Let 0i £ ((3, 7) be uniquely determined by 



W*^ 



cot 



ain(V) 

^) ^| sin (*=*) sin (V) - ( V) ^ (^) | 



# 



<A-fl 



(4.8) 



dtp 



sin (4^) ^|sin (V) - (V) sin ( V) - (^J 

Observe that the monotonicity of cot((i/> — 0)/2) guarantees the existence and uniqueness of <pi. Applying Lemma 12 
with 



h(tp) = cot 



V" 



, gW 



^ (g) 

\| sin (*£*) 



/5tt/2 - <5 
V 2 



cot 






/2-<5 



and using that both h(tp) and g(tp) are monotone decreasing functions on (/3, 7), we conclude that 



cot 



< cot 



, or that 4>i < (f>. 



2 ) \ 2 

Similarly, if <p2 £ ifi, 7) denotes the unique solution obtained when a = in (4.8), we conclude that 02 < </>i- 
Indeed, if 



cotl — 



cot 



■0-7T/2 



Sill 

3/2 



(g) 



# 



£ 



(4.9) 



sm 



0-e 



" W^ 2 



3/2 



■.dtp 



mu I *§£) sin (2=i 
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we again apply Lemma 1 2, this time with 



tp — a 



cot — - — sin 



^sin(V) 

which is still decreasing function for ip £ (/?, 7). 

Finally, let c/>3 £ ((3, 7) be derived from (4.9) with 8 instead of tt/2. Then we have 

cot 



cot 



■dil) 



mmi^ h/ sin r^ sin V^r 



7 



1 



(4.10) 



* am (V)^in (*=*)«* (3=*) 



d?/> 



Applying Lemma 1 2 with the decreasing function 



sM 



sin 



i/)— tt/2 



3/2 



Sill 



i>-8 



tt/2\ /V- 

1 '- cot ' 



tt/2 



3/2 



we obtain (p 3 < <p 2 - In Lemma 14 below we will show for the so derived c/> 3 the inequality 



esc 



2 / <P3 



<2 



1 



esc 



-0 



esc 



(4.11) 



which coupled with #</3<c/>3<c/><7 and <fi — 8 < ir proves (4.7) so the proof of Lemma 8 will be complete. 

D 

We now prove that (4.1 1) holds provided ^3 satisfies (4.10). Since we find the inequality interesting in its own 
right we formulate it as a separate lemma. Without loss of generality we could assume that /3 = 0<7<6>< 2ir. 

Lemma 14. Let < 7 < 8 < 2n. Then 

I m ™± (6—t 



cot (^p) eft 



sin (^rp) \ 'Mil 



(|)sin(?-r 



,2 2/ 



dt 



< 1 



y° ^mv sin (i) sin (i-i)y 

Proof. First we compute: 

h = 



-n 2 (l) sin 2 (^) 



(4.12) 



dt 



'0 S in (^sin (|) sin (| - §) 
Making a substitution y = (cos(i — 7/2) — cos(7/2))/(l — cos(7/2)) in (4.13) leads to 

4sin(^) % 



(4.13) 



l-cos(|) y s + c^fi- 



Vy(l-I/) 1-C0S(2) y/ C ( C +l) 



(4.14) 



2\/27r 



a/cos^/^) - cos(t? - 7/2) ' 
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,. , cos( 7 /2) - C0s(6» - 7 /2) 

where c = c(9, 7) := \±L-L ^^ — <J__L > q 

y ' " l-cos(7/2) 

Next, we compute similarly, 



h'= 



V2 



7 cos((0-i)/2) 



dt 



sin 2 ((6> - t)/2) v /sin(</2) sin( 7 /2 - t/2) 



7/2 



«(^-«/2) cos ( e ^ 2 + 2 //2) 



3m 2 f ^Z2 _ u/2 gin 2 C 6-^2 + u/2 



^/cos(u) — cos(7/2) 



Using the identity 



cos(a — a') cos(a + a') 8cos(a) cos(a')(l — l/2(cos(2a) + cos(2a'))) 
sin 2 (a-a') sin 2 (a + a') (cos(2a') - cos(2a)) 2 

that holds for any real a and a', and the substitution y = (cos u — cos(7/2))/(l — cos(7/2)), we get 



h 



4cos((0-7/2)) 
1 - cos(7/2) 



2(1 - cos(0 - 7/2)) f 1 1 



dy 



l-COs( 7 /2) 7 {y + cY ^y(\-y) J Q y + C^y(l-y) 



rf/y 



Since 



we obtain 



dy 



dy 



(y + c) 2 A/y(l-y) rfclio y + c \/y(i-y)J dc s/c(l + c) ' 



rfy 



tt(2c+1) 



(j + c)Vy(l-») 2Vc(c+I)c(c+l) 



Substituting in (4.15) we find that 
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(4.15) 



/ 2 = 



2 v / 2sin((9- 7/2)77 
(cos(7/2) - cos(0 - 7/2)) 



3/2' 



Thus, we see from (4.14) and (4.16) that 



(4.16) 



{h/hf = (l/4)(cot(0/2) + cot((0 - 7 )/2)) 2 < (l/2)(cot 2 (0/2) + cot 2 ((0 - 7 )/2))) 

< (l/2)(csc 2 (0/2) + csc 2 ((0 - 7 )/2)) < 1 + l/2(csc 2 (0/2) + csc 2 ((0 - 7 )/2)), 

which concludes the proof. D 

Proof of Theorem 7. The proof of this theorem follows word for word the argument in Theorem 2, where instead 
of Lemma 3 we use Lemma 8. D 



Proof of Theorem 10. From (1.6) with [a, b] = [— 1, 1] we can write 



v{x) 



7I"vl X 2 



1 r f{t)-f{x) 



(t-x)VT^t 2 



dt 



(4.17) 



Here we used the fact that 



P.V. 



_i (i-x)Vl -t 2 



dt = Q, 
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which follows from differentiation of the equilibrium potential on [— 1 , 1] 

1 1 dt r 

log] 77 — =log2, x6[-l,l]. 



i \x-t\ Tr^/T~p 

Proof of part a). If / is identically zero, then Q is constant and S = [—1,1], Note that / cannot be a linear function 
(unless / = 0) because of the <5-H61der continuity assumption on Q'. So let / be convex but not a linear function. Let 
g t (x) = (f(t) - f(x))/(t - x), and x x < x 2 - Then g t {xi) < g t (x 2 ) for all t e [-1, 1] and g t (xi) < g t (x 2 ) holds 
on a set of positive measure. Integrating over [—1, 1] with respect to t, we thus derive that \/l — x 2 v(x) is strictly 
increasing. The claim now follows from [15, Theorem 2]. The proof is similar when / is concave. 

Proof of part b). Let \/l — x 2 g'(x) be strictly increasing (strictly decreasing) a.e. on [—1, 1]. Note that \/l — x 2 v(x) 
is strictly increasing (strictly decreasing) function a.e. if the following is positive (negative): 

d f 1 VT^Q'(t) dt= r 1 (VT^Q'(t)y dt= r 1 y/T=p(VT=¥Q'(t)y - VT^(VT^^Q'(x)y dt 



dx J_ 1 t — x J_i t — x J_i (t — x)\/l -t 2 

We used that 

d r 9(t)_ dt= df 9 (x + u)- 9 (x) du= f9 >(x + u)- 9 >(x) du= f^m^ 



CLX J i v ■ X dX Jvd 11 i/M ^ J ] T, X 

We could differentiate inside the parametric integral because of [1, Lemma 13]. 
The claim of part b) now follows from [15, Theorem 2]. D 
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Abstract 

In this paper, the new pivoting strategy named boundedly partial pivoting 
is presented in the process of the incomplete LDL T factorization, based on 
the maximum weighted matchings in the preprocessing of solving a symmetric 
indefinite linear system. This new pivoting method is acquired by changing 
the tri-diagonal pivoting algorithm, and none of permutations of rows and 
columns are needed. Meanwhile, the lower triangular factor L is bounded. 
Numerical results demonstrate that the newly proposed pivoting strategy can 
extend the scope of applications of the LDL preconditioner, compared with 
the tri-diagonal pivoting. Moreover, almost the same results are obtained or 
our boundedly partial pivoting is more efficient with respect to the iteration 
speed, when both the tri-diagonal pivoting and the boundedly partial pivoting 
are applicable to incomplete LDL factorization. 

Key words: Symmetric indefinite linear system; Weighted matching; Piv- 
oting; Incomplete LDL factorization; Boundedly partial pivoting 

AMSC(2010): 65F10; 65F08; 65F05 

1 Introduction 

We consider an efficient algorithm to solve symmetric indefinite linear systems 
Ax = b. In [1], Hagemann and Schenk have proposed the preconditioning algorithm 
based on a combination of the symmetric weighted matchings and the tri-diagonal 
pivoting technique. In this paper, the preprocessing used is similar to the prepro- 
cessing in [1], and during the incomplete LDL T factorization, we put forward a new 
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pivoting algorithm based on the tri-diagonal pivoting. To be brief, our precondi- 
tioning algorithm is based on a combination of the symmetric weighted matchings 
and the boundedly partial pivoting technique. The boundedness of the factor L 
is ensured by the newly proposed pivoting strategy compared to the tri-diagonal 
pivoting, and therefore the stability of the incomplete factorization is improved. 

Here the whole process of the preconditioned iterative solution of a symmetric 
indefinite linear system is presented. Firstly, the preprocessing technique is applied 
to the original system Ax = b, then we gain the new system 

Ax = b, 

which is also a symmetric indefinite linear system. Secondly, incomplete LDL T 
technique is applied to factorize A in order to construct preconditioner M, which is 
also indefinite. Namely, the incomplete factorization is 

M = LDL T = A-E, (1) 

where E is the error due to the incompleteness of the L factor, and A is the scaled 
and reordered original indefinite linear system: 

A = P Q QD Q AD Q Q T P T Q . (2) 

Lastly, the SQMR iterative method solves a system of the form 

M~ l Ax = M~ l b. (3) 

Sparse symmetric indefinite linear systems mainly arise in linear and nonlinear opti- 
mization, incompressible flow computations, finite element analysis, electromagnetic 
scattering, shift-invert eigensolvers and so on. 

The preconditioned iterative solution of the indefinite linear systems is an active 
research area, and a variety of approaches have been proposed. Preconditioning 
is maturing and the choice of a good preconditioner is benefit to accelerate the 
iterative solution of the indefinite linear systems. In [2], Benzi summarizes the 
main preconditioning techniques, incomplete factorization methods and sparse ap- 
proximate inverses, which are applied to accelerate iterative speed of solving sparse 
symmetric indefinite linear systems. Many preconditioning techniques exploit the 
inherent block structure of the given problem type. Specially, block and approxi- 
mate Schur complement approaches [7-10] and indefinite block preconditioners [9, 
11-13] have been proposed for saddle-point systems. The direct solvers are mostly 
chosen to solve general indefinite systems for the poor properties of indefinite prob- 
lems. Now, since the LU and LDL T factorizations of indefinite matrices may break 
down or yield bad results because of the small or zero diagonal elements, there exist 
a number of techniques that try to avoid or alleviate these problems, and pivot- 
ing techniques, perturbations of diagonal elements, and block factorizations are the 
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three basic approaches. A classic pivoting approach for the symmetric dense ma- 
trices is the Bunch-Kaufman pivoting [6], which searches for 2x2 diagonal blocks 
during the factorization. In [6], Duff and Reid introduce the pivoting method which 
is adapted to sparse matrices. Benzi, Hawa and Tuma [14] study the non-symmetric 
permutations based on the weighted matchings as a preprocessing step for various 
incomplete or approximate factorizations. Duff and Gilbert [4] consider the weighted 
matchings as an approximation order of the pivoting in the context of sparse direct 
solution methods for symmetric indefinite linear systems. This work is elaborated 
by Duff and Parlet [3] and Schenk and Gartner [5]. In [1], the symmetric weighted 
matchings technique is firstly applied to the preconditioning technique(the incom- 
plete factorization) by Hagemann and Schenk. 

Section 2 gives an overview of our preprocessing step, which is similar to the 
preprocessing in [1]. In section 3, we describe the incomplete LDL T factorization 
with our pivoting algorithm named by a boundedly partial pivoting, which is based 
on tri-diagonal pivoting, and prove that the newly proposed pivoting can bound the 
elements of the L factor. Numerical results and comparisons with other techniques 
are presented in section 4. In closing, we draw a conclusion. 

2 Preprocessing 

Our preprocessing step is similar to the preprocessing step in [1]. The difference is 
no more than in the aspect of reordering, and the reordering approach we used is 
symrcm. The objective of this preprocessing method is to restrict the pivoting during 
the factorization phase, by obtaining a good pivoting order through the matching 
in the preprocessing step. Symmetric weighted matchings, symmetric scaling and 
reordering are involved in the preprocessing. The original system Ax = 6 is processed 
by the preprocessing technique and then the new system Ax = b is obtained ,with 
the matched and large entries in or nearby the lxl and 2x2 diagonal blocks of the 
matrix A. For the details on the preprocessing, the interested reader should consult 

[!]■ 

We will present the preprocessing step which is similar to the preprocessing step 

in [1]. The algorithm is given as follows: 

Algorithm 2.1. (Pseudo-code for the preprocessing step) 

1. (PM,D r ,D c ) = build jnps ^matching (A) 

2. match.cycles = get.cycle.repr[PM) 

3. split .cycles .M = split .cycle _repr •(match. cycles) 

4. (Q, marker. 1 x 1) = build.diag22.reordering(split.cycles.M) 

5. (A comp , rev .map) = compress. matrix. 2 x 2(A,Q,marker.l x 1) 

6. Pcomp = build.symrcm.reordering(A comp ) 

7. Pq = expand. reordering .2 x 2(P comp , marker .1 x 1, rev. .map) 

8. Dq = ^D~ 7 D~c 
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9. A = P Q QD Q AD Q Q T Pl 

Now, we simply explain the meanings of the code in each row. 

1. Using the MC64 program package, we obtain the permutation matrix Pm, 
which corresponds to the maximum weighted matchings, and the row, column scaling 
matrices D r ,D c . 

2. To gain the cycle representation of the permutation matrix Pm- 

3. To split the cycle representation of Pm to the cycle representation M, which 
only contains 1-cycle and 2-cycles. 

4. To acquire the permutation matrix Q, which corresponds with the symmetric 
weighted matchings, by the splitting cycle representation M. 

5. To get the compressed matrix A comp through compressing the matrix QAQ T 
according to the symmetric weighted matchings. 

6. To reorder the compressed matrix A comp with the reordering approach - 
symrcm, and obtain the permutation matrix P comp . 

7. To expand the permutation matrix P comp to the corresponding permutation 
matrix Pq, which is applied to the matrix QAQ T . 

8. To get the symmetric scaling matrix Dq by the two-sided scaling matrices D r 
and D c . 

9. To acquire the preprocessed matrix A through the symmetric scaling matrix 
Dq, the permutation matrix Q corresponding to symmetric weighted matchings, 
and the permutation matrix Pq corresponding to reordering working on the original 
matrix A. 

Compared to the preprocessing step in [1] , the difference is only the code in the 
sixth row of Algorithm 2.1. 

3 Incomplete LDL T factorization with boundedly 
partial pivoting 

3.1 Algorithm 

The incomplete LDL T factorization is applied since the systems are symmetric. 
The largest block pivots we considered are 2x2 pivots, and therefore the factor D 
is a block diagonal matrix with the lxl and 2x2 blocks. In the process of the 
incomplete factorization, JKI version of Gauss elimination is employed. So the 
factor L is constructed by column-wise and the dropping strategy can be easily 
implemented. 

In [1], Hagemann and Schenk adopt the tri-diagonal pivoting in the incomplete 
LDL T factorization since the preprocessed matrix has a heavy diagonal. We note 
that the cost of the exchanges of rows and columns in the factorization with the tri- 
diagonal pivoting is avoided, but the boundedness of the L factor can not be proved. 
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Namely, the factorization is unstable. We will consider the pivoting approach that 
also has no exchanges of rows and columns and meanwhile makes sure that the 
factor L is bounded in order to assure the stability of the factorization. Thereby, 
our approach extends the scope of applications of the LDL T preconditioner. 

3.2 Tri-diagonal pivoting 

In [15], Bunch proposes the tri-diagonal pivoting aiming at tri-diagonal matrices. 
Next, we will show this pivoting algorithm. Let 



B 



Oil 


h 








02 


a 2 

03 


03 
«3 


'• «n-l 
0n 


A 

a 



be a symmetric tri-diagonal matrix. Firstly, the tri-diagonal pivoting in the first 
elimination of B is given as follows. 

Algorithm 3.1 (Bunch, [15]). Tri-diagonal Pivoting (TP method) 

a = max { |aij| , \j3j\ : i, j — 2 : n} , 

a = (v / 5-l)/2«0.62. 

If |«i | a > a,0\ 

Sb — 1 (use lxl pivot) 

Else 

Sb = 2 (use 2x2 pivot) 
End 

Next, Hagemann and Schenk use the tri-diagonal pivoting which discards the 
variable a of Algorithm 3.1. Namely, a constant a = {y/h — l)/2 is given, and a 
2x2 pivot is chosen in step k if 



,(*) 

'■kk 



< a 



,(*) 

*fc+i,fc 



(4) 



where a^ designates the entries in the reduced matrix after step k. The constant 
a is a weight that controls the choice of the pivot. 
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3.3 Boundedly partial pivoting 

We devise a new pivoting approach with no exchanges of rows and columns and 
the boundedness of the L factor gets guaranteed, based on the tri-diagonal pivoting 
in [1]. Subsequently, this will be proved and means the valuable stability of the 
new pivoting approach. The new pivoting approach is named by boundedly partial 
pivoting. In addition, we must note that the boundedly partial pivoting is proposed 
in the incomplete factorization under the condition that the system has been pre- 
processed according to Algorithm 2.1. The algorithm of boundedly partial pivoting 
is given as follows. 

Algorithm 3.2. Boundedly Partial Pivoting (BPP method) 



a 



(V5-l)/2, 



If 
If 



<7k 



max 



l k:n,k 



l kk 
'kk 



> aaf. 



si g n (4fe) 



€pi V End 



,(*) 



S = 1 (choose a kk as lxl pivot) 
i(fc) 

l k:k+l,k:k+l 



Else If 



det(4 



S = 1 (let affi 
Else 

S — 2 (choose 
End 



olo\ and choose a kk as lxl pivot) 



l kk 
l k+l,k 



M 
l k,k+l 

'fe+l^+l 



as 2x2 pivot) 



There are two parameters e P i V and 5 in the Algorithm 3.2. And we commonly 
let £pi V , S in the subsequent experiments be 1CT 8 , 10 respectively. Meanwhile, we 
find that the changes of the value of 5 could bring on the changes of the iterative 
solution rate. 

The incomplete factorization with the boundedly partial poviting maybe costs 
more time and memory in contrast to that with the tri-diagonal pivoting, because 
that more comparisons of elements in the process of pivoting are needed. This piv- 
oting approach has no exchanges of rows and columns as the tri-diagonal pivoting. 
Perhaps it is not better than the pivoting strategy with the exchanges of rows and 
columns, but preferable results can be obtained by combining it with the prepro- 
cessing introduced in section 2, and meanwhile there is no cost of the exchanges of 
rows and columns. Besides, we also make use of the character of the preprocessed 
matrix that the larger entries mostly concentrate on or round the tri-diagonal of 
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the matrix. In one word, the LDL T factorization with boundedly partial pivot- 
ing is backward stability since the factor L is bounded, and therefore the latter 
preconditioning SQMR iterative solution is feasible. 

3.4 Dropping strategy 

The choice of an appropriate dropping strategy is an important part of the incom- 
plete factorization. We use the same dropping strategy as that in [1], based on the 
average number of elements per column of the matrix. Each column k of the factor 
may contain at most 7& elements, where 

nnz . . 

Ik = 7 , (5) 

n 

where nnz indicates the number of non-zeros in A and n indicates dimension of 
A. 7 is the only parameter controlling the amount of fill-in in the factors. In our 
experiments, we also use 7 = 8. 

3.5 Summary of the incomplete LDL T factorization method 

The following pseudo-code provides a detailed overview of the incomplete factoriza- 
tion phase. 

Algorithm 3.3. Incomplete LDL T factorization with boundedly partial pivot- 
ing (ILDLT-BPP method). 

1. Function (L,D) = ildltJblp-f 'actor •ization(A) 

2. For k — 1 : n 



3. a = (V5-l)/2;a k 



max 



(k) 

a k:n,k 



4. If 



(k) 

a lk 



> ao\ /*use lxl pivot*/ (case 1) 



5. keep 7^ largest elements 



6. If 



a (k) 
a kk 



< e piv , then a$ = sign(aj^) • e piv End 



1 A - ( k ) T - J-l ( k ) 

<■ Ofcfc — duu ; L/k+l-.n.k. — U1.1.CI 



kk — a kk i ^k+l:n,k — "fcfc a k+l:n,k 

(k) 
k+l:n,k+l:n 



8. update a[ k ^l k+1 . n from a {k) 

9. Else 

10. If det(4 fe i+i, fc:fc+ i) < $ /*use lxl pivot */ (case 2) 

11. a kk = oca k ; break 

12. Else /*use 2x2 pivot*/ (case 3) 

13. keep 7^ largest 1x2 elements 

i/i /-) „(k) . t (k) 7-) — 1 

L<±. Uk — a k:k+l,k:k+l J ^k+l:n,k:k+l — a k+l:n,k:k+l ' ^ k 

15. Update Clk+2:n,k+2:n from Uk+2:n,k+2:n 

16. End 

17. End 
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18. End 



Theorem 3.1. The factor L is bounded while we use the Algorithm 3. 3 -incomplete 
LDL T factorization with boundedly partial pivoting. 

Proof. Let L denote the lower triangular factor of the incomplete LDL T fac- 
torization of A, namely 



A = LDV 



E, 



where D is a block diagonal matrix with lxl and 2x2 blocks. And let Uj denote 
entries of L. For simply to read, we use A instead of A. If lxl pivot elimination is 
implemented, we will obtain A^ 1 ^ from A^ k \ Otherwise we will get A( k+2 ^ through 
2x2 pivot elimination. The superscript k shows the reduced matrix whose dimension 
is n — k + 1 after lxl and 2x2 pivot eliminations. Let the entries of A^ be denoted 

(fe) 

by a\; . We know that the symmetry of the symmetric matrix can be retained after 
lxl and 2x2 pivot eliminations. So A^ k+1 ^ and A^ 2 ^ are both symmetric. 

Firstly, we consider the case using lxl pivot as follows. Through the elimination, 
the relation of A (k+V) and A (fc) is 



(fc+1) (k) 

n ■ ■ = n ■ ■ 



a ik a kj 



'-kk 



, i > k, j > k. 



And entries of L are 



I; 



ik 



(k) 



a ik 



''kk 



i > k. 



Secondly, we consider the case using 2x2 pivot as follows. Through the elimina- 
tion, the relation of A^ 2 ^ and A^ is 



t ( fc+2 ) = a (k) - \ a {k) a {k) 

l %3 u ij L a ik a i,k+l 



l kk 



l k+l,k 



a k+l,k a fe+l,fc+] 



-1 


(k) 

a k 




„(*) 




_ a k+l,j J 



% 



(fc+2) _ (fc) 



a ij' 



I (*0 (k) 
\ a kk a k+l,k+l 



a 



(k) ' 
fc+l,fc 



a ik 



(k) (k) 



a i,k+l 



(k) _ (k) 

a fc+l,fc+l a k+l,k 



-a 



fc+l,fc 



a 



kk 



(k) 
a kj 

(k) 
a k+l,j 



(fc+2) _ (fc) _ °$" V ' 
a ij - a ij 



(fc) 



And entries of L are 



_ (fe) / (fc) (fc) , (fc) (fc)-v , (fc) 

fc + l"fc + l,j a fc + l,fcV a »fc a fc + l,j +Ct i,fc + l a fcj /T a fc + l,fc + l"ifc "fej 



„(*)„(*) 



(fc) (fc) 
a fcfc a k+l,k + l~ 



(fc) •* ' 

a fe+l,fe 

(i>k + l,j>k + 1). 



'/A: 



(fe) (fe) 
in 
L ik "fc + l, fc + l 



(fc) (fe) 

1 i,fc + l Ct fc + l,fc 



i,k+l 



a (fe) a (fe) 

"fcfc "fc+l, fc+l 

(fc) {fc) 

"-ill "i i —<- 

z,fc + l fcfc 



(fe) * 

-n 
"fc+l,fc 

W (fc) 

ik k-\-l,k 



(fe) (fe) 
a fefe a fc+i,fc+i" 



(fe> 
fc+i,fc 



2 • 



i> k + 1, 



% > k + 1, 
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I 



k+l,k 



0. 



Let /i be the magnitude of the largest entry in A^ and // be the maximum magni- 
tude of any entry in the new reduced matrix (A^ +1 ^ or A^ k+2 ">). 

Next, we will prove that <J\,- • • ,cr n are all finite positive real numbers. We can 
easily know a k > since a k = max( a, , ), where k — 1, • • • , n. 



Case 1 : When 



'■kk 



> aal, choose a kk as lxl pivot 



ffc+i) 



< 
< 



jj! < /jL + a k 



(k) 
n ■ ■ 



(k) 
n ■ ■ 



.(*) 



a k 



+ 



+ 0"* 



0"fc 



(fc) (fc) 

a-, a; / 

tk kj 

|"fcfc 

(fc 
ftj 



(ft) 
l kk 
Ak) 
l jk 



M 

'■kk 



< 



// 



Ik) 

'ftfc 
1 

a 



So iJk+i and (j k +2 are both finite positive real numbers. 



Case 2: When 



'■kk 



< aal an d 



det{A 



(k) 

k:k+l,k:k+l/ 



,(*) 



< (5, implement a 



A;, A; 



aot 



and break, cycle over again and choose a kk as lxl pivot. Here, this is the same as 
the Case 1. 



.(fc) 



'kk 



Case 3: When 
as 2x2 pivot. According to 



< a.a\ and 



i(fc) 



det(A£ 



^ e K^k:k+l,k:k+l 

> 5, we get 



> 5, choose 



a 



'kk 

(k) 

k+l,k 



Ak) 
l k,k+l 
Ak) 
*fc+l,fc+l 



(fc) 
fc+l,fc:fc+l 



(fc) (fc) 
°fcfc a fc+l,fc+l 



,(fc) ' 
b k+l,k 



>s. 



While i > k + l,j > k + 1, 



(fc+2) 



< 



(fc) 

n ■ ■ 



< fi + 



(k) (k) (fc) _ (fc) , (fc) (fc) (fc) (fc), (fc) (fc) (fc) 

a kk a i,k + i a k + l,j a k + l,ky a ik a k + l,j +a i,k + i a kj > +a k + l,k + i a ik a kj 

(k) (k) _ (fc) 2 

a fcfc a fc + l,fc + l a fc + l,fc 
I (fc) I \ (fc) I (*0l\ , I C=)l 

fffcfffc+l Ofc+ij- H-fffcC^fc afc+ij- +^fc+i oJ,y J+fffc+ifffc a^/ 



/ ^ _l_ CT fc CT fc+l CT fc+l+ g fc( CT fc< J fc+l+ g "fc+l°"fc)+ g "fc+l CT fc <:r fc 

/i <-. [I -r £ 

_ _|_ g^|+i+ggV|-lf| 

— /i-t- £ 

So o"fc+2 and o-fc+3 are both finite positive real numbers. 

In summary, we know that <7i, • • • , <r n are all finite positive real numbers. 
Finally, we prove that kk, k,k+i are bounded. 
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In Case 1 and Case 2, lxl pivot is chosen and then l^ is 



'ik 



l ik 

,(*) 

''kk 



\hk\ < (while i > k and a^ ^ 0). 

ao-fc 



When <Tfc = 0, then 



'-kk 



0. So 



Afterwards we implement 



'-kk 



< e 



ptv 



M 

'kk 



si g n (4fc) • £ piv 



In this situation, \l^\ = 0, i > k. So /^(i > fc) is bounded in Case 1 and Case 2. 
In Case 3, 2x2 pivot is chosen and then l^ and Uk+i are 



<ik 



(k) (k) __ (fc) (fe) 

a ifc a fc+l,fe+l a j,fc+l a fc+l,fc 



(fc) (fc) 
a fcfc a fc+l,fe+l 






i > k + 1, 



Z 



j,fc+i 



(fc) (fc) 

a i,k+l a kk 



(k) (k) 
a ik a k+l,k 



(k) (k) 
a kk a k+l,k+l 



,(*) 

*fc+l,fc 



2 ' 



'/A: 



I Ml , I CO 
°"fc+l \ a ik \ +a k K,fc+1 



< 

— 

<- gfc+l£V+gfcgfc+l 

— <5 



i > k + 1, 



2<7 fc (T fe ^ 



1^, 



fc+l| 



< 
< 



I (*0 I (*0l 



^fc^fc+i+^fc+i^fc 



2gfcgfc+i 



5 5 

So Z ifc and l^k+i{i > k + 1) are bounded. 

In summary, Z ifc , /j^+i are bounded. The proof is completed. □ 



4 Numerical experiments 

We consider the symmetric indefinite matrices which partly come from the matrix 
market and partly are produced randomly by the function in MATLAB. In this 
section, the main objective is to compare the boundedly partial pivoting and the 
tri-diagonal pivoting, to contrast their results, and to draw the conclusion that our 
pivoting approach is preferable. 
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4.1 Iterative solution and termination criterion 

There are three Krylov subspace methods, which are MINRES, SYMMLQ and 
SQMR [16], to solve symmetric indefinite systems. Since both the original sys- 
tem and the preconditioner are indefinite, we cannot use methods like SYMMLQ 
or MINRES, which require a positive definite preconditioner. Therefore, we adopt 
SQMR method for iterative solution of the preconditioned system. The SQMR 
method has the benefit of allowing us to solve preconditioned systems A, with 

A = M^AM 2 \ (6) 

where A is symmetric, and Mi and Mi can be arbitrary matrices. 

The iterative methods used the following stopping criterion. The current iterate 
x n was considered good enough, if its residual referring to the preconditioned system 
A was less than 10~ 6 : 



M _1 S - M _1 A£, 



< 10' 



M~ L b 



(7) 



When using the SQMR iterative method to solve the preconditioned system M~ 1 Ax = 
M" 1 ^, all matrices were solved with an artificial right hand side b, with b = A ■ 1, 
where 1 denotes the column vector of n dimension whose entries are all one. The 
iterations were started with a zero initial guess. 

4.2 Experimental content and Numerical results 

In this subsection, we mainly introduce our experimental content and give the nu- 
merical results by carrying out relevant programs. 

Firstly, we introduce the information of the tested matrices and the meanings 
of the simple marks. The information of the tested matrices in our experiments is 
presented in Table 1 and the meanings of simple marks are shown in Table 2. 

Note: • n denotes the dimension of matrix and nnz denotes the number of 
nonzero entries. 

• FLG = denotes the success of iterative solution, FLG = 1 denotes miscon- 
vergence of iterative solution, FLG = 2 denotes the failure of iterative solution. 
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Matrix name 


n 


nnz 


Matrix type 


Source 


bcsstkl9 


817 


6853 


Sparse symmetric 
indefinite matrix 


Matrix market 


bcsstk22 


138 


696 


Sparse symmetric 
indefinite matrix 


Matrix market 


bcsstm27 


1224 


56126 


Sparse symmetric 
indefinite matrix 


Matrix market 


randmatl 


50 


463 


Sparse symmetric 
indefinite matrix 


Randomly produced by MATLAB 


randmat2 


100 


2583 


Sparse symmetric 
indefinite matrix 


Randomly produced by MATLAB 


randmat3 


20 


142 


Sparse symmetric 
indefinite matrix 


Randomly produced by MATLAB 



Table 1: Information of the tested matrices 



Simple mark 


meaning 


NPREC 


Iterative solution with no preconditioning 


NPREP 


No preprocessing 


ILDLT(O) 


Iterative solution with preconditioning of combining zero fill-in incom- 
plete LDL factorization and preprocessing 


ILDLT-TP 


Iterative solution with preconditioning of combining incomplete 
LDL T factorization with tri-diagonal pivoting and preprocessing 


ILDLT-BPP 


Iterative solution with preconditioning of combining incomplete 
LDL factorization with bounded partial pivoting and preprocessing 


PIVOT22 


The number of 2x2 pivot chosen in the process of incomplete 
LDL T factorization 


ITERS 


Iterative number 


FLG 


Result mark of iterative solution 



Table 2: The meanings of the simple marks 



We will analyze from the following three aspects: 

(1) Compare the solution results of the NPREC method, the ILDLT(O) method, 
the ILDLT-TP method and the ILDLT-BPP method (meanings of these four meth- 
ods are in Table 2). The default values of the parameters 7, e P i V and S in Table 
3 are 8, 10~ 8 and 1CT 3 respectively. In MATLAB, we run corresponding programs 
and the experimental results obtained are given in Table 3. 

(2) We exploit MATLAB's own function sprandsym(n, dense) to randomly pro- 
duce the sparse symmetric indefinite matrices, where n is to decide the dimension of 
the produced sparse symmetric matrix and the parameter dense, which is valued in 
the interval [0.2, 0.4], is to control the sparse extent of the sparse symmetric matrix. 
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Matrix name 


Parameter 


NPREC 


ILDLT(O) 


ILDLT-TP 


ILDLT-BPP 


bcsstkl9 


FLG 














ITERS 


909 


1203 


3 

7 = 1.7 


3 

7= 1.7 


PIVOT22 


— 


— 








bcsstk22 


FLG 














ITERS 


113 


25 


4 
7 = 1 


4 
7=1 


PIVOT22 


— 


— 








bcsstm27 


FLG 


1 


1 








ITERS 


> 10000 


> 10000 


3 

7 = 1.1 


7 

7= 1.1 


3 

7 = 
5 = 


1.1 

10~ 4 


PIVOT22 


— 


— 


1 


58 


62 


randmatl 


FLG 





2 


2 





ITERS 


56 


— 


— 


4 


PIVOT22 


— 


— 


— 


23 


randmat2 


FLG 





2 


2 





ITERS 


142 


— 


— 


4 


PIVOT22 


— 


— 


— 


48 


randmat3 


FLG 





2 








ITERS 


20 




10 

7 = 1 


8 
7=1 


PIVOT22 


— 


— 


7 


9 



Table 3: Solution results of the four methods 



Matrix name 


Solution method 


FLG 


ITERS 


PIVOT22 


randmatl 


ILDLT-BPP- NPREP 





14 


18 


ILDLT-BPP 





4 


23 


randmat2 


ILDLT-BPP- NPREP 





11 


45 


ILDLT-BPP 





4 


48 


randmat3 


ILDLT-BPP- NPREP 





20 


3 


ILDLT-BPP 





8 


9 



Table 4: Solution results of containing preprocessing or not 
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And then judge the matrix indefinite by validating it has both positive and neg- 
ative eigenvalues. And thus randmatl, randmat2, and randmat3 are all indefinite 
since they all have both positive and negative eigenvalues. Commonly, the matrices 
produced by the above technique are indefinite. Next, the numerical results of the 
comparison between the ILDLT-BPP method and the ILDLT-BPP-NPREP method 
(meanings of these two methods are in Table 2) to solve the systems corresponding 
to the three random sparse symmetric indefinite matrices are given in Table 4. 

(3) The residual changes in plans will be presented in order to observe and 
contrast these solution methods. The residual in step k is 



res k 



\M- l b-Ax k \\ 
\\M-'b\\ 



(8) 



In one thing, the residual changes curves of the iterative solution of the system 
corresponding to the matrix named bcsstk22 will be given in Fig. 1 and Fig. 2. 

In the other thing, the residual changes curves of the iterative solution of the 
system corresponding to the matrix named randmat2 will be given in Fig. 3. 



otfr 
-1 

-2 
-3 
-4 
-5 
-6 



- - ■ ILDLT-BPP 
t> ILDLT-TP 



D.5 1 1.5 2 2.5 3 3.5 

iters 



Figure 1: Residual changes curves of ILDLT-BPP and ILDLT-TP for bcsstk22 



4.3 Analysis of numerical results 

For preparing for the final conclusion, the main work in this subsection is to analyze 
the data of Table 3 and Table 4 and the residual changes curves in Fig. 1, Fig. 2 
and Fig. 3. 

At first, from the Table 3, we can clearly see that the ILDLT-TP method and 
the ILDLT-BPP method are preferable to the NPREC method and the ILDLT(O) 
method with respect to the iterative number. Therefore, the ILDLT-TP method and 
the ILDLT-BPP method have the same iterative number for the matrices named 
bcsstk!9 and bcsstk22 with comparing the last two columns. And iterative number 
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-NPREC 
- ILDLTfl) 
ILDLT-BPP 




BO 

iters 



Figure 2: Residual changes curves of NPREC, ILDLT(O) and ILDLT-BPP for bc- 

sstk22 




- ILDLT-BPP 

- ILDLT-BPP-NPREP 



6 

iters 



Figure 3: Residual changes curves of ILDLT-BPP and ILDLT-BPP-NPREP for 

randmat2 
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of the ILDLT-TP method for solving the system corresponding to the matrix named 
bcsstm27 is smaller, under the conditions of the default parameters. However, the 
ILDLT-BPP method is able to get the same iterative number as the ILDLT-TP 
method by altering the value of the parameter S. In addition, the iterative number 
of our ILDLT-BPP method is smaller for the matrix named randmat3. 

At second, we still notice that the systems corresponding to the matrices named 
randmatl and randmat2 can not be solved by the ILDLT-TP method, nevertheless 
our ILDLT-BPP method is able to make it and the iterative number is rather small. 
The reason is that the factor L produced by incomplete LDL T factorization with 
boundedly partial pivoting is bounded. We have proofed it in the section 3, and 
then the numerical stability of the factorization gets guaranteed. 

Next, to observe the Table 4, in which the results of iterative solution of the 
ILDLT-BPP-NPREP method and the ILDLT-BPP method are presented. We can 
easily find that the iterative number of the method without preprocessing is larger. 

At last, observe and analyze the three figures. In Fig.l, the two kinds of curves 
are completely heavy to match, and this explains that the results of iterative so- 
lution by the ILDLT-BPP method for the matrix named bcsstk22 are the same 
as that by the ILDLT-TP method. In Fig.2 and Fig. 3, we observe the iterative 
number corresponding to the point of intersection between curve and straight line 
log 10 (res) = —6. The smaller the iterative number is, the quicker the speed of 
iterative solution will be. From Fig.2, the relation among the ILDLT(O) method, 
the NPREC method and the ILDLT-BPP method can be easily found. Namely, 
the ILDLT-BPP method is quicker than the ILDLT(O) method, and meanwhile the 
ILDLT(O) method is quicker than the NPREC method with respect to the iterative 
solution rate. 

And from Fig. 3, the relation between the ILDLT-BPP-NPREP method and 
the ILDLT-BPP method is that the iterative solution rate of the later is quite 
quicker than that of the former. The iterative solution rate is measured by the 
iterative number, and the smaller the iterative number is, the quicker the speed of 
the iterative solution will be, vice versa. Here, we need to explain that the iterative 
number should be an integer. 

4.4 Experimental conclusions 

From the front two subsections of experimental content and analysis of numerical 
results, we can draw the conclusion as follows: 

(1) Within the scope of the systems which can be solved by the the ILDLT-TP 
method, our ILDLT-BPP method can be also feasible. Meanwhile, the results of 
them are probably the same or the iterative solution rate of the ILDLT-TP method 
is probably quicker under the conditions of the default parameters, but we also can 
gain the same results of the two methods through altering the value of the parameter 
5. Also, the iterative solution rate of the ILDLT-BPP method is possibly quicker. 
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Therefore, in general, the iterative solution rates of the two kinds of methods are 
basically the same or our ILDLT-BPP method is indeed preferable to the ILDLT-TP 
method for some special symmetric indefinite linear systems. 

(2) The numerical stability of the incomplete factorization can not be confirmed 
since the tri-diagonal pivoting in the incomplete factorization of the ILDLT-TP 
method can not make sure of the boundedness of the L factor. On the contrary, 
the boundedly partial pivoting in the incomplete factorization of our ILDLT-BPP 
method is able to guarantee the boundedness of the L factor, and thus the factor- 
ization is numerically stable. This will avoid unfeasibility of the last preconditioned 
SQMR iterative method brought on by the unboundedness of L. Consequently, our 
ILDLT-BPP method extends the scope of the symmetric indefinite linear systems 
which can be solved by it. 

(3) Within the scope of certain symmetric indefinite linear systems, our ILDLT- 
BPP method is preferable to the NPREC method and the ILDLT(O) method. At 
the same time, the preprocessing of the ILDLT-BPP method exerts big function for 
the iterative solution rate. 

5 Conclusions 

The main work of this paper is to devise an efficient algorithm concerning the solu- 
tions of symmetric indefinite linear systems. The preconditioning of combining the 
preprocessing, which is similar to the preprocessing in [1], with the boundedly par- 
tial pivoting in the incomplete factorization is proposed, and the better results are 
acquired. The experimental conclusions in section 4 indicates that comparing with 
the preconditioning of combining the preprocessing and the tri-diagonal pivoting in 
the incomplete factorization, our method extends the scope of the symmetric indef- 
inite linear systems which could be solved by it, since it warrants the stability of 
the numerical factorization due to the boundedness of the L factor. For the systems 
which can be solved by the both methods, the same iterative solution rate is gained 
or our method is more efficient for the solution of some special symmetric indefinite 
linear systems. 
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ON THE SYMMETRIC PROPERTIES FOR THE 
SECOND KIND (/i,g)-EULER POLYNOMIALS 

C. S. RYOO 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In [7], we studied the second kind Euler numbers and polynomials. By using these 
numbers and polynomials, we investigated the alternating sums of powers of consecutive odd integers 
(see [8]). By applying the symmetry of the fermionic p-adic g-integral on Z p , which is defined Kim 
[2], we give recurrence identities the second kind (ft, q) -Euler polynomials and the alternating sums 
of powers of consecutive (ft, q)-odd integers. 

Key words : the second kind Euler numbers and polynomials, the second kind g-Eulcr numbers 
and polynomials, (ft, g)-Euler numbers and polynomials, alternating sums 

1. Introduction 

Euler numbers, Euler polynomials, g-Eulcr numbers, g-Eulcr polynomials, the second kind Euler 
number and the second kind Euler polynomials were studied by many authors (see for details [1- 
9]). Euler numbers and polynomials posses many interesting properties and arising in many areas 
of mathematics and physics. In [8], by using the second kind Euler numbers Ej and polynomials 
Ej(x), we investigated the g-analogue of alternating sums of powers of consecutive odd integers. Let 
k be a positive integer. Then we obtain 

^-i) = i>ir(2n + iy = <-'>'" w^ . 

ra=0 

In [9], we introduced the second kind (ft, g)-Euler numbers En,q and polynomials En,q(x). The 
outline of this paper is as follows. We introduce the second kind (ft, q)-Euler numbers £*»,<? and 
polynomials En,q(x). We give some properties of these numbers En,q and polynomials En,q(x). 
In Section 2, we obtain the alternating sums of powers of consecutive (ft, g)-odd integers. Finally, 
we give recurrence identities the second kind (ft, g)-Eulcr polynomials and the alternating sums of 
powers of consecutive (ft, g)-odd integers. 

Throughout this paper, we always make use of the following notations: N={1,2,3,---} denotes 
the set of natural numbers, R denotes the set of real numbers, C denotes the set of complex numbers, 
Z p denotes the ring of p-adic rational integers, Q p denotes the field of p-adic rational numbers, and 
C p denotes the completion of algebraic closure of Q p . Let v p be the normalized exponential valuation 
of C p with \p\ p = p~"p(P> = p~ x . When one talks of g-extension, q is considered in many ways such 
as an indeterminate, a complex number q G C, or p-adic number q G C p . If q G C one normally 
assume that \q\ < 1. If q G C p , we normally assume that \q — l\ p < p^p^ so that q x — cxp(a; log q) 
for \x\ p < 1. 

[x] q = [x:q]= l —^ 1 cf. [1,2,3,5] . 
1-9 

Hence, lim g ^i[a;] = x for any x with |a;|p < 1 in the present p-adic case. Let d be a fixed integer 
and let p be a fixed odd prime number. For any positive integer TV, we set 

X = lim(Z/dp N Z), X* = (J (a + dpZ p ), 

N 0<a<dp 

(a,p) = l 

a + dp N Z p = {xeI|iE8 (mod dp N )}, 
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where a £ 1 lies in < a < dp N . For any positive integer N, 

fi q (a + dp N Z p ) 



[dp N ] q 
is known to be a distribution on X, cf.[l, 2, 3, 5, 6, 7, 8]. For 

g E C/D(Z p ) = {g\g : Z p — ► C p is uniformly diffcrcntiablc function}, 

the p-adic g-integral was defined by [1, 2, 3] 



/. 1 

^g(5) = / g(x)dy q (x) = Jim r"M XI ^^ 



The bosonic integral was considered from a physical point of view to the bosonic limit q — > 1, as 

follows: 

/• 1 F 

h{g) = limlg(g) = / g{x)d^ 1 {x) = Jim -=■ V 5 (x) (see [1, 2, 3]). 

We consider the fermionic integral in contrast to the conventional bosonic, which is called fcrmionic 
p-adic g-integral on Z p . That is 

I-q{9) = lim ^ g (.9) = / g{x)dn- q {x). 
1^-1 Jz p 

The expression for the I q (g) remains same, so it is tempting to consider the limit q — > — 1. That is 
/_!(<?) = lim Ug) = / g(x)dfM-i(x) = lim V ff (aO(-l) x . (1.1) 

J£ P 0<x<p N 

If we take gi(x) = g(a; + 1) in (1.1), then we easily see that 

I- 1 (g 1 ) + I- 1 (g) = 2g(0). (1.2) 

First, we introduce the second kind Eulcr numbers E n and polynomials E n (x). The second kind 
Eulcr numbers E n are defined by the generating function: 



2e* ^ t n 



71=0 



We introduce the second kind Euler polynomials E n (x) as follows: 



2e* ^ v- „ , , *2 



^^) = ^-t^-E^(- 



The second kind (/i, g)-Euler polynomials, _En^(a;) are defined by 



71=0 

CO, 



DC 



9*>* — t n 

*fW) = ^TT e " = E^)V (!-3) 

n=0 

The second kind (h, g)-Eulcr numbers En,q are defined by the generating function: 

^ 71=0 

In [9], we introduced the second kind (h, g)-Eulcr numbers EnJ q and polynomials E n . q (x) and inves- 
tigate their properties. The following elementary properties of the second kind (h, g)-Euler numbers 
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*$(*) = E(ZK-*"- fc 



En,q and polynomials E n , q {x) are readily derived form (1.1), (1.2), (1.3) and (1.4)( see, for details, 
[9]). We, therefore, choose to omit details involved. 

Theorem l.(Witt formula) For ft € Z, g € C p with |1 — q\ p < 1, we have 

q h v(x + 2y+l) n du_ 1 (y)=Ei h l(x). 
Theorem 2. For any positive integer n, we have 

k=0 v 7 

Theorem 3. (Distribution Relation) For any positive integer m(=odd), we have 
!&>) = "»" E(-1)V°^ ( 2a + " + 1 ' m ) for n > 0. 

a=0 V m / 

2. The alternating sums of powers of consecutive (h,q)-odd integers 

In this section, we assume that q G C, with \q\ < 1 and /i£Z. By using (1.4), we give the 
alternating sums of powers of consecutive (h, g)-integers as follows: 

00 4-n o„t °° 

n=0 ' y n=0 

From the above, we obtain 

oo oo fe— 1 



)t 



y^(_l^n q nh e (2n+2k+l)t + y^(_ 1 ^n-k q (n-k)h e (2n+l)t = 2^(-l)- " ,/ , 



%-k n (n-k)h p (2n+l)t 
n— n— n— 

By using (1.3)and (1.4), we obtain 

oo ■ oo oo / k — 1 



j=0 J j=0 J j=0 \ n=0 / J 



By comparing coefficients of — in the above equation, we obtain 



{ -l )k+i q kh E W {2k)+E W 
2 



J2(-l) n q nh (2n+iy = V ' ' ■''■"' ''■" 



n=0 

By using the above equation we arrive at the following theorem: 

Theorem 4. Let k be a positive integer and q e C with |g| < 1. Then we obtain 

fc-l / 1 \Hl„ttp( k )Mi,\ , pC 1 ) 

T™(k - 1) = £(-1) V(2n+ 1)' = l ' q y {Z " )+ ^ . (2.1) 

Remark 5. For the alternating sums of powers of consecutive odd integers, we have 
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3. The symmetry property of the second kind (h, <j)-Euler polynomials 

In this section, we assume that q G C p . In [2], Kim investigated interesting properties of 
symmetry p-adic invariant integral on Z p for Bernoulli polynomials and Eulcr polynomials. By 
using same method of [2], expect for obvious modifications, we obtain recurrence identities the second 
(h, g)-Euler polynomials and the alternating sums of powers of consecutive (h, q)-odd integers. By 
using (1.1), we have 



I^(g n ) + (-l)"- 1 !,^) = 2j2(-lT- 1 - k 9(k), (see [1-3]) 

k=0 

where tieN, g n {x) = g(x + n). If n is odd from the above, we obtain 

n-l 

/_!(»„) + I_ x {g) = 2 2(-l) n_1_fc ff(*) ( see [1]. P], [3], [5])- (3.1) 

fe=0 

It will be more convenient to write (3.1) as the equivalent integral form 

,. n—l 

g(x + n)d f i- 1 (x)+ g(x)d^ 1 (x) = 2Y / (-V n - 1 - k 9(k). (3.2) 

Substituting g(x) = q hx e i 2x + 1 ) t into the above, we obtain 



h(x+n) (2(x+n) + l)t 
q c- 



~ n — l 

dn-i(x)+ q hx e {2x+ ^ t dii^ 1 {x)^2^{-iy q hl e^+^ t . (3.3) 



J=0 

After some elementary calculations, we have 

2e* 



g ha: e (2x+1) *dM-i(a;) 



q h e 2t + I ' 



2e L 



ml 

j-tn 

By comparing coefficients — - in the above equation, we obtain 

mi 



(3.4) 



fc(x+n) e (2(x+n)+l)t d (a;) = fcn^nt 

g"e 2 * + 1 
By using (3.3) and (3.4), we have 

J q H*+n) e {2(*+n) + i)t djx _, x)+ J q h* e {2*+i)t d ( x) = 2e\l + q hn e 2nt ) ^ 
Jz p Jz p ' q h e M + l 

From the above, we get 

/ ^) e PW+')Vi(*)+ g te e^ViW= 7 hBaante . ,\ - (3 ' 5) 
A p A p }^q hnx e 2ntx dn-i{x) 

By substituting Taylor series of e^ 2x+1 ^ into (3.3), we obtain 

00 / /■ /■ \ Jim 

^ / <z M-+™)( 2x+ i + 2n) m ^_ 1 ( a; )+ / q hx (2x + l) m d^ 1 (x)\ — 

oo / n — 1 \ 

= E h]T(-i)Y^(2j+ir * 

m=0 V j=0 / 
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q hn J2 ( r f]{2n) m - k [ q hx (2x+l) k d^ 1 (x)+ f q hx (2x+l) m d^ 1 (x) 



k=0 

71-1 



3=0 

By using (2.1), we have 

^ n EfTV 2 «) ro " fe / q hx (2x+l) k d^ 1 (x)+ f q hx (2x + l) m d^ 1 (x)^2T^(n-l). (3.6) 
k=0 V K / JZp JZp 

By using (3.5) and (3.6), we arrive at the following theorem: 

Theorem 6. Let n be odd positive integer. Then we obtain 

2/ z g^e^+^dAt-ito;) ,22, ^_ rM / ^ * 



E( 2T ^(n-l))^. (3.7) 



k<l hnx z 2ntx dV-i{x) ib, V 



Let Wi and w 2 be odd positive integers. By using (3.7), we have 

k k q h{wiXl+W2X ^e^ Wl( - 2xi+ ^ +W2< - 2x2+ ^ +WlW2X ^d^^ 1 (x 1 )d^ 1 (x 2 ) 
k q hwiW2X e 2w ^ W2Xt d^i(x) 

2 e w l t e w 2t e w 1 w 2 xt( hw 1 W2 e 2w 1 w 2 t _|_ ]\ 
(ntiwi £ 2wit _^_ \\tqhw 2e 2w 2 t _|_ JA 

By using (3.7) and (3.8), after elementary calculations, we obtain 



1 /■ , , s \/2U' , «' JI e( 2l2 + 1 )<«' 3t )(J/j.i(i2)' 
£ / hwiXle ( Wl (2 Xl+ i) +WlW2X )t d , x -, ^y — ^v, 

2 7 Zp v W I J z q hw ^ w ^ x e 2wiW2tx dn-i(x) 

m=0 ' / \ m=0 ' / 



\ 2 
By using Cauchy product in the above, we have 



By using the symmetry in (3.9), we have 



(3.8) 



(3.9) 



« = E ( E (7) s i3-(^)^V.(^ - ik 1 -' ) Li- (3 - 10) 



^2A/ ' u 2i y ^ k P v hwiw2Xe2wiW2txd »-i( x ) ) 

= (^ E <U(»i*x^ f 2 E *SU(«* - ix^l • 

\ m=0 / \ m=0 / 

Thus we have 

oo / m / \ \ , m 

« = E ( E (7)^k-)^ 2 ^,„ 1 (- 2 - !)<-'] Li- (3 - n) 

j-m 

By comparing coefficients — - in the both sides of (3.10) and (3.11), we arrive at the following 

to! 
theorem: 
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Theorem 7. Let w\ and w 2 be odd positive integers. Then we obtain 

TO , -. 

i=o v J y 

= X) ( 7 ) W lWr~' 7 ^i' l 9 ) »i(W2X)T ro ^ j)g »2(wl - 1), 
j=0 V J ' 

where E k (x) and T„, ,, q (k) denote the second kind (h, g)-Euler polynomials and the alternatin 
of powers of consecutive (h, q)-odd integers, respectively. 

By using Theorem 2, we have the following corollary: 

Corollary 8. Let Wi and w 2 be odd positive integers. Then we obtain 

ee (7) ^)<- k ^ j - k ^^\M^ - D 



j=0 k=0 
m J 



= ft (7) ^i<- k ^ k 4%TL^ 2 ( Wl - 1). 

By using (3.8), we have 

a= l W2Xt i hWlXle{2xi+1)Wltd ji^_ — , A 

w ±~ i /• 2xi+l+u; 2 s+(2j+l) (wit) 

= E (- 1 ) J Q W / 9 eV Wl/ ^ d/«_i(a;i) 



(3.12) 



J=0 



(3.13) 



n=0 Y j=0 V I ' 

By using the symmetry property in (3.12), we also have 

fl= *«*,»,** / te 2 x 2e (2x 2 +l) W2 t d ( ) J^_ , A 

^ 2 y Zp y ^ u 2> ) y j Zp q^i^ e 2 W1W2txd ^_^ x) 

= (l e w ^2Xt j q hw2X 2e (2x 2 +l)w 2 t dfl ^ x A j 2 J2 (-iy q ^hJ e (2j+l)( Wl t) 
^EZ 1 /• 2x 2 + l+ Wl x + (2j + l) (w 2 t) 

= £(- 1 ) J <f q hw2X2 e\ W 2J dfi-^X!) 

j=0 •'^p 

OO I W2 — 1 / \ \ ,„ 

- £ ( £ (-i) i « wlW *> («** + w + 1)^) «*) ^ 

By comparing coefficients — in the both sides of (3.12) and (3.13), we have the following theorem. 

m 

Theorem 9. Let w\ and w 2 be odd positive integers. Then we obtain 

^(-lyq^E^ (w 2 x+(2j + l)^)w" 1 
j=0 ^ Wl ^ 

"2 — 1 / 

= J2 (-iyq Wlhj E^ qW2 ( Wl x+(2j + 1) 



j ~ " (3.14) 



W 2 
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Observe that if q — > 1, then (3.14) reduces to Theorem 10 in [8]. 

Substituting u>i = 1 into (3.14), we arrive at the following corollary. 
Corollary 10. Let W2 be odd positive integer. Then we obtain 

EMM = «* $>i)'<^e* r ^ 2 ^ 1 -" 2 
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Abstract Definition of a window function given by Charles K. Chui in 
L 2 (3ft) is extended to L 2 (3ft n ) and it is proved that every window function 
belonging to L 2 (K n ) is also L 1 (3? n ) integrable. This result is very useful in 
wavelet theory in 3ft n , particularly to find the wavelet inversion formula in 

L 2 0JT). 

Introduction 

In the year 1992 [2] Chui defined a window function as a function / in 
L 2 (3ft) such that xf is also in L 2 (K). He proved that this window function is 
also L 1 (K) integrable. His this definition of window function is different from 
the definition of the window function given in books of signal processing [3] . 
The L 1 (3f?) integrability of the window function defined by Chui is a very 
important property. The Fourier transform /(A) of the window function / 
defined by Chui is a continuous function of A which enables us to show that 
a window function / is compatible if and only if /(A)|a=o = /(0) = 0. This 
important result enables one to prove the inversion formula for the contin- 
uous wavelet transform of a L 2 (JR) function with respect to the kernel ip 
which is a window function satisfying the compatibility condition [1]. Our 
objective is to extend the concept of window function by Chui in L 2 (W l ) 
and prove that every L 2 (JR. n ) window function is L 1 (3f? n ) integrable. 
we say that / G L 2 ($t n ) is a window function if and only if Xif, XiXjf, XiXjX^f, 
• • • , £1X2 • • • x n f all belongs to L 2 (3ft n ); here lower suffixes in a term having 
more than one suffix are all different. This again enables one to show that 
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a window function / in L 2 (K n ) is compatible i.e. 

|/(Ai, A 2 , ■ ■ ■ , A„)|/|AiA 2 -- -\n\d\id\2- ■ ■ d\ n < oo 



if and only if 

/•oo 

f(xi,x 2 ,--- ,x ir -- ,x n )dxi = 



\ti = 1,2,3, ••• ,n and then / becomes a basic regular wavelet [4]. This 
result enables us to prove wavelet inversion formula in L 2 (3? n ) with respect 
to the wavelet kernel tp(xi,X2, • • • , x n ) G L 2 (3? n ). This inversion formula 
has been proved by Pandey [4], Bogess and Narcowich [1]. 
Our objective is simply to give a different proof than that given in [4] by 
Pandey to prove the fact that a window function f(x±,X2, • • • , x n ) G L 2 (5ft n ) 
is L 1 (3? n ) integrable. This result though simple (trivial) to prove for n = 1 
is definitely diffcult and non-trivial for n > 1 and will find applications 
in wavelet analysis and so deserves to be brought to the knowledge of the 
mathematical community working in the area of wavelet analysis. We have 
also given another proof of this fact which is clearer than the proof given by 
Pandey in [4]. 

We now recall the definition of a window function / G L 2 (3ft n ) as follows: 
Let / G L 2 (JR. n ), we say that / is a window function belonging to L 2 (K n ) if 
Xif, XiXjf, XiXjXkf, • • • , x\X2 • • • x n f £ L 2 (3f? n ) , i,j, k, ■ ■ ■ all assume values 
1, 2, 3, • • • , n and any two lower suffixes in a term are different. 
We now state and prove our main result as follows : 

Theorem 1 Let f G L 2 (3f? n ) be a window function, then f G L 1 (3? n ). 

Proof: The proof for the case n = 1 though simple (trivial) and is known, 
but for the sake of completeness we give the proof for the case n = 1 also. 

« = i;/a 2 (») 

A posible bound for J^ 1/0*01^ can be given by using Holder's inequality 
as follows: 



\f(x)\dx < / |/(a;)|dx+ / \f(x)\dx 

3? ^|x|<l ■'|x|>l 



< Jf \f(x)\ 2 dxJ J' iHx + Jj \xf(x)\ 2 dxJj ^dx 
<\\f\\ 2 V2 + \\xf\\ 2 V2 

<(ll/l| 2 + l|x/yV2 (i) 

The R.H.S. expression in (1) is bounded as / is a window function, 
therefore J^ \f(x)\dx is bounded. 
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Case 2 n = 2. A possible bound for L 2 |/(xi, x 2 )\dx\dx 2 is given by 



\f(xi,x 2 )\dx 1 dx 2 = i xi \<! \f(x 1 ,x 2 )\dxix 2 + \ xi \<i \f(xi,x 2 )\dx 1 X2 

5R 2 ^|x 2 |<l J\x 2 \>l 

+ \ xi \>i \f(xi,x 2 )\dxiX2+ \ xi \>i \f(xi,x 2 )\dxix 2 

J\x 2 \<l J\x 2 \>l 

Now by Holder's inequality 



/ \f{xi,x 2 )\dx 1 dx 2 < J / / \f{x 1 ,x 2 )\ 2 dxidx 2 J / l 2 dx 1 dx 2 

+ Lji^i |x2/(xi,x 2 )h — rdxi<ix2 
•/|s 2 |>i l x 2| 

+ Lii^i |xi/(xi,x 2 )|| — rdxidx 2 
J\ X2 \<1 l x il 



+ Li^i \xix 2 f(xi,x 2 )\- rdxidx 

J\x 2 \>i Fi^al 

< 2 ||/|| 2 + ||x 2 /|| 2 J /,„,,<! -^dxio 



'|x 2 |>l 



+ Iki/ll2 W /l*il>i -^dxidx 2 



+ \\xix 2 f\\ 2 i/yi-il>i ^^2^1^ 

<2||/|| 2 + 2||xi/|| 2 + 2||x2/|| 2 + 2||xiX2/|| 2 
<2l[||/|| 2 + || a ; 1 /|| 2 +||x2/|| 2 + ||xiX2/|| 2 ] (2) 

The result is proved for n = 2. 

To prove the result for any n > 1 , we calculate a possible bound on f^„ \f(x)\dx 
as follows. Let i6 8 n and x±,x 2 ,- ■ ■ , x n be components of x. Let x^ , Xj 2 , ■ ■ ■ , x Jl7 
be permutations of xi, X2, • ■ ■ ,x n then the space ffl 1 can be written as union 
of various orthants i.e. W 1 can be expressed as the following union 

[x e 5ft n ; |xi| < 1, |x 2 | < 1, |x 3 | < 1, ■ ■ • , \x n \ < 1] 

U 

P [x £ 3ft"; \x h \ < 1, \x j2 \ > 1, |xj 3 | > 1, ■ ■ ■ , \x jn \ > 1] 

U 

P [x £ *ft n ; \x h \ < 1, |x J2 | < 1, |xj 3 | >!,■■•, |x jn | > 1] 
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u 



P [x e ^ n ;\x h \ < l,\x h \ < l,\x j3 \ < l,\x j4 \ >!,■•• ,\x jn \ > 1] 



U 



u 

P yx G Jt ; \Xj 1 1 <. 1, \Xj 2 | <. 1, \Xj 3 I < -I-)" -- j l^jn-1 1 — •*•' \ X jn I — -'-J 

U 

[x e 3ft n ; |xi| > 1, |x 2 | > 1, |x 3 | > 1, ■ ■ ■ , \x n \ > 1] 

Where P is various permutations of x±, X2, ■ ■ ■ , x n . 
Note that the union 

p[ T p SO n - |t-I<1It-I<1---It-I<1It- I > 1 Ir ■ l>1---lrl>ll 

has n C r different terms. 

Therefore, a possible bound for L n |/(x)|dx can be computed as follows: 



|/(x)|dx = / |/(x)|cfe 

5ft™ J|xi|<l,|x2|<l,-"|x„|<l 



p J \x n \<l,\x j2 \>l,- ,\x jn \>l 
+ V / I f(x) I dxj! dx i2 • • • dx jn + 

p ^|x il |<l,|x J - 2 |<l ) |a !j -3|>l,". ) |x J - f ,|>l 

p J \x n \<l,\x J2 \<l,\x J:i \<l,\x J4 \>l,---,\x jn \>l 



+ •••+/ |/(s)|dx (3) 

'|xi|>l,|x 2 |>l,|x 3 |>l,-,|x„|>l 



Now by Holder's inequality 



\f(x)\dx<\\f(x)\\ 2 J ldx<||/(x)|| 2 2"/ 2 

|xi|<l,|x 2 |<l,-,|x„|<l y V|xi|<l,|x 2 |<l,-,|x„|<l 

and 

| j (x) | dxj 1 dxj 2 ■ ■ ■ dxj k dx ik+l dx Jk+2 ---dx in 

|x J:l |<l,|xj 2 |<l,--- ,|x Jfc |<l,|x Jfc+1 |>l,|x JA: _ ) _ 2 |>l,--- ,|Xj„|>1 

<|| T . T . ... r . f\\ x/okon-k 

— \\ x Jk+l d/ Jk+2 -^Jk+nJ \\2 
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II (» \\ — 

— \\ X jk + l X jk + 2 ' ' ' X jk + nj\\2 

Using these results in (3) we get a possible bound for J^ n \f(x)\dx as 

„ n n n 

/ |/(x)|dx<2t(||/|| 2 +^||^/(x)|| 2 +^||x i x J /(x)|| 2 + Y, \\XiXjXkf(x)\\, 
R ™ i=l i,j=l i,j,k=l 

H h \\xiX2---x n f(x)\\ 2 ) 

Here lower suffixes in a term having more than one Xi are all different. 
Theorem f can also be proved by using the method of induction as follows. 
Second proof of theorem 1: We have proved the result for n = 1 i.e. it is 
true for L 2 (3ft). 

Now assume that the result is true for L 2 (3ft n ). Therefore for a window 
function / G L 2 (Jk n ) we have 

„ n n n 

/ \f(x)\dx<2^(\\f\\ 2 +J2\\Xif(x)\\ 2 +J2\\x i X j f(x)\\ 2 + Y, WXiXjXkfWW, 
" i=l i,j=l i,j,k=l 

H \-\\xix 2 ---x n f(x)\\ 2 ) (4) 

Here lower suffixes in a term are all different. According to Corollory 3, p. 409 
Of [5] D>(X) <g> LP(Y) is dense in D>(X x Y)(l < p < oo). The symbol <g) 
stands for the tensor product of vector spaces. Take p = 2 and let X = 3f? n , 
and Y = Oft and assume further that there are sequences f u £ L 2 (Jft n ) and 
g v S L 2 (3ft) such that the sequences f u g y — ► f G L 2 (Dft n+1 ) in the topology 
of L 2 (!R ra+1 ). An arbitrary variable of ffl 1 is denoted by (xi, x 2 , • • • , x n ) that 
of 3ft n+1 by (xi, X2, • • • , x n , x n +i)and an arbitrary variable in 3ft is x n +i- It is 
simple to show that if / € L 2 (3ft n+1 ) is a window function, then j v -,g v must 
be window functions belonging to L 2 (3ft n ) and L 2 (3ft) respectively such that 
f v g v -► / in the topology of L 2 (3ft n+1 ). 
In view of the assumption (4) we have 

n n n 

|| jv Hi S^ 2 y||ji/||2~r / y ll^'i./^lb ~*~ / j \\XiXjJ v \\ 2 -\ V / ll^i^jXfc/jy || 2 
i=l *J=1 i,j,k=l 



+ ||xix 2 ---x n /, 



fM2> 
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By simple calculation we have 

ll/^lli = WfAi \\9A1 



< 22 



i=l 



1 1 Jf 1 1 2 ' / j ll^i/flb ' ' ' ' ' ll a 'l a '2 " " " %njv\\2 



22 [IMI2 + lkn+l^ll 2 ] 

n+1 n+1 

< ^^ {\\fv9v\\2 + ^2 W Xi f"9u\\ 2 + 5Z W X i X jfv9v\\ 2 

i=i *j=i 

n+1 

+ ^ llarjXjXfc/j/^UgH h ||xix 2 ■ ■ ■ x n +if v g v \\ 2 ) (5) 

i,j,k=l 

Let X^! and X^ 2 be characteristic functions of compact sets K\ C W l 
and K 2 C 3ft respectively. Therefore X^X^ is a characteristic function of 
K\ x K2 in 3ft n+1 , where 

ifi x K 2 = {(xi,X2,--- ,x n ,x n +i);(xi,X2,--- , x n ) £ Ki,X n +l €. K 2 } 

Let K = K\ x i^2, where x denotes the cartesian product of K\ and K2. 
The functions f u are window functions in L 2 (Jfc n ) and g,, are window func- 
tions in L 2 (3ft) respectively, therefore f u Xx 1 guXK 2 is a window function in 
L 2 (3ft n+1 ). Therefore by replacing f u by f u Xx 1 and 5^ by g u Xx 2 in (5), we 
get 



n+1 



\\fvgvX Kl X K2 \\ l < 2 2 (H/^ffyXjd^jfzl^ + y , \\xif v g v X Kl X K . 



2 112 



1=1 



n+1 



u=i 

n+1 
i,j,k=l 

H h ||xix 2 - ••a; ra+ i/^5(^X^ 1 X^ 2 || 2 ) 

2/sOn+l^ 



(6) 



Now let ^ — > 00 in (6). Then /„<7;/ — ► / in L (3? n+ ). Therefore with z/ — ► 00 
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in (6) we get 
\\fX Kl X K2 || x < 2~^~ (\\f X Kl X K2 \\ 2 + ) j \\xifX Kl X K2 \\ 2 

i=l 
n+1 n+1 

i,j=l i,j,k=l 

+ + ||xix 2 • • • x n+ ifX Kl X K2 \\ 2 ) 

n+1 

<2^{\\fX K \\ 2 + Y^\\xifX K \\ 2 
j=i 

n+1 n+1 

+ y^ iixjXj/xxii 2 + y^ iixiXjx fe /xxii 2 

i,j=l i,j,k=l 

+ + \\xix 2 ■ ■ ■ x„+ifX K \\ 2 ) 

n+1 n+1 

<2^(||/|| 2 + ^||xJ|| 2 +^||x^/|| 2 

n+1 

+ ^2 \\xiXjX k f\\ 2 + + \\xix 2 ---x n+1 f\\ 2 ) (7) 

i,j,k=l 

whereK = K 1 xK 2 = {(xi,x 2 ,--- ,x n ,x n+ i); (xi,x 2 , ■ ■ ■ ,x„) G ifi,x n +i G K 2 } 
Clearly .fT is a compact subset of 3ft n+1 , therefore from (7) we get 

n+1 n+1 n+1 

HPOdli < 2^(||/|| 2 + ^||x J /|| 2 +^||x^/|| 2 + Y. Il^^/H 2 

i=l *>i=l i,j,k=l 

+ + 11X1X2 ■■■Xn+l/|| 2 ) (8) 

K is an arbitrary compact subset of $t n+1 and a sequence of compact subset 
in !R n+1 can be made to tend to the entire space K n+1 [5], therefore with 
this limiting operation of K — > -R n+1 in (8) we get 

n+1 n+1 n+1 

||/|li<2^(||/|| 2 + X>i/|| 2 + ^||x^/|| 2 + E Il^^/H 2 

i=l »>J=1 i,j,k=l 

H h ||xix 2 ---x n+ i/|| 2 ) 

Hence if the theorem 1 is true in L 2 (3? n ) it is also true in L 2 (3f? ra+1 ). But it 
is true in L 2 (K), therefore, by induction it must be true for L 2 (JR. n ) for any 
n = 1,2,3,---. 
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Abstract 

Using quaternion analysis we shall present a concept of Hilbert C*— module which generalize and 
extend the corresponding definition in the complex setting. We support our definitions and by some 
examples. Moreover, we give some basic properties of quaternion Hilbert C*— module. 
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1 Introduction 

Let H be the skew field of quaternions. The elements of E arc of the form: 

3 

o = ^a fe e fc , where {a k : k € N$ = iV 3 U{0} and iV 3 = {1,2,3}} C R, 

fe=0 

where, eo = 1, ei, e 2 , e 3 are called imaginary units and they define arithmetic rules in H. By definition 
el = — eo, k G N 3 , where 

eie 2 = -e 2 ei = e 3 , e 2 e 3 = -e 3 e 2 = e\, e 3 ei = -eie 3 = e 2 . 

Sometimes we use i, j and k instead of ei, e 2 and e 3 . Natural operations of addition and multiplication 
in H turn it into a skew-field. The main involution in H, the quaternion conjugation, is defined by 

e^:=e , e^T := -e fe , for k e N 3 , 

and it extends onto H by R-lincarity i.e., for a G H 

3 3 3 

a := y^Qfcefc = y^k^k =ao- /^h^k- 

k=0 k=0 k=l 

Note that 



:s 



aa = aa 



k=0 



2 _ |„|2 |„|2 

Ih 



Therefore, for a G H \ {0} the quaternion a 1 := t-W a is an inverse to a. Whereas the above mentioned 
properties are analogous to the complex one-dimensional case, we have for the quaternion conjugation 
that for any a, b G H ab = b a. Let f2 be a domain in R . For more details about Quaternion analysis, 
we refer to [3], [8], and [9]. 
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Hereafter, V denotes a vector space over the skew filed of quaternions H, that is, V is the additive group 
and the multiplication of the vectors lel^on scalars a, j3 G H from the left and the right satisfies the 
axioms of the associativity and distributivity. 
If there exists the norm \\x\\v ='■ \\x\\ in V relative to which V is complete, where ||ax|| = |a|n||a;||, 

IMI = |/3|hH and||x + y|| < ||z|| + ||y|| 
for each x, y G V and a, /3 G H, then V is called the Banach space over H (see [12]). 

Definition 1.1 Let V be a quaternion vector space over EL A quaternion inner product in V is a 
quaternion-valued mapping <, >: V x V — > H, suc/i i/iai 

(1) < £, x > > and < x, x > = iff x = 0, 

(2) < 2 + y, z > = < x, z > + < y, z >, where x,y, z € V 

(3) < ia, y/3 > = a < x,y > (3 where a, j3 G H 

(4) < x,y > = < y,x >. 

Remark 1.1 If V is complete relative to the norm 



\\x\\ = s/< x,x > , 

then V is called quaternion Hilbert space. 

2 C* -algebras 

C*— algebras are important and interesting objects of study in functional analysis on Hilbert spaces with 
algebraic methods. These algebras give a link between algebra, topology and analysis, since they possess 
analytical and topological structures. 

In this section, we give a survey of some basic definitions and facts on C* algebras (complex C* algebras), 
which will be used in this paper. C* — algebras have found several applications in representation theory of 
groups, topology, geometry, index theory and in many other subjects of mathematics and physics. The 
C*— algebra plays a central role in what is called noncommutativc geometry, which was pioneered by A. 
Connes (see [4]). Also, it plays a major role in the if— theory (see [1, 6, 7]). 

Definition 2.1 A C* algebra A is a complex Banach algebra with the conjugate-linear involution 

* : A-> A, 
such that 



(x*)* =x, (xy)* = y* 



\x x\\ = \\x\\ 



2 



for all x, y G A 



Remark 2.1 The C*— condition ||x*x|| = \\x\\ 2 implies that the involution is an isometry in the sense 
that \\x*\\ = \\x\\ for all x G A. 

Remark 2.2 A C*— algebra is called unital if it possess a unit. It follows easily that ||1|| = 1. 

For more details on the general theory of C*— algebras, we refer to [13, 15]. 
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Example 2.1 Let X be a locally compact topological space. We denote by Cq{X) the algebra of all 
complex-valued continues functions on X vanishing at infinity with pointwise addition and multiplication. 
The algebra Cq(X) with the involution defined by 



f*(x) = f(x) for each f G Cq{X) and x G X, 

with the norm 

ll/Hoo = sup{|/(a;)|, xeX} 

is a commutative C* — algebra. Also if X is compact, then the constant function 1 is the unit, i.e there 
is an element f G Cq(X) satisfy 1/ = /l = /. 

Example 2.2 Let Ti be an arbitrary Hilbert space. We denote by B(7i) the algebra of all bounded 
operators on Ti. B(7i) with the operator norm 

\\T\\=sup{\\T(x)\\, xeH, |M| = 1,} 

for each T G B{Ti) and the involution given by the adjoint ofT. Then, B(Ti) is a C* — algebra. 

In the above example B(7i) need not to be commutative. 

Recently, Ludkovsky [12] introduced the definition of quaternion C*-algcbra which generalize the concept 

of complex C*-algcbra in Clifford setting as follows: 

Definition 2.2 [12] Let Am be a quaternion Banach space over H with the property 

\\ab\\<\\a\\\\b\\ 
for each a, b G .Ah, then Am is called a quaternion Banach algebra over EL 

Definition 2.3 [12] A quaternion C* -algebra Am is a Banach algebra over H with the involution * : 
Am — » An, satisfy 

(1) ( a *)* = a , a G As 

(2) (a + b)* = a * + b*, 

(3) (06)* =b*a*, 

(4) (aa)* = a* a, for each a,b G Am and a G H, such that 

l„*„ll _ ll„l|2 



3 Quaternion Hilbert C*-module 

Hilbert C*— modules arc mathematical objects which generalize the notion of a Hilbert space. The Hilbert 
C*— modules were first introduced in the work of Kaplansky [16] in 1953, which developed the theory 
for commutative, unital algebras (though Kaplansky observed that the assumption of a unit element was 
not "vital"). In the 1970s the theory was extended to non-commutative C*-algebras independently by 
Paschke [17]. 

Hilbert C*— modules are an often used tool in operator theory and in operator algebra theory. They 
serve as a major class of examples in operator C*— module theory Beside this, the theory of Hilbert 
C* —modules is very interesting on its own. Interacting with the theory of operator algebras and including 
ideas from non-commutative geometry it progresses and produces results and new problems attracting 
attention. During the last decade many interesting applications of Hilbert C*— module theory have been 
found. At the contrary, the pieces of Hilbert C*— module theory are still rather scattered through the 
literature. There are some papers, chapters in monographs and lecture notes that give comprehensive 
representations of parts of the theory (see [1, 2, 5, 10, 11, 14, 18, 19] and others). 
Now, we give the following definitions: 
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Definition 3.1 [12] Let Am be a quaternion C* -algebra. The quaternion pre-Hilbert C* -module is a right 
Am-fnodule Em over Au-valued inner product <,>■ Em x Em — > Aw satisfy the following conditions: 

(i) < x, x > > and < x,x > — iff x — 0, x G -Eh 

(m) < x + y, z > = < x, z > + < y, z >, where X,y,z G £"h 

(m) < m, yb > — a* < x, y > b, where a,b £ Am 

(iv) < x, y >* = < y, x > . 

Definition 3.2 The norm of an element x G Em is defined by 

IM|e„ = VII <x,x> |U H . (1) 

Definition 3.3 The quaternion pre-Hilbert module Em over Am which is complete with the norm (1) is 
called quaternion Hilbert Aw-fnodule. 

Remark 3.1 The quaternion Hilbert module generalizes the quaternion Hilbert space which is recently 
defined in [12]. When An = H, then the quaternion Hilbert module coincides with the quaternion Hilbert 
space. 

Remark 3.2 For any x, y G E^ and a G Am, we have 

< xa, y >=< y, xa >*= (< y, x > a) — a* < y, x >*= a* < x, y > . (2) 

Example 3.1 Am is a quaternion Hilbert Au-fnodule. 

Proof: We define the inner product < , > : .Ah x .Ah — ► Am by 

< x, y >= x*y , Vx, y G Am- 

Firstly, we verify the conditions of Definition 3.1. 

(i) < x, x >= x* x > 0, because for any x G *4h> we have x* x is positive (see [12]). Also, 

<x,x >=0 -<f=> x* x = ■<=> \\x*x\\ =0-i=> \\x\\ 2 = ^=^x = 0. 

Hence condition (i) in the definition is proved. 

(ii) For x,y,z G Am, we have that < x+y, z >= (x+y)* z — (x*+y*)z = x* z+y* z =< x,z > + < y, z > . 

{Hi) < xa,yb >— (xa)*(yb) — a*x*(yb) — a*(x*y)b — a* < x, y > 6, a, b G Am- 

(iv) < x,y >*= (x*y)* = y*(x*)* = y* x =< y,x > . Therefore, Am is a quaternion pre-Hilbert C*- 

modulc. 

Now, we proof the completeness of Am- Since, 

||x|| 2 = || < x,x > \\ An = \x*x\\ Ab = \\x\\ 2 Am 

Hence, the norm in the quaternion Hilbert module is the same norm in the quaternion C*-algebra An- 
Because the quaternion C*-algebra is complete (see [12]), then quaternion pre-Hilbert Am is complete. 
The proof of our example is completely established. 

Theorem 3.1 Let Am be a quaternion C* -algebra. Define 
H-Au := s x = (xi)i>i G Am x Am x Am x . 
with the norm 



\<,x,y >|| 



: /_#* Xi conver 9 es * n ^H ( 

i=l ■ 

J2 X *i Vi 



j=l 
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Proof: Since, H.a u is a quaternion vector space with the following pointwise operations 

(xi) + {vij = {xi + yt) and (xt) a = (xt a)). 

Now, we have the inner product 

< (a>i),(j/») >=^x*y u 
»>i 

and the norm 



(ou = jiiE^h 



are defined in 7Y.4 H . Then, 7i.4 H is a pre-quaternion Hilbcrt C*— modules. 

To show Ha m is complete with respect to the norm induced by the inner product 

»>i 

Let (a; m ) m£ N be a Cauchy sequence in Ha B j sucn that every a; m = (ar™)»>i be a sequence in _4e- Clearly 
each (x™)i>i is a Cauchy sequence in Am- Hence, it converges to some Xi in Am for some fixed i. 
Now, let x = (xj) <G W^t H - Then, for each TV, i € N, we have 



iV 



/ j \ x i x i ) \ x i x i ) 



lim 



< lim 

W^oo 



lim 

N^oo 



N 



Y,{x?-x?)*{x?-xT) 

i=i 

CO 



\x N -x m \\ 2 . 



For each e > 0, and N > to, we have 



JY 



/ j \ x i x i j \ x i x i j 



< e, 



then, x — x m £ Ti-Am- Moreover, 



/ \ x i x i ) \ x i x i ) 



i=l 



< e, 



so x m — ► x in 7i^ K . Therefore, 7i.4 H is complete. This completes the proof. 

Theorem 3.2 Let An be a quaternion C* -algebra. Define A m to be the direct sum of n- copies of At 
with the inner product by 

n 

< x ,y >= *^2%*yi, 

where x = (xi,x 2 , • • . ,x n ) and y = (3/1,2/2, ■•■ ,y„), x il y l <E Am for i = 1,2,3, ... ,n. 
Then, A m is a quaternion Hilbert A^— module. 

Proof: A m is a quaternion vector space with the following pointwise operations 

( x i) + (yi) = ( x i + y%) and [xi) a — [xi a) where 1 < i < n. 

and the quaternion inner product 

n 
< {Xi),{Vi) >=^2 x *zVi, 
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and the norm 



(*0 II - 



A II / , x i x i\ 



are defined in Am- Then, A M is a pre-quaternion Hilbert C*— modules. We can prove the completeness 
of ,/4jj as in Theorem 3.1, with some simple modifications. 

4 Operators over quaternion Hilbert C*— modules 

Let Eh, Mm be two quaternion Hilbert modules over the quaternion C*— algebra _4h- We will denote 
by Ca h {Ewi Mm) the set of all bounded operators from Eh to Mm and £^ b (Em) denotes the set of all 
bounded operators from Em to itself. 
Now, we give the following definition. 

Definition 4.1 The operator T : Em — > Eh is called adjointable if 

< x, Ty >—< T*x, y >, where x, y £ -Eh. 

Theorem 4.1 Lei £_4 h (Eh) &e the set of all bounded operators on the quaternion Hilbert AM-module. 
Then, C^ b (Em) define a quaternion C* — algebra with the norm 



\\T\\ = sup < ||Tx||, where ie£j 
IMI<i I 

and the involution is adjointable mapping. 

Proof: Firstly, we prove that C^ m (Em) is a quaternion Banach algebra. 
For T,S £ Ca b (Eh), we conclude that 

\\TS\\ = sup 1 ||TS(x)||, where x £ E t 

\\x\\<l I 

= sup \\\T(S(x))\\, where S(x) £ E t 



< sup ^||T||||(S(x))||, where S(x) £ E H 

\\S(x)\\<l 



= \\T\\ sup <M|(S(x))||, where S(x)eE H 

\\S(x)\\<l I 

= (imi)(iisii). (3) 



Thus, £_4 h (Eh) is a quaternion Banach algebra. On the other hand 



\\T\\ Z = sup <j \\Tx\\ z , where x £ E M 

\\x\\<l 



= sup < || < Tx,Tx > ||, where x £ Ef 

\\x\\<\ 

= sup { || < T*Tx,x > ||, where x £ Ei 

\\x\\<l 



< sup < ||T*Tx|| |jx||, where x £ Em 

\\x\\<\ 

< sup <{ ||r ||||Tx||||x||, where x £ E t 

||x||<l 
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< sup (||T*||)(||T||)(||x|| 2 ), where x e En 

||x||<ll 

< (imxiiTH), (4) 

which implies that 

imi < ht*ii. (5) 

Similarly, we have 

\\T*\\<\\(T*r\\ = \\T\\. (6) 

From (5) and (6), we obtain 

im = imi. (7) 

Finally, we verify the C*— conditions. As in (4), we can obtain that 

||T|| 2 < sup |||T*Tx||||a;||, where x £ E t 

\\x\\<l I 



< sup <^ (||T*T||)(||x|| 2 ), where x € E B 

\\x\\<l{ 

< \\T*T\\. (8) 

From (3) and (7), we have 

||T*T||=(!|T1)(||T||)<!|T|| 2 . (9) 

From (8) and (9), we conclude that 

\\T*T\\ = \\T\f. 

Hence, C^ tl (Em) is a quaternion C*— algebra. 

Definition 4.2 Let Em be a quaternion Hilbert A^— "module, Mm be a quaternion Bm~ module. Then, the 
algebraic tensor product Em ® Mm is a right module over the algebraic tensor product of C* — algebra 

H 

Am ® ^h such that 

H 

(e m)a 0& = ea0m&, where e € Em , rn € Mm and a € Am, b € Bm- 
We define the Am ®Bm~valued inner product on Em® Mm as the mapping 



<, >: (Eh M B ) x (E m (g) M H ) — ► -4 H £ H 

H H H 

6j/ < ei mi, e2 m 2 >=< ei, e 2 > < mi, m 2 > where e\, e 2 £ -Eh andm\, m 2 <G Mm. 



Theorem 4.2 Lei ^4c ^ e complex C* — algebra and Ec be the Hilbert C*— module over Ac, then Ec ® H 

„ c 

is the algebraic tensor product of the complex Hilbert C* — modules Ec and H is a quaternion Hilbert 

C* — module over Ac® M. 

c 

Proof: Define the inner product 

<,>: (Ec^H) x (£ c (g)H) -^A C (£)M 

c c c 

by < ei /ii,e 2 h 2 >=< e\, e 2 > < hi, h 2 > where ei,e 2 € -Ec and hi,h 2 G H. 
Also, we define the norm 

||e0 h\\ = \\e\\ \\h\\. 

Clearly, we have that Ec ® H is a quaternion pre- Hilbert module. The proof of completeness is very 

c 
similar to the complex case (see [10]), so it will be omitted. 



OMRAN, AHMED: HUBERT C*-MODULES 817 

Theorem 4.3 Let E^ be a quaternion Hilbert C* — module over Am and Eq (££)H is the algebraic tensor 

c 
product of the complex Hilbert C* — modules Eq and M over Ac ® H. Then, E^ is isomorphic to E<c (^) H. 

c c 

Proof: It suffices to show that the mapping 

<p : Eji — > Ec (X) M, if : e — ► e eo, (where e S -Bh and eo is the identity element in H) 

c 

is an isomorphism. First, we show that ip is an injective mapping. For any ei, e 2 € -Eh if v( e i) = ( / 9 ( e 2)- 
Then, 

ei e = e 2 e =*> ei e — e 2 e = =*> (ei - e 2 ) e = =*> ei - e 2 = ^^ ei = e 2 . 

Hence, (/? is an injective mapping. 
Also, for any 

ei0e o e£ c 0i, 
c 

we have (p(e) = ei eo, so y is a surjective mapping. Therefore, <p is an isomorphism. 
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Abstract 

In this paper, the trapezoidal method is proposed to solve the "fuzzy initial value 
problem". The method is obtained by combining the Euler method and a trapezoidal 
rule calculating integration. Convergence of the proposed methods are also presented 
in detail. These methods are illustrated by solving some examples. 
Keywords: Fuzzy differential equations; Fuzzy Cauchy problem; Euler method; Trape- 
zoidal rule; Trapezoidal method 
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1 Introduction 

The fuzzy differential equations is a very important topic from the theoretical point of 
view [10,1 1] as well as the applied point of view [4]. The use of fuzzy differential equa- 
tions is a natural way to model dynamical systems under possibilistic uncertainty. The 
concept of differential equations in a fuzzy environment was formulated by Kaleva [9]. 
The last few years, several authors have produced a wide range of results in both the theo- 
retical and applied fields. A variety of exact, approximate, and purely numerical methods 
are available to find the solution of a fuzzy initial value problem(FIVP). For instance, 
Abbasbandy et al.[l] introduced the Taylor method, Allahviranloo et al.[2,3] introduced 
the predictor-corrector method. In this paper, a trapezoidal method is introduced. 

*E-mail: yangcfl@163.com (C.F.Yang).Tel.:+86 0936 8280868; fax:+86 0936 8282000. 
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2 Preliminaries 

2.1. Notations and definitions 

A tilde is placed over a symbol to denote a fuzzy set so &\, f(t), . . . 
Definition 2.1[5]. A fuzzy number is a function such as u : R —* [0, 1] satisfying the 
following properties: 

(i) u is normal, i.e. 3x e R with u(x ) = 1, 

(ii) w is a convex fuzzy set i.e. u(Ax + (1 - A)y) > min{u(x), u(y)} Vx,y e R,A e [0, 1], 
(iii) u is upper semi-continuous on R, 
(iv){;t e R : «(x) > 0} is compact, where A denotes the closure of A. 

Definition 2.2[2J. A fuzzy number u in parametric form is a pair (u(a),u(a)) of func- 
tion u(a), u(a), < a < 1, which satisfies the following requirements: 

1. u(a) is a bounded monotonic increasing left continuous function, 

2. u(a) is a bounded monotonic decreasing left continuous function, 

3. u(a) < u(a), < a< 1. 

For arbitrary fuzzy numbers u = (u(a),u(a)),v = (v(a),v(a)) we define addition and 
multiplication by a scalar k as 
l.(w + v)(a) = u(a) + via), 



2.(u + v)(a) = u(a) + v(a), 

3.(ku)(a) = ku(a), (ku)(a) = ku(a), k > 0, 



A.{ku){a) = ku(a), (ku)(a) = ku(a), k < 0. 

Let E be the set of all upper semicontinuous normal convex fuzzy numbers with 
bounded a-level intervals. Meaning if v e E then the a-level set 

[v] a = {s\v(s)>a], 0<a<l, 

is a closed bounded interval which is denoted by [v] a = [v a , v*]. 

Let / be a real interval. A mapping y : I —> E is called a fuzzy process and its a-level 
set is denoted by 

[y(t)] a = \y a (t\y a (t)l t e /, ore (0,1]. 

Triangular fuzzy numbers are those fuzzy sets in E which are characterized by an 
ordered triple (x 1 , x c ,x r ) e R 3 with x l < x° < x r such that [U]° = [x l ,x r ] and [U] 1 = {x c } 
then [U] a = [x c - (1 - a)(x c - x l ), x c + (1 - a)(x r - x c )] for any a el. 
Definition 2.3[2]. The supremum metric d^ on E is defined by 
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dUU, V) = sup{d H ([U] a , [Vn : a e /}, 

and (E, doo) is a complete metric space. 

Definition 2.4[2]. A mapping F : T —* E is Hukuhara difFerentiable at to e T C R if for 

some /z > the Hukuhara differences 

F(t + At) ~ h F(t ), F(t ) ~ h F(t - At), 
exist in E for all < At < h and if there exists a F'(t ) e E such that 



lim d^iFito + At) ~ h F(t ))/At, F'(t Q )) = 



and 



lim dU(F(t ) ~ h F(t Q - At))/ At, F'(t Q )) = 

Af-»0+ 

the fuzzy set F'(t ) is called the Hukuhara derivative of F at to. 

Recall that U ~ h V = W 6 E are defined on level sets, where [U] a ~ h [V] a = [W] a 
for all a e I. By consideration of definition of the metric d^, all the level set mappings 
[F(.)] a are Hukuhara differentiable at to with Hukuhara derivatives [F'^o)]" for each a e I 
when F : T —* E is Hukuhara differentiable at to with Hukuhara derivative [F'(t )] a . 
Definition 2.5[2]. The fuzzy integral 

I y(t)dt, <a <b < 1, 
is defined by 

Jr>b r-b r-b 

y(t)dtr = [\ f(t)dt, y a (t)dt], (2.1) 

a Ja Ja 

provided the Lebesgue integrals on the right exist. 

Theorem 2.1[5]. Let/ : R -» E be a function and /(?) = (/*(*), /"(O), for each a e [0,1]. 

If / is Hukuhara differentiable , then / (t),f (t) are differentiable functions and 

[f(t)Y = ([f a (t)Y,[f a (t)Y) (2.2) 

Theorem 2.2[5]. For to e R, the fuzzy differential equation 

y'(i) = f(t,y{i)), y(t Q ) = yoeE, 
where / : R x E —> E is supposed to be continuous, is equivalent to the integral equation 

y(t)=y + f f(s,y(s))ds, We[f ,*i] (2.3) 

3 
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on some interval (to, t{) c R, under the Hukuhara derivate. 

2.2. A fuzzy Cauchy problem 

Consider the first-order fuzzy differential equation y'(t) = f(t,y(t)), where y is a fuzzy 
function of t, f(t, y) is a fuzzy function of crisp variable t and fuzzy variable y, and y'(t) 
is Hukuhara fuzzy derivative of y. If an initial value y(to) = &o is given, a fuzzy Cauchy 
problem of first order will be obtained as follows: 

y'(t) = f(t,y(t)), t Q <t<T, 
Kto) = & . 

Sufficient conditions for the existence of a unique solution to Eq. (2.4) are: 

• Continuity of /, 

• Lipschitz condition doo(f(t,x),f(t,yy) < Ldoc(x,y),L > 0. 

3 The Euler and trapezoidal rule 

From (2.1) and (2.2), to solve the system as follows: 
V a (t) = f a (t,y(t)), y' a (t) = f(t,y(t)) 

we replace the interval [t , T] by a set of discrete equally spaced grid points t < ti < 
t 2 < • • • < t N = T at which the exact solution (Y a (t), Y (t)) is approximated by some 
(y a (t),y a (t)). The exact and approximate solutions at t n ,0 < n < N are denoted by 

Y n (a) = \Y_ n {a), Y n (a)] and y n (a) = [y (a),y n (a)], respectively. The grid points at which 

the solution is calculated are t„ = to + nh,h = -^. Friedman et al. [8] gave the Euler 
method as follows: 

— ex. 

y (a)=y (a) + hf a (t n ,y n ), y n+l (a) = y n (a) + hf (t n ,y n ). (3.1) 

— n+ 1 —n — 



Applying the trapezoidal rule [7,8]. Define 

f a (to,y(to)) + f a (T,y(T)) £{ 
s N (a) = h[= -= +2_ J f a (t i ,y(ti))l 



N-l 



J (t ,y(to)) + f (T,y(T)) 

+ 

i=i 



s N (a) = h[ + 2_jf (ti,y(td)l 
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For arbitrary fixed a [7,8] we have 

lim s N (a) = F(a) = f f a (t,y(t))dt, (3.2) 

— r h -a 

lim ~s N (a) = F(a) = f(t,y(t))dt. (3.3) 

N ^°° Ja 

Theorem 3.1[8]. If f(t) is continuous , the convergence of s N (a), s N (a) to F(a),F(a), 
respectively, is uniform in a. 

From (2.3), (3.1), (3.2) and (3.3), the following results will be obtained, respectively, 

y a (t i+2 ) = y a (tt-i) + f f t(t,y{t))dt = y a (t^) + f ;' f a (t,y(t))dt + f " f a (t,y(t))dt 

* f(ti-i) + h[f a (t^,y(ti-i)) + f a (t M ,y(t M ))] + hf a (t M ,y(t M )) 

= y»(f M ) + hriti-uyiti-i)) + 2hf a (t M ,y(t M )), 
y a (t i+2 ) = Tiu-i) + t 2 T(t,y(t))dt = rih-i) + f' +1 f a (t, y{t))dt + f ti+1 f a (t,y(t))dt (3.4) 

« y a {ti-x) + h[~f(ti-i,y(ti-i)) + f a (t i+ i,y(t M ))] + hf \t M ,y{t M )) 

= f^-i) + hf° \ti- u y(ti-i)) + 2hf a (t i+u y(t i+l )), 

y a (ti-i) = a Q ,y a (ti) = ai,y a (t i+ i) = a 2 ,y a (t^i) = a-i,y*(ti) = a 4 ,y a (t i+ i) = a 5 . 
and 



' y a (t i+2 ) = y a (ti-i) + S' M r(t,y(t))dt 



T(t i+2 ) = nu-i) + £; 2 T(t,y(t))dt 0.5) 

„ - ( ,._ + M r(u)<»M)HrtoM + j\ tny{ti)) + j a (t M ,y(t M m 

y a (U-i) = a Q ,y a (ti) = ai,y a (t i+ i) = a 2 ,y a (U-i) = a^fiU) = a 4 ,y a (t i+ i) = a 5 . 
where h = f ' +2 ~ r '- x . 



YANG: FUZZY INITIAL VALUE PROBLEMS 824 



4 The trapezoidal method 

The following algorithm is based on (3.4) as a predictor and (3.5) as a corrector. 

Algorithm (Hybrid predictor-corrector method). To approximate the solution of follow- 
ing fuzzy initial value problem 

' y'(t) = f(t,y(t)), t <t<T, 

. y a (to) = a Q ,y a (h) = auy a (t 2 ) = a 2 , 

y a (t ) = a?,,y a {ti) = a 4 ,y a (t 2 ) = a 5 . 
positive integer N is chosen 

Step Lheth= I =p, 

w a (t ) = a ,w a (h) = a u w a (t 2 ) = a 2 , 

w a (t Q ) = a 3 ,w a (h) = a 4 ,w a (t 2 ) = a 5 . 

Step 2. Leti= 1. 

Step 3. Let^ 0) fe 2 ) = (w (a)a (t i+2 ),w {0)a (t i+2 )) i.e. 

w (0)a (t i+ 2) = w a (t^) + hrdi-iMti-i)) + 2hf a (t i+l ,w(t M ))l 

w {0)a (t l+2 ) = w a (t^) + hfih^Mti-i)) + 2hf(t i+l Mt i+l ))l 

Step 4. Let t i+2 = t Q + (i + 2)h. 
Step 5. Let 

w a (t i+2 ) = w a {ti-i) + h[= f + f a (ti, w{ti)) + l a (t i+1 ,w(t M ))l 

W a (t i+2 ) = W a (t^) + M ^^)) + f(^(r,,)) + f {fh w(tj)) + f (ti+[Mti+l))l 

Step 6. i = i + 1. 

Step 7. if / < iV - 2 go to step 3. 

Step 8. algorithm will be completed and (w a (T), w a (T)) approximates real value of 

(Y a (T),Y a (T)). 



YANG: FUZZY INITIAL VALUE PROBLEMS 825 



5 Convergence 

From Eq.(3.5), the polygon curves 



y(t,h,a) = (to, y Q (<*)],[?!, 3^ (a)],- • • AfayJ.a)] 

y(t,h,a) = {[toJoia^ituy^a)],- ■ ■ ,[t N ,y N (a)]} , 

are the approximates of Y(t, a) and Y(t, a), respectively, over the interval to < t < *#. The 
following lemma will be applied to show convergence of these approximates, i.e. 

\imy(t, h, a) = Y(t, a), limy(t, h, a) = Y(t, a). 

/i-»0 — h— >0 

Lemma 5.1. Let a sequence of numbers {w n }^ =0 satisfy: 

\w n+2 \ < A |w„_i| + B \w„\ + C |w„+i| + D, \<n<N-2 
for some given positive constants A, B, C and D. Then 
\w n + 1 \<p\wo\+y\w l \ + 8\w 1 \ + (C n - l +C n - l + --- + C+\)D 

+[(/i - 2)C"~ 3 + (n - 3)C"" 4 + • • • + 2C + l]BD 

+[(/! - 3)C"' 4 + (n - 4)C"- 5 + • • • + 2C + 1]AD 

+[6C- 5 + &C- 6 + • • • + f„_ 5 C + { n . 4 ]B 2 D 

+[AiC n ~ 6 + /l 2 C"- 7 + • • • + A„_ 6 C + A n _ 5 ]ABZ> 

+U11C' 1 - 7 + A/2C"- 8 + • • • + //„_ 7 C + n n - 6 ]A 2 D + • • • , 

where /?, 7, 6, £y, /l f , /i*. are constants for all s, t and k. 

The proof, by using mathematical induction is straightforward. 

Theorem 5.1. For arbitrary fixed a : < a < 1, the trapezoidal rule approximates 
of Eq. (3.5) converge to the exact solutions Y(t, a), Y(t, a) for Y,Y e C 3 [t , 71. 

Proof. It is sufficient to show 

limy (a) = 7(7, or), limy N (a) = 7(7, a). 

/i-»0 — « »-»0 

By using exact value the following results will be obtained: 
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{ Y n+2 (a) = Y n ^{a) + f/(Vi,Z„_i(<*)) + ^f(t n+2 ,Y n+2 (a)) + hf(t n ,Y n (a)) 
+hf(t n+l ,Y n+l (a))- h jY'"(£ n ), 
Y n+2 (a) = 7„_i(a) + f/fe-i, F„_i(a)) + f/0„ +2 , F„ +2 (a)) + hf(t n ,Y n (a)) 
+hf(t n+l ,Y n+1 (a)) - ^Y"^ n ), 

where ?„_i < £„, £„ < t n+2 - Consequently 

ln +2 ( a )-y M = L l -M)~y Xa)+ h 2 (f(t n . l ,Y n _ 1 (a))-f(t n . u y (a))) 

— "" — n+2 — " ' — n-1 z — " 1 — n-\ 

+ 'i(f(tn + 2,Y n+2 (a)) - f(t n+2 ,y_ n Ja))) + h(f(t n ,Y n (a)) - f(t n ,yja))) 
+h(f(t n+i ,Y n+l (a)) - f(t n+u y (a))) - \h 3 Y'"(£ n ), 

Y n +2(a) - 3v 2 («) = Y n -i(a) - y n -\( a ) + |(/(^»-i> ^n-i(«)) - /fe-i,y„_i(a))) 

+|(/fe +2 , F n+ 2(a)) - /(?„ + 2,y n+2 («))) + h(f(t n ,Y n (a)) - f(t„,y n (a))) 
+h(f(tn + uYn + i(a))-f(t n+1 ,y n + 1 (a))) - \h 3 Y"^ n ). 



Denote w n = Y_ n (a) - y_ n (a), v n = Y n (a) - y n (a). Then 

2 + hL x 2hL 3 2hL 4 

\w n+2 \ < - — — |w„_i| + ' ' ■ 



2-hL 2 



2 — hL 2 2 — hL 2 



w„+\\ + 



2 + hL 5 2hL 7 2hL % 

\v n+2 \ < r— " \v„-l\ + ~ 7T- \ v n\ + ~ TT l v «+ll + 



2-hL 6 



2 — hL(, 2 — hL(, 



h 3 

4-~2hL 2 ^ 

h 3 - 
-M. 



4 - 2hL 6 



Where M = ma.x tQ < t < T \Y'"(t, or) and M = max ?0 < f < r 



Y (t,a) 



Set L = max{L u L 2 , L 3 , L 4 , L 5 , L 6 , L 7 , L 8 } < \, then 

2 + ftL 2/zL 2/zL 

|w„ +2 | < - — — |w„_i| + - — — |w„| + - — — |hvhI 



/7 3 



2-hL 



2-hL 



2 + hL 2hL 

\v n+2 \ < - — — \v n -i\ + - — — \v n \ + 



2-hL 

2hL 



4-2/,L M ' 



2-hL 



2-hL' ' 2 - W, 



/* 3 - 

|V " +ll + 43^Z M - 
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are obtained, so by Lemma (5.1), since wq = vq = 0, w\ = v\ =0 and w 2 = v 2 = we 
have: 

2-/?L 

+K" " 3)(^r 4 + (n - 4)(^)"" 5 + -+2x^ + l]^x ^M 

+[^(^r 5 + 6(^)- 6 + • • • + 4-5 x ^ + 4- 4 ](^) 2 x ^m 

+[^i(^r 6 + ^(^r 7 + ■ ■ ■ + A n . 6 x ^ + A„_ 5 ]|^ x (gL) x ^M 

+ L«l(^)"- 7 + toi^sT* + • • • + ^-7 X ^ + ^- 6 ](i±ff) 2 X ^M + . . . , 

|v„ +2 | < *^x i ^ z M + [(n-2)(^)- 3 + (n-3)(^r 4 + --- + 2x^ + l] ^x^M 

L-hL 

+i(n - 3)(^r 4 + (» - 4)(^)- 5 + --- + 2x^ + l]|±ffx ^M 
+[fi( 2 S)"" 5 + feC^r 6 + • • • + 4-5 X ^ + 4-4](^) 2 x ^M 

+Wi(^r 6 + ^(^r 7 + • • • + v 6 x ^ + 4- 5 ]fl x (^) x ^m 

+ L«l( 2 ^)"- 7 + ^2(^r 8 + • • • + A^n-7 X ^ + ^-6](|1) 2 X ^M + . . . 

If /^ — > then w n+ 2 —* 0, v„ + 2 —* 0, which concludes the proof. 



6 Example 

Example 6.1 [3,6]. Consider the initial value problem 
y'(t) = -y(t) + t + 1, 
y(0) = (0.96 + 0.04a, 1.01 - 0.01a), 

y(0.01) = (0.01 + (0.985 + 0.015a)e-°- 01 - (1 - a)0.025e 001 , 
0.01 + (0.985 + 0.015a)e-° 01 + (1 - a)0.025e - 01 ), 
y(0.02) = (0.02 + (0.985 + 0.015ar)e-° 02 - (1 - a)0.025e 002 , 
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0.02 + (0.985 + 0.0\5a)e- {WI + (1 - or)0.025e 002 ). 
The exact solution at t = 0.1 is given by 
7(0.1, a) = (0.1 + (0.985 + 0.015a)e-° A - (1 - ar)0.025e 01 , 
0.1 + (0.985 + 0.015a)e- (U + (1 - ar)0.025e 01 ). 
By using the trapezoidal method with N = 10 the following results are obtained: 



a 



Y 



Error 



0.96363561497119 

0.1 0.96775579852993 

0.2 0.97187598208867 

0.3 0.97599616564741 

0.4 0.98011634920615 

0.5 0.98423653276489 

0.6 0.98835671632363 

0.7 0.99247689988236 

0.8 0.99659708344110 

0.9 1.00071726699984 

1.0 1.00483745055858 



a 



0.96363558381353 
0.96775576723577 
0.97187595065802 
0.97599613408026 
0.98011631750250 
0.98423650092474 
0.98835668434699 
0.99247686776923 
0.99659705119147 
1.00071723461372 
1.00483741803596 



-3.115766045169721e-008 
-3.129415648839284e-008 
-3. 1430652747 13308e-008 
-3. 1567 14889485 102e-008 
-3.170364526461356e-008 
-3.184014152335379e-008 
-3.197663767107173e-008 
-3.211313415185657e-008 
-3.22496302995745 le-008 
-3.23861 2644729244e-008 
-3.25226228 1705498e-008 



y 



Error 



1.01889344915856 

0.1 1.01748777493959 

0.2 1.01608210072061 

0.3 1.01467642650163 

0.4 1.01327075228266 

0.5 1.01186507806368 

0.6 1.01045940384470 

0.7 1.00905372962573 

0.8 1.00764805540675 

0.9 1.00624238118777 

1.0 1.00483670696880 



1.01889412971731 
1.01748845854918 
1.01608278738104 
1.01467711621291 
1.01327144504477 
1.01186577387664 
1.01046010270850 
1.00905443154037 
1.00764876037223 
1.00624308920409 
1.00483741803596 



6.805587482450193e-007 
6.836095900464301e-007 
6.866604309596625e-007 
6.8971 12725390286e-007 
6.927621 138963502e-007 
6.958 1295503 16272e-007 
6.988637963889488e-007 
7.019146377462704e-007 
7.049654791035920e-007 
7.080163202388690e-007 
7.110671618182352e-007 
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The results of Example 6.1 are shown in Fig. 1. 



0.9 



Trapezoidal method 
Real value 




0.96 0.97 0.98 0.99 1 1.01 

Fig.1 The results of Example 6.1 



1.02 



1.03 



Example 6.2[3,6]. Consider the initial value problem 

yV) = -y(t), 

y(0) = (0.96 + 0.04a, 1.01 - 0.01a), 

j(0.01) = ((0.985+0.015a)e-°- 01 -(l-a)0.025e a01 , (0.985+0.015aK 001 +(l-a)0.025e 001 ), 

y(0.02) = ((0.985+0.015a)e-° 02 -(l-a)0.025e 002 , (0.985+0.015a)e- ()02 +(l-a)0.025£> 002 ). 

The exact solution at t = 0.1 is given by 

7(0.1,a) = ((0.985+0.015a)e- 01 -(l-a;)0.025e 01 ,(0.985+0.015a)e- 01 +(l-Q;)0.025e 01 ). 
By using the trapezoidal method with N = 10 the following results are obtained: 
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a y 

"0 0.86363561497119 

0.1 0.86775579852993 

0.2 0.87187598208867 

0.3 0.87599616564741 

0.4 0.88011634920615 

0.5 0.88423653276489 

0.6 0.88835671632363 

0.7 0.89247689988236 

0.8 0.89659708344110 

0.9 0.90071726699984 

1.0 0.90483745055858 



Y 

0.86363558381353 
0.86775576723577 
0.87187595065802 
0.87599613408026 
0.88011631750250 
0.88423650092474 
0.88835668434699 
0.89247686776923 
0.89659705119147 
0.90071723461372 
0.90483741803596 



Error 
-3.1 15766045 169721e-008 
-3.129415671043745e-008 
-3.143065274713308e-008 
-3.15671491 1689562e-008 
-3.170364526461356e-008 
-3.184014163437610e-008 
-3. 197663 80041 3 864e-008 
-3.211313415185657e-008 
-3.224963029957451e-008 
-3.238612655831474e-008 
-3.252262292807728e-008 



a 



y 



Error 



0.91889344915856 

0.1 0.91748777493959 

0.2 0.91608210072061 

0.3 0.91467642650163 

0.4 0.91327075228266 

0.5 0.91186507806368 

0.6 0.91045940384470 

0.7 0.90905372962573 

0.8 0.90764805540675 

0.9 0.90624238118777 

1.0 0.90483670696880 



0.91889412971731 
0.91748845854918 
0.91608278738104 
0.91467711621291 
0.91327144504477 
0.91186577387664 
0.91046010270850 
0.90905443154037 
0.90764876037223 
0.90624308920409 
0.90483741803596 



6.805587485780862e-007 
6.836095900464301e-007 
6.8666043 10706848e-007 
6.8971 12724280063e-007 
6.927621 138963502e-007 
6.958 1295503 16272e-007 
6.988637963889488e-007 
7.019146376352481e-007 
7.049654788815474e-007 
7.080163202388690e-007 
7.1 1067 1615961905e-007 
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The results of Example 6.2 are shown in Fig. 2. 




Trapezoidal method 
Real value 



0.1 



0.88 0.89 0.S 

Fig. 2 The results of Example 6.2 



7 Conclusion 

In this paper, The Euler method and the trapezoidal rule are combined, and a trape- 
zoidal method is given. The correctness of the proposed method is shown by some ex- 
amples. It is worth mentioning that the trapezoidal three-step method can naturally be 
generalized to trapezoidal m-step methods. 
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1. Introduction and preliminaries 

The theory of fuzzy space has much progressed as developing the theory of randomness. Some mathematicians have 
defined fuzzy norms on a vector space from various points of view [1, 7, 8]. Following Cheng and Mordeson [4], Saadati 
and Vaezpour [12] gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and 
Michalek type [9] and investigated some properties of fuzzy normed spaces [13]. We use the definition of fuzzy normed 
spaces given in [1, 12] to investigate a fuzzy version of the generalized Hyers-Ulam stability for the Cauchy functional 
equation in the fuzzy normed algebra setting. 

Definition 1.1. Let X be a real vector space. A function N : X X R — > [0, 1] is called a fuzzy norm on X if for all 

x, y £ X and all s,t£E, 

(JVl) N(x,t) = for t < 0; 

(JV 2 ) x = if and only if N(x, t) = 1 for all t > 0; 

(N 3 ) N(cx,t) = N(x,±) if c^0; 

(N 4 ) N(x + y,s + t) > mm{N(x, s),N(y, <)}; 

(A r 5) N(x, •) is a non-decreasing function of R and linit_ ! . OC) N(x, t) = 1; 

(Nq) for x ^ 0, N(x, ■) is continuous on R. 

The pair (X, N) is called a fuzzy normed vector space. 

Definition 1.2. (1) Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said to be convergent or 
converge if there exists an x £ X such that lim^-joo N(x n — x, t) = 1 for all t > 0. In this case, x is called the limit of 
the sequence {x n } and we denote it by N-limn^ca x n = x. 
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(2) Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is called Cauchy if for each e > and each 
t > there exists an no S N such that for all n > no and all p > 0, we have N(x„+ P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each Cauchy sequence is 
convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector space is called a fuzzy Banach space. 
We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y is continuous at a point xq £ X if for 
each sequence {x n } converging to x$ in X, then the sequence {f(x n )} converges to f(xo). If / : X — > Y is continuous 
at each x £ X, then / : X — > Y is said to be continuous on X (sec [2]). 

Definition 1.3. Let X be an algebra and (X,N) a fuzzy normed space. 

(1) The fuzzy normed space (X, N) is called a fuzzy normed algebra if 

N(xy, st) > N(x, s) ■ N(y, t) 

for all x,y £ X and all positive real numbers s and t. 

(2) A complete fuzzy normed algebra is called a fuzzy Banach algebra. 

Example 1.4. Let (X, \\ ■ \\) be a normed algebra. Let 

-4-i, t > 0, x £ X 



N(x,t) = i t+ » x » 

' o t<o,xex. 

Then N(x, t) is a fuzzy norm on X and (X, N(x, t)) is a fuzzy normed algebra. 

Definition 1.5. Let (X,Nx) and (Y, N) be fuzzy normed algebras. Then a multiplicative R-linear mapping H : 
(X,Nx) — > (Y,N) is called & fuzzy algebra homomorphism. 

The functional equation f(x + y) + f(x — y) = 2f(x) + 2f(y) is called a quadratic functional equation. The Hyers-Ulam 
stability of the quadratic functional equation was proved by Skof [15] for mappings / : X — ► Y, where X is a normed 
space and Y is a Banach space. 

Let X be a set. A function d : X X X — > [0, oo] is called a generalized metric on X if d satisfies 

(1) d(x, y) = if and only if x = y; 

(2) d(x,y) = d(y,x) for all x,y £ X; 

(3) d(x, z) < d(x, y) + d(j/, z) for all x,y, z £ X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.6. [3, 6] Let (X,d) be a complete generalized metric space and let J : X — > X be a strictly contractive 
mapping with Lipschitz constant L < 1. Then for each given element x £ X, either 

d(J n x,J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > n ; 

(2) the sequence { J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < T ^ z d(y, Jy) for all yeY. 

Throughout this paper, assume that (X,Nx) is a fuzzy normed algebra and that (Y,N) is a fuzzy Banach algebra. 
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2. HyERS-UlAM STABILITY OF THE CAUCHY FUNCTIONAL EQUATION IN FUZZY BANACH ALGEBRAS: FIXED POINT METHOD 

Using the fixed point method, we prove the Hyers-Ulam stability of the Cauchy functional equation in fuzzy Banach 
algebras. 

Theorem 2.1. Let ip : X 2 — ¥ [0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < -v(2x,2j0 

for all x, y £ X. Let f : X —> Y be a mapping satisfying 

N(f(rx + ry)-rf(x)-rf(y),t) > — — -, (2.1) 

t + <p(x,y) 

N(f(xy)-f(x)f(y),t) > —± (2.2) 

t + tp(x,y) 

for all x, y 6 X , all t > and all r£l. Then H(x) := A r -lim n - >00 2 n / ( -^ J exists for each x 6 X and defines a fuzzy 
algebra homomorphisra H : X —> Y such that 

N (/(») - H(x),t) > 9 ( r 2 " 2 y , r (2.3) 

(2 — 2L)t + Lip (x, x) 

for all x S X and all t > 0. 

Proof. Letting r = 1 and y = x in (2.1), we get 

N{f(2x)-2f(x),t)>-— t - (2.4) 

t + <p\x, x) 

for all x £ X. 

Consider the set 

S:={g:X^Y} 
and introduce the generalized metric on S: 

d{g,h) = inf{;U e K + : N(g(x) - h(x),ut) > -, Va; G X,\ft > 0}, 

t + ip (x,x) 

where, as usual, inf <j> = +oo. It is easy to show that (5, d) is complete (see the proof of [10, Lemma 2.1]). 
Now we consider the linear mapping J : S —¥ S such that 

Jg(x) := 2g (j) 

for all x £ X. 

Let g, h £ S be given such that d(g, h) = e. Then 

N(g(x)-h(x),et)> — — 

t + ip (x,x) 

for all x £ X and all t > 0. Hence 



N(Jg(x)-Jh(x),Lst) = N(2g(£)-2h(£),Let) 



Lt Lt 

2^2 






t + <p (x, x) 
for all x £ X and all t > 0. So d(cj, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 
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for all g,h £ S. 

It follows from (2.4) that 

TV (/(*) - 2/ (|) , £i) > — I 
V \2/ 2 / t + <p(x, x) 

for all x £ X and all t > 0. So d(/, J/) < § . 

By Theorem 1.6, there exists a mapping H : X — > Y satisfying the following: 
(1) H is a fixed point of J, i.e., 

H (d = 1 2 H(X) (2 ' 5) 

for all x 6 X. The mapping H is a unique fixed point of J in the set 

M = { 9 eS:<l(/, 9 )<oo}. 

This implies that i? is a unique mapping satisfying (2.5) such that there exists a fi £ (0, oo) satisfying 

t 



N(f(x)-H(x),ixt)> 

t + ip (x,x) 



for all x £ X; 

(2) d(J n f, H) -4 0asn-> oo. This implies the equality 



N- lim 2™/ 



(£)=*<*> 



for all x 6 X; 

(3) d(f,H) < ,_ L d(f, Jf), which implies the inequality 

L 



d(/, H) < 

w ; - 2- 2L 



This implies that the inequality (2.3) holds. 
By (2.1), 



N ( 2 fe / (^_^i - 2 fc r/ f ^ - 2*r/ f *) ,2 k t I > 



2fc > " V2V "' V2^' J- t + lp (». t £) 

for all x, y 6 X, all t > and all r 6 R. So 

„(^(=J 2 ).^(J).^(| i ),) ij -^_ ; 

t 
for all x,y & X, all £ > and all r £ R. Since lim^^oo \ = 1 for all x, y £ X, all t > and all r £ R, 

N (H(rx + ry) - rH(x) - rH(y), t) = 1 

for all x, y £ X, all t > and all r £ R. Thus H(rx + rjy) — rH(x) — rH(y) = 0. So the mapping H : X — ¥ Y is additive 
and R-linear. 
By (2.2), 



H^m-^m^m^'-iT^-) 



for all x, y £ X, all i > and all r £ R. So 



»K2) -"*'&) ^'(i)..) fc-rrrr 



4 * + -^r^O^y) 
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t 
for all x, y £ X and all t > 0. Since limj^oo \ = 1 for all x, y 6 X and all t > 0, 

N(H(xy)-H(x)H(y),t) = l 

for all x,y a X and all t > 0. Thus H(xy) — H(x)H(y) = 0. So the mapping H : X — > Y is a fuzzy algebra 
homomorphism, as desired. □ 

Theorem 2.2. Let ip : X 2 — ¥ [0, oo) fee a function such that there exists an L < 1 with 

V >(x,y)<2L<p(^,^j 

for all x,y £ X. Lei / : X — > Y be a mapping satisfying (2.1) and (2.2). Then H(x) := A r -limj._ >00 =j-/ (2' = x) exists 
for each x a X and defines a fuzzy algebra homomorphism H : X — > Y such that 

N(f(x) - H(x),t) > (2 ~ 2L) * 

/or a22 a; £ X and all t > 0. 

Proof Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Consider the linear mapping J : S —¥ S such that 



for all x 6 X. 

It follows from (2.4) that 



J ff (x):=i S (2x) 



1 , , 1\ t 



N( K f(x)~ 1 -f{2x), 1 -t S j > 



t + ip(x,x) 
for all x e X and all t > 0. So d(/, Jf) < \. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

3. HyERS-UlAM STABILITY OF THE CAUCHY FUNCTIONAL EQUATION IN FUZZY BANACH ALGEBRAS: DIRECT METHOD 

In this section, we prove the Hyers-Ulam stability of the Cauchy functional equation in fuzzy Banach algebras by 
using the direct method. 

Theorem 3.1. Let ip : X 2 — ¥ [0,oo) be a function such that 

oo 

$(x,y):=Y, 2J <p(^, J) <<*> (3-1) 

for all x,y S X. Let f : X —¥ Y be a mapping such that 

lim N(f(rx + ry)-rf(x)-rf(y),t$(x,y)) =1 (3.2) 

uniformly on X 2 for each r S.M., and 

lim N (f(xy) - f(x)f(y),tp(x,y)) = 1 (3.3) 

uniformly on X 2 . Then H(x) := N-lim n — >00 2 n / (S^J exists for each x 6 X and defines a fuzzy algebra homomorphism 
H : X —¥ Y such that if for some <5 > 0, a > 

N {f{x + y)- f{x) - fiy), S^(x, y)) > a (3.4) 

for all x,y a X, then 

N (f(x) - H(x), S^(x, x)) > a (3.5) 
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for all x £ X . 

Furthermore, the fuzzy algebra homomorphism H : X — ^ Y is a unique mapping such that 

lim N(f(x) - H(x), Up{x, x)) = 1 (3.6) 

t— >oc 

uniformly on X. 

Proof. Let r = 1 in (3.2). For a given e > 0, by (3.2), we can find some to > such that 

N {f(x + y)- f{x) - fiy),Mx, y))>l-e (3.7) 

for all t > to- Letting y = x in (3.7), we get 

JV(/(2x) -2f(x),ttp{x,x) > 1-e (3.8) 

for all x S X. 

By induction on n, we will show that 



A? 



' n \ 

/(a! )-2»/(A), t ^ 2 *-v(j,iL) >!_ e (3.9) 



for all t > t , all x S X and all n £ N. 
It follows from (3.8) that 



V (./(,,- 2, (|),^(|,|)) >!-' 



for all x a X. 

Thus we get (3.9) for n = 1. 

Assume that (3.9) holds for n g N. Then 



^ /w- 2 " +1 /(^),*E 2fc -v(J-J 

>-{^(/W-^/(|t)^oE2-v(J,J)), 

* (**/ (J) - 2-V (^) , 2-to* (^, ^)) } 
> min{l — e, 1 — e} = 1 — e. 

This completes the induction argument. Letting t = to and replacing n and x by p and ^- in (3.9), respectively, we get 

for all integers n > 0, p > 0. 

It follows from (3.1) and the equality 

p n-\-p 

Y2 n+k -^(—,—)= T 2*-v(-,- 

^_j ^ ^2 n + fc 2 n + fc / ^-^ \2 fe 2 fc 

fc=l fc=n+l 

that for a given 5 > there is an no S N such that 

fc = n + l 
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for all n> ng and p > 0. Now we deduce from (3.10) that 

K 2 "/(|r)- 2 " +P /fe)>*) 

> l-e 
for each n > no and all p > 0. Thus the sequence { 2"/ (^) f is Cauchy in Y. Since Y is a fuzzy Banach space, 
the sequence <2 n f (^r) | converges to some H(x) S V. So wc can define a mapping H : X — ¥ Y by ff(x) := JV- 
lim n ^oo 2 n / (55H, namely, for each t > and a; £ X, 

Fix t > and < e < 1. Since lim n _Kxi 2 n </3 (^, ^) = 0, there is an n\ > no such that £o2™¥> (^r, ^r) < f for all 
n > m . Hence for each k > ni , we have 

iV(tf(s + j/) - ff(x) - ff(2/), t) > min |jV (ff(x + 2/) - 2 fc / (^) , j) , 

*(^(^)-^/(j)-^(i).a}- 

The first three terms on the right-hand side of the above inequality tend to 1 as k — > 00, and the last term is greater 
than 

"("(^H'te) -*'(*) ■•■MS-*))- 

which is greater than or equal to 1 — e. Thus 

N(H(x + y)- H(x) - H(y),t) > l-e 

for all t > 0. Since iV (H(x + y) - H(x) - H(y), t) = 1 for all t > 0, by (JV 2 ), 

H(x + j/)-H(x)-H(j/)=0 

for all x £ X. Hence the mapping H : X — > Y is additive. 

Let j/ = in (3.2). For a given e > 0, by (3.2), we can find some to > such that 

N(f(rx) - rf(x),tip(x,0)) > 1 - e (3.11) 

for all t > to- It follows from (3.11) that H(rx) = rH(x) for all r 6 K and all x G X. 
Similarly, it follows from (3.3) that H(xy) = H(x)H(y) for all all x, y £ X. 
Now let for some positive <5 and a, (3.4) holds. Let 



^^):=E 2 Vg.J 



2 fe 2 fc 



for all x,y 6 X. Let x £ X. By the same reasoning as in the beginning of the proof, one can deduce from (3.4) that 

^f/M- 2n /(|r> 5 E 2n -V(j, £)) ^ Q (3 - 12) 

for all positive integers n. Let i > 0. We have 

N(f(x)- H{x),S<p n {x,x) + t) (3.13) 

> min jx (/(x) - 2"/ (^ , 5^„ (x,x)) , N (2"/ (j^) - H(x), t) } 
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Combining (3.12) and (3.13) and the fact that lim n ^oo N (2 n f (^) - H(x),i) = 1, we observe that 

N (/ (x) - H(x), 8ip n (x, x)+t)>a 
for large enough n £ N. Thanks to the continuity of the function N(f(x) — H(x), •), we see that 

JV(/(x) - H(x),8tp(x,x) + t) > a. 

Letting t — > 0, we conclude that 

N [fix) - H{x),8y{x,xj) > a. 

To end the proof, it remains to prove the uniqueness assertion. Let T be another additive mapping satisfying (3.5) 
and (3.6). Fix c > 0. Given e > 0, by (3.6) for Q and T, we can find some tg > such that 

N (f(x)-H(x),t$(x,x)) > 1-e, 
N (f{x)-T{x),Up(x,x)) > 1-e 

for all x £ X and all t > to- Fix some x a X and find some integer no such that 



for all n > no. Since 



t0 l^ 2 *{¥'¥)< 2 



oo oc 

V 2^ ( — ,—) = 2 n V 2( fc "")^ (V" fc — , 2 n ~ fe — ") 
■^-^ V 2 fe 2 fc / -^ V 2 n 2 n / 

fc — n fc — n 

oc 

^-^ \2' 2 n ' 2 ; 2 n / V 



: z 2 - ; _ 

2 n ' 2 n 



we have 



JV(ff(x)-T(x),c) > min{iv(2"/(| r )-^( :E ),0 > iv(T(a : )-2"/(| r ),0} 

mm l V\2»J \2"/'2"/' V V2"/ \2"/'2"/J 






> min * / (± )-H (± ,2- t0 ^ 



. ... , . _ . , . ■ _ (£> . 

2 n / V 2 n / / j V 2& 2^ 



\ fc — n 

X 



JV|Tl 2 , 



■ / (^) >t0V '(^'^))} 

> 1-e- 

It follows that N(H{x) - T(x), c) = 1 for all c> 0. Thus tf(x) = T(x) for all x 6 X. D 

Similarly, we can obtain the following. We will omit the proof. 
Theorem 3.2. Let <p : X 2 — > [0, oo) be a function such that 

oc 

£(s, y) := ^ 2~> (2"x, 2 n y) < oo 

n=0 
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for all x, y £ X. Let f : X — » Y be a mapping satisfying (3.2) and (3.3). Then H(x) := TV-lirrin-joo 2~ n f(2 n x) exists 
for each x £ X and defines a fuzzy algebra homomorphism H : X — > Y such that if for some <5 > 0, a > 

N (f(x + y)- f(x) - f(y), 8^(x, y)) > a 

for all x,y £ X, then 

N (f(x) - H(x), 5p(x, x)) > a 

for all x £ X . 

Furthermore, the fuzzy algebra homomorphism H : X — » Y is a unique mapping such that 

lim N (f(x) - H(x), Up{x, x)) = 1 

uniformly on X. 
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Abstract Recently, Kim introduced (/-Bernstein polynomials and weighted (/-Bernstein 
polynomials which are different (/-Bernstein polynomials of Phillips (see [6]). In this pa- 
per we investigate some properties on the weighted (/-Bernstein polynomials. From these 
properties, we derive some interesting new identities between the weighted (/-Bernstein 
polynomials and the twisted (/-Bernoulli numbers. 
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1 . Introduction 

Let p be a fixed prime number. Throughout this paper Z p , Q p , C, and C p will denote 
the ring of p-adic integers, the field of p-adic rational numbers, the complex number 
fields, and the completion of algebraic closure of Q p , respectively. Let N be the set of 
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natural numbers and Z + =NU {0}. Let v p be the normalized exponential valuation of C p 
with \p\ p = p~ v p(p> = i. When one talks of g-extension, q is variously considered as an 
indeterminate, a complex number q G C, or a p-adic number q G C p . If 9 G C, then we 
normally assume \q\ < 1, and if g G C p , then we assume |g — l| p < 1. As a q- number, we 
define 

[x) q = ] Y ^ 1 (see [1-19]). 

Note that lim g ^i[x] q = x (see [1-19]). Let C[0, 1] be the set of continuous function on [0,1]. 
For a G N and n,k G Z + , the weighted g-Bcrnstein operator of order n for / G C[0, 1] is 
defined by Kim as follows: 

K \ I n\ , nt rj in-fc 



$(/i*) = E/ £ L N^[i-< 



(i) 

= J2* ( ) b{ A x I «): (^e [5, 6, 11, 15, 19]). 

Here B^{x \ q) = (2)[x]^ a [l — x\™I a is called the weighted g-Bernstein polynomials of 
degree n (see [5, 6, 11, 19]). Let UD(Z p ) be the space of uniformly differentiable functions 
on Z p . For / G UD(Z p ), the p-adic g-integral on Z p , which is called the bosonic g-integral 
on Z p , is defined by 

r 1 pN - x 

W) = / f(xW q (x) = lim „- Y, H*)<f, (^e [10]). (2) 

In [13], Kim defined the weighted q-Bcrnoulli numbers as follows: 

{— , ifn = l, 
Wq (3) 

0, ifn>l, 

with usual convention about replacing 0^) n by /%%. 
For n G N, let f n (x) = f(x + n). Then we have 

n— 1 -. n— 1 

?%(/n) = W) + (9 - 1) E «*/(0 + To" E «'/'(0, see [9, 10]. (4) 

;=o & q 1=0 

Let C p n = {C|C P — 1} be the cyclic group of order p n . Then the locally constant 
space is constructed by 

T p = lim C p „ = C p oo = U„> C>, see [1-19]. (5) 

n— »oo 

By (2), (3) and (4), we get Witt's formula for J3n^q as follows: for a G N and n G Z + , 
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#3 - / [s]£.<WaO 



77. Q 
Mr, 



oo oo t,Oj 

^ 5 ma+m N^- 1 + (1 - q) J2 r\m] n qa , (see [13]). 



m— m— 



In this paper we study some properties of the weighted q-Bcrnstcin polynomials. By 
using these properties of the weighted q-Bcrnstcin polynomials, we give some interesting 
identities for the twisted g-Bcrnoulli numbers. 



2. On the weighted g-Bernstein polynomials 
In this section we assume that < q < 1. Let 

be the space of g-polynomials with weight a of degree less than or equal to n. 

First, we claim that the weighted g-Bcrnstcin polynomials of degree n defined by (1) 
are basis for P" . 

It is easy to show that the twisted g-Bcrnstcin polynomials of degree n generate the 
space of ^-polynomials with weight a. That is, any g-polynomials of degree less than or 
equal to n with weight a can be written as a linear combination of the weight (/-Bernstein 
polynomials of degree n. 

Let n,k E Z + and x G [0, 1]. Then we get 

Bit(x I q) = f: Q Q(-l)'- fc N*.,a € N. (7) 

If there exist constant Cq, Cf , . . . , C% such that 

CgB<£l{x | q) + C?B[ a l(x !«) + ■•■ + C«Bi«l(x \ q) = 
holds for all x, then we have 



= CgBQ{x I q) + C?bW{x | g) + • • ■ + C«Bi%x \ q) 



z— n 

^ + {E^(-ir i r;)(;)h^ + --- + jE c r(-i 



i— n 

i /\/i\^ ( n / \ / 

n \ / 1 \ r , ^-^ , . N „ „ I n\ I n 



1 = \ / \ / J { t —Q 



'-"' <• — av 
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Thus, wc have 



Co 



£c?(-i) 



i-l 



i=0 



= 



^cn-ir 



= o, 



which implies that Cff = Cf = . . . = C° = 0. 

For Pq(x) e P"„, P" o can be written as a linear combination of the weighted g- 
Bcrnstcin basis functions as follows: 



P?(x) - C Q £g>(* | q) + C?B[%x \q) + - + CZBM{x I q). 
By (8), we get 

Cf 



(8) 



From (9), we can derive the following equation. 
P«(x) = ( l,[ax] q ,...,[axfi ) 



(9) 



/&o,o 



Vq; 



\ / C « \ 



\"n,0 "n,l ' • ' Vn,n/ 



Cf 



v^y 



where the 6f are the coefficients of power basis with weight a that are used to determine 
the respective weighted g-Bcrnstcin polynomials. 
For example, 



>(«) 



B oJ( x I l) = !- TTrt H« + 



ra 



?( Q ), 



B i,2(^ I q) = I x J[a;],a[l-x] g -a = j-p[ m],- r^H 



>(«) 



£$(*!?) 



>«. 



12 K' 
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In the quadratic case(n = 2), the matrix representation is given by 

( 1 ^ 

-2 2 

4- A- o 



P?(x) = { i,H„H^ ) 



1 



-2 1 



V 



a] g [a], [a]. 



/ Co \ 

\c 2 « y 



Rcmark(see [4]). All results of this section for q = 1 are well known in classical case( 
see Bernstein Polynomials by Joy). 



3. On the weighted (/-Bernstein polynomials and the twisted (/-Bernoulli numbers 



In this section we assume that q G C p with |1 — q\ p < 1. Let ( e T p . Then we consider 
the twisted (/-Bernoulli polynomials with weighted a as follows: 



5(") 



Pnlc^ = \V + x]^( y dfi q (y), for n£Z + . 



(10) 



In the special case, x = 0, ^„ „ r(0) = Pn„r are cau the n-th twisted (/-Bernoulli 
numbers with weight a. 

By simple calculation, we easily get 

/ [l-xl^r^W^ft-l) 1 / [x] qa C, x d» q {x) 



/=o 



(in 



E i-»t 



!3(«) 



Taking the bosonic (/-integral on Z p for one weighted (/-Bernstein polynomials in (1), we 
have 



B$(x | q)( x d N (x) = r 



[1 - x) n -^ x dn q (x) 



(;)§("7 i )(- i » , lM* t,< -*- w 

I ^ l J k+l, q ,C 



(12) 



/=o 



El n — k 
I I 

i=o v 



From (11), we note that 
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•J Zp \ / J _ n \ / •* Zp 

;)i:(?)(-i) w g( B ;')(- i )'«2c- 



(13) 



;=o x ' j=o 



By comparing the coefficients on the both sides of (12) and (13), we obtain the fol- 
lowing theorem. 

Theorem 1. For n,k € Z + with n > k, we have 

"f (" 7 *) (-!)«,„< - E (f)<-ir< £'(";') <-v&. 

;=o v y 2=0 v y j=o v J / 



Let ni,ri2, k G Z + with m + ni > Ik. Then we get 
Bl%(x\q)B£l(x\ q )S x d N (x) 

\f lx] 2 q *[l-x} n q lt n2 - 2k ( x d» q (x) 



k \ k 



(14) 



,il ) (T) E (?) (- 1 )' +2fe / z I 1 - *]£*""-'£**«,(*) 

- (:) (:) t (?) <-u»* "T w ( m + ; a - >Sc- 

By the binomial theorem and the weighted g-Bcrnstein polynomials, we easily see that 
/ B<£i(x\ q )B<£l(x\q)Cd N (x) 

;■)(:) "'gVi)f' + 7- 2t )/^]r«,w (16 , 

ni\ Ai 2 \ ™ 1+ >^ , ,w An + n 2 - 2fc\ - (a) 

fcj^fcj 2, I ^ I )P2k+l, q ,C 

By comparing the coefficients on the both sides of (14) and (15), we obtain the following 
theorem. 
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Theorem 2. Let ni,n 2 ,k e Z + with n 1 + n 2 > 2k. Then we have 

ni+«2-2fc / n ,v 

e (M n r )^ +l , g ,t 



2& /ai \ ni+ri2— ^ 



ErV 1 )^ e (-i)r 1+ r~i«c- 



V ^ , 

;=o v ' j=o 



Let s € N with s > 2. For m, H2, • • • , w s , fc G Z + with m + • • • + n s > sk, we have 
B£L(x\q)--B£L(x\q)?d» q (x) 



-times 

i » i \ / n 



k J \ k, . 

s k 



k )' \k 



)jf [x];*[l- a; ]JI+- +n '- 8fc C x dM,(x) 



(16) 



sfc / , \ niH |-n s — / 



' M /M Ef nr E 3 (-i) J ( ni+ '" +ns " / )& 



By simple calculation, we easily see that 

Bli 1 (x\q)---B£i(x\ q )Cd N (x) 
\, v / 

s-times 



\ / \ "lH hn s — sk / , 

ni i i ns \ v~> / n; / n i + ' ' ' + n s — sk 



, j v , , E (- 1 )' f 1 " ' ' ' I "' ~ "J I K +l Cd N (x) (17) 

:)•■■(;) g (-«'("' + "T* -*)«,,„<■ 

By comparing the coefficients on the both sides of (16) and (17), we obtain the following 
theorem. 

Theorem 3. Let s <G N with s > 2. For m, n 2 , ■ ■ ■ , n s , k E Z + with n\ + - • - + n s > sk, 
we have 

ni-\ \-n„-sk , , x 

E (-D i ( ni + -T^ sfc )^Wc 



-E(f)(-D i+Sfe E' (-i)T"'"'7"'~')* 

i=0 ^ ' j=0 
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On optimizing restricted edge connectivity of 

graphs 1 

Jingyu WANG, Jianping OU 
Department of Mathematics, Wuyi University, Jiangmen 529020, China 

Abstract Based on the properties of distance maximal pair of vertices, we 
present sufficient conditions for triangle-free graphs to be maximally restricted 
edge connected. Some known results are direct corollaries of these observations. 

Keywords Graph; Restricted edge connectivity; distance maximal pair 

1 Introduction 

All graphs appearing in this work are simple and connected with order at least 
four. An edge cut S of a connected graph G is restricted if G — S contains 
no isolated vertices, the minimum cardinality X'(G) over all restricted edge 
cuts of graph G is called its restricted edge connectivity. It is well-known that 
X(G) < £(G) holds for any graph G that contains restricted edge cuts [1]. 
Graph G is called maximally restricted edge connected if the equality holds, 
where £(G) denotes the minimum edge degree of graph G. 

The observations obtained in [2] show that under some reasonable condi- 
tions networks with greater restricted edge connectivity are locally more reli- 
able. And so the optimization of restricted edge connectivity of graphs draws 
a lot of attention, for advances in this field the readers are suggested to refer 
to [3-8]. Let d(u,v) represent the distance between two vertices u and v of a 
graph G. The distance d(X, Y) between two vertex-sets A and Y is defined 
as the minimum distance between vertices of these two vertex-sets, namely 
d(X, Y) = mm{d(x,y) : x G A, y <G Y}. Vertex-set pair (X, Y) is called k- 
distance maximal if d(X, Y) = k and there exist no vertex-sets Ai D X and 
Y\ D Y such that X\ ^ X or Y\ ^ Y, and d(X\,Yi) = k. In section two we 
present the following theorem. 

Theorem 1.1 Let G be a triangle- free connected graph that contains re- 
stricted edge cuts. If there is an isolated edge in the subgraph induced by any 



1 Supported by NNSF of China (10801091) and NSF of Guangdong Province 
(9151051501000072). 
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3-distancc maximal pair of vertex-sets, then G is maximally restricted edge con- 
nected. 

This observation generalizes the result obtained in [8] , which says that if for 
all 3-distance maximal pairs of vertex sets X and Y of graph G there exists 
an isolated vertex in the subgraph induced by X U Y then G has maximal 
edge connectivity. A similar condition is also found for bipartite graphs to be 
maximally restricted edge connected. As is pointed in section two, many well- 
known results are direct observation of theorem 1.1. For any two disjoint subsets 
X and Y of the vertex-set of graph G or two of its subgraphs, [X, Y] indicates 
the set of edges with one end in X and the other end in Y. For other symbols 
and terminology not specified herein, we follow that of [9]. 

2 Maximal restricted edge connectivity 

Proof of theorem 1.1. Suppose on the contrary that X'(G) < £(G). Let [S, T] 
be a minimum restricted edge cut of G, let A C S and B C T be the sets of 
vertices covered by [S, T]. Set A = S - A, B a = T - B. Then max{|A|, \B\} < 
A'(G) < £(G). We shall discuss in two different cases. 

Case 1. A a ^<J}^B a . 

Noticing that cI(Aq,Bo) > 3, we can choose a 3-distance maximal pair X 
and Y such that Ao C X and Bq C Y. By condition postulated in theorem 1.1, 
G[X U Y] contains an isolated edge uv. If u, v G Ao then N(u),N(v) C A, since 
G is triangle-free it follows that £(G) < d(uv) = \N(u)\ + \N(v)\ - 2 < \A\ < 
X'(G) < £(G). This contradiction also occurs when u,v E Bq. 

If u € Aq and v <E A then N(u) C A. Since G is triangle- free it follows that 

£(G) < d(u) + d{v) - 2 = \N{u) r\A\ + \N(v) C\A\ + \N(v) n B\ - 1. 

Recalling that every vertex x G A is incident with at least one edge of [S, T] , we 
deduce that \N(u)nA\ + \N(v)nA\ < J2 x eA-{v} \N(x)nB\+l. The Combination 
of the previous two inequalities implies that £(G) < ^2 xGA \N(x)C\B\ = A'(G) < 
S,(G). This contradiction also occurs when u G Bq and v G B. 
If it, v G A, then JV(w), iV(v) CiUB. And so 



t(G) < d(u) + d(v)-2 

= \N(u) C\A\ + \N(v) C\A\ + \N(u) r\B\ + \N(v) n B\ 
< ^|A(o:)ni?|=A'(G)<e(G). 



xeA 
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This contradiction also occurs when u,v 6 B. Since uv cannot be an edge of 
[S, T], case 1 cannot occur. 

Case 2. Aq or Bo = 0, assume without loss of generality that Ao = 0. 

Let uv be any edge of A. Since G is triangle-free, it follows that 

£(G) < d(u) + d(v) - 2 

= |JV(u) n A\ + \N(v) C\A\ + \N(u) HB\ + \N(v) n B\ - 2 
< ^|A(x)nB|=A'(G)<£(G). 

Theorem 1.1 follows from this contradiction. □ 

Hcllwig and Volkmann show in [5] that if \N(x) fl N(y)\ > 2 holds for all 
pairs of nonadjacent vertices x and y, then ^(G) = A'(G). When G is triangle- 
free, this observation is a direct result of theorem 1.1 since in this case graph G 
contians no 3-distance maximal pairs. And so, we present the following corol- 
laries, the proofs of them are omited for simplicity. 

Corollary 2.1 If G is a triangle- free connected graph of diameter at most 
two, then £(G) = A'(G). □ 

Corollary 2.2 Let G be a triangle-free connected graph of order n. If 
\N(x) n N(y)\ > 1 holds for all pairs of nonadjacent vertices x and y, then 

£(G) = A'(G). □ 

The following corollary is a direct observation of corollary 2.2. 

Corollary 2.3 Let G be a triangle-free connected graph of order n. If 
n < 25 + 1, then £(G) = A'(G). □ 

For any subset X of the vertex-set of bipartite graph G = (V',V";E), let 
X' = X n V , X" = X n V". A pair of vertex-sets X and Y of a bipartite graph 
G is called (k, fc)-distance maximal if d(X ,Y ) = k, d(X ,Y ) = k and there 
exist no vertex set X\ D X and Y\ D Y such that X\ ^ X or Y\ ^ Y, and 

d(x' l ,Y[)=d(xlX) = k. 
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Theorem 2.4 Let G be a bipartite graph that contains restricted edge cuts. 
If G[X U Y] contains an isolated edge for any (4, 4)-distance maximal pair of 
vertex-sets X and Y, then G is maximally restricted edge connected. 

Proof Suppose no the contrary that A'(G) < £(G) for a bipartite graph 
G = (V, V", E),Let [S, T] be a minimum restricted edge cut, A C S and B C T 
be the sets of vertices incident with edges of [S, T] , Aq = S — A and Bq = T — B. 
A' = V'C\Ao,A'o = V" f\A ,B' = V'f) B , B'o = V' f] B , Then \A\, \B\ < 
X'(G) < £(G). 

Case 1. A ^9 and B ^ 0. 

Noticing that d(A ,B ) > 4 and d(A ,B ) > 4, we choose a (4,4)-distance 
maximal pair X and Y such that Aq C X and Bq C Y. Then there is an 
isolated edge e = uv in the subgraph induced by X U Y. If e = u« C ^4 j then 
£(G) < d(e) = | JVC**) | + |JV(v)| - 2 < \A\ < X'(G) < £(G). This incqualty also 
holds when e = uv C S - If w G Aq and w G A, since (N(v) — u) C A U B it 
follows that 

£(G) < d(w)+d(v)-2= |A r (M)nA| + |7V(w)nA| + |iV(w)n J B|-l 

< J2 \N{x)r\B\ + \N(v)nB\ 
xeA-{v} 

= £>(a:)nB| = A'(G)<£(G). 

xeA 

Similar contradiction occurs when u G Bq and w G B. If it, i> G A, then 

£(G) < d(u) + d(v) - 2 

= \N(u) r\A\ + \N(v) C\A\ + \N(u) r\B\ + \N(v) f)B\-2 

< J2\N{x)r\B\. 
xeA 

Similar contradiction occurs when e = uv C B. 

Case 2. Ao or Bo — 0, assume without loss of generality that Aq = 0. 
Let WW be any edge of A. Since G is triangle-free, it follows that 

£(G) < d(«) + d(v) - 2 

= |AT(u) n A\ + \N(v) C\A\ + \N(u) nB\ + \N(v) n B| - 2 

< ^|iV(a:)ni?|=A'(G)<e(G). 
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Theorem 2.4 follows from this contradiction. □ 

The following corollary is a direct result of theorem 2.4, since in this case 
graph G contains no (4, 4)-distancc maximal pairs. 

Corollary 2.5 Let G be a bipartite graph that contains restricted edge cuts. 
If G has diameter at most three, then £(G) = A'(G). □ 
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Abstract In this paper, we study the following max-type difference equation 
x„ + i=max{ — ,x n - k \, n = 0, 1,..., 

•Era 

where A £ (— oo, +oo), k £ {1, 2, • • •} and the initial conditions x-k,x~k+i, " " " i x & 
(—oo, +oo). We show that every well-defined solution of this equation is eventually 
periodic with period k + 1, which confirms the truth of the conjecture proposed by 
Elsayed and Stevic [Nonlinear Analysis 71(2009), 910- 922]. 
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1 Introduction 

In the recent years, there has been a lot of interest in studying the global behavior of max-type 

difference equations (see [1-24]). In [1,3-5,8,10], the second order max-type difference equation 

1 A 
£ n+ i=max{ — , — — }, n = 0, 1, . . . , (1.1) 

has been studied for positive coefficients A n , which are periodic with period k. The case k = 1 
was studied in ref.[l], the case k = 2 was studied in ref.[3], the case k = 3 was studied in refs 
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[4,10] and the more difficult case k = 4 was studied in ref.[8]. Chen [5] found that every positive 

solution of (1.1) is eventually periodic with period 2 when {^4 n }n^o ^ s a P er i°dic sequence with 

period k > 2 and A n £ (0, 1) for all n > 0. These results were also included in the recent 

monograph [11] along with other related references. In [20], we studied global behavior of (1.1) 

when {A n }^=o is a sequence of positive real numbers with < inf A n < sup A n < 1. 

Liu and Yang in [14] investigated the quantitative bounds for the positive solutions to the 

following max-type difference equation 

x p 
x n+x =max{A, -y^pr}, n = 0,l,---, 

X n-k 

where A,p G (0, +oo ) and k is a positive integer. 

Simsek et al. [16] studied the behavior of the solutions of the following system of difference 

equations 

x„+i=max{ — , — }, y n+ i=max{ — , — }, 
•En %n Vn Vn 

where the constant A and the initial conditions are positive real numbers. 
Geli§ken and Cinar in [9] investigated the difference equation 

t A 1 . 
x n = max{ ,-^—\, n = 0, 1, • • • , 

x n-l ^n-3 

where A>0,0<a<l and initial conditions are positive real numbers, and proved that every 

positive solution of this difference equation approaches 1 or is eventually periodic with period 2. 

Yalginkaya et al. in [24] considered the following second-order max-type difference equation 

x n +i = max{ — ,Ax n -i}, n = 0, l,---, (1.2) 

%n 

Equation(1.2) is not difficult for handling since, by the change y n = x n x n -i, it is transformed 
into one of the following first-order difference equations 

y n+1 = max{l, Ay n } or y n+1 = min{l, Ay n }. 

Using these equations, it is easy to see that for the case A = 1, every solution of (1.2) is 
eventually periodic with period 2. 

In this paper, we consider the max-type equation 

x n+ i = max{ — ,x n - k }, n = 0, l,---, (1.3) 

Xn 
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where AgR= (—00, +00), k £ {1, 2, • • •} and the initial conditions x^k, x -k+i, ■ ■ ■ , xo € R. In 
[12], Iricanin and Elsayed showed that every well-defined solution of (1.3) for k = 3 and A > 
is eventually periodic with period 4. 

Elsayed and Stevic [7] showed that every well-defined solution of (1.3) for k = 2 is eventually 
periodic with period 3 and proposed the following conjecture. 

Conjecture 1 Assume ieR and k G {1,2, ■■■}. Show that every well-defined solution of 
(1.3) is eventually periodic with period k + 1. 

In this paper, we shall confirm that the above conjecture is true. Our main result is the 
following theorem. 

Theorem 1 Let A € R and k G {1,2, ■■■}, then every well-defined solution of of (1.3) is 
eventually periodic with period k + 1. 

2 Proof of Theorem 1 

Let {xn\n=-k ^ e a well-defined solution of (1.3). If A = 0, then equation (1.3) becomes x n +i = 
x ra _fc , from which it follows that {x n }t=-h 1S periodic with period k + 1. Hence, in the sequel 
we will consider the case i/0. 

It follows from (1.3) that for any n > and any i > 0, 

A 

x (n+l)(k+l)+i — max l ) x n(k+l)+i) ^ x n(A:+l)+j- 

x n(k+l)+i+k 

Then {x n ( fe+1 ) + j}^" : ^ ) is increasing for every i > 0. 

Claim 1 There exist < 7 < A; and N > such that for any n > N, 

x (n+l)(fc+l)+7 = x n(k+l)+'y- 

Proof Indeed, if for every < j < k, there exists a sequence < s\ < S2 < ■ ■ ■ < s 3 n < • • • such 
that 

then we take m < m x < ■ ■ ■ < m 2k +2 such that x m . ( k +i)+j < x (m,+i)(k+i)+j for any j £ 
{0,1, •• -,2k + 2}. 
Let 

= f W-2A:+2, if j = 2/C + 2, 

rj 1 max{m j < r < r,-+i : x r(fc+ i )+i < x (r+1)(fc+ i) +j }, if j € {0, 1, ■ ■ ■ , 2k + 1}, 
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then 

X (r 2k+2 + l)(k+l)+2k+2 = maX ^( r2fc+2+ i)t+i)+2 fc +i ' X r 2k+ 2(k+l)+2k+2} 
_ A 



X (r 2k + 2 + l)(k + l)+2k + l 

A 

a; ('"2fe+l + 1 )('=+ 1 )+ 2fe + 1 

A 



^^ -(r 2fe + 1+ l)( fe + l)+2 fe '^fc+l (fe + l) + 2 fc + l } 

x (r 2k+1 +l)(k+l)+2k 
x (r 2k +l)(k+l)+2k 



- x r 2k+2 (k+l)+2k+2, 



x (r +l)(k+l) 
X r 2k+ 

which is a contradiction. Claim 1 is proven. 

Claim 2 There exist N\ > N such that for any n > N±, 



A 



— ; < S(„_l)(fc+l) +7 +l, 

where N and 7 are as in Claim 1. 

Proof Indeed, if - > xr n -ur k+ty+y+i f° r an n > N, then it follows from Claim 1 and 

equation (1.3) that for n > N, 

( A 

x n(fc+l)+7+l — maxj : x (n-l)(k+l)+"/+lJ 

x n(k+l)+f 

r A 

— max{ ,X( n _ 1 )( fe+1 ) +7+1 ) 

A 



x N(k+l)+~t 
> x n(fc+l)+7+l- 

This is a contradiction. Claim 2 is proven. 

By Claim 2, we see that x (n+1)(fe+1)+7+1 = x n(fc+1)+7+1 for all n>N x . Thus £ (n+1)(fc+1)+7+1 
is a constant eventually. By induction, we can show that X( n+1 vfc +1 ) +7+ j is a constant eventually 

-k 



for every i G {0, 1, • • • , k}, which implies that {xn}t=_u is eventually periodic with period k + 1. 
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Abstract 

Here we present L p , p > 0, fractional Opial type inequalities subject to 
high order boundary conditions. They involve the right and left Caputo, 
Ricmann-Liouville fractional derivatives. These derivatives are blended 
together into the balanced Caputo, Riemann-Liouville, respectively, frac- 
tional derivative. We give an application to a balanced fractional bound- 
ary value problem by proving uniqueness of the solution. 
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1 Introduction 

Here we continue [5]. 

This article is inspired by the famous theorem of Z. Opial [13], 1960, which 
follows. 

Theorem A. Let x(t) G C 1 ([0, h]) be such that x(0) = x(h) = 0,and x(t) > 
in (0, h).Then 

\x{t)x'{t)\dt<- f\x'{t)fdt. (*) 

o * Jo 

In (*),the constant j is the best possible. Inequality (*) holds as equality for the 
optimal function 

ct, < t < h/2 



X ^ <] c(h-t), £<t<h, 



where c > is an arbitrary constant. 
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To prove easier Theorem A, Bcesack [7] proved the following well-known 
Opial type inequality which is used very commonly. 
This is another inspiration to our work. 

Theorem B. Let x(t) be absolutely continous in [0, a], and x(0) = 0. 
Then 

x(t)x'{t)\alt< - f (x'(t)) 2 dt. (**) 



o 2 jo 

Inequality (**) is sharp, it is attained by x(t) = ct, c > is an arbitrary 
constant. 

See also [12]. 

Opial-type inequalities are used a lot in proving uniqueness of solutions to 
differential equations, also to give upper bounds to their solutions. 

By themselves have made a great subject of intensive research and there 
exists a great literature about them. 

Typical and great sources on them are the monographs [1], [3]. 

2 Preliminaries 

We need 

Definition 1. ([4], [9], [10], [11], [14]). Let f e AC m ([a,b}) (space of func- 
tions from [a, b] into M. with m — 1 derivative absolutely continuous function on 
[a,b],m € N, where m — \a~\ ([•] is the ceiling of the number), a > 0. 
We define the right Caputo fractional derivatives of order a > 0, by 

(_-\\m fb 

D?-f(x) ) ' / K-a J r- a -v (ro) (Ode- (1) 

r(ra - a) J x 
We set Dl_f{x) = f(x), Va; G [a, b]. 

We give the right Caputo fractional Taylor formula with integral remainder. 
Theorem 2. ([4]) Let f e AC m {[a, b]),x G [a, b], a > 0, m = \a\ . Then 

f{x) = ^ l^(x -b) k + f ^ J\t - xT-'DUiO^. (2) 



We make 



Definition 3. ([8, p. 38]) Let f e AC m ([a, b]),me N, where m = \a\ , a > 0. We 
define the left Caputo fractional derivative of order a > 0,by 

D? a f(x) = T{m 1 _ - j\x tr-*- l f^(t)dt. (3) 

We set D°J(x) = f(x),Vx€[a,b]. 

We give the left Caputo fractional Taylor formula with integral remainder. 
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Theorem 4. ([8, p. 40]) Let f G AC m ([a, &]), m G N,where m = \a\ , a > 0, x G 
[o,6]. 

/^ = E Hfc! (X ~ a)k + T(a)J {X ~ T ) a ^ D *af(r)dr. (4) 



fe=0 



Definition 5. ([5]) Let f e AC m ([a,b]),m e N,w/iere m = \a] ,a > 0,x e 
[a,b]. 

We define the balanced Caputo fractional derivative, 

D?-f(x), for^<x<b, 



D a f{x) :■- 



D? a f(x), fora<x<^ 



(5) 



3 Main Results 



We prove 

Theorem 6. Let a > 0,to = \a] ,x G [a,b],f G AC m ([a, b}), f (k) {a) 



/( fe )(6) = 0,fc = 0,l,...,m-l;0<p< 1 and g < : \ + \ = 1. 

Assume D" a f ^ on [a, ^j ) an< ^ °f fi xe d sign, a.e.; D£_f ^ on 
and of fixed sign, a.e. 
Then 

r \f( W )\\D a f(w)\dw> 



a+b 

. 2 ' 



b] 



(b-af a -^ 



\ 



(2^+^T(a)((p(a - 1) + l)(p(a - 1) + 2)) VP y 



(6) 



' \DU(t)\ q dt) 



2/q 



\D%_f{t)\ q dt 



Proof. Hcrea>0,N9 m= [a] ,x€ [a,6],/e AC m ([a, &]), / (fc) ( a ) = f {k) {b) 
0,for fc = 0, 1, ..., to - 1; < p < 1 and q : ± + i = 1. Then by (4), 



f(x) 



Also by (2) 



T(a) 7 a 



1 



(x-t) a - 1 Z>? /(t)dt,Va;e[a,&]. 



fW = ^-, I (t~ x) a - l D%_f(t)dt^x G [a, &]. 

r(a) y x 



Assumed £>" a / 7^ over [a, 9 ^) and of fixed sign, a.e., and assumed D^_f 7^ 
over f 2 ^, 6] and of fixed sign, a.e. Then we have 



l/MI 



r(a) J a 



(w-tY-^DUmdt, Wwe 



a. 
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and 



l/HI 



i» 



(t-w^lD^fitfldt, Vwe 



' a + b 


b 


2 



Therefore by Holder's inequality (q — p/(p — 1) < 0) we get 



1 



na) yj a 



\f(w)\> — ( / (w-t)* a -Vdt 



1/p 



\D* a f(t)\ q dt 



1/'/ 



Hence 



l/HI > 



1 (w — a) 



(«-i)+i 



r(a) (p(o - 1) + 1)Vp VA 

Similarly we obtain 

1 (6-w;) (Q - 1)+ p 



V? 



I/HI > 



r(a) (pfa-^ + l) 1 /? 



\D«J(t)\ q dt) ,Vwe 



|£>£_/(i) I'd* ,V w e 



a + 6 



"a + 6 


6 


2 



Set 



«i («;):= / |D? a /(t)|«dt, «i(a) = 0, 



that z[(w) = \D^J(w)\ q , and \D^J(w)\ = ^(m)) 1 /?^ a < w < «±*. Set 

i-b 



z 2 (w):= / |D 6 a _/(i)| v di, z 2 (6)=0, 
that 4 (to) = -|Z)^/(w)| 9 ,and \D%_f(w)\ = (-z 2 H) 1/9 , ^±& < w < 6. 



Therefore 



1 (to — a) 



a- 1+1 



l/HI IWMI > m ( ; {a _l ) + 1)1/P (*i(«0*i(«0) 

all a < w < ^ . Hence 



V? 



|/H||D« a /HI^> 



1 



r(a)(p(a-l) + l) 1 /p 



(w - a) a - 1+ p(z 1 (w)z[(w) 1/q dw > 

112 ( W -af(«- 1 )+ 1 



i/p 



r(a)(p(a-l) + l)Vp \^ a 

1 



1/9 



^i(w)4(w)dw 



r(a)(p(a - 1) + 1) 1 /p( p (q - 1) + 2)Vp V 2 



fc-„V a - 1)+(2/p) /*?(«0 — 



1/9 



1 



r(a)(p(a - 1) + l) 1 /p(p( Q - 1) + 2)Vp ^ 2 



&-a\( a - 1+ i)/^(^)' 



i/'/ 
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JJi / ■• ' '■ \ 2 / q 

" f(+\\i . 



Therefore 

a + b 

I 2 \f(w)\\D?J(w)\dw>c*[ I \DU(t)\ q dt 

Ja \Ja ) 

(7) 
where 

b - aV v> 

c" :- 



2 1 /?r(a) ((p(a - 1) + 1) (p(a - 1) + 2))Vp V 2 

(8) 



Similarly 

I/hi l^-/MI > ^ ^r^^ w^wr. 



1 (fr--) (a - 1)+ * , .,,„,„.,■„ 



and 

l/HI |^_/Hrf w | > 1 nj . lU / P /" (^-») WM+1)/p (^W(-4W)) 1/g ^ 



> 



1 / & — a x v 



2 1 /9r(a)(p(a - 1) + l)Vp(p( a - 1) + 2)Vp V 2 

\ 2/9 



I.e. 



6 / ..,, \ 2 /9 

|/H||D 6 «_/H|d W >C* 



J^\DZ_f(t)\ q dt\ 



(9) 
adding (7) and (9) we get (6). □ 

We present and need 
Theorem 7. Let x < s < and / € L oo ([cc,0]),r > 0. Define 

G(s) = / (t - *) r /(*)*- (10) 

TTierc £/zere exists 

G'[s) = -r [ (t-sy-'mdt. (11) 
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Proof. Fix so G [a:, 0] and notice that 

G(8 )= f (t-s ) r f(t)dt = f X[ So ,o](i)(i-5o) r /(t)di- 

We call 

»(*,*) :=X[.,o](*)(*-*) r /(*), 

which is a Lebesgue integrable function for every s <G [x, 0].That is, g(so,t) — 
X[s ,o](t)(t - s ) r f(t),&ll t e [x,0],and G(s ) = J° g(a ,t)dt We would like to 
study if there exists 

0ff(*o,t) _ ,,^ A im X(t)is +h,o] (t-s - h) r - x(*)[«o,o] (t - sqY \ 



ds \fc-»o h 

We distinguish the following cases: 

(1) Let x < t < so;then there exist small enough h > such that £ < so ± /i. 

That is, 

X[« ±h,o] (*) = X[s ,o](*) = °- 
Hence, there exists 

ag( !" ,t) =0,aUt = x<t< 80 . 
as 

(2) Let so < t < 0;then there exist small enough h > such that £ > so ± h. 
That is, 

X[s o ±fc,0](*) =X[8 ,0}(t) = 1- 

In that case 

dg(s ,t) 



ds 

= -r(t - s r7w 

exists for almost all £ : So < t < 0. 

(3) Let t = sq. Then we see that 



=/ W ( te "-"° + T-"- or ) 



^ ( '°"'°» - ,(.„) f lim °-W-'-°- ) . o. 

<9s JV ; U-»o+ ft 



Also we get 



9 9 -(S0,S0)_ f{s0) ( ]im l-i-hy-l.W 



ds \fr->o- h 

/(■-■..) I, lim ^) = -/(so) f lim ( - / "' 



ft-»o- /i / \/i-»o- (—h) 



-/(s ) ( lim (-ft) 1 - 1 = -/(s ) lim r- 1 
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The last limit does not exist if < r < 1; equals — f(so)ii r — 1 and may 
not exist; and equals if r > 1. 

In general as a conclusion we get that 9 ^°' ^ exists for almost all t G [x, 0]. 

Next we define the difference quotient at sq, 

D 30 (h,t) := /(*) ^howfi-'o-W-X^m-so)' 

for /i^0,andD So (0,t) := 0. 
Again we distinguish the following cases: 

(1) Let x < t < so;then there exist small enough h > such that t < So ± h. 
Clearly then D S() (h, t) = 0. 

(2) Let s < t < 0; then there exists small enough h>0 such that t > s ± h.ln 

that case 

P .(^)-/w( (t - (w± *£- ( '- )r 

Call p := t — So > 0;clearly < p < \x\ . 

Define 

ip{h) := (p '^"' pr - ( t - a °- h r-( t -«°) r | for h close to zero, r > 0. 

That is 

D S0 (h,t) = f(tMh). 

If r = 1, then <^(/i) = -1 and D SQ (h,t) = -/(t). 
We now treat the following subcases: 
(2(j)) If r > land |/i| small, then by mean value theorem we get 

\D S0 (h,t)\^\f(t)\\^(h)\<\f(t)\r2 r - 1 \xr 1 . 
That is, for r > 1 and small \h\ we obtain 

|I>. (M)|<r2 r - 1 M r - 1 |/(t)|. 

(2(jj)) If < r < land |/i| small we get the following: 
The function 7(/o) = p r , < p < \x\ is concave and increasing. Let h > 0; then 

1^)1 = ^— f^f < p- 1 = (r - So y- \ 

p-(p-h) 
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and for h < 0, again 

cp(h)= {P ~ h) h r ~ pr <P r - 1 = (t-so) r - 1 . 
{p-h)-p 

Therefore we obtain 

|0.o(M)l<l/(i)l(*-*o) r - 1 , 

for < r < land \h\ small. 
(3) Case of t = s ; then 
D So (h,S ) = -/(s ) Ihr 1 , for h < 0, 
and 

D eo (h,so) = 0,foih>0. 
So, if r > 1 we obtain 

|0 Bo (Mo)|<|/(*o)IM r -\ 

for small \h\ . 

If < r < l,then for small \h\ with h < 0,the function 

D So (h,So) may be unbounded. 

In conlcusion we get: 

(I) For r > l,that 

\D SQ (h,t)\ < r2 r - 1 Ixp 1 Il/H^ < +oo,for almost all t € [x,0]. 

(II) For < r < l,that 

\D 8o (h,t)\ < \(t), for almost all t <G [x, 0], where 

w,n _ / 0, x < t < s , 

[) ' I \f(t)\(t-s ) r -\ s o <t<0. 



Clearly A is integrable on [x, 

10Q 10/1 ^f rOl tt^ rv£>f +V.O+ a ^ 

ds 



Then by Theorem 24.5, pp. 193-194 of [2], we get that ag( „ s °' ,) defines an 



integrable function, and there exists 



/■0 /■so 

r / (t-s ) r - 1 f(t)dt+ / Odi 



so 


r-1 



r / (t-soY^fWdt. 



«n 



That proves the claim. 



ANASTASSIOU: FRACTIONAL OPIAL INEQUALITIES 870 



□ 



We need 

Theorem 8. ([3] Theorem 1.1, p. Ill) 

Let < s < x and f € L^dO, x]),r > 0. Define 



F(s):= / (s - t) r f(t)dt. (13) 

Jo 



F'(s)=r / (s - t) r -\f(t)dt, (14) 

Jo 



Then there exists 



VsG [0,x]. 
We make 

Remark 9. Let f e AC m ([a, b]), m€N,m= [a], a > l.Aasitme /^( a ) = 
/W(o) = 0, fe = 0,l,...,m-l. 

TTien we get &j/ (^)J 

/(*) = ^ /% - ty- l D:j(t)dt, (15) 

\/x <G [a, &], 



a/so f&y (^;; 



■^ = FTT / (* - *) Q_li? 6-/(*)*. ( 16 ) 

r(a) Jx 

Vx e [a, 6]. 

Assume that 

DU, D?_f e L^fab]). (17) 

-ffere a <£ N and to — 1 < a < m, to G N. So from a > to — 1 we get (a — 1) — 
(m — 2) > 0. Thus for £ =1, ...,m- l,we obtain 0< £-l<m-2,and (a— 1) -(^ — 
1) > (a-1) - (m -2) >0. 

ffence (a - 1) - (£-1) > and ck - £ >0, ^ =1, ...,to - 1. 

Therefore by Theorem 8 and (15) we get 



(a-i) r, ,.„ 2 ,.„ 



r (a) i a 

' (x-ty-*D?J(t)dt 



r(a-i)J„ 

Similarly, we obtain 



for£=l,...,m-l,\fx€[a,b}. (18) 
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Using Theorem 7 and (16), we derive 



/ W (z) = Jr^ I (t-x) a -'- l D%_f(t)dt, 



T(a - £) J x 
e=l,,...,m-l,x€[a,b]. (19) 

We prove (p = 1, q = oo case). 

Theorem 10. Let a > 0, m = \a] , x G [a, 6], / G AC m ([a,6]), / (fe) (a) = 
j( fe )(5) = 0, /or fc = 0, 1, ..., to — 1. ylssume 



£>?»/ G Lc 



a + b 



D?-f e L c 



Then 



\f(x)\\D a f(x)\dx< 



> -^6 



o — a \ 1 



"a + 6 


b 


2 



T(a + 2) 

(ll^a/llL,[a,^) + ll^-/|lL 



(20) 



Proof. Let a > 0, to = [a] , x e [a, 6], / e AC m ([a,6]), /W(a) = /<*)(&) 
0, for A; = 0, 1, ..., m — 1. Assume 



£>?_/ G Loo 



a + b 
a + fe , 



Then 



and 



Thus 



Hence 



\m\<^^\\DU\L^„ a -^<x< b . 



r(a + l) 



M, 2 



\f(x)\ \d:j( X )\ < ^-^ p: a /nL,[a,^) . v.* G 



a + 6 



^ ll^/Ulk^) (6-o) a + 1 

|/(x)||D? /(*)|d»< ' ' - ' ^ 



Similarly 



T{a + 2) 2 a + 1 



\m\ < \\DU\L, { ^, b] ^ y 



Vx€ 



'a + b 



10 
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And 



\\D a f\\ 

\f(x)\ \B%_f(x)\ < "~ °^\f' b] (b- x r, Vx G 
1 {a + 1) 



a + b 



Hence 



h \\ D b- L, \s+k b ] (h - a) a+1 
\f(x)\ D? f(x) dx<- ' ' l ; ' j [ I . 



Consequently it holds, 

rb (b-a) a+l 



' \f(x)\\D a f(x)\dx< \, a) r(\\DZf\\ 2 r -+^ + ||l>?/| 



establishing the claim. 
We continue with 



□ 



Theorem 11. Let f G ^C m ([a,&]), JV 9 m = [a] , a > 1. Assume f {k) {a) = 
/(*)(&) = 0, k = 0,1,..., m- 1. i«me £>?„/, £>£_/ G ^([0,6]), p,g > 1 : 

1 ' ] - 1, a > to - -. 



p q 
Then 



(i) Case of 1 < q < 2. Then 

rb 



fW(w) \D a f(w)\dw< 



-(a-M-l) 



(6 -a) 



(a-^-l+f) 



I> - *)[(p(a - £ - 1) + (p(a - £ - 1) + 2)] 1 /? 

(21) 



6 \ 2 /" 

|D a /(«;)|*d«; . 



1, ..., m — 1. 



(ii) Case of q > 2. Then 

rb 



fW(w) \D a f(w)\dw< 



2-( a - e +^(b-a)( a - e - 1+ l) 



r(a - *)[(p(a -£-!) + l)(p(o - f - 1) + 2)]Vp 



2/9 



|L>"/(u>)|"du. 

^ = 1, , ..., TO — 1. 



(22) 



11 
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(iii) When p = q = 2, a > m — \, (1=1, ..., m — 1). Then 



/ (<) W |^ a /H|dw< 



2-( a - £+ 5)(6-a)"- £ 



r(a - ^)[ v /2(a-^)(2a-2^-l) 
" (D a f(w)fdw ) . 



(23) 



Proof. By the assumption of the theorem we have 



1 



/(f)(l) = rM)i ( ^ tr " lMdt ' 



for £ = 1, ..., m — 1; Vie [a, 6]. 



Similarly it holds 



r(a - £) y x 

£ = /,..., 77?, — 1 ; Vie [a, 6] . 



Hence 



/ W (s) 



= 1, ..., to — 1, V.x € [a, &]. 



And 



/ W (*) 



< 



1 



r(a - *) J x 

= 1, ..., to — 1; Vx € [a, &]. 



(t-s) 01 -'- 1 U5gL/(t) dt, 



Let p, 9 > 1 : - + - = 1. Acting now as in the proof of Theorem 9 of [5], and 



replacing / by f^> and a by a — i we prove our theorem. 
We further present. 



□ 



Theorem 12. Leta> 1, £= 1,..., m-1; / <= AC" 1 ([a, 6]) ,m = fa"! , /^ (a) = 
/( fe )(6) = 0, fc = 0,l,..., m-1. 

Assume D«JD%_f e L (X) ([o,6]).Asswme DJJ ^ over [a,^),and of 
fixed sign, a.e.; D^_f ^ over [^-,&] and of fixed sign, a.e., < p < 1, q < 



12 
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0; i + i = 1. The 



fW(w) \D a f(w)\dw> 



2(-^i)r(a-/)(Jg:J = l!3 1/ ', 



a±b \ 2/q 

J \D?J(t)\«dt) 



2/gl 



i^ a -/wr^ 



(24) 

Proof. As in the proof of Theorem 6, by replacing / by /*• ' and a by a — £, for 
1 = 1,..., m- 1; a> 1. □ 

Theorem 13. T/ie p = 1, (7 = 00 case again. Let a > 1, ^ = 1, ..., to — 1; / G 

AC m ([a,&]), to = fa"| , / (fc) ( a ) = / (fc) (&) = 0; k = 0,1,..., to- l.yrsswme 
D? /, Dgl/e £«,([<*, &]). 



/^(ar) |D Q /(a:)|da;< 



6 — a 



a-f+1 



1 



T(a 



(ll^a/IlL,^ 



+ 6\ + 



(25) 



■ L '6-/ 



Proof. As in the proof of Theorem 10, by replacing / by f™> and a by a — £, for 
£= 1,..., to- 1. □ 

We need [4], [9], [10], [8], p.22) 

Definition 14. Let a > 0, m — \a] , f e AC m ([a, b}). We define the right 
Reimann-Liouville fractional derivative by 

(-X\ m / d \ m f b 
VU(x) ■■= J ~, (1) / (* - x) m - a - l f(i)dt, 



(26) 



D®_f(x) := / (x) ft/ie identity operator). 



We also define the left Reimann-Liouville fractional derivative by 

1 / d \' m f x 

K + m- ^_ -A l) I {x-t) m - a - l f{t)dt, (27) 



T(m — a) \dx J 
V° a+ f{x):=I{x). 

We further define the balanced Reimann-Liouville fractional derivative ([5]) 



I[ h I VZ + f(x),fora<x<^. 



(28) 



13 
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Remark 15. Let now f £ C m ([a,b\), m — \a\ , a > O.In [6] we have 
proved that D™_f(x), D" a f{x) are continuous functions in x <G [a, b]. Of course 
C m {[a, b}) C AC m ([a, &]), so that f e AC m ([a, b}). 

Thus by Theorem 9 of [4], we obtain that also T>^_f(x) exists and continuous 
for every x e [a, b]. Furthermore if f^ k '(b) — 0, k — 0,1..., m — 1 we get 



V%_f{x) = D%_f(x), 



(29) 



V.x e [a,b]. 

Similarly, by [8], p. 39, we get that T>" + f(x) exists and continuous in x <G 
[a, b]. Furthermore if f^ k '(a) =0, k — 0, 1, ..., to — 1 we get 

K + f(x) - D«J(x), (30) 

V.x e [a, 6]. 

So tf/( fe )(a) = /<*>(&) = 0, fc = 0,l,..., m - 1 we obtain that 

V a f(x) = D a f(x), (31) 

V.x <G [a, &]. 

50 62/ Theorem 11 we obtain the corresponding results for the balanced Reimann- 
Liouville fractional derivative. 

Theorem 16. Let f e C m ([a,b\), N 3 m = \a\ , a > 1. Assume f (k) (a) = 
/C £ )(6) =0, fc = 0, 1, ...,m - 1. Assume p, q > 1 : - + - = 1, a> m~ -. 



(i) Case o/ 1 < g < 2.27ien 

/WH||D Q /H|rfw< 

2-("- £ +^(&-a)("- £ - 1+ |) 

r(a - ^)[(p(a - ^ - 1) + l)(p(a - ^ - 1) + 2)]Vp 

£= 1,...,to- 1. 



2/9 



|P a /(u;)| 9 dw 



(32) 



(ii) Case of q > 2. Then 

f -b 

rWt 



r>( W ) \v a f( W )\dw< 



M-e+l) 



(b-a) 



(a-^-l+f) 



r(a - i)[(p(a -£-l) + l)(p(a - £ - 1) + 2)]Vp 
£=l,...,m-l. 



2/'; 



|£> Q /H| 9 du; 



(33) 



14 
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(iii) When p = q = 2, a>m—\, (£ = 1, ...,m — I). Then 



2' 

6 



|/| w Hp«/H | d w < 



CJ 



2 -(a-/+J)( 6 _ )a-/ 

r(a - ^)[- v /2(a-^)(2o;-2^-l) 
( f(V a f(w)fdw). 



(34) 



Remark 17. i<br / G C m ([a, 6]) m = [a] , a > 0, one can rewrite also Theo- 
rems 6, 10, 12 and 13 in the language Riemann-Liouville fractional derivatives, 
as we did in Theorem 16. 

Application 18. Uniqueness of solution to fractional boundary value problem 

(D»f)(t)=F(tJ,f',...,f( m -V): 

/«(o) = Oi,/W(6)=6i,0<i<m-l,m:= \v] , v>l,v>m-^ (35) 

Here f <E AC m ([a, b]), D" a f, D^_f G L 00 ([a, b]);F is a continuous function on 
[a, 6] x R m , t e [a, fej.^feo F fulfills the Lipschitz condition 

m— 1 

|-F(t,Z0,Zl,-,2m-l) -^(t^O^i.-.^m-ll ^ X! *(*) l Zl _Z »'I' 

i=0 

where Qi(t) > 0, < i < m — 1 are continuous functions on [a, 6]. 
Ca/Z 

"'-' 2-( ,y - l +5)(fe-a)' y - 4 



4>(a,b) ■- Y^ hi 



r(u-i)y/2(v-i)(2u-2i-l). 

Assume that 

cf>(a,b)<l. (36) 

Next we prove uniqueness to the solution of (35). Let /i,/2 as above fulfilling 
(35); that is, 

(D"/i)(*) = F{t,fj, %,..., f^) : /f (a) = a,,/f (6) = b t ,0 < i < m-l,j = 1,2. 
CWZ g '■= fi — f 2- Then 

(D»g)(t) = F(t, /!,/{, ..., A (m - 1} ) - F(t, / 2 , /£, ..., fi m - 1] ), 
such that 5 w (a) = 0, g (l) {b) = 0, < % < m- 1. (37) 



15 
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Here 



\F(tJ 1 ,f[,..,f[ m - 1) )-F(tJ 2 ,f! 2 ,...jt- 1) ) 



7U—1 



771—1 



< E «(*) /i (4) ( f ) - /f(*)| = E *(*) 5 w (t) 

i=0 i=0 

From 

{D»g{t)Y = (D" 5 (t)){F(t, /!,/{, ..., A (m - 1} ) - F(t, h,f 2 , ..., jf^)}, 

we obtain 

(ro-l 
E*(*)k (i) w 
i=0 

771—1 

= E%W(I-D^(*)||5 W W 

i=0 

Integrating the last inequality we get 

I (D»g(t)) 2 dt<J2 / *(*) S (0 (t) |0"ff(t)|d* 

a - n •'O 



i=0 

771—1 

< E n« 

»=0 



ff W(t) |D" 5 (i)|dfc. 



(38) 



From inequalities (23) and (13) of [5] we find that 



gW( t )\\D»g(t)\dt 

2 -(v-i+±)(p_ a y-i 
T(v - i) v / 2(2iy-2i- l)(v - i) Ja 



((D»g)(t)) 2 dt, for i = 0,1,..., m-1. 



Combining (38) and (39) we derive 

rb 



((D"g)(t)) 2 dt<^(a,b) / {{D v g{t)) 2 dt 



(39) 



(40) 



If J (D"g(t)) dt 7^ 0, then from (40) we get <f>(a,b) > 1, a contradiction by 
(36). 
Thus 



which implies 



(D»g(t)) 2 dt = 0, 



{D v g{ty = 0, a.e.in t e [a,b]; 



16 
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that is 
Therefore 

and 
But 



D v g(t) — 0, a.e,in t € [a,b]. 



D v b _g{t) = 0, for ^±* <t<b, a.e. 



Dl a g(t) = 0,/or a < t < ^-, a.e. 



gW(a) = g {t) (b) = 0, for allO < i < m- 1. 

So /roTn (i2) and (^j we get g(x) — on [^2 > ^] ' anc ^ 5( x ) = on [a, ^y^l , 
respective/?/. 

TTius 5(2;) = 0, Vse [a, b], giving us /i(x) = f2(x),\/x £ [a, 6] tftaf is proving 
the uniqueness of solution to fractional boundary value problem (35). 
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Two-grid algorithms for linear and nonlinear elliptic problems 
based on HSS iteration method * 

Shishun Li ^and Zhengda Huang * 
Department of Mathematics, Zhejiang University, Hangzhou 310027, P.R. China 



Abstract: In this paper, based on the idea of Hermitian/skew-Hermitian splitting(HSS) iteration method, 
we present several two-grid (two level) algorithms for solving a large class of linear and nonlinear second-order 
elliptic boundary value problems. These algorithms reduce the nonsymmetric linear system or nonlinear system 
on the fine-grid space to two linear (one symmetric positive definite and one shifted skew-symmetric) systems on 
the fine-grid space and the original system on a coarse-grid space. Under certain conditions, these algorithms have 
a convergence property similar to that of the two-grid algorithms proposed by Xu. It is shown, both theoretically 
and numerically, that our algorithms perform well for some convection-diffusion problems. 

Keywords: Two-grid algorithm, Finite element, HSS iteration method, Convection-diffusion problems. 

1 Introduction 

To solve linear and nonlinear elliptic partial differential cquations(PDEs), many authors have inves- 
tigated the two-grid (two level) method or multilevel method ([9, 10, 11, 15, 16, 23, 29]). By employing 
two finite element subspaces, Vh and Vh (with mesh size h <C H) , Xu proposed some two-grid algorithms 
([32, 33, 34]). With these algorithms, solving the nonsymmetric system on the fine-grid space is reduced 
to solving a symmetric and positive dcfinitc(SPD) system on the fine-grid space and the original system 
on a much smaller space; solving the nonlinear systems on the fine-grid space is reduced to solving a 
linear system on the fine-grid space and the original system on a much smaller space. Two-grid method 
was investigated by many authors, for example, Axelsson et al. ([1, 2]), Layton et al. ([26, 27]) and 
other authors ([20, 25, 28]). Additionally, some authors extended this method in other ways, such as the 
finite difference method ([21, 30]) and the finite volume method ([14, 18]). 

Bai, Golub and Ng ([4]) recently proposed the HSS iteration method for solving the large sparse, 
non-Hermitian and positive definite system of linear equations. The advantage of the HSS method is 
that it converges unconditionally to the unique solution of the linear equation. Hence, this method has 
been further investigated in [5, 6, 7, 8, 13, 12]. In this paper, based on the idea of HSS iteration method, 
we present several new two-grid algorithms for solving linear and nonlinear problems, respectively. With 
the proposed algorithms, the solution of the nonsymmetric linear system or the nonlinear system on the 
fine-grid space is reduced to the solutions of two (one SPD and one shifted skew-symmetric) systems on 
the fine-grid space and the solution of the original system on the coarse-grid space. The coarse-grid space 
can be quite small corresponding to the fine-grid space by choosing proper parameter. Moreover, these 
algorithms converge unconditionally to the discretization solution of the original problem even without 
recourse to the coarse-grid space. Numerical results show that these new algorithms perform well for 
the convection-diffusion problems. 

For simplicity of exposition, we assume that f2 is a convex polygonal domain in R 2 . The domain is 
partitioned by quasi-uniform triangulation. We shall use the standard notation for the Sobolev spaces 
W™(fi) with norm || • || miPi n and the seminorm | • | mjP; n ([19]). For p = 2, we denote U m (Vi) = W 2 m (ft), 
Ho(£l) = {v e W}{£1) : v \ga= 0}, || • \\ m = || • |U,2 and || • || = || • || ,2- Throughout this paper, the letter 
C denotes a generic positive constant independent of the mesh parameter and may be different at its 
different occurrences. 

The rest of the paper is organized as follows. In Section 2, we introduce the HSS iteration method 
briefly and present several two-grid algorithms for nonsymmetric elliptic problems. In Section 3, we 
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propose a couple of two-grid algorithms for some nonlinear problems and give the error estimate in Tt 1 
norm. Finally, in Section 4, some numerical experiments are given to show the efficiency of the new 
algorithms. 

2 Two-grid algorithms for nonsymmetric linear problems 

In this section, by employing two finite element subspaces: a coarse-grid space Vh and a fine-grid 
space V/i(C "Hj(f2)), we present a couple of two-grid algorithms for nonsymmetric problems based on the 
HSS iteration method. 

2.1 HSS iteration method and nonsymmetric linear elliptic equation 

Consider the linear system 

Aa? = f, xeC n . (2.1) 

Here, f G C n and A G (jnxn j s j ar g e sp arse non-Hermitian and positive definite. Let 

A = H + S, 

where H = |(A + A*), S = |(A — A*), A* denotes the conjugate transpose of A. The HSS iteration 
method proposed in [4] for solving (2.1) is: Given an initial guess x^°\ for k = 0, 1, 2, . . ., until {x^} 
converges, compute 

(cH + H)x( fe +5) = ( a l - S)x^ + f, 
(aI + S)x( k +V = (al - H)a;( fe+ 5) + f, 

where a is a given positive constant. Bai et al.([4]) have proved that HSS iteration method converges 
unconditionally to the exact solution of the equation (2.1), and the upper bound of the contraction factor 
of the HSS iteration is only dependent on the spectrum of the Hermitian part H but is independent of 
the spectrum of the skew-Hcrmitian part S or the eigenvectors of the matrices H, S and A. 
Consider the nonsymmetric linear equation of the form 

Cu = — V • (a(x)Vu) + b(x) ■ Vu + c(x)u = /, in Q, . . 

u = 0, on dfl [ > 

under the following assumptions. 

Assumption 1: (1) Let a(x) G C 1 (n,i2 2x2 ), h(x) G C 1 ^) 2 , c(x) € C 1 ^) and / G £ 2 (fi), assume 

that c(x) — |V • b(x) > for any x £ J7; 

(2) Assume that a(x) is symmetric and there exists a positive constant m such that £ T a(a;)£ > m|£| 2 
for any ^ G R 2 and x G O. 

For brevity, we omit the variable x in the following exposition. The variational form of (2.2) is to 
find u G "Ho(ri) such that 

A(u,v) = (f,v) V«G«5(fi), (2.3) 

where the bilinear form is 

A(u, v) = / (aVu • Vv + b • Vuv + cuv)dx Vii,«e Ul(fl). 

From Assumption 1, we know that (2.3) has a unique solution u G T-Ll(fl)([17]). 

Set Vh C "Hj(£7) is a piecewise linear finite element space on a mesh from a regular family of partition. 
The finite element approximation of u in (2.3) is to find Uh G Vh such that 

A(u h ,Vh) = (f,v h ) Vv h eV h - (2.4) 

Define P h : V -t V h by 

A(P h u, v h ) = A(u, v h ) V v h G V h - 
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Lemma 2.1 ([17]) Assume that u £ Hq(£1) nH 2 (£l) is the solution of (2.3), if h is sufficiently small, 
then the projection Ph admits the estimate 

\\u - Phu\\o, P < Ch 2 \\u\\ 2 .p, 2<p<oo, 

\\U - P h u\\ 0}OO < C7l 2 |l0gft.|||w||2,oc, 

\\u - Phu\\i, p < C inf ||u - v h \\i.p < Ch\\u\\ 2t p, 2<p<oo. 

VhtVh 

To present new two-grid algorithms, wc define the operators % and S as 

Hu = -(£ + C*)u = -V • (aVu) - -(V • b)w + cu, 

f 1 

Su= -{C- C*)u = b • Vu + -(V • b)u, 

where C* is the adjoint operator of C and 

C*u = —V • (aVw + bit) + cu. 

The bilinear forms of H and S are defined by 

H(u, v ) = / aVw • Vvdx + / (c V • h)uvdx, 

J p. J$i 2 

S(u,v) = I (b • Vu)vdx + / (—'V-b)uvdx. 
Jn in 2 



(2.5) 



Let {<pi, ■ ■ ■ , (fin} be a basis of Vh, i.e., Vh — span{<pi, ■ ■ ■ , <p n }- For any vector v/, = (vi, ■ ■ ■ , D n ) T , 
define 

n 

P : iT" -> Vfc C «5(fi), Vfc = Pv h = J% i¥ >i. 

i=l 

Obviously, P is an isomorphism from R n to Vh- 

Lemma 2.2 Tfte matrix Lf t = (Lij) nxn and the vector f h = (/i, • • • , f n ) T are defined by 

Lij =B((pi,<pj), fi = f{<Pi) (i,j = l,...,n), 

ond t/ie variational problem is to find Uh £ Vh such that 

B(u h , v h ) = (/, Vfc) V ^ e Vh- 

Then the above variational problem and 

LhU h -f h 

are equivalent. If (tih,Vh) = '^2 i UiVi is the usual scalar product, then B(uh,Vh) = B(Puh,Pvh) = 
(L h u hl v h ) and (f h ,v h ) = (f h , v h ) for any v h £ Vh, v h £ R n . 

The above lemma is similar to Theorem 8.L.3 in [24]. From Lemma 2.2, wc introduce an operator 
I and the corresponding bilinear form T{uh,Vh) is defined as I(ipi,<pj) = lij (i,j = L, . . . , n), where 
I = (Iij)nxn is the identity matrix. Denote (ptX ± T-L) (u, v) = aX(u,v) ± - H(u,w) and (al ± S)(u,v) — 
al(u, v) ± S{u, v). 

2.2 Two-grid algorithms and convergence analysis 

Based on the HSS iteration method introduced in above subsection, we present a couple of two-grid 
algorithms to solve the nonsymmetric linear equation (2.2). 

Algorithm 2.1 1. Find Uh £ Vh such that 

A{u H ,v H ) = (f,v H ) \fv H £V H - 

2. Find u* h £ Vh such that 

(al + S)(u h ,Vh) = (a2-H)(u H ,Vh) + (f,v h ) Vv h £V h , (2.6) 

{aX + H)(u* h ,v h ) = (al-S){u h ,Vh) + (f,v h ) V v h £ V h . (2.7) 
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Theorem 2.1 Suppose that Assumption 1 is satisfied and u* h € Vh is obtained by Algorithm 2.1. If H 
is sufficiently small, then 

\\uh - u* h \\i < Cp(a)H\\u\\ 2 and \\u- u* h \\i < C(h + p(a)H)\\u\\ 2 

hold for u G Tt l (£7) , where p(a) = p((al + Hh)~ l (al — Sh)(al + Sh)^ 1 (al — H/J), H^ and S^ are the 
matrices of 7^(u^,^) and S(uh,Vh), respectively. 

Proof: It follows from (2.5) and (2.4) that 

A(uh,Vh) = (al + S)(u h ,v h ) - (al -H)(u h ,v h ) - (f,v h ) V v h e V h , 
A(u h ,v h ) = (al + H)(u h ,v h ) - (al - S)(u h ,v h ) = (f,v h ) V v h e V h - 

A direct calculation with (2.6) and (2.7) implies 

(al + S)(u h -u h ,v h ) = (al-H)(u h -u H ,v h ) Vv h eV h , (2.8) 

(al + U)(u h -u* hl v h ) = (al-S)(u h -u h 1 v h ) Vv h eV h . (2.9) 

It follows from (2.8), (2.9) and Lemma 2.2 that there exist matrices al ± S^, al ± H/j such that 

((al + SfcXu,, - u' 1 ), v fc ) = ((al - H h )(u h - u H ),v h ), (2.10) 

((al + H h )(u fc - u* h ), v fc ) = ((al - S^K - u h ),v h ). (2.11) 

Obviously, Sh is skew-symmetric and H/j is SPD, so (al ± S^) -1 exist and al + H^ is also SPD. Let 
Q(a) = (al — S/j^al + S/j) -1 . Clearly, Q(a) is a unitary matrix. Combining this with (2.10) and (2.11) 
yields 

((aI + H/,)(u/,-Uh),Vh) = ((al- S h )(al + S h y 1 (al - H h )(u h -u H ),v h ) 

= (Q(a)(aI-U h )(u h -u H ),v h ). (2.12) 

Define the bilinear form 

M(w h ,v h ) = / (Vuh ■ Vvh + u h v h )dx V Wh,Vh G Vh- 
Jn 

Obviously, ||w/j||j = A4(wh,Wh). It follows from Lemma 2.2 that there exists a unique SPD matrix M/j 
such that 

M(w h ,v h ) = (M h w h ,Vh) V Wh,Vh e V ft . (2-13) 

Setting v h = (al + Hij^'M^U/, — u k ), by the Schwaz inequality, (2.12) and (2.13), we get 

(M h (u h -u* h ),u h -u* h ) 
< |(Q(a)(aI - H fc )(u fc - u H ), (al + H/J^M^u,, - <))| 

= |(M| (al + H h )- 1 Q(a)(aI - H h )(u fc - u H ), M* (u fc - <))| 

= |(B^K-u ff ),M,i(u h -<))| 



< J(M ft ( U/l - u* ), u fc - u*) V (B£ B h M* (u fc - u fl ), M£ (u h - u H )) 



< p(B h )yJ(M h (u h - u*), u h - u^) A /(M h (u h - u ff ), (u h - u H )), (2.14) 

i _ i 

where B/j = M^ (al + H^) _1 Q(a)(aI — H^)M> 2 and p(B^) denotes the spectrum radius of B/,. From 

(2.13), (2.14) and Lemma 2.1, we have 

K - <lli < p(B fc )||«fc -u H \\i= p((al + H, l )- 1 Q(a)(aI - U h ))\\u h - u H \\i < Cp(a)H\\u\\ 2l (2.15) 

where p(a) = p((al + H/,) Q(a)(al — H/j)). Since Q(a) is a unitary matrix, we have 

p(a) = p(Q(a)(aI + H*)" 1 ^ - H fc )) 
<||Q(a)(aI + H h )- 1 (aI-H ft )|| 
^IKal + HfcJ-^al-HfcJHo, 
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where || • || o denotes spectrum norm. Hence, 



i \ ^ .a — Aj . .„ v A maa; — v A m i„ ■v/k(H; 1 ) — 1 
yo(a) < max | — | = r(a) = -=^ = 

Ai£A(H h ) a + Aj V Amarr + V \nin \J n(H-h) + 1 

holds for a = \/Amaa;A m i n , where A m i„ and A ma;r are the minimum and the maximum eigenvalues 
of the matrix H/>, respectively, and k(H^) denotes the spectrum condition number of H h . Hence, 
p(a) < r(S) < 1 for any a > 0. 

It follows from (2.15) and Lemma 2.1 that 

||w-<||i < \\u- UfcHi + |K -<||i < C(/i + / o(a)F)||w|| 2 . 

This completes the proof. 

According to Theorem 2.1, to derive the optimal accuracy, we can take H = -j^.h for H 1 norm. 
Moreover, the convergence depends on the parameter a and SPD part "H, but does not depend on the 
skew-Hermitian part S. It has been proved that p(a) < 1, however, it is difficult to show that how to 
make p(a) sufficiently small by choosing the optimal parameter a. 

Since HSS iteration method converges unconditionally to the exact solution of the problem, we shall 
present another algorithm without coarse grid correction repeatedly. 

Algorithm 2.2 1. Find uh € Vh such that 

A{u H ,v H ) = (f,v H ) V v H e V H - 

2. Set m° = uh- For any Vh G Vh and fc = 0, 1,. . . ,K — 1, find u\ <G Vh such that 

(al + S)(u h ^,Vh) = (aZ-U)(u h \,v h ) + (f,v h ), 
(al + H)(u k h +\v h ) = (al - S)(u h +k ,v h ) + (f,v h ). 

Theorem 2.2 Suppose that Assumption 1 is satisfied and u^ G Vh is obtained by Algorithm 2.2 for 
K>\. Then 

\\u h -Uh\\i<Cp(a) K H\\u\\ 2 and \\u - uf \\ x < C(h + p(a) K H)\\u\\ 2 
hold for u G Ti 1 ^), where p{a) is defined in Theorem 2.1. 
Proof: This proof is similar to that of Theorem 2.1. It follows from Algorithm 2.2 that 



(al + S)(uh -u h 2 , v h ) = [al - U){uh - u%, v h ), 
(al + H)(uh — i 
Similar to the derivation of (2. 15), we get 



(al + H)(u h - u k h +1 , v h ) = (al - S)(u h - u h 2 , v h ). 



IK -u k h +1 \\i <p(a)||«h-Whl|i- 

Combining the above inequality with the estimation in Theorem 2.1 implies 

IK - «f 111 < p(a) K \\u h - <||i < Cp(a) K H\\u\\ 2 . 

This completes the proof. 

From the above proposed algorithms, we see that each iteration on the fine-grid space alternates 
between the SPD part H and the skew-symmetric part S of the operator C, analogously to the classical 
alternating direction implicit (ADI) iteration for solving PDEs ([22]). Consider the convection-diffusion 
problem 

-eAw + h(x) ■ Vu + c(x)u = f, in 17, 

u = 0, on dCl, 

where e > and e <C ||b(x)||. When these new two-grid algorithms are applied to solve the above 
problem, from inequality (2.15), we have that \\uh — w^||i < p(a)|K — Uh\\i < T(a)\\uh — uh\\i for some 
positive constant r(a) < 1. Therefore, our algorithms converges unconditionally in H 1 norm no matter 
how small e is. The numerical experiment in section 4 shows that Algorithm 2.2 is effective for some 
convection-diffusion problems. 
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3 Two-grid algorithms for nonlinear elliptic problems 

Consider the mildly nonlinear elliptic equation of the form 

C(u)u = -V • (a(x, u)Vu) + b(x, u) ■ Vu + f(x, u) = 0, in O, 

u = 0, on <9£! 



(3.1) 



under the following assumptions. 

Assumption 2: (1) Assume that a(x,u) e C^O x R,R 2x2 ), b(x,u) G C^H) 2 , f(x,u) e C^O) 
and C(w) : Hq(£1) —¥ %~ x (0) is an isomorphism. Here C(w) denotes the Frecher derivative of C at w 
and is given by C'(w)v = — V • (a(x, w)Vv + a'(x, w) ■ Vwv) + b (x, w) ■ Vwv + h(x, w) ■ Vv + f'(x, w)v. 

(2) Assume that a(x, u) is symmetric and there exists a positive constant m such that t; T a(x, it)£ > 
m|£| 2 for any £ <G R 2 , x e fl, u e R. 

From Assumption 2, it can be seen that (3.1) has an isolated solution ([34]). The variational form 
of (3.1) is to find u E Hq(£Y) such that 

A{u,v)=0 VveHKn), (3.2) 

where the natural bilinear form is defined by 

A(u, v)= I (a(w)Vu • Vv + b(w) • Vuv + f(u)v)dx V u, v e ^(Ct). 



(3.4) 



JO, 

The finite element approximation of u in (3.2) is to find Uh € Vh such that 

A(u h ,v h )=0 Vv h £V h . (3.3) 

To present new algorithms, for u,v,w <G W ( J (il) n Hq(£1), we define 

.4.(w;w, v) = / (a(w)Vw • V« + h(w) ■ Vuv + f(w)v)dx V u, v, w € H^Cl) 
Jo. 

and 

H(w;u,v) = / a(w)V« • Vwdx + / (f(w) — -V -h(w))uvdx, 
Jp Jq 2 

S(w;u, v) = / (b(w) • Vu)vdx 4- / ( — V • h(w))uvdx. 
Jn Jn 2 

Denote (al±'H)(w; u, v) = oH(w; u, v)±H(w; u, v) and (cuZ±<S)(w; u, i>) = al(w; u, v)±S(w; u, v), where 

the bilinear form X(wh',Uh,Vh) = X(uh,Vh) satisfies X(cpi,ipj) = Iij (i,j = 1, . . . ,n) and I = (Iij) n xn is 

the identity matrix. 

Algorithm 3.1 1. Find uh € Vfj smc/i t/iaf 

A(u H ,v H ) = V » fl £ Vs. 

(al + S)(u H ;u h ,v h ) = (al - H)(u H ;u H ,v h ) V t; h G 14, 
(al + H)(u H ;u* h ,v h ) = (al - S)(u H ;u h ,v h ) V w ?l G Vfc. 

Theorem 3.1 Suppose that Assumption 2 is satisfied and u* h € Vh is obtained by Algorithm 3.1. Then 
\\u h -u h \\ l <C(p(a)H + H 2 ) and \\u - <||i < C(h + p(a)H + H 2 ), 

where p(a) is defined in Theorem 2.1. 

Proof: It follows from (3.3), (3.4) and Algorithm 3.1 that 

(al + H)(u H ;u h - u* hl v h ) 

= [(al + H)(u H ;u h ,v h ) - (al + H)(u h ;u h ,v h )} 

+ [(oil - S)(u h ;u h ,v h ) - (al-S)(u H ;u h ,v h )} 

+ [(al-S)(u H ;u h ,v h ) - (al - S)(u H ;u h ,v h )} 
— Qi + Qi + (oil - S)(u H \ u h - u h ,v h ). (3.5) 



Shishun Li and Zhcngda Huang 



886 



By the Cauchy-Schwarz inequality and Lemma 2.1, we obtain 

|Qi| = \(al + H)(u H ;u h ,v h ) - (al + H)(u h ;u hl v h )\ 



< 



{sl(u h ) - a(«/ l ))Vw/, • Vv h dx 



1 



[(/(u/f) - /(«/>)) ^ 2*- V ' b ( Uff ) ~~ V ' b(u/,)]wht>h«fo; 



< C / |u ff - Uh||Vuh • Vw^ldx + C / |ujj - UftHuftW^ldx 



and 



< C|Wh|l,oo||Wh- Wff|||M|l 

<C# 2 |||Mi, 



\Q 2 \ = \(al-S)(u h ;u h ,v h ) - (al - S)(u H ;u h ,v h )\ 

1 



< 



[b(ujj) - b(ufc)] • Vu h v h dx 



Jo 



< C\u h \l,oo\\Uh -u H \\\\vh\\i 



(3.6) 



(3.7) 



(3.8) 

(3.9) 

(3.10) 
(3.11) 



Again, from (3.3), (3.4) and Algorithm 3.1, we also obtain 

(al + S)(u H \u h -u h ,v h ) 
= [(al + S)(u H \u h ,v h ) - (al + S)(u h ;u h ,v h )} 

+ [(al -H)(u h ;u h ,v h ) - (al - H)(u H ;u h ,v h )} 

+ [(al -H)(u H ;u h ,v h ) - (al - H)(u H ;u H ,v h )} 

= Qi +Q2 + (al -H)(u H ;u h -u H ,v h ). 
Using the same techniques for (3.6) and (3.7), we have 

|Qi|<<?# 2 ||KHi and \Q2\<CH 2 \\\\v h h. 
It follows from (3.5)-(3.9) that 

(al + S)(u H :u h - u h ,v h ) < CH 2 \ \ v h \ \ 1 + (al -%)(u H :u h - u H ,v h ), 
(al + H)(u H ;u h -u* h ,v h ) < CH 2 1 1 v h \ \ 1 + (al - S)(u H \u h -u h ,v h ). 

Similar to the derivation of (2.15), the above inequalities imply 

\\u h -u* h \\ l <CH 2 + p(a)\\u h -u H \\ l <C(p(a)H + H 2 ). 

Then, it follows from Lemma 2.1 ithat 

\\u-u* h \\ 1 <\\u-u h \\ 1 + \\u h -u* h \\ 1 <C(h + p(a)H + H 2 ). 

This completes the proof. 

We see that Algorithm 3.1 reduces a nonlinear system to two (a shifted skew-symmetric and a SPD) 
linear systems on the fine-grid space and a nonlinear system on the coarse-grid space. If the parameter 
a is chosen to make p(a) sufficiently small, the mesh size of the coarse grid H can be chosen as -j^\h. 
Therefore, the coarse-grid space Vh can be chosen much smaller than the fine-grid space Vh and still 
achieve optimal approximation. However, for some cases, p(a) is close to 1. To make coarse grid H 
sufficiently small, it need to add the number of iterations on the fine-grid space, and we obtain another 
two-grid algorithm. 

Algorithm 3.2 1. Find uh € Vh such that 

■A(u H ,v H ) =0 V v H e V H - 
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2. Set u^ = Uh- For any v^ G Vh o,nd k = 0, 1, . . . , K — 1, find u^ G Vh such that 



fe+i 



(al + S)(u H \u h 2 ,Vh) = (al -U)(u H ;u k h ,v h ) V^eVj,, 



fe+i 



(al + H)(u H ;u h + ,v h ) = (al - S)(u H ;u h 2 ,v h ) "iv h eV h 



Theorem 3.2 Suppose that Assumption 2 is satisfied and u^ G Vh is obtained by Algorithm 3.2 for 
K>1. Then 

||u/.-U/»1|i <C(p(a) K H + H 2 ) and \\u - uf ||i < C '(h + p{a) K H + H 2 ) 
hold for u G Tt 1 ^), where p(a) is defined in Theorem 2.1. 
Proof: Using the same technique for (3.10) and (3.11), from Algorithm 3.2, we have 

(al + S)(u H ;u h -u h 2 ,v h ) < CH 2 \\v h \\ 1 + (al - H){u H ;u h - u k h ,v h ), 
(al + H)(u H ;u h -u k h +1 ,v h ) < CiJ 2 ||wh||i + (al - S)(u H ;u h - u h 2 ,v h ). 
Similar to the derivation of (2.15), the above inequalities imply 

\\u h -u k h +1 \\ 1 <p(a)\\u h -u k h \\ 1 + CH 2 . 

Combining the above inequality with the estimation in Theorem 3.1 implies 

\\u h uJHlx < p(a) K \\u h - 11% + C-\-H 2 < C(p(a) K H + H 2 ). 

1 - p(a) 

This completes the proof. 



4 Numerical experiments 

In this section, we present two numerical examples for Algorithm 2.2 and Algorithm 3.2, the first 
example is for linear equation (2.2) and the second one is for quasi-linear equation (3.1). The experiments 
were carried out on a PC with Intel CPU T5600 and 2.50 GB memory. For all tests we use the piecewise 
linear basis functions. 
Example 4.1: (standard test problem as in [3, 31].) 



-eAi 



b-Vu 

u 



f, 
0, 



in fl, 
on dfl, 



(4.1) 



where b = (cos if, sin ip) T and / is chosen so that u = x(l — x) sin(7ry) is the exact solution. The domain 
Vt = [0, 1] x [0, 1] is uniformly divided into families Th and Th of triangulations. 

In the experiment, we compare Algorithm 2.2 with Algorithm 4.1 proposed in [34] by taking different 
values of ip and e. The coarse mesh size and fine mesh size are set as H = i and h = ^Ig, respectively, 
and the choices of parameters a are listed in Table 1. The CPU times are given when the solutions 
computed by Algorithm 2.2 and Algorithm 4.1 of [34] approximating to the finite element solution Uh- 
From the numerical results listed in Table 2, Algorithm 2.2 spends more CPU times when e = 1 since 
it need to solve shifted skew-symmetric systems on the fine grid. Fortunately([12]) the skew-symmetric 
systems can be solved to relatively low accuracy by inner iteration schemes, such as the Krylov subspace 
method. In the experiment, the GMRES method with low accuracy is used, so it does not need to spend 
too much time to solve the skew-symmetric systems. However, if e becomes smaller, i.e., equation (4.1) 
is diffusion-dominated, Algorithm 2.2 can derive better results. 





Table 1 . The values of a 


for Algorithm 2.2. 


e 


1 


lc-2 


lc-3 


le-4 


ex 


1.2 


2c-2 


2.5e-3 


8c-4 



Table 2. 'H 1 -error for equation (4.1) computed by Algorithm 2.2 and Algorithm 4.1 in [34]. 
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Algorithm 4.1 in [34] 


f 


£ 


II" - "hill 


CPU Timc(s) 


\\u — u h \\i 


CPU Timc(s) 





1 

lc-2 
le-4 
le-5 


1.13e-3 
1.13c-3 
1.14c-3 
1.48e-3 


77.04 
79.66 
83.41 
99.34 


1.13e-3 
1.35e-3 
7.86e-3 
7.96e-3 


57.04 
57.84 
86.96 
111.89 


n 
16 


1 
lc-2 
le-4 
le-5 


1.13e-3 
1.13c-3 
1.17c-3 
1.54e-3 


80.15 
79.60 
82.89 
105.77 


1.13e-3 
1.35e-3 
7.87e-3 
8.04e-3 


59.76 
59.83 
86.88 
113.66 


n 
8 


1 
lc-2 
le-4 
le-5 


1.13e-3 
1.13c-3 
1.20c-3 
1.79c-3 


81.76 
79.68 
82.86 
105.31 


1.13e-3 
1.35e-3 

7.88e-3 
8.18e-3 


60.85 
60.41 
87.39 
113.30 


3tt 

8 


1 
le-2 
le-4 
le-5 


1.13c-3 
1.13c-3 
1.20c-3 
1.72e-3 


81.64 
79.54 
82.49 
104.46 


1.13e-3 
1.35e-3 
7.87c-3 
8.04e-3 


66.06 
60.96 
86.89 
116.69 



Example 4.2: Consider the stationary viscous Burger' equation 

—sAu 



b(u) • Vw 
u 



= f, 
= 0, 



in ft, 
on dfl, 



(4.2) 



where s — 0.1, b(w) = (u,u) and / is so chosen that u — 50cos(27ra; -\ ){y — y ) is the exact 

solution. The domain O = [0, 1] x [0, 1] is uniformly divided into families Th and Th of triangulations. 
The standard finite element solution uu on different meshes is computed by Newton-GMRES method 
and the numerical results are listed in Table 3. In the implementation of Algorithm 3.2, we fix the fine 
grid h and vary the coarse grid. We solve equation (4.2) exactly on the coarse grid and solve a linear 
system on the fine grid by HSS iteration method. The numerical results listed in Table 4 shows that u^ 
computed by Algorithm 3.2 can approximate to the standard finite element solution uu very well. 







Table 3. Error of u^ in 7i 


norms for equation (4.2 


)■ 




Mesh 


h=h 


h=h 


h- -J- 

" 128 


h- -!- 

" 256 


h- -i- 

" 512 


ll«- UfcUl 


6.60c-l 


3.29c-l 


1.64c-l 


8.22c-2 


4.11c-2 


Table 4. 7i -error for equation (4.2) computed by Algorithm 3.2. 


Meshes 


H — L h — L 
n R4 ' " 2Kfi 


TT _ 1 f. _ 1 

■" 1 28 ' 256 


TT _ 1 h _ 1 

12 128'" 512 


H — l h — l 

n 256 ' 51 2 


ll«-<l|l 


8.24c-2 


8.22c-2 


4.11c-2 


4.1 le-2 


a 


3c-2 


2c-2 


1.75c-2 


1.75e-2 
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Counter examples, Comparison principles. 

1 Introduction and preliminaries 

In recent years, there are vast scale of papers devoted to the nonlinear boundary 
value problems for impulsive differential equations(see [l]-[7]). This type of equations 
has become an important aspect of impulsive differential equations for its deep physical 
background and realistic mathematical model. It is well known that the comparison 
principles play important roles in the theory of impulsive differential equations, for 
example, they are essential for developing the monotone iterative method, which per- 
mits us to construct a sequence of approximate solutions converging to the extremal 
solutions of differential equations with nonlinear boundary value conditions (see [1]- 
[7]). The purpose of this note is to give out two counterexamples on the comparison 
principles in Lemmas 1 and 2 of [1]. And then we establish two new comparison 
principles. 

In [1], Chen and Sun considered the following nonlinear boundary value problem 

' x'(t) = f(t,x(t),x(6(t)),(Wx)(t),(Sx)(t)), t^t k ,tEJ=[0,T], 
Ax(t k ) = I k (x(t k )), fc = l,2,...,p, (1.1) 

g(x(0),x(T)) = 0, 

where f EC(Jx R\ R), I k E C(R, R),g E C(R x R, R), 9 E C(J, J), Ax(t k ) = x(t+) - 
x(tj~), in which x(t^),x(t^) denote the right and left limit of x(t) ait k ,k = 1,2, •• • ,p, 
which are fixed points such that < ti < t 2 < ■ ■ ■ < t p < T, J = J \ {ti,t 2 , ■ ■ ■ t p }. 
The integral part in Eq. (1.1) is defined by 

p(t) nT 

(Wx)(t)= K(t,s)x(8(s))ds, (Sx)(t)= H(t,s)x(a(s))ds, 

Jo Jo 

here 7,^ 6 C(J, J),K(t,s) E C(D,R + ),D = {(t,s) E J x J : < s < 7 (t),t E 
J},H(t,s) E C(J x J,R + ),K* = max{K(t, s) : (t,s) E D},H* = max{#(£, s) : 
(t,s) E J x J}. 
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For convenience, we first introduce some definitions: PC (J) = {u : J — >■ R : u 
is continuous for any t G Jo; u (tk)^ u (^k) © x ist , /c = 1,2, ••• ,p and u(t^) = u(tk)}, 
PC 1 (J) = {u G PC (J) : u is continuously differentiable for any t G Jo; u'(0 + ), 
u'(T~), u'{t+) and «'(£") exist for k = 1,2, • • -p}. It is clear that PC(J) and PC 1 (J) 
are Banach spaces with the norms 

II u \\pc(J)= sup{| u(t) |: t G J}, || u ||pci(j)=|| « ||pc(j) + II «' ||pc(j) • 

2 Problem and statement 

In this section we first recall the comparison principles in [1]. 
Comparison Principle 2.1 (Lemma 1 of [1]) If u G PC 1 ^) and satisfies 

u'{t) < -M lU (t) - M 2 u(6(t)) - M 3 (Wu)(t) - M 4 (Su)(t), t^t k ,teJ, 
Au(t fc ) < L fc u(t fc ), fc = l,2,...,p, (2.1) 

u(0) < 0, 

where M t > 0, i G {2, 3, 4}, -1 < L fe < for k = 1, 2 • • -p. Assume that < 9, 5, a < t 

and 

P r T , 7 (t) /-T 

(1 + FR 1 + L k)~ l ) / |M 2 e Ml (*- e «) + M 3 / ^(t, s)rfs + M 4 / JJ^t, s)ds]di < 1, 
■ =1 Jo Jo Jo 

(2.2) 
where K^s) = e Ml(t - s ^K(t, s), #i(£,s) = e Ml ^' a ^H(t, s). Then u(t) < on J. 
Comparison Principle 2.2 (Lemma 2 of [1]) If u G PC 1 ^) and satisfies 

u\t) > M lU (t) + M 2 u(6(t)) + M 3 (Wu)(t) + M 4 (5'«)(t), t^t h ,teJ, 
Au(t k )>L k u(t k ), k = l,2,---,p, (2.3) 

u(T) < 0, 
where M* > 0, i G {2, 3, 4}, L fc > for k = 1, 2 • • -p. Assume that t < 6, 5, a < T and 

(1 + TT(1 + L k )) / [M 2 e Ml W~V + M 3 / K 2 (t, s)ds + M 4 / H 2 (t, s)ds]dt < 1, 
• =1 Jo Jo Jo 

(2.4) 
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where K 2 (t,s) = e M ^ 5 ^-^K(t,s),H 2 (t,s) = e Ml ^^-^H(t,s). Then u(t) < on J. 

Now we give following counterexamples to Comparison Principles 2.1 and 2.2, re- 
spectively. 

Counterexample 2.1 In Comparison Principle 2.1, we let M\ = M 2 = M 3 = 0, M4 = 
l,Li = 0,T = 2,ti = l,H(t,s) = ^,0(t) = 7(t) = 8(t) = a(t) = t. Then from 
Hifas) = e M ^- a ^H(t,s), we have #i(t,s) = i. So 

(1+J|(l+L fc )) / [M 2 e Ml( '- e(t)) + M 3 / K 1 (t,s)ds + M 4 H 1 (t,s)ds]dt = - < 1, 
J=1 Jo Jo Jo 5 

which shows (2.2) holds. 

Set 

f -27t 2 + t, tG[0,l], 

u(t) = ^ 

[ -27t 2 + t-l, te (1,2]. 

We easily obtain u(l + ) < u(l~), u(0) = 0. Also we have 

If 2 If 2 

u'{t) -\ / u(s)ds = -54* + H / (-27s 2 + s)ds 

10 Jo 10 Jo 

= -54t-6<0 Vie [0,1]. 

M 'W + 777 / u ^ ds = ~ Mt + l + 777 / (" 27s2 + s " X ) rfs 
10 J 1U Jo 

31 
= -54t <0 Vie (1,2]. 

5 

Therefore, u(t) satisfies both (2.1) and (2.2). However, u(t) > on t e (0, ^), which 
shows that Comparison Principle 2.1 is not true. 

Counterexample 2.2 In Comparison Principle 2.2, we let M ± = M 2 = M 3 = 0, M 4 = 
l,Li = 0,T = l,ti = l,H{t,s) = l,6(t) = 7(t) = <*(*) = cr(t) = i. From H 2 (t,s) = 
e Mi((T(s)-t)^-^ s ^ we h ave if 2 (t, s) = |. Then we easily obtain 

P nT p(t) nT 2 

(1+TT(1+L fc )) / [M 2 e Ml ^-') + M 3 / K 2 (t,s)ds + M 4 H 2 (t, s)ds]dt = - < 1, 
■ =1 Jo Jo Jo <J 
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which shows (2.4) holds. 
Set 

u(t) = 



-27t 2 + 53* - 27, *e[0,|], 

-27* 2 + 53* - 26, *e d,l]. 



We easily obtain u{\ ) > u{\ ), u(l) = 0. Also we have 



«'(*) 



- J u(s)ds = -54* + 53 - - / (-27s 2 + 53s - 27)ds 
3 Jo 3 Jo 



19 1 

-54* + 53 + — >0, V*g[0, -], 

o 2 



u'(t) - - u{s)ds = -54* + 53 - - / (-27s 2 + 53s - 26)ds 
3 io 3 Jo 

= -54* + 53 + ^>0, V*e(J,l], 

o 2 

which shows (2.3) holds. 

Therefore, u(t) satisfies both (2.3) and (2.4). However, u(t) > on * G (||, 1), which 

shows that Comparison Principle 2.2 is not true. 

After carefully checking the proofs of Lemmas 1 and 2 in [1] , we find the causes of 
the errors of the comparison principles. 

Cause 2.1 In lemma 1 of [1], the authors only gave out the proof under the condition 
** < **. However, if ** > **, the conclusion is not correct. The same problem also 
occurs in the proof of Lemma 2 (for details, see [1]). 

Now we show two new comparison principles as follows. 
Theorem 2.1 Suppose that u G PC 1 (J) and 

u'(t) < -M lU (t) - M 2 u(6(t)) - M 3 {Wu){t), t ± t k ,t G J, 

Au(t k ) < L k u(t k ), fc = l,2,...,p, (2.5) 

w(0) < 0, 

where M t > 0,i G {2,3}, -1 < L k < for k = l,2---p. Assume that < 9,^,8 < * 

and 

P rT pit) 

(1 + H(l + LkY 1 ) / [M 2 e M ^- e ^ + M 3 / K^t, s)ds]dt < 1, (2.6) 

■ =1 Jo Jo 
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where K x (t, s) = e M ^ l - s ^K(t, s). Then u(t) < on J. 
Proof. Let v(t) = u(t)e Mlt . Then we have 

' v'{t) < -M 2 e M ^- e ^v{6{t)) - M 3 (W lV )(t), t^t k ,teJ, 
Av(t k ) < L k v(t k ), k = l,2,---p, 

v(0) < 0, 

where (W lV )(t) = J 7(<) K^t, s)v(5(s))ds. 

Obviously, the functions v(t) and u(t) have the same sign on t G J. 

Suppose,to the contrary, that there exists a t* G J such that v(t*) > 0. Let £* G 
[0,t*), such that v(Q = mi{v(t) : t G [0,f )} = -A, then A > 0. 

If A = 0, we have v'(t) < on t G [0, t*]. Therefore, Av(t k ) < 0, < t k < t*. Hence 
v(t) is non-increasing and v(t*) < v(0) < 0, which is a contradiction. 

If A > 0, assume that t* G (£j, t i+1 ], t* G (t,-, tj+i], i, j — 0, 1, 2, • • • m, i < j. Now, we 

integrate the first inequality of (2.5) between £* and t i+i and obtain 

rU+i pit) 

v(t i+1 ) - v(Q < A / [M 2 e Ml{t - m) + M 3 / K^t, s)ds]dt. 
Ju Jo 

Similarly we get 

rU+2 pit) 

v(t i+2 )-(l + L i+1 )v(t i+1 )<\ / [M 2 e M ^- ^ + M 3 / K 1 (t,s)ds]dt, 

Jt i+1 Jo 



rtj pit) 

v(tj) - (1 + Lj-Jvitj-!) < A / [M 2 e M ^- e ^ + M 3 / K ± (t, s)ds]dt, 

Jtj-x J0 

pt* pit) 

v(t*) - (1 + Lj)v(tj) < A / [M 2 e Ml{t - e{t)) + M 3 / ^(t, s)ds]dt. 

Jtj Jo 

By summing up both sides of the inequalities above, we get from v(t*) = —A 

P r T p(t) 

(1 + J](l + Lfe)- 1 ) / [M 2 e M ^- e ^ + M 3 / K^t, s)ds]dt > 1, 
■ =1 Jo Jo 
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which is a contradiction. Therefore, v(t) < on t G J. The proof is complete. 
Theorem 2.2 Suppose that u G PC 1 (J) and 

u'(t) > Afiw(*) + M 2 u(0(t)) + M 3 (Su)(t), t^t k ,t e J, 
Au(t k ) > L k u(t k ), k = 1,2, ••• ,p, 

m(T) < 0, 



(2.7) 



where M, > 0,« 6 {2,3}, L fc > for k = 1, 2 • • -p, (Su)(t) = j t H(t,s)u(a(s))ds. 
Assume that t < 9, a < T and 



(1 + Y[(l + L k )) [ [M 2 e M ^^ + M 3 / H 2 (t,s)ds]dt<l 
■ =1 Jo Jt 



(2-* 



where 7J 2 (t, s) = e Ml{a( - s ^H(t, s). Then u(t) < on J. 
Proof. Let t>(£) = u(t)e~ Mlt . Then we have 

v'{t) > M 2 e M ^-^v{6(t)) + Af 3 (5'iu)(t), t^t k ,teJ, 
Av(t k ) > L k v(t k ), k = l,2,---p, 

v(T) < 0, 

where (Siv)(t) = f H 2 (t,s)v(cr(s))ds. 

Also the functions v(t) and u(t) have the same sign on t G J. 

Suppose,to the contrary, that there exists a t* G J such that i> (t*) > 0. Let £* G 
(t*,T] such that u(t,) = inf{v(t) : £ G (t*,T}} = -b. Then 6 > 0. 

If b = 0, we have u'(t) > on t G (t*,T]. So Au(t fc ) > 0, t* < t k < T and 
v(T) > v (£*) > 0, which is a contradiction. 

If 6 > 0, assume that t* G (£*, £j+i],£* G (tj,tj+i], i,j = 0,1,2,- ■ -m,i < j. Now, we 
integrate the first inequality of (2.7) between t* and U+i, we have 

v(t i+1 ) - v(t*) >-b[ "'[Mae^^W-* 5 + M 3 / # 2 (t, s)ds]dt. 

it* it 

Similarly we get 

v(t i+2 ) - (1 + A+iMfc+i) > -b f l "\M 2 e M ^-^ +M 3 f H 2 (t, s)ds]dt, 

Jti + l Jt 
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r-T 

v(tj) - (1 + Lj-Jvfo-i) >-b I [Mae^ 1 ^^-^ + M 3 / H 2 (t, s)ds]dt, 



u(t„) - (1 + LjOu^-) > -6 / [M 2 e Ml W~V + M 3 / if 2 (t, s)ds]dt. 

Jtj Jt 

By summing up both sides of the inequalities above, we have from v(t*) = —A 
(1 + fj(l + L k )) [ [M 2 e M ^-^ + M 3 / H 2 (t, s)ds\dt > 1, 

which is a contradiction. Hence w(t) < on t G J. The proof is complete. 
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Abstract- This paper considers a non-autonomous differential equation of second order with 
multiple variable deviating arguments. By using time-varying delay Lyapunov-Krasovskii functional, 
we propose to find some sufficient conditions for the solutions of the equation considered are 
quadratic integrable. 



1. Introduction 

In applied science, second order nonlinear differential equations with and without time lag are 
used to model some practical problems in biology, chemistry, physics, mechanics, electronics, 
engineering, economy, control theory, medicine, atomic energy, information theory, etc. (see the 
books of Ahmad and Rama Mohana Rao [1], Gopalsamy [4], Kolmanovskii and Myshkis [7], 
Kolmanovskii and Nosov [8], Krasovskii [9] and the references thereof). On the other hand, till now, 
many theoretical results relative to the stability, boundedness, etc. of solutions of nonlinear 
differential equations of second order have been obtained in the literature (see the papers of Baker [2], 
Cheng and Xu [3], Kato ([5], [6]), Malyseva [10], Meng [11], Muresan [12], Napoles Valdes [13], 
Saker[14], Sun and Meng [16], Tun? [17-23], Tuns and Sevli [24], Tunc and Tunc [25], Zhao [26], 
Zhao et al. [27, 28], Wang [28], Xu [29] and the references cited in these sources). 

Meanwhile, first, in 1995, Meng [11] considered ordinary linear differential equation 

x\t) + p(t)x\t) + [q, (t) + q 2 (t)]x(t) = f{t). (1) 

With the aid of auxiliary functions and integral inequalities, the author obtained some sufficient 
conditions under which all solutions of Eq. (1) belong to LT [a, °°) or IT [a, °°) Pi L~ [a, °°). 
Later, in 2002, Run [29] studied second order time lag differential equation 

(r(t)x'(t)Y + [a(t) + b(t)]x(t) = f[t,x(t),x((p(t))]. 

The author obtained two conclusions about the boundedness and quadratic integrability of the 
solutions of the above equation. 

At the same time, in 2002, Sun and Meng [17] took into consideration nonlinear differential 
equation of second order without a deviating argument, 

(r(t)x(t)Y + p(t)x\t) + [q, {t) + q 2 (t)]x(t) = f(t, x{t)). (2) 

The authors studied quadratic integrability and boundedness of all solutions of Eq. (2), and the main 
results in [17] were obtained by application of an auxiliary function, the Lyapunov function. 

Later, in 2005, Zhao et al. [27] concerned with the following second order differential equation 
without a deviating argument 

(r(t)xXt))' + p(t)x\t) + q { (t)x(t) + q 2 (t)x(t -z) = f(t, x(t)). (3) 
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The authors established some sufficient conditions to show that all solutions of Eq. (3) belong to 
L°°[a,°°) or L [a, °°), respectively, and the Lyapunov functional method was employed as main 
tool. 

Finally, in 2007, Zhao et al. [28] considered nonlinear differential equation of second order with 
a deviating argument 

(r(t)x(t))' + p(t)x(t) + q x (t)x(t) + q 2 (t)x(h(t)) = f(t, x{t)). (4) 

The authors established a theorem which include some sufficient conditions and guarantee that all 
solutions of Eq. (4) are integrable. 

In this paper, instead of Eq. (4), we consider a non-autonomous differential equation of second 
order with multiple variable deviating arguments, 

n 

(r(t)x'(t))' + p{t)x\t) + q (t)x(t) + £ q. (t)x(h t (f )) = f(t, x{t)\ (5) 

where te. [a,°°), {a > 0, ae 3i), p, q and q i are continuous functions and r andfy are 
differentiable functions on [a,°°) with r{t) > 0, < hit) < t, lim hAt) —> °°, / is a continuous 
function on [a, °o) x (— °°, oo) with 

\f(t,x)\<g(t) + k(t)\x\ a , g(t)>0, k(t)> 0,0 < a <l,ae9i. (6) 

However, to the best of our knowledge, no author has discussed the integrability of solutions of 
second order differential equations with multiple deviating arguments. Thus, it is worthwhile to 
continue to the investigation of the integrability of solutions of nonlinear differentials of second order 
with multiple deviating arguments. That is to say that this paper is the first attempt on the topic. This 
work is motivated by the papers of Zhao et al. [28] and the works mentioned above. We here establish 
a new result on the quadratic integrability of the solutions of Eq. (5) and also an example is 
considered to illustrate the result obtained. It should be noted that Eq. (5) and the assumptions will be 
established here are different from that in the papers mentioned above and in the literature. Our result 
is new and complement to previously known results. 



2.Main result 

Our main result is given by the following theorem. 

Theorem. In addition to the basic assumptions imposed on the functions 
r, p, q , q f , h i and /, we assume that the following conditions hold: 

(i) q (t) > 0, q' (t) > 0, q t (t) > 0, r\t) > 0, p(t) > 0, h'(t) > for all te [a,°°), 



- -1 

r 2 (t)q' Q (t)q ~2(t) 



< 8 < 4, ( S is appositive constant), 



n 

(ii) f ( *° 0) *'<'> *< oo, [*«_*< 00, f £ <co , 

{ q Q 3 (t)C(t) ifiJtJrXt) { X\t)q^{t) 
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]r 2 (t) 



dt 



q' (t)k(t) 



* <00 'J^7 #<~,J- 



k(t) 



a q ~T(t) 



-dt<<x>, 



a q -T(t)r 2 (t) 
\ p{i)r~\t)dt < oo, \C(t)q ~2(t)dt < °°, where ^b,(f) = C(t), 



U- 2 (0 + A 2 (Q] g ,.(Q 2 ^(Qr'ffl 

b i (h i (t)) = — — , (i = l,2,..., n), A (t) = . 

hit) - 

2ql.it) 

Then any solution x{t) of Eq. (3) is quadratically integrable and bounded. 
Proof. Define the Lyapunov functional 

V{t) = Jq~(t)x 2 {t) + -p!L{x\t)) 2 +Y j \b i {s)x\s)ds. 



The time derivative of the Lyapunov functional V (?) along solutions of (5) is given by 

(At)) 2 + 



dV = q { ^_ x2(() + 2 J^ x(t)x > (t) + 

dt 2jqjt) 



r(t) ^ 



4qJf) 

+ x {b t (t)x 2 (t) - h;(t)b t (h t (t)) X 2 (h, (0) } 



: , 2r{t)x\t)x\t) 



yjq (t) 



q °j^- x 2 (t) + 2jq^t)x(t)x\t) + -^== (x(t ) ) 
2^q (t) jq (t) 



r '(0 ,„>,*si «o(OKO,„^^2 



(x\t)Y 



2q i(t) 



+ 2r{t)x J^ {t) + £ {bi (t)x 2 (t) - h'^b, (h, (t))x 2 (h t (f)) }• 



It follows from (5) that 



x\t) = -—[fit, xit)) - r\t)x\t) - p(t)x\t) - q it)xit) - £ q. (f)x(^ (t))]. 
r(t) ,=i 



Hence 



dV ±^Lx 2 it)-4^(x'(t)) 2 -^^(x'it)) 2 + ^Mfit,xit)) 



dt 2^q~Ji) V^W 



2q i(f) 



V?o(0 



^ (t) ^ S <7* (0X(/1 ; (0) + S to CO*' W - ^i (^ (O)^ 2 i\ it)) } 



V?o(o >■=' 



(7) 
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by the last estimate and p{t) > 0. 

The assumption \f(t, x) < g(t) + k(t)\x\ implies 

^4£Lx 2 ( o-^(*W--^(*'(0) 2 

dt 2^q Q (t) Jq (t) 2q - 2{t) 

+ x (Q + ' xit) 

- >^ qi (t)x(h t (0) + Z to «* 2 (0 - W* ft (0)* 2 (h, (0) }• 



V<? (o ■■= 



By the estimate -ax 2 + &x < x 2 H , it follows that 

2a 



— -< — . x (0 3 — (x(0) - , 2^w x( Aw) 

* 2V«o(0 2 9o 2(0 V«o(0 w 

r'(0 , w , 2g 2 (Q 2fc(Q|x(Q| g 

(x (?)) + j 1 , X (Q 



Let 



so that 



+ £>,. (Ox 2 (0 - hfr)bi ft (t))x 2 ft (0)]. 



2 V^o(0 2 fl 2 (() V?o(0 i=1 



JV 2/c(0|x(0| ,, N 2g 2 (0 

<S(0 + — , ' x (Q + 



dt ' JqJJ) ' 4q^f)r\t) 

+ X ft (t)x 2 (0 - K{t)b t ft,. (0)x 2 ft (0) } 



by q (t)>0 and r'(t) > 0. 
It also follows from (5) that 



r(0[x'(01 2 = [r(t)x(t)x'(t)]' + p(t)x(t)x'(t) + # (Ox 2 (0 

+ x(0Z«,-(0*(W)-/(f.*(0)*(0 



and 
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*<V W . «S«*W -J^ [K(W ,), W 



2V?o(0 



2# 2 (0 2 ^o 2 CO 



-^-p(0^)/(0 --^ *«!>,■ (0*(W) +-^-/(U0W0 

2^ 2(0 2 ?0 2(?) w 2tf 2(» 



so that 



«(0 = — ^4^-[ r W*(0*W-- ^4^-K0*(0*'(0 

2^,2(0 2^ () 2(0 

—^P-xffiZq^x^t)) +-^P-f(t,x(t))x(t) -2^ = Y d q i {t)x{h i {t))- 

2q 2(t) w 2<? 2(0 V?o(0 ' =1 

The estimate |/(f , x)| < g(0 + k(t)\x\" leads 

5(0 < — ^p-Vr{t)x{t)x{t)-\'--^P-p{t)x{t)x\t) 
2q i(t) 2q Q 2(t) 



3 

2q 2(t) m 2^ 2(0 



q'(t)k(t), , a+ i 2x'(0 A . . ,, ... 

+ 3 l*(o| -^^x^wx(a,(o)- 

2^ () 2(0 V«0(0 - 1 



Let 



A(t) = -—A^£ ? . (0^.(0) — ^^(OZ^O^tO). 

V«o(0 <=' 2^,2(0 !=1 

Using the estimate - 2wv < /3 2 u 2 + /? 2 v 2 , it follows that 

A(0 < X $ (0U~ 2 (0x 2 {h, (0) + i 2 (0?o _1 (0(*'(0) 2 } 

+ x q t (ou 2 (Ox 2 (^ (0) + 4- 1 ;r 2 (o(«o (0) V (Ox 2 (0 } 

= {X 2 (t)q - 1 (0(x'(0) 2 + 4" 1 /T 2 (t)(q' (0) V' (t)x 2 (t) }£ q. (t) 

i=l 

+ {A~ 2 (t) + A 2 (t)}f j q i (t)x 2 (h i (t)), 

i=l 

where 
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2q kt) 4q » (t) m r(t) 

In view of (7), it is seen that 

^ii)x 2 (t) + ^L(x\t)) 2 <V(t) 

so that 

(<?;,(0) 2 I>,(0 (q'oittfZqtt) («o(0) 2 Z?,-(0 

^ yfcV)x 2 (t) + — 7 P^L(x'(t)) 2 < ^ V(t). 

U 2 (t)q Q 2(t) U 2 (t)q 2(t) V«o(0 4/l 2 (0? 2(0 

It also follows from the terms contained on the right hand side of A(t) that 



(<zo(')) 2 2>,-(o 

X «i (0[ ^ oUj; 3 x 2 (o + i 2 co^r 1 (0(x'(o) 2 ] < —-, — m 

U (')*o (0 42 2 (0« 2(0 



(<7 (O) 2 



Then 



so that 



Let 



(<fc(0) 2 E<fc(0 

A(r) < ^ — y (o + (i- 2 (o + i 2 (0)£ $ (t)x 2 (h t (0) 

4i 2 (0? 2(0 



(?o(0) 2 S^O 

-f < ^ V(0 + (/t 2 (0 + 2 2 (0)Z ? f (0* 2 (/»,- (0) 

* 42 2 (0? 2(0 

- -^- [r (0x(0x'(0]' - -^- p(f )*(0* (0 

2^,2(0 2^r 2(0 



?o(0 , wn «o(0 ,/xi ^i«-i 2 *(0|*(f)| ,, , 

+ ^°3 g(0*(0 + 3 &(0|*(0| + p — ' *(0 

2q i(t) 2q Q 2(t) V«o« 



+ 3tt + Z to W* 2 W - h '^ h i (^ ( f » x2 (*■■ ('»>• 

^Jq (t)r(t) i= i 






so that 
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(,; )( o) 2 2>,(o 



^f-p{t)x(t)x\t) +^p-g{t)x(t) +- q ^-k{t)\x{t)\ 
2^ 2(0 2o 2(r) 2g 2(?) 



' ' x(t) + / — g— / -+2_,b i (t)x it). 

V<? (0 ^q (t)r(t) ,=i 



2 , 3 2 fe 2 
By the estimate ax + ox < — ax H , it follows that 

2 2a 



' / .\V 



"f < ^ V(0 -^4^[r(0x(0x'(0] 

rff 4/l 2 (0a 2-(?) 2a 2-( f ) 



— 3 — p(t)x(t)x (o +-2^,(0* (0 + — 

2 ^(0 ''- 1 8a 3 (02>,(0 

1=1 



Iff 



V«„(f)r'(() 2 9 „I(() ' \M<> 

Making use of the estimates 

i 
2r 2 (t)\x(t)\\x(t)\<V(t), \x\t)\<^^-V 2 {t), \x(tf <q^V^(t\ 



we get 



{q'M)) 2 Y q.{t) 

f^^^44^ + |S^^(0]V(0 

* 4i 2 (0o 2(0 % 2(r)r*(0 ! " 



?;(0 -W040,W + V(0 



2 ?0 I(0 Jhit)r'(t) 



i[ q ' Q (t)k(t) | 2^(0 F ^ (?) | (a;,(o) 2 g 2 (o _ (8) 



2? 4 (0 4 (1 ^r 2 (0 8a () (O&O) 
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Integrating both sides of (8) from a to t , we obtain 



V(0-V(«)<}[ ^ + 1 g wpw +|^fc < ( J ) g0 -»( J )]V( J >fa 



Z 4 3 I 

4i 2 O)tfo 2 0) 4 () 3(s)r 2 (s) 



— ^-r(0*(0*(0 + go ^ fl) r(a)jc(a)x(a) 



+ -\r{s)x(s)x'(s) 



v ^(?o( J )«o 2 W) 



ds 



■ds 



q' Q (s)k(s) , 2k(s) 



« 2^ 4 (5) ^ () ^T r 2( 5 ) 



-]V 2 (s)ds 



Hence 



+ }(Ww A+ }Vw A . 



"8 ?0 3 (5)X^W 



fl ^q (s)r\s) 



;=i 



V«)<V 0+ J[ -_ + p8«J!W .3 

« 4i 2 (5)^,2 (5) ^ 5( 5 )r 2 (^) 



, + 2 c(^2(s)]y(# 



go(0 

3 

2? 2(0 



1 f 

r(t)x(t)x (t) +—\ r(s)x(s)x (s) 



V s d (9 (s)q 2(5)) 



ds 



c/.v 



^ t ^^,^(* 



ft _ ... 

« 2<? 4 (s) qQ -ir r i( s ) 



where 



V„=V(a) + \ 



(iOBVw^.f V<o „, + ^w_ r( „ Wflyt , (aX 



cff + f 



i 8fc 3 (OC(0 [fi&rXt) 2qo l (a) 



By using the estimate r 2 (£)#o (t)q 2 (?) 



< J < 4 , we have 



t («o( J )) 2 Z«.-( J ) 



4 



v (0 < v + j [ ^ + * pOK 1 (*) + 1 C( *)</„" 3 ! ,v )F ( v k/,v 

« 4/l 2 (5)^ 3(5) 
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A AJ 



d(q' (s)q i(s)) 



ds 



V(s)ds 



+ 



q' (s)k(s) , 2k(s) 



fl 2? 4 (s) ^ o ^r r 2( s ) 

« (?o CO) 2 £«,■(*) 



<i^ + - 4 



4-J 4-J 



J[- 



4/l 2 (5)^ 2(5) 



+ ^»>.*- 



( 1 



+ - 






+ 






4-J 

4 f r gp(j)^(j) , 2*(j) 

4-J 



a+i 



2 ^o 4 0) ^,^r 2 (5) 



-F 2 (*)^ + — — V(0- 
4- J 



Then, we conclude that 



V«< 



4V, 



4-S 



'-apij E( S )ds + — -J[ 



4 r r tfoO)£0) 2Jk(5) 



+ - 



exp 






+ - 



a 2? 4 (5) ?() ^( 5 ) r 2( s ) 

1-a'r 4 q' Q (s)k(s) 2k(s) 



& 



2 U-S\ m, , «+i I 

2^o 4 (*) ^ () ^r 2 (s) 



]ds},a = l 



ra-1 — 

xexp(j E(T)dT)ds} l - a , < a < 1, 



where 



£(5) 



^_ + - p{s)r- x (s) + — — C(s)q -2 (s) 

(4-S)A\s)q Q 2(s) 4 4 d 



+ - — ~r 2 (s) 
4-S 



d(q' (s)q ~2( s )) 



ds 



In view of the above discussion, it follows that any solution x(t)of Eq. (5) is quadratically 
integrable and bounded. 
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POLYNOMIALS AND TWISTED g-EULER NUMBERS 

WITH WEIGHT a 
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Abstract : Recently, we have studied twisted q-Euler numbers and polynomials with weight a(see 
[18]). In this paper, by using fermionic p-adic g-integral on Z p , we give some interesting relationship 
between the the g-Bcrnstcin polynomials and twisted g-Eulcr numbers with weight a. 

Key words : Euler numbers and polynomials, twisted g-Euler numbers and polynomials with 
weight a, Bernstein polynomials, g-Bcrnstcin polynomials 

1. Introduction 

Let p be a fixed odd prime number. Throughout this paper, we always make use of the following 
notations: Z denotes the ring of rational integers, Z p denotes the ring of p-adic rational integers, Q p 
denotes the field of p-adic rational numbers, and C p denotes the completion of algebraic closure of 
Q p , respectively. Let N be the set of natural numbers and Z + =NU {0}. Let C p n = {w|w p = 1} 
be the cyclic group of order p n and let 

T p = lim C p n = Cpoa = U n >oCpn 



n — >oc 



be the locally constant space. For id £ T p , we denote by <j) w : Z p — > C p the locally constant function 

1 s 

x i — ► w x . The p-adic absolute value is defined by \x\ p = — , where x — p T '-( r G Q and s,t € Z 

p t 

with (s,t) = (p,s) = (p, t) = 1). In this paper we assume that g £ C p with \q — l\ p < 1 as an 
indeterminate. The g-numbcr is defined by 

1 - q x 

[x]q = 1 _ > see [1-18]. 

Note that lim 9 _,i[x]g — x. For 

/ G UD(Z p ) = {/|/ : Z p — > C p is uniformly diffcrcntiablc function}, 

the fermionic p-adic q-intcgral on Z p is defined as 

P N -i 
l_ 

JV 

' £ v Ty x=0 

From (1.1), we note that 



/_,(/) = / f(x)dn- q (x) = lim — ±« J2 fWi-lT, ^e [1-5] . (1.1) 



g n /-,(/ n ) - (-i) n /-,(/) + p], ^-lr^-y/w, 

;=o 

where f n {%) = f{x+n) for n € N. For fc, n € Z + and x G [0, 1], Kim defined g-Bernstcin polynomials, 
which are different q-Bcrnstcin polynomials of Phillips, as follows: 

BkA*,Q) = Q N 9 fe [l - x\ n q -t sec [4]. (1.2) 
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In [9], the p-adic extension of (1.2) is given by 

Bk, n {x, q) = ( , j [x)\[l - x] n Ii, where x E Z p , and n, fc e Z+. (1.3) 

For a e Z, id e T p , and q E C p with |1 — g| p < 1, twisted g-Euler numbers E„^q tW with weight a are 
defined by 

E { n a l w = / ^(xJMJ.d/i-^a;). (1.4) 



In the special case, x = 0, E^g tW (0) = En,q,w are called the n-th twisted g-Euler numbers with 
weight a. 

In this paper we investigate some relations between the q-Bcrnstein polynomials and the twisted 
q-Eulcr numbers with weight a. From these relations, we derive some interesting identities on the 
twisted g-Euler numbers and polynomials with weight a. 

2. On the twisted g-Euler numbers and polynomials with weight a 

By using p-adic q-intcgral and (1.4), we obtain, 

f 1 pN ^ 

/ (f> w (x)[x}^d^ q (x) = lim T ^ r - ^ [x]^w x (-q) x 

=p]«(i^)"t(;)(-»'iT^^ 



We set 



:x. 



By (2.1) and (2.2), we have 

F (a) (t) = s T E {a) - 



1 \ " A fn\ , ^ , I \ f 



(2.1) 



±n 

F^) = Y, E{ nL n r (2-2) 

n=0 



= [2], J2(- 1 ) m w m q m e [m] " at . 

m— 

Since [x 4- y] g a = [x] q a + (Z ax [y]g« , we obtain 

4?, ) ,™(*)= / ^(»)[l/ + a:] g <.tdiu_ g (y) 

= E (1) qaxl[x]n ^ 1 1 My)[y] l q ^- q {y) ( 2.4) 

= E(?VK"4t- 

Therefore, we obtain the following theorem. 
Theorem 1. For n e Z + and w <G T p , we have 

oo 

*&(*) - [2], Y,(- l ^ w,n< i m ^+<- 

m=0 
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Furthermore, 

1=0 ^ ' 
= ([x] q a + q ax E^r, 

with usual convention about replacing {Eq%) n by E^q :W . 

J-71 

Let F£$(t,x) = J2^Lo E ^l w ( x )~- Tncn we see tnat 

fW(t,i) = [2], Yl {-l) m w m q m e [x+m] " at . (2.5) 

m= 

In the special case, x = 0, let Fg^i, 0) = Fq°£(t). 
By (2.1), we get 



E^^il-x) = (-irwq™Ei«l w (x). (2.6) 



n(«) 

n,q 

From (2.3) and (2.5), we note that 

wqF$(t,l)+F$(t) = [2] q . (2.7) 

By (2.7), we get the following recurrence formula: 

4t W = 7^< and 1 wE itwW + E( n a L = if n > 0. (2.8) 

By (2.8) and Theorem 1, we obtain the following theorem. 
Theorem 2. For n <G Z + and w € T p , we have 

4 U L = 7^> and <w(Q a EJ$ + !)" + *&?<U = if n > 0, 
with usual convention about replacing (E q a Jj) n by Ei^ qjW . 
By (2.4), Theorem 1, and Theorem 2, we have 



gw 1 + qw 

rc\ „,l, „ „Cv1 .,1 [2]g 2 2 [2] 



,H ' I + qw 1 



qw 



_ \l / l + qw 1 + qw 

q 2 w 2 jr(") q "\q"E g <$ + iy-^-q W 
f-[\lj l + qw 



n \a al E (a) A 
I ) q l ' q ' w l + qw 



1=1 



? »e; y^, w 



\iV 

1=0 

= -qwEi a l w (l) = Ei a l w iin>0. 
Therefore, we obtain the following theorem. 

Theorem 3. For n e N, we have 

1 ^ ,W PI, , ( M [2], 



41 J2) - ^2 w2 J 41 + i + £„, + (^ J 



1 + gw \ gw / 1 + gw 
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By (2.6), we see that 



w / [1 - x]^ a w*dfi_ q (x) = (-l) n q an w / [x - l] n qa w x dti- q (x) 

Jz p Jz p 

= (-i)» q ™wE£l w (-l) = ^-^-,(2). 
Therefore, we obtain the following theorem. 

Theorem 4. For n € Z+, we have 

w f [1 - x%- a w*dn- q (x) = E^ ^(2). 



Let n <G N. By Theorem 3 and Theorem 4, we get 

w / [1 - x]"_ a w x dM_ g (a;) 

Jz p 

From (2.10), we have 



(2.9) 



[2]„ 



1 + qw 



(2.10) 



[1 - xT r ^d^ q {x) = fl 9 ^.,,^ + (j!^) + gu, ( 



[2], \ , ( [2], 



1 + gw 



Therefore, we have the following corollary. 
Corollary 5. For n € N, we have 



[1 - a^t^d^Oc) - S 2 ^-^-, + [2],. 



3. Some relations between the g-Bernstein polynomials and twisted g-Euler numbers 

with weight a 

For x € lip, the p-adic g-Bernstein polynomials with weight a of degree n are given by 



£$(*>«) = { k ) W 1 - *]«-*' where »- fc e Z +- (3- 1 ) 

By (3.1), we get the symmetry of g-Bcrnstcin polynomials as follows: 

B { £(x,q) = B^ k>n (l-x,q- 1 ), see [7]. (3.2) 

Thus, by Corollary 5, (3.1), and (3.2), we see that 

Bi a l(x, q)w*dv- q (x) = f B ( n % „(1 - x, q-^vfdn-^x) 

JZj, 

k 



£(T)(-i) fc+ 7 [i-^rVd^*) 



n \ ^— - / k 

k 



RYOO: TWISTED q-EULER NUMBERS 



913 



For n, k G Z + with n > fc, we have 



>(<*) 



B k,n( X ^) wXd ^q( X ) 



' (=0 V 

,2„„p(°0 



(3.3) 






if fc = 0, 
if fc > 0. 



n—l,q x ,w 1 ' 

Let us take the fermionic g-integral on Z p for the g-Bernstein polynomials with weight a of degree 
n as follows: 

I B { «l{x, q )w*d^ q {x)=( n \ [ [x] k q [l-x]££vfdn- q (x) 

JWi V \ / J Tin 



7 (=0 v 7 

Therefore, by (3.3) and (3.4), we have the following theorem. 
Theorem 6. Let n, k <G Z + with n > k. Then we have 



l-\-k,q : w' 



B^{x,q)w x d^ q {x) 

^G)Ef= ©(-i) fe+ ^, (a) 



n—l,q x ,w 1 ' 



if fc = o, 
if fc > 0. 



Moreover, 



x;>7V>'<L 



;=o 



f 9 2 ^- Sw -i + [2]„ iffc = 0, 

^Ef^K-i)^^-^- iffc >°- 



(3.4) 



Let rii, ri2, fc G Z + with m + H2 > 2fc. Then we get 



j)(;jg(T)(- i »' +2 'i[ i -i^"'»"*-«« 
T)f; 2 )g(T)(- i »' +2 '(^s«-,, a -..»-.+p] 



fcy Vfc, 

q 2 wE (a l 1 t + [2]„ 

y ni+n2,g i ,to 1 L J y' 



if fc = o, 



(?) (?) £?=o (? )(-i) 2fe+ ' (V^L-*.-^- + PI.) ■ if fc > °- 



(3.5) 
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Therefore, by (3.5), we obtain the following theorem. 
Theorem 7. For ni,n 2 ,k E Z + with ni + n 2 > 2k, we have 

^<+„ 2 .^- + [2^ iffc = ' 

iMl 1 )^) Eto (?)(-i) afc+, ^L-u-s«- if k > °- 

From the binomial theorem, we can derive the following equation. 
nA fn 2 \ ni+ ^K' w/ni+n 2 -2fc\ /• 2fe+ , 



™l\ /'«2\ '" V^ / 1 W / "1 + «2 - 2fc\ ( a ) 

2^ ( _1 J / J E 2k+l,q,v 



ni+ri2 — 2fc 

Thus, by (3.6) and Theorem 7, we obtain the following corollary. 

Corollary 8. Let ni,n 2 , k € Z + with m + n 2 > 2k. Then we have 

n 1 +n 2 -2k , „ ;N 

e (-i)'( ni+ 7" 2 *)^a,„ 

q 2 wE (a { _ a -i + [2]o, if fc = 0, 

5 2 ™Efo( 2 f)(-l) 2H '£ (a l , - i, iffc>0. 



For leZj, and s G N with s > 2, let ni,n 2 , ■ ■ ■ ,n s , k € Z + with ni + • • • + n s > sfc. Then we 
take the fcrmionic p-adic g-intcgral on Z p for the g-Bcrnstcin polynomials with weight a of degree 
n as follows: 

?(") („ „\... r( q ) 



Ct 1 '')-^^')^^ 



-times 



ni \ I n s 
,k )'"\k 



I [xy q k [l-x] n l_t-- +n '- sk w x d»- q {x) 



^-OEOi-i-li-ip-^-w 









' 1=0 ^ ' 

? 2 ^i.. + „ s , g - 1 , U) - 1 + [2] <? , iffc = 0, 

?MT) • • • ft) E£, (? )(-i) i+sfe <l.. + „ 8 -< )<rl , w - a * > o. 
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Therefore, by (3.7), we obtain the following theorem. 

Theorem 9. For seN with s > 2, let n l7 n 2 , ■ ■ . , n s , k <G Z + with n\ + • • • + n s > sk. Then 

we have 

?(«) („ „\... r( q ) 



^ ' 

s-times 

1 2 ^ + ... +netq _ ltW _ 1 + [2] q , iffc = 0, ( 3 - 8 ) 

aMl 1 ) • • • ft) £?=o (f )(-i) i+sfe <l.. + „ s - (;g - 1 , w - 1) a * > o. 

By the definition of g-Bcrnstcin polynomials with weight a and the binomial theorem, we get 
s-times 

I 1 ) • • • (t) " 1+ "e "*(-!)' ( ni + ' ' ' 1 n * " sfc ) / z ir^w < 3 - 9 > 

k)'"\k) ^ (_1 H J J^+^- 

Therefore, by (3.8) and (3.9), we obtain the following corollary. 

Corollary 10. For w e T p , s S N with s > 2, let m, ri2, . . . , n s , fc € Z + with m + ■ ■ ■ + n s > sk. 
Then we have 



E"'Vi)'f ni+ ""!' n '" fl *)^.. 



niH hn s — sk 

q 2 wy:f k j'f)(-iy +sk E {a l . , , 1; if&>o. 
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1. Introduction 

When one talks of g-extension, q is variously considered as an indeter- 
minate, a complex number q G C, or p-adic number q G C p . If q G C, 
then we always assume that \q\ < 1. If q G C p , we usually assume that 
|1 — q\ p < 1. Here, the symbol | • \ p stands for the p-adic absolute value on 
C p with \p\ p < 1/p. For each x, the g-basic numbers are defined by 

1 — q x 



1-q 



, and [n\ q \ = [n] q [n -!],-•• [2],[1]„ n G N, (see [1-17]). 



Throughout this paper we assume that q G C with \q\ < 1 and we use the 
notation of Gaussian binomial coefficient in the form 



n\ [n] q \ [n] q [n - l] q ■ ■ ■ [n - k + l] q 



kj a [k] q \[n-k) q \ [k) q \ 



,n,keK 
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Note that 

fn\ fn\ n(n — 1) • • • (n — k + 1) , 

Jes (*) , = (J = J — 41 ■• (see [4 " 12|) - 

The Gaussian binomial coefficient satisfies the following recursion formula: 

(1) 

The g-binomial formulae are known as 

n / \ 
. . . — , I n \ / i \ 

_ , ( 2 ) 

i=l j=0 ^ 6y,| 3 

and 



1 - 6)» = (b : g) n = JJ(1 - bq*- 1 ) = £ (") A"1)W 

i=l j=0 ^ '9 



. * = — ^— = == , l - . 1N = V ( " + ' l \ b\ (see [11, 12, 13]) 
(1-6)? (b:q) n Uti^-bq 1 - 1 ) j^\ * ) g 

Now, we define the g-exponential function as follows: 

(3) 
Let C[0, 1] denote the set of continuous function on [0, 1]. For / G C[0, 1], 
Bernstein introduced the following well known linear operator in [2] : 

B n (f\x) = £/(-)("V(l -x) n - k = £/(£)B fciB (s). 



Here B n (f\x) is called the Bernstein operator of order n for /. For k,n G Z + , 
the Bernstein polynomials of degree n is defined by 



S fcl „(a;)= [\x\l-xy 

By the definition of Bernstein polynomials, we can see that Bernstein ba- 
sis is the probability mass function of binomial distribution. Based on the 
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g-integers Phillips introduced the g-analogue of well known Bernstein poly- 
nomials (see [16, 17]). For / G C[0, 1], Phillips introduced the g-extension of 
M n (f\x) as follows: 



M/ I x) = it **•»(*. M (W) = E / 

fc-n \l n \q/ i._n 



fc=0 VL 1H/ k=0 



M<A ( U \ x ^l_ x) n-^ (4) 



J'/ 



nl„ / \k 



Here B n>g (/ | x) is called the g-Bernstein operator of order n for /. For 
k,n G Z + , the g-Bernstein polynomial of degree n is defined by 



B k , n {x, q) = I 1 a; fe (l - x)^" fe , x G [0, 1]. (5) 

For example, -B ,i(x, g) = 1 — rr, ^^(x, g) = x, and _B ,2(X g) = 1 — [2] q x + 
qx 2 , ■ ■ ■ . Also Bk, n (x, g) = for k > n, because (?) = 0. 

A Bernoulli trial involves performing an experiment once and noting 
whether a particular event A occurs. The outcome of Bernoulli trial is said 
to be "success" if A occurs and a "failure" otherwise. Let k be the number 
of successes in n independent Bernoulli trials, the probabilities of k are given 
by the binomial probability law: 

Pn(k) = (fjp k (l- P ) n -\ for k = 0,1,.-. ,n, 

where p n (k) is the probability of k successes in n trials. 

For example, a communication system transmit binary information over 
channel that introduces random bit errors with probability £ = 10~ 3 . The 
transmitter transmits each information bit three times, an a decoder takes a 
majority vote of the received bits to decide on what the transmitted bit was. 
The receiver can correct a single error, but it will make the wrong decision if 
the channel introduces two or more errors. If we view each transmission as 
a Bernoulli trial in which a "success" corresponds to the introduction of an 
error, then the probability of two or more errors in three Bernoulli trial is 

p{k > 2) = ( 3 J (0.001) 2 (0.999) + ( 3 J (0.001) 3 w 3(10" 6 ), see [19]. 

The g-binomial distribution associated with the g-boson oscillator are 
introduced in [19, 20]. For n, k G Z + , its probabilities are given by 

71 * fc/i ^\n-k 



p(X = k) = ( J x k (l - x) n q -\ where x G [0, 1]. 
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This distributions are studied by several authors and has applications in 
physics as well as in approximation theory due to the g-Bernstein polyno- 
mials and the g-Bernstein operators (see [13, 14, 19]). From the definition 
of g-Bernstein polynomials, we note that the g-Bernstein basis is the prob- 
ability mass function of g-binomial distribution. Recently, several authors 
have studied the analogs of Bernstein polynomials (see [1, 2, 3, 6, 13, 14, 16, 
17, 18]). In [6], Gupta-Kim-Choi-Kim gave the generating function of the 
g-Bernstein polynomials as follows: 

kj.k k f k °° (-1 _ r \nfa 

-e ((1-x) t) = — V 1 " 

(^VV 1 x )q L ) 1-7.1 , 2-^1 



£ 



q t n 



W 9VV Jq ' W fo w 

'n\ x k (l -x) 

°° t n 

Because B kfi (x,q) = B k>1 (x,q) = B ki2 {x,q) = ■■■ = S fc;fe _i(x,g) = 0, we 
obtain the generating function for B k , n {x, q) as follows: 

F^(t,x) = ?—e q ((i-x) q t) = Y,B k , n (x,<i)rn ' see t 6 ]' 

Wq- n=Q l n \q- 

where n,k G Z + and x G [0, 1]. 
Notice that 

„ , . f (?) x k (l - x) n - k , iin>k 
B k , n (x,q) = \ \ k, i K )q ' " 

^ 0, it n < k, 

for n, k G Z + (see [4, 8, 10, 11, 15, 16]). 

In this paper we study the generating function of the g-Bernstein poly- 
nomial and give some identities on the g-Bernstein polynomials. From the 
generating function of g-Bernstein polynomial, we derive recurrence relation 
and derivative of the g-Bernstein polynomials. Finally, we investigate some 
interesting properties of g-Bernstein polynomials related to g-deformed bino- 
mial distributions and g-Stirling numbers. 

2. g-Bernstein polynomials, g-Stirling numbers and g-Bernoulli 

polynomials 
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Let 

t n 



F( k \t,x) = Y,B K n{x,q) r — v (6) 

n=0 [n W- 

From (5) and (3), we note that 

t n 






n—k 

q w 



n=0 x ' 1 

^(n + k\ x\l-x)\ I 
L>\ k ) Q [n + k] q \ 



n=0 x ' <? 

oo 



where n,k G Z + and x G [0, 1]. 
Note that 



e,((l -s) 9 f)» 



x k t k 



limFf (t,x) = ^fe^ 1 -^ = ££*,„(*) ^ 
g->i y /e! ^^ n! 

n=0 

where Bk yU (x) are the Bernstein polynomial of degree n. 
The g-derivative D q f of function / is defined by 

(D q f)(x) = ^M = /(^)-/W > (see [4 , 6) 7, 8, 9, 10]). (7) 

d q x [I — q)x 

From (7), we note that 

D q (fg)(x) = g(x)DJ(x) + f(qx)D q g(x), (see [4, 7, 8, 9, 10]). (8) 

The g-Bernstein operator is given by 

(/ | a;) = £>*,„(*.?)/ (W) . ( see Eq. (4)). 



fc=0 



Thus, we have 



^(1 | x) = ^ B k ,n{x, 9) = 2. I , J **(* - *)?"* = 1. 



n n / \ 

E b mM=£(") 

fe=0 fc=o ^ ' • 

5 
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and 

n-1 

("- L \ ,*n- % 



sro^-gm. 



„,,(x|x)= VI rf J5 fc>n (x,g) = x V I " "I x k {l-x) n k = x, 



where x G [0, 1] and n,k G Z + . 
For / G C[0, 1], we have 



-£'(I1M3J(V)^- 



It is easy to show that 



n\ fn — k\ f n \ fk + j 



k J q \ J J q \ k + jJ q \ k , ,, 



Let k + j =m. Then we have 



n\ fn — k\ ( n\ fm 



k J q \ J J q W/ 3 \ fc /« 



By (9) and (10), we easily get 



m =o v-v g k=o v ' v 7 g 



Therefore, we obtain the following proposition. 

Proposition 1. For / G C[0, 1] and n G Z + , we have 



«tfi*) = E(")*"E(TV" 7 Vi)"-v(fT i 



11 
m=0 v " v 9 fc=0 x '" x 9 \L--J? 



6 



(10) 



ci-j-tOrsO.^-^'Cft)- (11) 
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It is well known that the second kind Stirling numbers are defined by 



Z=0 v 7 n=0 

where k G N (see [9, 11, 12, 14]). 

Let A be the shift difference operator with Af(x) — f(x + 1) — /(#). By 
iterative process, we see that 

A"/(0) = J2 (t) W^*), for neK ( 13 ) 

k=0 ^ ' 



From (12) and (13), we have 

k /, \ oo / _, k 

n! 






n=0 Z=0 x ' n=0 \ Z=0 



V — r , where A fc n = AVU 

< J h\ nl 



k\ n\ 

n=0 



(14) 
By comparing the coefficients on the both sides of (14), we get 

A fc n 
S(n, k) = — — — , for n,k G Z + . (15) 

Now, we consider the g-extension of (13). Let (Eh)(x) = h(x + 1) be the 
shift operator. Then the (/-difference operator is defined by 

n 

^■■={E-lT q =\[{E-ir l ), (see [11]), 

where I is an identity operator. 

For / G C[0, 1] and n G N, we have 

A ?/(°) = E(?) (-l) fc ? (S) /(n -*) = !:(?) ("irV^)/(A:). (16) 

fc=0 W 9 fe=0 W 9 
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Note that (16) is exactly (/-extension of (13). That is, lim^! A"/(0) = 
A"/(0). 

As the (/-extension of (12), the second kind g-Stirling numbers are defined 
by 

— ( k \ k /, x oo , 



[*],' , „ 



J2(-l) k - j [ . (Z^ebV = £s(n,fc : q) 1 - (see [11, 12, 14]). 

(17). 



By (16), we obtain the following theorem. 

Theorem 2. For / G C[0, 1] and n G Z + , we have 





t.— n \ / a 



f 



In the special case, /(#) = x m (m G Z+), we obtain the following corollary. 
Corollary 3. For x G [0, 1] and m,n G Z + , we have 



i]?B n>q (x m \x) = J2 (?) x fe AjO w . 



By (17), we easily get 



^^^) = ^-VE(- 1 )^ ) Q) [*-d? 



j=0 ^ ' 1 

-( k \ k 

q W 



[k] 



rE(" 1 )^ (v) (-) W ( 18 ) 

' j=0 \J / g 



y A fc Q n 



The equation (18) seems to be the (/-extension of the equation (15). That 
is, lim^i S(n, k : q) — S(n, k). 

By Corollary 3 and (18), we obtain the following corollary. 
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Corollary 4. For x G [0, 1] and m,n G Z + , we have 

{n}™M n , q (x m \x) = J2 (?) x k [k} g \q^S(m,k : g). 

From (1) and (5), for < k < n, we have 

g *(l _ q n - k - 1 x)B k ^ 1 (x, q) + xS fc _i )n _i(x, g) 
= q k (l-q n - k ' 1 x)( n ~ l ^j x k {l-x) n q - 1 - k + x(* l ~ 1 \ x k ~ l (l - x) n q ~ k 

= q^-^Ai-x )r*+5: j)^(i -* )r k 

f)x k d-xr q -\ 

(19) 
By (2), (7) and (8), we get 

dBk j^ q) =-(t) An-k] q (l-qx)^+(^) [k] q x k -\l-qxT q - k . (20) 

From the definition of Gaussian binomial coefficient (= g-binomials coef- 
ficient) and (2), we note that 

fj [k] q x k '\l - qx) n q - k = q-( k -V[n] q B k -i,n-i(qx,q), (21) 



and 



n » fer n /-, ,\ra-fc-l r„l „-k 



x fe [n-/c] g (l-gx)™ i = [n] g g k B Kn _ 1 (qx,q). 



9 



By (20) and (21), we see that 
dB ktn (x,q) 



UjQtij 



[n] q q (qB k ^ n -i(qx,q) - B k , n -i(qx,q)). (22) 



Thus, we note that the g-derivative of the q- Bernstein polynomials of 
degree n are also polynomial of degree n — 1. Therefore, by (19) and (22), 
we obtain the following recurrence formulae: 

9 
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Theorem 5 (Recurrence formulae for B kn (x, g)). For k G Z + , n eN and 
x G [0, 1], we have 



q (l-q n x)B k , n ^i(x,q) +iB fc _i in _i(x,g) = B kjn (x,q), 
and 

rlJ-ij (if n) 

= [n\ q q~ (qB k -i, n -i(qx,q) - B M _i(gi,g)). 



We also get from (5) and (6) that 

— n B kn (x,q) H n B k+lin (x,q) 

= (1 - xg"-^ 1 ) ^ ~ ^ a; fe (l - x)™"^ 1 + aY n " ^ a; fc (l - x)^^ 1 

= (1 - xq^'^B^^x, g) + xB M _i(x, g) 

= B kyn _i(x, q) +x[n- k- l] g (l - g)S fcj7l _i(x, g). 

(23) 
By (23), we obtain the following theorem. 



Theorem 6. For k, G Z + , n6N and x G [0, 1], we have 

—^-B Kn (x, q)-\ — —^-B k+1 ^(x, q) = B fc) „_i(a;, g)+x[n-A;-l] ff (l-g)S fc|n _i(x, g). 



It follows from Theorem 6 that g-Bernstein polynomials can be written 
as a linear combination of polynomials of higher order. 

For fc,neN, we easily get from (5) that g-Bernstein polynomials can be 
expressed in the form 

[n — k + l] q ( x \ j_i n „\ n -k+i{ n \ 

U-i ) 



[k] q \l-xq n ~ k J X ^ X ' q \k-l 



\- n \l- „k/i „\n-k 



-x k (l-x 



[k] q \[n-k] q \ v Jq (24) 

B k>n (x,q). 

10 
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By (24), we obtain the following proposition. 

Proposition 7. For n, k G N and x G [0, 1], we have 

[n — k + l]o / x \ 



The g-Bernstein polynomials of degree n can be written in terms of power 
basis {1, x, x 2 , ■ ■ ■ ,x n }. By using the definition of g-Bernstein polynomial and 
g-binomial theorem, we get 



B ktn (x,q) 



O^-^-O/gfTV 1 ^ 




i( n iWr^ 


(25) 


tfi'Wr^ )x '- 





By simple calculation, we easily see that 



n\ fn — k\ fn 



k'qKi-k/q \iJ q \K q 



(26) 



Therefore, by (25) and (26), we obtain the following theorem. 
Theorem 8. For k, n G Z + and x G [0, 1], we have 



*m(^h £ (';) Q (-irV'-*V. 



i=k \ / q \ / q 



We get from the properties of g-Bernstein polynomials that 



11 
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St^-SftG)* 1 



- *)",-" 



fc=l ^ '3 



and that 



^)r fc 



fc=0 v ' i 

Continuing this process, we obtain 



fc=2 x ' i 

I.— n V /o 



n (i) 



k=i \i/q 

Therefore, we obtain the following theorem. 

Theorem 9. For k,i e Z + and x G [0, 1], we have 



n (k\ 
\i) q 



x\ 



k=i 



Now we define g-Bernoulli polynomials of order k as follows: 

(\ k oo n 

-^J e^) = £/?< fc >(s, g )^, ^N. (27) 

From the generating function (27) of g-Bernoulli polynomials and (3), we 
derive 



12 
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fe)^'-£*s tei 



m=0 / \ 1=0 



' ^ m![n-m] g ! ) [n] q \ 



n=0 \m=0 



^ I ^ m! m w 

n=0 \m=0 V 7 9 



' ■>],!■ 



where £?m are the n-th Bernoulli numbers of order A; (see [6]). 
From (27) and (28), we easily get 



m — n \ / o 



m=0 x x 9 



where 5m are the m-th ordinary Bernoulli numbers of order k. 
From (26) and (27), we note that 



W eMl ~ X)S = "^W 1 (^r)' e « ((1 - X)A 



OO 






oo / / r i , / , x \ ,/ 



/' ;_n \ -m—n ' \ / a 



\ku ^\^ m \ v ' ; \ m ; n " mU q \V- 

L iq 1=0 \m=0 V ' 1 / L iq 

(30) 
Therefore, by (6) and (30), we obtain the following theorem, 

Theorem 10. For k, I G Z + and x G [0, 1], we have 

B k M q) = f|V £ [ ^S(m, k)tl((l - x) q , q) ( l \ , 

I- J?" m =o ' \ ' q 

where (3\ ((1 — x) q ,q) are called the /-th g-Bernoulli polynomials. 
From (15) and Theorem 10, we have the following corollary. 

13 
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Corollary 11. For k, I G Z + and x G [0, 1], we have 



B ^-m^Q 



It is well known that 



* B = £(fW(M-*), (see [7]), 

h— n \ / 



where (^) 



fc=0 

x{x-l)...(x-k+l) 
jfc! 



By (31) and Theorem 9, we easily see that 

I — n \ / l i \iln 



fc=0 



k=i \i/q 



(31) 



3. A matrix representation for g-Bernstein polynomials 

Given a polynomial is written as a linear combination of g-Bernstein basis 
functions: 



B q (x) = C q B , n (x, q) + C q B hn (x, q) + • • • + C*B n>n (x, q). 
It is easy to write (32) as a dot product of two vectors: 



B q {x) = ( B 0:Tl (x, q), B 1:n (x, q), . . . , B rhn (x, q) ) 
Now, we can convert (33) to 

B q (x) = ( l,x,...,x n ) 



c\ 





. 




( c q \ 

c\ 


\ u nfl u n,l ■ 


. b q , 




\ Cq n) 


14 









(32) 



(33) 
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where b\ ■ are the coefficients of the power basis that are used to determine 
the respective g-Bernstein polynomials. 
From (5) and (6), we note that 



B , 2 (x,q) = (l-x) 2 q = J2 (f) (-l)'? (i) = 1 " [2]«a; + qx 2 
2\ .. ,_ _, ,_, 2 



5i )2 (x, g) = ( " J x(l- x) q = [2} q x(l -x) = [2] q x - [2] g s 

B 2 , 2 (x,q) =x 2 . 
In the quadratic case(n = 2), the matrix can be represented by 

1 o\ / eg 

B q (x) = ( l,x,x 2 ) \-[2] q [2] q C? 



9 "[2], 1/ \C : 
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Efficient Pseudospectral Legendre Preconditioner For 
Minimum Time Orbit Problem 

M. El-Kady 1 

Department of Mathematics, Faculty of Science, 
Helwan University, Cairo, EGYPT 

Abstract. In this paper the relation between the pseudospectral 
integration and differentiation matrices has been presented. It has 
been proved that the integration matrix may be used as an optimal 
preconditioner. In addition, a new integral Legendre preconditioner 
has been suggested to convert the pseudospectral approximation of 
the differential equation arise in optimal control problems to integral 
pseudospectral approximation of its integral form. This 
preconditioner, in effect, makes the pseudospectral methods 
insensitive to specific grid points. The numerical results show the 
efficiency of the method. 

Keywords: Legendre pseudospectral approximation methods; preconditioner matrix. 

1. Introduction 

In the last few years, the pseudospectral methods have proven efficient for obtaining 
accurate solutions to differential equations, the basic idea being to replace the exact 
derivatives with interpolating polynomials at the collocation points (see [2, 4 and 8]). For 
boundary value problems, this approach involves the solution of very ill-conditioned linear 
systems of equations. Thus, to apply iterative methods for solving such systems, it becomes 
important to develop efficient preconditioners. For some previous and recent works on 
preconditioners for pseudospectral methods, see e.g. [3, 6, 7, 13 and 18]. Conventional 
pseudospectral methods impose rigid requirement on the computational grids used. The grid 
points are the nodes of Gauss like quadrature formula. These nodes are denser at the 
boundaries than in the middle of the domain. While this behavior is suitable for boundary 
layers, it may create difficulties for other types of problems. Gottlieb [11] pointed out it is 
apparent that pseudospectral methods which are not constrained to specific nodal points 
would be more flexible than conventional pseudospectral methods. They show how to 
implement Legendre Galerkin and Laguerre Galerkin method on arbitrary grids. 
The aim of this paper is to introduce some ideas to construct suitable preconditioner matrix of 
for Legendre pseudospectral method in terms of expansion coefficients on Legendre Gauss- 
Lobatto (LGL) points. These ideas will be illustrated in the case of pseudospectral solutions 
of the system dynamic optimal control problems (OCPs), but it will be obvious that they can 
be applied to time orbit transfer problem. 

What is done in this work is in some sense close to the idea presented in [13]. Based on 
pseudospectral differentiation matrices on Gauss-Lobatto nodal values similar matrices are 
generalized for arbitrary grids. Throughout this work, we discuss two types of well-known 
matrices. The first is Legendre pseudospectral differentiation matrix [16]. The second is 
Legendre pseudospectral integration matrix [15]. The integration matrix could be used as 
optimal preconditioner (exact inverse). Also, we applied the suggested integral preconditioner 
on the system dynamics. 
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This study has been motivated by the computation of an invariant torus of a system of 
ordinary differential equations. We find the torus by discretizing optimal control problems 
with a full dimensional pseudo spectral method and by applying Newton's method. This leads 
to large non-symmetric linear algebraic systems. 

The main results of this paper is to show that the integral preconditioner convert the 
pseudo spectral approximation of differential operator to integral pseudospectral 
approximation of its integral form. A well-conditioned Legendre pseudospectral method is 
developed through the use of integral equation. 

Finally, in this work, we use a various preconditioners to the solution of system of linear 
equations arising from applications in BVPs and optimal control problems. The 
preconditioners considered here are the Incomplete LU factorization (ILU), the Incomplete 
LU factorization with threshold (ILUT), the Crout version of ILUT (ILUC) [21]. We are 
interested in the comparison of these preconditioners based on their memory efficiency and 
convergence properties, and we show that for the pseudospectral generally performs better. 

The remaining part of this paper is organized as follows: In section 2, preliminary 
formulations and some useful notations are presented. Also, we introduce the Legendre 
pseudospectral differentiation and integration matrices. In section 3, the pseudospectral 
Legendre integration matrix is used to define an optimal preconditioner based on the relation 
between the integration and differentiation matrices. Some of iterative techniques and 
preconditioning are applied in section 4. In sections 4 and 5, some of numerical experiments 
on optimal control problem and time orbit transfer problem are solved. 

2. Preliminary Considerations 

Let N >l be an integer, and let x {) ,x v ...,x N be a set of points in [-1, 1], these points 
considered throughout the work are Gauss-Lobatto points. The Legendre polynomials, 
P n (x),n =0,l,...,N appears as eigensolutions to the singular Sturm- Liouville problem: 

(l-x 2 )y"-2xy' + ly =0 

with l = n(n+l) , in the finite domain x 6 [—1,1], the first two being P (x) — l, P l (x)-x 
while the remaining polynomials are given through the recursion formula [1]: 

(n+V)P n+l (x)-(2n+l)xP n (x) + nP n _ l (x)=0. (2.1) 

The Legendre polynomials in terms of power of x are given by: 

P n (x) = T l <x n - 2m (2.2) 



m-0 

where 



c „ = (-l) m (2n-2mV. 



2" {n — rn}\{n — 2rn}\m\ 
and, 
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[nil]- 



n/2 if n is even 



(n-l)/2 if n is odd 



We present here the Legendre approximations of a function f(x) e C [— 1,1] , using (N +1) 
Legendre-Gauss-Lobatto (LGL) points {x i : (l-xf)P^ (x t . ) = 0, i =0,l,...,N }, where N is the 
degree of the expansion [15]: 



where 



f(jc)-£a,P,(jc), 

j=0 



~ v+1 i?£4M. <=°x...,N 



a, 

7 N 



(N-Dt-< [p N _ l( x k )r 



(2.3) 



(2.4) 



2.1 Legendre pseudospectral differentiation matrices 

The derivatives of a function f(x) can be approximated by interpolating at a set of (N +1) 
Legendre Gauss-Lobatto (LGL) points. Differentiating the polynomial, and then evaluating 
the polynomial at the same points. The entries (d^ } ) of the Legendre differentiation matrix D 
are given as follows: [16] 



d' 



dx" 



fix) 



Z<C/(*,) 



./=o 



(2.5) 



where 



N K;-m)/2] 9 ; , 1 P (x) 

j(m)_Y l y ZJ + 1 *j\-*-jJ ,j) j-2k-m 

" ~h h N(N-D[p N _ M) f *- ' ' 



(2.6) 



and 



a 



J . ) _ (-l) t (2y-2fc)!Q--2fc)Q--2fc-l)...(y-2fe-m + l) 
2'(j-*)!(j-2*)!*! 



The matrix form is: 



d r 



dx h 



-f 



:D m [f]. 



Where D m is known (N + l)x(iV +1) matrix and their elements given by [d^], the 
elements of the column matrix [/] are given byf (jc. ), i =0,1,. ..,N . This formula gives us 
an improvement of the results as shown in the numerical examples. 
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2.2 Legendre pseudospectral integration matrices 

Approximate the integrals of a function f(x) by interpolating the function with a polynomial 

T* N f at Legendre-Gauss-Lobatto (LGL) points. 
The values of the integrals: 



{}....{ (Pj)(t)dtdt...dt 



n- times 



at th (N + 1) points, in fact, be expressed as a fixed linear combination of the given function 
values and the whole relationship may be written in matrix form: 



{{....{ (P N f)(Odtdt...dt 



-1 -1 -1 

n- times 



- »(") 



B (n) [?j] 



Setting \P N f] = [f(t ),f(t l ),...,f(t N )\ as the vector consisting of values of /"(x)at (N +1) 
collocation points, 



\(P N f)(t)dt = \(P N f)(t)dt,...,\(P N f)(t)dt 



as the values of the integrals at the collocation points and B {n) =bj" ) , i,j — 0,l,...,N as the 
collocation integral matrix: [15] 



_n_[1!3 



•'■' . .X'X 1 ^7 + ' j p /, -, J \J £m) . -j-2 m +„ , «y-2m+n-i 



7^,^-1)^(0] [0-2m + n) 



r =i s=0 (r-,s) !$!(./ -2m + n-r)! 



(2.7) 



0<i\Jfc </Y . 



and 



(-\) k (2n-2k)\ 
2 n (n-k)\(n-2k)\k\ 



It should be noticed that, B n) ^ (B ')" . In addition, the row sums of the matrix B "' is given 
by: 
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ib$ = ( ±^.i = 0,l,...,N 



(2.8) 



k=0 



ni 



One should remember that the matrices obtained are in general very ill conditioned for quite 
modest values of n. If solving a system of equations with these matrices, preconditioning by 
finite difference matrices for the same problem has been shown to be an effective way to 
reduce the spectral condition number [5]. 

3. Exact Integration Preconditioning matrix 

The product formulae proposed in this section are based only on LGL points and weights 
of Legendre polynomials. These choose lead to make the approximation of the solution more 
precise; we used the integration preconditioning implementation based on Legendre 
polynomials (IPL). Therefore, the preconditioning matrix introduces an exact integration and 
it should be noticed that the truncation error approaches zero faster than any negative power 
of the number of basis functions used in the approximation. Roughly one can say that, from 
Eq. (2.8), the convergence is better when the eigenvalues are clustered. This is the reason why 
we try to precondition the matrices under consideration. Furthermore, such precondition is 
numerically performed through FORTRAN programming. 

Theorem 3.1 

If x i e [-1, 1] are the set of LGL points and D (n) , B {m) are the n -differentiation and 

m -integration Legendre pseudo spectral matrices, respectively. Then the exact Legendre 
integration preconditioning matrixes are given by: 



(m) n (n) 



B (m, D 



T>(m-n) _ D(m-n) yi _ V" 1 n(m-n+k) ** ry 



(«. 



k = \ 



jy(n-rn) _ M J)(n-m) _ V" 1 ftW ]tf £)(« 



-m+k) . 



k = \ 



rn—t 

I-M-Y,B (k) MD (k) ; 



m>n 



n> m , 



n = m 



where / is the identity matrix and M =1 m i . I , are given by: 



m.j=i 



j = and i = 0,...,N, 



otherwise. 



Proof: 

It is clear from the construction of D {m) that the spectral differentiation is exact for any 
smooth function. Then, for fixed N and differentiation of any order, we have, 
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— u{t)dt 
\dt 



^V«4u s= J-[u s J, 



where u x=x = [w(jt^),w(;e 1 ),...,u(.x Af )] .Therefore, 



B m D a) =I-M 



and 



B (2) D (2) =1 -M -B m M D 



(3.1) 
(3.2) 



From equation (2.8), it can be easily seen by induction that: 
Case 1: m>n 



m—\ 



D("i) r)(n) _ n(jn-n) _ »( m -")il^ _ V" 1 J}( m_ " + *)fl^ 7) 



(*) 



k-\ 



where 



B (m - n) M [u] : 



(x + 1)""" 
(m — n)\ 



u„ 



and 



B (m-„ + k) MD (k) J u j : 



(* + !)' 



2-K+& 



Case 2: n > m 



(m — n + k)l 



n-\ 



u 



(k) 



D(m)r)(n) _ r\(n-m) _ yiT\(n-m) _ V" 1 f>( k ) M f)(" 



-m+k) 



k-\ 



where 



MD ( "-" ) [u] = Lu^ ) J, 



and 



B (k) MD (n-m + t) J u j = 



U + l)* 



[<:;r } ]. 



(3.3) 



(3.4) 



Case 3: m = n 
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B (m) D (n) =I _ M _^ B (k) M D W n> l 



k=\ 



The equations (3.3) and (3.4) are exact for anyiV . 

Generally, in case of n = m = 1, we have the preconditioner matrix P (1) = B m D ([) , i.e. 



A 



-l 

+i 
o 



i = U.,N; 7 = 

i = j; i, j*0 
otherwise 



For example, when TV = 4 , we get: 

'0 0^ 



>(i) 



-110 

-10 10 

-10 10 

v -l \j 

In the next section, we are considered the smooth and continues function u(x) , and f N are 

the set of Legendre polynomials of degree at most Af . We studied the effectiveness of using 
Legendre pseudo spectral approximation with the suggested integration preconditioning to 
solve the second and fourth order boundary value problems. 

3.1 Preconditioning for the second order operator 

Consider the second order, linear nonhomogeneous differential equation of the form: 



au"(x) + p(x)u'(x) + q(x)u(x) — f(x), x e(— 1,1), 



subject to the following Robin boundary conditions: 

a u x (—l) + a l u(-l) = a 2 , Z7 M x (l) + i' 1 ii(l) =b 2 



(3.9) 



(3.10) 



Seeking of the solutions of polynomial form leads to a discrete form of the equations (3.9) 
and (3.10) as follows: 



(i). 



aD u 'u + PD u; u + Qu = f 



(3.11) 



where, 



P = 



P(x ) 








P(Xi) 







P(*w-i) 








P(x N ) 



, and Q = 



q(x ) 









q{x x ) 







tf(*W-l) 








q(x N ) 
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with, 

a u x (x ) + a 1 u(x ) = a 2 , b u x (x N ) + b x u (x N )=b 2 . (3.1 2) 

Let: 

D (2) u = <D. 

On apply the preconditioners B (2) and B (1) on (3. 1 1) and using (3.12), we get: 

(al + PB (1) +Q5 (2) )<D = f -PMDu-QMu-u'(x )Q[x + l], 

It can be rewritten in compact form as: 

B (2) <D = F (3.13) 

Therefore, the Legendre pseudospectral technique is used to accelerate the convergence of 
an iteration for solving X (D (2) )u — f by changing the iteration matrix to £{B (2) )u . The 
matrix £(B) is the "preconditioning matrix" and is chosen to be an approximation of £(D) 
(in the sense of having approximately the same eigenvalues), but is much less expensive to 
invert than Z{E) . 

3.2 Preconditioning for the fourth order operator 

We are now interesting in the pseudospectral approximation of the following model 
problem, 

u (4> (x) - ecu" (x)-j3u(x) = f(x),xG (-1,1) (3.14) 

subject to 

K (±1) = and u\±l) = . (3.15) 

Seeking of the solutions of polynomial form leads to a discrete form of the equations (3.14) 
and (3.15) as follows, 

D (4) u-aD (2) u-^u = f (3.16) 

subject to 

u(x )-0, u(x N ) — 0, u'(x )-0 and u'(x N )-0. (3.17) 

Let D (4) u = O, then on apply the preconditioners on (3.16) and using (3.17), we get: 

D (3) u = £ (1) <D + MD (3) u; 
D (2) u = B (2 )Q> + M "(_!)[( x + !)] • 

8 
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D (1) u = fi (3) + ^-^[(* + 1) 2 ] + u"(-l)[(x + 1)] ; 

The compact form is: 

B (4) <D = F (3.18) 

Further, on using the boundary conditions (3.17) and at the point x N , we obtain the values 

of u"(-l) and u'"{-\) . However, in the preconditioned algorithm, we turn to change the 
implementation of the iterative solvers by preconditioning. Of course, it would be possible to 
simply apply the methods to the transformed system and proceed as before. But we have to 
pay a lot of unnecessary expenses. 

4. Iterative Techniques and Preconditioning 

In this section, without loss of generality, we are interested in finding good preconditioners 
for solving the m order linear differential equation with constant coefficients: 

Z m (u) = a "^ +Pu{x) = f{x), 

i.e., 

X m (D) = f{x) (4.1) 

Regarding to the results in the next section, we found that the Legendre pseudospectral 

X m iB) is represented a good preconditioner of the iterative method in (4.1), i.e., it enjoys 

some basic advantages as well as storage requirements are estimated. First, the memory 

requirements of XJJS) has the same order as £ m (D) . Second, the computational cost is 

comparable to the computation of matrix-vector products involving X m (D) for certain 
iterative technique, e.g., in case of m = l, the total number of multiplications are of order 
0(n\og 2 n) . Finally, the convergence rate is improved and justifies the additional costs. The 

Legendre pseudospectral preconditioner is related to the discretization of the differential 
operator in (4.1), that is: 

\aD^+p\[u N ] = [f{x)]. 

To solve this system, we note that the Legendre pseudospectral preconditioner matrix B (m) 
admits the system: 

B (m) = F, 
where, 

B (m) =[l + aB (m) +j3], a*0. 

where <£> = [(p Q ,(p l ,...,(p N ] are the adjoint slack variables. These variables are used to 

compute the cost of performing the preconditioning, such that the number of arithmetic 
operations required for one coefficient matrix vector multiplication in the system (4.1) is 
N(2N + 1) .However, the number of operations needed to carry out the above preconditioning 

algorithm is 2N 2 . The total work for the action of the preconditioner is less than AMimes the 
work of a coefficient matrix- vector product. 
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At the end of this section, we implemented the proposed method in section 3 with FORTRAN 
90 in a personal computer and we used the following example in our experiments. 



Example (1): 

Consider the boundary value problem: 



y"(x) + xe x y(x) = x + e x ,-l<x<l, 



(4.2) 



with the Robin boundary conditions 

y' (-1) + 2y(-l) = 3 e~ l and y '(1) - y (1) = . (4.3) 

This problem has the exact solution: 

y(x)=e x . 

Apply the preconditioner IPL using B (2) and B (1) on (4.2) and using the boundary conditions 
(4.3), we get the approximated solution of the problem as follows: 



N N N 

^( 2 )>,W V \_i_/'O v _i_1\^ £,(!) ,„( v \ _<"> v _l1\^ h( 2 h 



,-1, 



y(x t )= ZbiM x k) + (2x l+ l)ZbZw(x k ) -(2^Hhl)I^>(^)-3e-X., 

lc=0 k=0 k=0 

for i = 0,l,...,N. 

The results in Table (4.1) show some comparisons, based on the choice of a specific 
iterative algorithm (ILU, ILUT and ILUC), showing the computational cost is strongly 
reduced for the current preconditioner (IPL). 

Table (4.1): Comparison of preconditioners on example (1) 



Preconditioners 


N 


No. of 
Iterations 


CPU time 
/Iteration 


Errors in 
Boundaries 




8 


31 


1.09 sec. 


1.6E-04 


ILU 


12 


47 


2.19 sec. 


8.0E-06 




16 


90 


6.27 sec. 


4.9E-07 




8 


14 


6.1 sec. 


3.8E-09 


ILUT 


12 


21 


8.2 sec. 


2.4E-11 




16 


34 


13.9 sec. 


1.1E-12 




8 


8 


4.1 sec. 


5.1E-09 


ILUC 


12 


11 


5.4 sec. 


6.2E-12 




16 


15 


7.0 sec. 


7.9E-13 




8 


4 


1.1 sec. 


5.2E-11 


IPL 


12 


6 


1.8 sec. 


0.1E-14 




16 


8 


3.7 sec. 


7.3E-15 



The numerical results confirm the theoretical statements in section 3, the number of iterations 
does not depend on the values of the coefficients, and the condition number of the matrix B (1) 
is proportional to D (1) . The experiments in Table (4.1) show that the iterative method with the 
proposed IPL preconditioner converges 2-3 times faster than with ILUC preconditioner. 
These results are concerning the conditioning and the discrete relative L 2 error obtained by 



10 
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El-gendi method [8] and the Chebyshev pseudo spectral integration method [4] and Legendre 
preconditioning method, for N = 8, 10 and 16, respectively. 

In terms of accuracy, the preconditioning produces more accurate results than the Chebyshev 
pseudo spectral integration method. Furthermore, when N increases from 8 to 32, the 
condition number increases from 2.17xl0 +3 to 5.79 xl0 +6 for the Chebyshev pseudospectral 
matrix [8], but only from 1.37xl0 +2 to 4.61X10 44 for the Legendre pseudospectral matrix. 

On the other hand, Table (4.2) shows the absolute error by using El-gendi method [8], 
pseudospectral integration method [4] and the proposed Legendre preconditioning method, 
for different values of N. 

Table (4.2): The observed absolute error at N=10 



N 


Ref. [8] 


Ref. [4] 


ILP method 


8 


1.6E-12 


4.2E-13 


1.14E-14 


16 


4.7E-12 


3.9E-13 


1.45E-14 


32 


1.8E-11 


4.5E-13 


5.65E-14 


64 


3.6E-11 


1.8E-13 


5.24E-14 


128 


5.1E-11 


2.6E-13 


4.27E-14 


256 


5.4E-11 


7.9E-13 


2.22E-16 



Example (2): 

Find the optimal control u(t) such that: [12] 

Minimizes: 

l . . 

J = j(0.625x 2 +0.5xu + 0.5u 2 )dr, 
o 

Subject to: 

x'(t) = 0.5x(t) + u(t), 
with x(0) = l. 

This problem has an analytic solution given by 

u (r) = -(tanh(l - r) + 0.5) cosh(l - t) I cosh(l) ,re[0, 1] 
with optimal cost: 

/* = e 2 sinh(2)/(l + e 2 ) 2 - 0.380797 . 

The first step in solving this problem is to transform the time interval into t e [-1,1] . This will 
lead to the following problem: 



Minimizes J = - J (0.625x 2 +Q.5xu + Q.5u 2 )dt, 

(4.3) 
Subject to 2x'(0 = 0.5x(t) + u(t) , 



(4.4) 



11 
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and 



*(-!) = 1. 



(4.5) 



Apply the Legendre precondition approximation for Eq. (4.4) and using condition Eq. (4.5), 
we get: 

2B {1) D m x(t t ) - 0.5B (l) x(t t ) + B m u(t t ) , 
2x(t t ) - 2x(t ) - 0.55 (1) x(?. ) + B m u{t t ) , 
Let us approximate the control variable by Legendre polynomials as follows: 

M 

u{t t ) = Y,a k P k {t t ), 



N M 



x(t l ) = 0.25Y J b^x(t i ) + 0.^b^a k P k (t l ) + l 



7=0 



7=0 4=0 



Then the problem can be converted to the following constrained optimization problem: 
Minimize 



i " M I M 

J=-^ ) J \0.625x 2 (t i ) + 0.5x(t i )2a k P k (t i )+0.5 £a^(*,) 

1 7=0 



Since 



*=o 



N M 



( M \ 

I 

\k=0 



(4.6) 



x(^) = 0.25^S^)+0-5Z^7 ) Z a ^^) +1 ' i = ' 1 '--' N - ( 4 - 7 ) 

7=0 7=0 *=0 

The parameter optimization problem (4.6), subject to (4.7), can be solved using the penalty 
solver given in Ref. [9]. The stopping criteria are: 

\J(r N+1 ,A N J-J(r N ,A N )\<£ 

to decide whether the computed solution in close enough to the optimal solution (Table 4.4). 



Table (4.4); Objectives 7* ofExamp 



N 


7* 


4 


0.38079160 


6 


0.38079698 


8 


0.38079710 


10 


0.38079700 


12 


0.38079700 


14 


0.38079700 


Exact solution = 0.380797 



e(2) 
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Fig. 6: State and control variables of Example (2) 
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5. Minimum time orbit problem 

One of the best known trajectory optimization examples is the problem of minimizing the 
transfer time of a constant low-thrust ion rocket between the orbits of Earth and Mars. This 
involved the determination of the thrust angle history, for which no exact solution is known 
(El-Gindy et al [10]). The performance index of the problem can be stated as follows: 



Minimize 



J=T 



_. , . dx, T 

Subject to: — - = — x 2 , 



dt 



x i y R^Sinu 

2 7^ 

Xl x i m +~m(t+l) 



dx 3 
dt 



x 2 x 3 R cos u 



x T 

1 m + — m(t + Y) 



-l<f<l. 



With the boundary conditions 

x 1 (-l) = 1.0, Xj(-1) = 0.0, x 3 (-l) = 1.0 

^(1) = 1.525, jc 2 (1) = 0.0, x 3 (l) = 0.8098. 

where T is the unknown final time to be minimized, y characterizes the gravitational 
attraction from the sum, R is the constant low-thrust magnitude, Mis the control angle 
measured from the local horizontal, m is the initial mass, m is the constant propellant 
consumption rate. Using normalized values (Van Dooren et. al, [20]), we have 
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y = 1, R =0. 1405 , m = 1 and m = -0.07487 . Since the state variables x x ,x 2 , x 3 are 

defined in the two boundaries, we shall use the Legendre approximation as follows: 
Let 

by integration we have, 

(/ -M v )x, (t) = 5 (1)X F, (0 + C x , (I-M 2 )x 2 (0 = B m W 2 (0 + c i . and 

(/ -M 3 )x 3 (0 = 5 (1)X F 3 (0 + C 3 . 

Using boundary conditions Xj(-l) = 1.0, x 2 (-l) = 0.0, x 3 (— 1) = 1.0 and making use of the 
Legendre integral approximation, we found C x —I, C 2 - and C 3 - I then, 

*(0 = ZW,) + 1 ' i=0,...,N 



x 2 (t i )^b ij ^ 2 (t j ),i=0,...,N 



7=0 



^HZVW + L i=0,...,N . 

j=o 

Therefore: 

Minimize J =T , 



Subject to 

N 



./=o 



*2(',) 






y 






ZWP+ 1 ZWP +1 






R^Sinuitj) 

2+ J 

m H — m(t i + 1) 



y 



= 



¥ 3 (0" 



iV 



/■ a? 



zvw a^^+i 



ZW;) +1 



i? cos w(f ( -) 
— m(t + 1) 



= 0, -1<?<1, 



with the boundary conditions: x, (l) = 1 .525, x 2 (l) = 0.0, x 3 (l) = 0.8098 . 
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Table (4.5): Preconditioner solvers for Min. Time Orbit for N=12 



Method 


No. of 
Iterations 


Errors in 
Boundaries 


CPU time/ 
Iteration 


ILU 


37 


5.12E-04 


1.1 


ILUT 


28 


1.82E-04 


1.1 


ILUC 


11 


5.39E-06 


0.9 


IPL 


5 


2.02E-11 


0.5 



The problem can be converted to the constrained optimization problem and solved by suitable 
NLP solver. Table (4.5) shows the computational effort with the preconditioner subroutines 

comparing with other solvers. However, Table (4.6) shows comparative results / for 
solving the time orbit transfer and comparison between the integration preconditioning 
approach based on Legendre and those obtained by El-Gindy [10] making use of Chebyshev 
spectral method and other given references. 



Table (4.6): Observed objective minimum time / 



Method 


T 


Moyer, Pinkham [17] 


First 


3.317 


Gradient 


Second 


3.317 


Hontoir, Cruz [14] 


3.3194 


Taylor, Constantinides [19] 


3.3819 


El-Gindy etal [10] 


3.3117 


Present method (IPL) 


3.311 



We observe from this table that the IPL implementation have better performance compared 
with the Chebyshev formulations. This agrees well with the findings in [15]. 

6. Conclusion 

In this paper we calculate the pseudospectral precondition matrices for Legendre polynomials 
at Legendre Gauss Lobatto (LGL) points. Introduced approximated of any continuous 
function and an approximation of its finite integrals by Legendre polynomials. The tables and 
the figure given previously show that the suggested technique is quite reliable. It can be 
successfully applied to both ordinary boundary value and optimal control problems. Several 
examples are given and the results obtained using the method introduced in this article show 
that the newly proposed numerical procedure is efficient and provides very accurate results 
even with using a small number of collocation points. The method is produced to solve the 
minimum time orbit transfer problem to get an accurate solution at small number of nodes. 
Moreover, the results indicate that preconditioning the optimal time control yields better 
performance than any of the real formulations - a result which concurs with those of [17] and 
[19]. We see also that the results with the IPL preconditioner are much closer to each other, 
compared with those of the Chebyshev preconditioner [10]. 
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Abstract 

In this paper we define generalized quasi-metric space (gqms)) on the lines of 
quasi-metric space, where the quasi-triangular inequality has been replaced by quasi- 
tetrahedral inequality. As such, any generalized metric space is a generalized quasi- 
metric space but the converse is not true. The well-known fixed point theorems of 
Banach and of Kannan have been transferred to such a space. 

Keywords: Cauchy sequence, generalized quasi-metric spaces, fixed point. 

Mathematics Subject Classification: 47H10, 54H25 

1. Introduction and Preliminaries 

Generalized metric space is treated by Branciari [4] in 2000. Every metric space is a 
generalized metric space but the converse is not true. Starting with the paper of Branciari 
[4], some well-known metric fixed point theorems have been transferred to generalized 
metric spaces (see [1], [5], [6], [7], [9], [13], [14]). 

The purpose of this paper is to introduce the concept of generalized quasi-metric 
space and prove two fixed point theorems: the Banach's Contraction principle [2] and the 
Kannan's Contraction principle [8] in a gqms. 

In gqms, differently from metric spaces, the "open" balls 
B(a,r) = {xG X :d(x,a)<r} are not always open sets and consequently, a generalized 
quasi-distance is not always continuous of its variables. The gqms is not always a 
Hausdorff space and the convergent sequence (x n ) in gqms is not always a Cauchy 
sequence (see Example 2.8). 

Firstly, we will give some known definitions. 

The concept of quasi-metric spaces is treated differently by many authors. In this paper 

our concept is in line with this treated in [3], [10], [11], [12], [13], [15] etc: 

Definitionl.l Let X be a set. A nonnegative symmetric function d defined on X x X is 
called a quasi-distance on X if and only if there exists a constant k > 1 such that for all 
x, y and zel the following conditions hold: 
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(1) d(x, y) = <=> x = y; 

(2) d(x,y) = d(y,x); 

(3)d(x, y) < k[d(x, z) + d(z, y)] . 
Inequality (3) is often called quasi-triangular inequality and k is often called the 
coefficient of J . A pair (X, d) is called a quasi-metric space if X is a set and d is a quasi- 
distance on X. Metric spaces are a special case of quasi-metric space (for A: = 1 ). 

Definition 1.2 [4] Let X be a set and d:X 2 — > i? + a mapping such that for all 
ijg! and for all distinct points z, we X , each of them different from x and y, one has 

(a) J(x, y) = 0if and only if x = y , 

(b) d(x,y) = d(y,x), 

(c) d(x, y) < d(x, z) + d(z, w) + d(w, y) (Tetrahedral inequality) 

Then d is called a generalized metric and (X, d) is a generalized metric space (or 
shortly gms). 

2. Main results 
Definition2.1 Let X be a set. A nonnegative symmetric function d defined on X x X 
is called a generalized quasi- distance on X if and only if there exists a constant k > 1 
such that for all x,ye X and for all distinct points z, we X , each of them different from 

x and y the following conditions hold: 
(i) d(x, y) = <=> x = y; 
(ii) rf(x,y) = rf(3;,x); 

(»7) J(x, y) < k[d(x, z) + d(z, w) + d(w, y)] . 
Inequality (3) is often called quasi-tetrahedral inequality and k is often called the 
coefficient of J . A pair (X,d) is called a generalized quasi-metric space if X is a set and 
d is a generalized quasi-distance on X. 

The set fi(a, r) = {xe X : d(x,a) < r} is called "open" ball with center a e X and 

radius r > . 

The family T = {2 cz X : \/a e 2, 3r > 0, 5(a, r) cz is a topology on X and it is 
called induced topology by the generalized quasi-distance d . 

The following example illustrates the existence of the generalized quasi-metric 
space for an arbitrary constant k > 1 : 
Example 2.2 Let X = R . Define d:XxX -^ R as follow: 



d(x, y) 



for x = y 

3k for x, ye {\,2},x^ y 

1 otherwise 



Then it is easy to see that d is a generalized quasi-distance on X and (X, d) is a 
;eneralized quasi-metric space. (X,d) is not a generalized metric space (for A: > 1 ) 
iecause: 



g' 
because: 
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3k = d(l,2)>d(l,3) + d(3,4) + d(4,2) = 1 + 1 + 1 = 3. 

The metric spaces are a special case of generalized metric spaces and generalized 
metric spaces are a special case of generalized quasi-metric spaces (forfc = 1 ). Also, every 
quasi-metric space is a gqms, while the converse is not true (see proposition 2.9). 

We give some definitions. 
Definition 2.3 A sequence {x n } in a generalized quasi-metric space (X, d) is called 

Cauchy sequence if lim d{x n ,x m ) = 

n,m— >oo 

Definition 2.4 Let (X,d) be a generalized quasi-metric space. Then: 

(1) A sequence {x„}in X is said to be convergent to a point xe X (denoted 
bylimx n =x)if\imd(x n ,x) = 0. 

(2) It is called compact if every sequence contains a convergent subsequence. 

Definition 2.5 A generalized quasi-metric space (X, d) is called complete, if every 

Cauchy sequence is convergent. 

Definition 2.6 Let (X, d) be a gqms and the coefficient of d is h. 

A map T : X — > X is called contraction if there exists < c < — such that 

d{Tx,Ty)<cd{x,y) for all x, ye X . 
Definition 2.7 Let T : X — > X be a mapping where X is a gqms. For eachxe X , let 

0(x)={x,Tx,T x,...} 
which will be called the orbit of T at x. The space X is said to be T-orbitally complete if 
and only if every Cauchy sequence which is contained in O(x) converges to a point in X. 

The following example illustrates: 

I. The "open" balls B(a,r) = {xe X : d(x,a)< r) , in generalized quasi-metric 

spaces, are not always open sets. 

II. The generalized quasi-distance is not always continuous of its variables. 

III. The gqms is not always a Hausdorff space and the convergent sequence {x n } in 
gqms is not always a Cauchy sequence. 

Example 2.8 LetZ=Jl — :n = l,2,...lu{l,2}, Define d:XxX -^ R as follow: 

for x = y 



d(x,y) = 



— for x g {l, 2} and y = 1 or y e {l, 2} and x = \ ,x^ y 

n n n 



3k for x, ye {1,2}, x ^ y 
1 otherwise 

Then it is easy to see that (X,d) is a generalized quasi-metric space and is not a 
generalized metric space (for k > 1 ) . 
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Note that the sequence (x n ) = (1 ) converges to both 1 and 2 and it is not a Cauchy 

n 

sequence: d(x n ,x m ) = d(\ ,1 ) = l,Vn,me N 

n m 

Observe that 5(1, r)n5(2, r)± <f> for all r>0 and consequently (X,d) is non a 
Hausdorff generalized quasi-metric space. 

The function d is not continuous: 1 = lim d(\ — , — ) ^ d{\, —) = — . 

n ^°° n 2 2 2 

We have the following proposition. 

Proposition 2.9 If (X, d) is a quasi-metric space, then (X,J) is a generalized 
quasi-metric space. 

Proof. Let x,y,u,v& X be four distinguished point. By the quasi-triangular 
inequality we have: 

d(x, y)< k[d(x,u) + d(u, y]< kd(x,u) + k [d(u,v) + d(v, y)] < 

< k 2 [d(x,u) + d(u,v) + d(v, y)] 
So, (X,d) is a gqms with the coefficient k 2 . 

The converse proposition doesn't hold true. For example, the gqms taken by the 
example 2.8, for the case k = 2 , it is not a quasi-metric space. In contrary, there exists a 

1 1 2 

constant k'>\ such that 6 = d(l,2)< k\d{\,\ ) + d{\ ,2)] = k'-,\/ne N and 

n n n 

under tending in infinity we get 6 < . This is a contraction! 

We state the following Theorem: 

Theorem 2.10 (A generalization of Banach's Contraction principle in a gqms). 
Let (X, d) be a gqms with coefficient k > 1 and T : X — > X be a mapping such that 
d(Tx,Ty)<cd(x,y)Vx.yeX (1) 

where < c < — . If X is T-orbitally complete then T has a unique fixed point in X. 
k 

Proof. Choose anyx eX. Define the sequence (x n ) inductively a follows: 
x n = Tx n _ l for all n > 1 . So by (1) we have, 

d(x n ,x n+1 )<cd(x n _ l ,x n )<...<c n d(x ,x l ) (2) 

And so 

\imd(x n ,x n+l ) = (3) 

We divide the proof into two cases: 

Case I: Suppose x p = x for some p,qe N,p ^ q. Let p > q. Then 

T p x Q =T p ~ q T q x =T q x i.e. T n a = a where n = p - q and r ? * =a. Now if n>l,by 
(2), we have 

J(a,Ta) = d(T n a,T" +1 a) < c n d(a,Ta) 
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Since < c < 1 , d(a, Ta) = . So Ta - a and hence a is a fixed point of T. 

Case II: Assume that x n ^ x m for all n^m . Then (x n ) is a sequence of distinct 
points. Form > n + 1 , by quasi-tetrahedral inequality and by (2), we have 
d ( x ^ x ,n)^ k [d(x„,x n+l ) + d(x n+l ,x m+l ) + d(x m+l ,x m )]< 

< k[c"d(x ,x l ) + cd(x n ,x m ) + c m d(x v x Q )] = 

= k(c n + c m )d(x ,x { ) + kcd{x n , x m ) 

1 k(c n +c m ) 
And so, sinceO< c< — <1 , we get d(x n ,x m )< d(x ,x { ) and lim d(x n ,x m ) = . 

k *~ ' '" \-kc n,m^oo 

It implies that (x n ) = (r"^: )is a Cauchy sequence. Since X is T-orbitally complete, 
exists a ore X such that 

lim x n = a (4) 

Let us prove Ta = a . In contrary, if Ta ^ a , by quasi-tetrahedral inequality, we have 
d(Ta,a)<k[d(Ta,Tx n ) + d(Tx n ,x n ) + d(x n ,a)]< 

<k[cd(a,x n ) + d(x n+l ,x n ) + d(x n ,a)] 
Letting n — > °o and using the facts (3) and (4), we have d{Ta,a) = . So a is a fixed 
point of T. If a, a' are fixed points of Tthen d(a,a') = d(Ta,Ta') < cd(a,a') . Since 
< c < 1 we have a-a\ This completes the proof of the theorem. 

Corollary 2.11 (Banach's Contraction principle in a gqms). 
If (X,d) is a complete gqms with coefficient k > 1 and T : X — > X is a mapping 
such that 

d(Tx,Ty) < cd(x, y)Vxy e X 

where < c < — , then T has a unique fixed point in X. 

K 

The proof follows by Theorem 2.9 since if X is complete then X is T-orbitally 
complete. 

Theorem 2.12 (A generalization of Kannan's Contraction principle in a gqms). Let 
(X,d)bc a gqms with the coefficient k and T : X — > X be a mapping such that 

d(r*,ry)</?[d(;t,r;0 + d(y,ry)] (5) 

for all x,ye X , where < B < . If X is T-orbitally complete, then T has a 

& + 1 

unique fixed point in X . 

Proof. Choose any x e X . Define the sequence (x n ) inductively a follows: x n = Tx n _ } 

for all n > 1 . So by (5) for x = x and y = x l we have, 

d(x l ,x 2 ) < J3[d(x (j ,x l ) + d(x l ,x 2 )] 
And so 

d(x i ,x 2 )<——d(x ,x 1 ) 
Again 
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d(x 2 ,x 3 )<^[d(x 1 ,x 2 ) + d(x 2 ,x 3 )],i.e., d(x 2 ,x 3 )<——d(x 1 ,x 2 )<(——) 2 d(x ,x 1 ) 

Similarly 

d(x n ,x n+l )<(——) n d(x ,x l ) = r n d(x ,x l ) (6) 

Where r = —?— . Since < B < < — , clearly < r < 1 

1-/3 k + l 2 

From (6) it follows 

limd(x n ,x n+1 ) = (7) 

n— >co 

We divide the proof into two cases: 

Case I: Suppose x p = x for some p,qe N,p ^ q. Let p > q. Then 

T p x =T p ~ q T q x =T q x i.e. T n a = a where n = p - q and T q x = a. Now if n>l,by 
(6), we have 

d(a,Ta) = d(T n a,T" +1 a) < r n d(a,Ta) 
Since < r < 1 , J (a, Ta) = . So Ta - a and hence a is a fixed point of T. 

Case II: Assume that x n # x m for all n^m . Then (x n ) is a sequence of distinct 
points and for m > n + 1 , by quasi-tetrahedral inequality, we have 

</c[r"J(x ,x 1 ) + rJ(x n ,x m ) + r ffl J(x 1 ,x )] = 

k(r n + r m ) 

So, since 0<r<l and \-kr>0 we have d(x n ,x m )< d(x^,x A ) . 

\-kr 

Therefore lim d{x n ,x m ) = 0. It implies that (x n ) = (T"x )is a Cauchy sequence. 

n,m—>°o 

Since X is T-orbitally complete, exists affeX such that 

lim x n = a (8) 

Let us prove Ta = a . In contrary, if Ta ^ a ,by quasi-tetrahedral inequality, we have 

d(Ta,a)<k[d(Ta,Tx n ) + d(Tx n ,x n ) + d(x n ,a)]< 

< kfi[d{a, Ta) + d(x n , Tx n )] + kd(Tx n ,x n ) + kd{x n , a) = 
= kj3d(a,Ta) + kj3d(x n ,x n+l ) + kd(x n+l ,x n ) + kd(x n ,a) 
Letting n — > °° and using the facts (7) and (8), we have 

k 

d(Ta,a)<kBd(Ta, a) .Since 0<k/3< <1, d(Ta,a) = 

k + l 

So or is a fixed point of T If a, a' are fixed points of T, then 

d (a, a ') < f5[d {a, Ta) + d (a ', Ta ')] = and so a = a ' . This completes the proof of the 

theorem. 

Corollary 2.13 (Kannan's Contraction principle in a gqms). 
If (X, d) is a complete gqms with coefficient k > 1 and T : X — > X is a mapping such 
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that 



where 0<j3< 



1 



k + 1 



d(Tx,Ty) < j8[d(x,Tx) + d(y,Ty)] 
then T has a unique fixed point in X. 



Example 2. 14 Let X = {1,2,3,4} . Define d : X x X -> R as follow: 

/or x = y 

3 for x,ye{\,2},x*y 

d(x,y) = < 1 /or ije {2,3} or ije {\,3},x^ y 
9 for x, ye {1,4}, x ± y 

4 for x, ye {2,4} or x, y e {3,4}, x ^ y 



And 7* = 



1 ;/jc = 4 



^3 ?/ * * 4 
Then (X,J) is a T-orbitally complete generalized quasi-metric space with coefficient 

3 
k = — > 1 and (X,d) is not a generalized metric space because it lacks two of the 

tetrahedral inequalities (The fifth and the sixth): 

3 = d(l,2)<d(l,3) + d(3,4) + d(4,2) = l + 4+4 = 9 
3 = d(l,2)<d(l,4) + d(4,3) + d(3,2) = 9 + 4 + l = l4 

l = d(l,3)<d(l,4) + d(4,2) + d(2,3) = 9 + 4 + 1 = 14 
l = d(l,3)<d(l,2) + d(2,4) + d(4,3) = 3 + 4 + 4 = 11 

9 = J(l,4)>J(l,2) + J(2,3) + J(3,4) = 3 + l + 4 = 8 

9 = J(l,4)>J(l,3) + J(3,2) + J(2,4) = l + l + 4 = 6 

1 = d(2,3) < d(2,l) + d(l,4) + d(4,3) = 3 + 9 + 4 = 16 
l = d(2,3)<d(2,4) + d(4,l) + d(l,3) = 4 + 9 + 1 = 16 
4 = d(2,4) < d(2,l) + d(\,3) + d(3,4) = 3 + 1 + 4 = 8 
4 = J(2,4)<J(2,3) + J(3,1) + J(1,4) = 1 + 1 + 9 = 11 
4 = J(3,4)<J(3,l) + J(l,2) + J(2,4) = l + 3 + 4 = 8 
4 = J(3,4)<J(3,2) + J(2,l) + J(l,4) = l + 3 + 9 = 13 

We verify if the inequality d(Tx,Ty)< fi[d(x,Tx) + d(y,Ty)] is satisfied for all x,y& X . 

Note that 

d(T\,T2) = d(T\,T3) = d(T2,T3) = 

and in all other cases 

d(Tx,Ty) = \, d(x,Tx) + d(y,Ty)>9 



Hence, for /? = — < 



8 \ + k 



—— = — all conditions of Theorem 2.12 are satisfied to 
3 5 



1 + - 

2 



obtain a unique fixed point 3 of X. 
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Abstract: We prove coupled coincidence and coupled common fixed point theorems for 
nonlinear contractive strictly mixed g-monotone mappings in partially ordered complete 
metric spaces. In this paper, we remove the continuity condition of the contractive mapping 
in the recent fixed point theorems due to Lakshmikantham and Ciric [V. Lakshmikantham, 
Lj.B. Ciric, Coupled fixed point theorems for nonlinear contractions in partially ordered 
metric spaces, Nonlinear Anal. TMA 70 (2009) 4341-4349] when the contractive mapping 
is strictly mixed g-monotone. 

Keywords: Coupled fixed point; coupled coincidence; partially ordered set; mixed strict 
monotone mapping. 

1. Introduction 

Existence of a fixed point for contraction type mappings in partially ordered metric spaces 
and applications have been considered recently by many authors (see, for details, [2]-[18] ). 
The aim of this paper is to extend the results of Lakshmikantham and Ciric [1] for strictly 
mixed monotone linear contractive mappings. We prove the main results of Lakshmikantham 
and Ciric [1] for strictly mixed monotone contractive mappings without continuity of the 
contractive mapping. 

In this paper, we suppose that X is a nonempty set. Note that an element (x, y) G X x X 
is called a coupled coincidence point of the mapping F : X x X — > X and g : X — > X if 

F(x,y) = g(x), F(y,x)=g(y). [1] 

Let F : X x X — > X and g : X — > X We say F and g are commutative if g(F(x, y)) — 
F(g(x),g(y)) for all x,y&X (see [1] ). 

Recently, Lakshmikantham and Ciric in paper [1] , proved the following theorem: 
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Theorem 1.1. Let (X, <) be a partially Ordered set and suppose there is a metric d on 
X such that (X,d) is a complete metric space. Assume there is a function ip : [0, +oo) — > 
[0, +oo) with ip(t) < t and lim r ^ t + <p(r) < t for each t > and also suppose F : X x X — > X 
and g : X — > X are such that F has the mixed strict g— monotone property and 

d(F(x, y), F(u, v)) < lpi d{g(x),g(u)) + d{g{y),g{v)) ) (1) 

for all x, y, u,v G X for which g(x) < g{u) and g(y) < g(v). Suppose F(X x X) C g(X) and 
g is continuous and commutes with F and also suppose either 

(a) F is continuous or 

(b) X has the following property: 

(i) if a non-increasing {x„} — > x, then x n < x for all n, 
(ii) if a non-increasing {y n } — > y, then y < y n for all n. 
If there exist xo,yo G X such that 

g(x ) < F(x ,yo) and g(y ) > F(y ,Xo), 

then there exist x, y G X such that 

g(x) = F(x,y) and g(y) = F(y,x), 

that is, F and g have a coupled coincidence. 

Definition 1.2. Let (X, <) be a partially ordered set and F : X x X — > X and g : X — > X . 
We say that F has the mixed strict g—monoton property if for any x, y G X, 

xi,x 2 G X, g(x-i) < g(x 2 ) => F(x!,y) < F(x 2 ,y) 
Vi,V2 G X, g(y x ) < g(y 2 ) =*> F(x, yi ) > F(x,y 2 ). 

2. Main Results 

We start our work with the following theorem, which remove the conditions (a) and (b) 
in above theorem for strictly g— monotone contractive mapping F. 

Theorem 2.1. Let (X,<) be a partially Ordered set and suppose there is a metric d on 
X such that (X, d) is a complete metric space. Assume there is a function ip : [0, +oo) — > 
[0, +oo) with ip(t) < t and lim r ^ t + </?(r) < t for each t > and also suppose F : X x X — > X 
and g : X — > X are such that F has the mixed strict g— monotone property and 

d(F(x, y), F(u, v)) < lpi d(g( X ),g(u)) + d(g{y),g{v)) ) (1) 

for all x, y, u,v G X for which g(x) < g(u) and g(y) > g(v). Suppose F(X x X) C g(X) and 
g is continuous and commutes with F. If there exist xo, yo G X such that 

g(x ) < F(x ,y ) and g(y ) > F(y ,x ), 

then there exist x, y G X such that 

F(x, y) = g(x) and F(y, x) = g(y), 

that is, F and g have a coupled coincidence. 

Proof. Similarly as in proof of Theorem 2.1 of [1] , we can construct sequences {x n } and 

{y n } in X such that 

g(x„+i) - F(x„,y n ) and g(y„+i) - F(y„,x„) for all n > 0. (2) 
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Also, on the same way from proof of Theorem 2.1 of [1] , we can show that 

g(x„) < g(x n +i) for all n > (3) 

and 

g(yn) > g(y n +i) for all n > 0. (4) 

Therefore, we have 

g(x ) < g(xi) < g(x 2 ) < • ■ • < g(x„) < g{x n +i) <■■■ (5) 

and 

g(yo) > g(yi) > 3(3/2) > • ■ • > g(y„) > g{y n +i) >■■• . (6) 

Again, similarly as in proof of Theorem 2.1 of [1] , we can prove that {g(x„)} and {g(y n )} 
are Cauchy sequences. Since X is complete, there exist x, y £ X such that 

lim g(x n ) = X and lim g(y„) - y. (7) 

n ► oo n > oc 

From (5) and (6), {g(x n )} is monotone increasing and {g(y n )} is monotone decreasing there- 
fore, for all n > 

g(x n ) < x and g(y n ) > y. (8) 

From (7) and continuity of g, 

lim g{g{x„)) = g{x) and lim g{g{y„)) = g(y). (9) 

n *oo n >oc 

Thus for all m G N there exists no € N such that, for n > no 

d(g(g(x n )),g(x)) < — and d(g(g(y„)),g(y)) < —. (10) 

Hence, from (1), (2), (8), (10), and commutativity of F and g and by triangle inequality, we 
have 

d(F(x, y), g(x)) < d{F(x, y),g(g(x n ))) + d(g(g(x„)),g{x)) 

= d{F(x, y),g(F(x„-i,y„-i))) + d(g(g(x n j), g(x)) 
= d(F(x, y), F(g(x n -i),g{y n -i))) + d(g(g(x n )),g(x)) 
^ A d(9(x),g(g(x n - 1 ))) + d(g(y), 9 (g(y^ 1 ))) ) + d{g{g{xn)lg{x)) 

< ^^^(g^-!)))^^),^^-!))) ^^^^^^^ 
1111^ 

8m 8m 4m 2m 

Let m — > oo in above inequality, then F(x, y) = g(x). similarly we can show F(y, x) — g(y). 
This means that F and g have a coupled coincidence point. □ 

Corollary 2.2. Let (X, <) be a partially ordered set and suppose there is a metric d on X 
such that (X, d) ts a complete metric space. Suppose F : X x X — > X and g : X — > X 
are such that F has the mixed strict g— monotone property and assume that there exists a 
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k £ (0, 1) with 

d(F(x, y), F(u, v)) < \ [d(g(x),g(u)) + d(g(y),g(v))] 

for all x, y, u,v £ X for which g(x) < g(u) and g(y) > g(v). Suppose F(X x X) C g(X) and 

g is continuous and commutes with F. If there exist xo, J/o £ X such that 

g(x ) < F(x ,y ) and g(y ) > F(y ,xo), 

then there exist x, y £ X such that 

g(x) = F(x,y) and g(y) = F(y,x), 

that is, F and g have a coupled coincidence. 



□ 



Proof. By putting <p(i) = kt with k £ (0, 1) in theorem 2.2, we obtain the result. 

Now, we endow the product space X x X with the following partial order: 
for (a;, y), («, v) £ X x X, (u, v) < (x, y) <=> u < x, v > y. 

Theorem 2.3. In addition to the hypotheses of theorem 2.2, suppose that for every (x, y), (x* , y*) £ 
XxX there exists a(u,v) £ XxX such that (F(u, v),F(v, u)) is comparable to (F(x, y), F(y, x)) 
and (F(x* , y*), F(y* ,x*)). Then F and g have a unique coupled fixed point, that is, there 
exists a unique (x, y) £ X x X such that 
x = g(x) = F(x, y) and y = g(y) = F(y, x). 

Proof. The proof is similarly to the proof of Theorem 2.2 of [1] . □ 

Corollary 2.4. Let (X, <) be a partially ordered set and suppose there is a metric d on 
X such that (X, d) is a complete metric space. Assume there is a function ip : [0, +oo) — > 
[0, +oo) with ip(t) < t and lim r ^ t + </j(r) < t for each t > and also suppose F : X x X — > X 
be a mapping having the mixed strict monotone property on X and 

d(F(x,y),F(uM)<^ d{X ' U \ dM ) (ID 

for each x < u and y > v. 

If there exist xo, J/o G X such that 

x < F(x ,yo) and y > F(y ,x ), 
then there exist x, y £ X such that 
x — F(x,y) and y = F(y,x). 
Furthermore, if xo, j/o a-re comparable, then x = y, that is, x — F(x,x). 

Proof. Following the proof of Theorem 2.2 with g = I ( the identity mapping ), we only 
have to show that x = F(x,x). Let us suppose that x < y . We shall show that x n < y n 
for all n > 0, where x n = F(x n -i, y n -i), y n — F(y n -i,x„-i); n £ N. Suppose x n < y„ for 
some fixed n > 0. Then by mixed strict monotone property of F, 

x n+1 - F(x„,y n ) < F(y n ,x n ) = y n+ i. 
Thus, we showed that x n < y n for all n > 0. From this, and (11), 

d{F(x n ,y n ), F(y n ,x n )) < ip(d(x„,y n ))- (12) 
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Now, by the triangle inequality, 

d(x, y) < d(x,x n +i) + d(x n+ i,y n +i) + d(y„+i,y) 

= d(F(x n ,y n ),F(y n ,x n )) + d(x,x n+1 ) + d(y„ +1 ,y) 

< ifi(d(x n ,y„)) + d(x,x„ +1 ) + d(y n+ i,y) 

< d(x n ,y n ) + d(x,x n+1 ) + d(y n+ i,y). 

Taking the limit as n — > oo we get, linin-,00 x n = x and lini n _»oo y n = y, d(x, y) < d(y, x). 
Hence d(x,y) — 0. Therefore x — y, that is, x — F(x,x). D 

Corollary 2.5. Let (X, <) be a partially ordered set and suppose there is a metric d on X 
such that (X,d) is a complete metric space. F : X x X — > X be a mapping having the mixed 
strict monotone property on X. Assume that there exists a k £ (0, 1) with 

k 
d(F(x,y),F(u,v)) < -[d(x,u),d(y,v)] 

for each x < u and y > v. If there exist xo,yo G X such that 

xo < F(x ,yo) and y > F(y ,x ), 
then there exist x, y £ X such that 
x — F(x,y) and y = F(y,x). 
Furthermore, if xq, j/o are comparable, then x = y, that is, x — F(x,x). 

Proof. Taking ip(t) = kt with k £ (0, 1) in corollary 2.5 we obtain the result. □ 

3. Applications 

In this section, wc consider the integral equation 

(x(t),y(t)) = (/ T G(t,s)[(f(s,x(s))+\x(s))-(f(s,y(s))+\y(s))]ds,(f* G(t,s)[(f(s,y(s)) 

+Xy(s)) - (f(s, x(s)) + \x(s))]ds) (13) 

where T > and / : I x R — > E is a integrable function (/ is not necessarily continuous) 
and 

\(T+s-t) 

xtzt 1 if < s < t < T 



e AJ -1 

G(t,s 

<£^ if < t < s < T. 

(14) 

Definition 3.1. A lower solution for (13) is a function («,/3) £ c 1 (/,K) x c 1 (/,R) such that 

a (t) + \p(t) < f(t, a(t))- f(t, p(tj) , a(0) < a(T) 
and 

P {t) + Xa(t) > f(t, (3{t)) - /(*, a(t)) , /?(0) > /?(T). 
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Now, we prove the existence of solution for the integral equation (13) in presence of a 
lower solution. Let A denote the class of those functions ip : [0, oo) — > [0, oo) which satisfies 
the following conditions: 
(i) if is increasing, 
(ii) for all x > 0, there exists a A; £ [0, 1) such that <f(x) < |:r. 

Theorem 3.2. Consider integral equation (13) and suppose that there exists A > such 
that for x, y £ R with y > x 

< f(t, y) + \y- [f(t, x) + Ax] < \if{y - x), 
where if £ A. Then the existence of lower solution for (13) provides the existence of a solution 
of (13). 

Proof. Define F : c(I, K) x c(I, R) — > c(I, R) by 

F(x(t),y(t)) = [ G(t,s)[(f(s,x(s)) + \x(s)) - (f(s,y(s)) + \y(s)))ds. 
Jo 
Note that if (x(t),y(t)) £ c(/,R) x c(/,R) is a coupled fixed point of F, then (x(t),y(t)) 
is a solution of (13). Now, we will show that the hypotheses in Corollary 2.5 are satisfied. 
Indeed, X x X — c(I, R) x c(I, R) is a partially ordered set if we define the following order 
relation in X x X : 

(u(t),v(tj) < (x(t),y(t)) if and only if u(i) < x(t), v(t) > y(t) for all (x(t),y(t)),(u(t),v(t)) £ 
X x X and t £ I. 
Also, (X, d) is a complete metric space if choose 

d(x(t), y(t)) = sup j ( X (t) - y{t)) |, x(t), y(t) £ X. 

tei 

By hypothesis, for X2 > xi, we have 

f(t, X 2 ) + \X 2 > f(t, Xl) + \Xl, 

which implies that 

tf{f(s,x 2 (s)) + \x 2 (s) - f(s,y(s)) - \y(s)]G(t,s)ds 

> tf[f(s,x 1 (s)) + \xi(s) - f(s,y(s)) - \y(s)]G(t,s)ds, 



for all T £ / and all (t, s) £ I x J. This means that 

F(x 2 (t),y(t))>F(xi(t),y(t)). (15) 

On the other hand, for j/i < y 2 , we have 

f(t,y 2 ) + \y2 > f(t,yi) + \y u 
which implies that 

,fo T [/( s ^( s )) + Ms) - /(*,!*(*)) - Aitt(s)]G(t,a)ds 
< £[f(s,x(s)) + \x(s) - f(s, yi (s)) - \ yi (s)]G(t,s)ds, 
for all T £ / and all (t,s) £ / x J. This means that 

F(x(t), y2 (t)) < F(x(t), yi (t)). (16) 

It follows from (15) and (16) that F has the mixed strict monotone property. We have 
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d(F(x(t),y(t)),F(u(t),v(t))) = sup te/ | F(x(t),y(t)) - F(u(t), v(t)) | 

= su Pie/ I Jo G ( f ' s )[/( s > x ( s )) + Xx ( s ) ~ /( s > ^( s )) _ ^y(s)]ds 
- Jo T G(t, s) [f(s, u(s)) + \u(s) - f(s, v(s))- \v(s)]ds | 

< SU Pte/ / T G(t,s) | f(s,x(s)) + \x(s)-f(s,u(s))-\u(s)+f(s,v(s))+\v(s))-f(s,y(s))- 
\y(s) j ds. 

Since the function <p{x) is increasing and x < u and y > v, then 

<p(x(s) - u(s)) < ip(d(x(s), u(sj) and ip(v(s) - y(s)) < ip(d(v(s),y(s)), 

we obtain that 

d(F(x(t),y(t)), F(u(t), «(*))) < su Pte/ / T G(t, «) | A<^(x( s ) - u(a)) + Ap(w(s) - y(s)) \ ds 

< Asup ts/ / T G(t,s) | p(d(x(a),u(s))) + <p(d(v(s),y(s))) \ ds 
= A(v5(d(x(s), u(s))) + ip(d(v(s), y(s)))). sup teI / Q T G(i, s)ds 

= A( V (d(x(«), «(«))) + v(d(t>W,y(«)))).sup teJ ^(le^+'-'J | +ie^-" IH 
= A(^(d( a ;( S ), M ( S ))) + ^(d( l ;( S ),y( S )))). xp ^ I ( e AT -l) 
= <p(d(x(s),u(s))) + <p(d(v(s),y(s))) 

< l[d(x(s),u(s)) + d(v(s),y(s))] 

< | sup teI I x(t) - u(t) I +| sup teI I v(t) - y(t) j 

= l[d(x(t),u(t)) + d(y(t),v(t))]. 
This means that F satisfies (12). Finally, let (a(t),f3(t)) be a lower (strict) solution for (13) 
and we will show that a < F(a,(3) and /3 > F(/3,a). Indeed, 

a'(t) + A/3(t)</(t,o(t)) -/(«,/?(*)), 

for all £ G I. So we have 

a'(£) + Xa(t) < f(t, a(tj) - f(t, (3(t)) + Ao(t) - A/3(£), 
for all t € I. Multiplying by e At both sides of above inequality, we get 

(Mt)e xt )' < [(/(£, a(t)) + Xa(t)) - (f(t, f3(t)) + A/3(t))]e At 
for all t G /, and this gives us 

a(t)e xt < q(0) + I [(/(a, a(a)) + Aa(a)) - /(a, /3(a)) - \(3(s)]e Xs ds (17) 

Jo 
for all t £ I. Which implies that 

a(0)e At < a(T)e XT < a(0) + / [/(s, a(a)) + Aa(a) - f(s, /3(a)) - A/3(s)]e As ds, 

Jo 

and so 

tt (0)< / - s ^ T [/(«,tt(s)) + Aa(«)-/(s, /?(«)) -Aj9(*)]ds. 

Jo e i 
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From this inequality and (17) we obtain that 

a(t)e xt < J -^^-[/(a, q( s )) + Aa(s) - f(s, /?(«)) - \p(s)]ds 

+ I ^^T[f(s,a(s)) + \a(s)-f(s,{3(s))-\p(s)]ds 
Jo e 1 

and, consequently 

°w < / e xt +s _ \ [/(«. «(*)) + Xa ( g ) - /(«>£«) - m*)}ds 

Jo e 1 

+ J Jf~I [/(s ' q(s)) + Aa(s) " /(s ' ^ (s)) " A ^ s )l ds - 

a(t) < f G(t, s)[f(s, a(s)) + \a(s) - /(«, /?(«)) - A/3(s)]ds = F(a(i), /?(«)), 
jo 

for all t G J. Similarly, we have f3(t) > F(/3(t),a(t)). It follows from Corollary 2.5 that F 

has a coupled fixed point. D 

Example 3.3. Let x(t) - t and y(t) - 2t for t € I, then x(t),y(t) G c(J,K). Define 
f : I x E — >R as follows: 

( P if < p < \ 

f(p,q) = { 

[ p + q if \ <p< 1. 

it is easy £o see i/iai / is an integrable function. Suppose that ip : [0, +oo) — > [0, +oo) is an 
increasing function which satisfies for all x > 0, there exists a k G [0, 1) such that <p(x) < f x. 
Also, suppose that there exists A > suc/i that for all x, y G R ™£/i y > x, 

< /(*, y) + Ay - [/(*, x) + Ax] < A^(y - x). 
We de/me F : c(7,R) x c(7,R) — > c(J,E) by 

F(aj(t), »(«))= / G(t,s)[(f(s,x(s)) + \x(s)) - (f(s,y(s)) + \y(s))]ds, 
Jo 

where G(t,s) defined by (14) . Then by Theorem 3.2, the existence of a lower solution for (15), 

provides the existence of a solution of (15). The example discussed above cannot be covered 

by Theorem 1.1 of [1], because the function 

( - f T G(t,s)Asds if 0<s< | 

F{x(f),y(*)) = { 

{ -J ( fG(t,s)(l + \)sds if | < s < 1, 

is not continuous. Hence, the condition (a) of Theorem 1.1 does not valid. On the other 
hand, by choosing f n (x) — sll J^ x one can show that condition (b) of Theorem 1.1 does not 
valid. 
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Abstract 

Some common fixed points theorems for two pairs of weakly compatible maps in fuzzy metric 
spaces both in the sense of Kramosil and Michalek and in the sense of George and Veeramani by 
using common E.A. property are proved. These results generalize some known results in literature. 
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maps 

AMS(2000) Subject Classification : 47H10, 54H25, 54A40 

1 Introduction 

The concept of fuzzy set was introduced by Zadch[l] in 1965. Later many authors used the concept 
of fuzziness in metric space. The idea of fuzzy metric space introduced by Kramosil and Michalek [2] 
was modified by George and Veeramani [3] . Since then, many authors such as Gregori and Ramaguera[4] 
studied this concept and gave some results on this space. 

Fixed point theory is one of the famous and traditional theories in mathematics and has a broad set 
of applications. Fixed point theory in fuzzy metric spaces has been developed starting with the paper 
of Grabiec [5]. Subrahmanyam [6] gave a generalization of Jungk's [7] common fixed point theorem 
for commuting mappings in the setting of fuzzy metric spaces. Even if in the recent literature weaker 
conditions of commutativity, as weakly commuting mappings, compatible mappings, R-weakly commuting 
maps, weakly compatible mappings and several others have been used, the existence of a common fixed 
point requires some conditions on continuity of the maps, G-complctcncss of the space, or containment 
of ranges. Recently, Mihet[8] proved two common fixed point theorems for a pair of weakly compatible 
maps in fuzzy metric spaces by using E.A. property. 
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In this paper, wc shall prove some fixed point theorems for two pairs of weakly compatible maps in 
fuzzy metric spaces both in the sense of Kramosil and Michalek and in the sense of George and Veeramani 
by using common E.A. property. 

2 Preliminaries 

In this section, some definitions and preliminary results are given which will be used in this paper. 
Definition 2.1 [9] A binary operation * : [0, 1] x [0, 1] — ► [0, 1] is a continuous t-norm if * is satisfying 
the following conditions: 

(a) * is commutative and associative; 

(b) * is continuous; 

(c) a * 1 = a for all a E [0, 1]; 

(d) a*b < c* d whenever a < c and b < d, and a, 6, c, d G [0, 1]. 

Example 2.1 a* b — ab,a* b — min(a, b), for all a, b <G [0, 1]. 

Definition 2.2 [2] A 3-tuplc (A, M, *) is said to be a fuzzy metric space in the sense of Kramosil and 
Michalek if A is an arbitrary set, * is a continuous t-norm, and M is a fuzzy set on A 2 x [0, oo) satisfying 
the following conditions: for all x,y, z G X, s, t > 0, 

(FM-l)M(a;,y,0) = 0; 

(FM-2) M(x, y, t) = 1 for alii > if and only if x = y; 

(FM-3) M(x,y,t) = M(y,x,t); 

(FM-4) M(x, y, t) * M(y, z, s) < M(x, z,t + s) for all x,y,z£ X,s,t> 0; 

(FM-5) M(x, y, •) : [0, oo) -> [0, 1] is left continuous. 

Then M is called a fuzzy metric on X. The function M(x, y, i) denotes the degree of nearness between 
X and y with respect to t. In what follows, fuzzy metric spaces in the sense of Kramosil and Michalek 
will be called KM-fuzzy metric spaces. 

Lemma 2.1 [5] For all x, y G X, M(x, y, ■) is non-decreasing on (0, oo). 

Definition 2.3 [3] A 3-tuple (A, M, *) is said to be a fuzzy metric space in the sense of George and 
Veeramani if X is an arbitrary set, * is a continuous t-norm, and M is fuzzy set on A 2 x (0, oo) satisfying 
the following conditions: for all x, y, z € A, s, t > 0, 

(GV-1) M(x,y,t) > for all t > 0; 

(GV-2) M(x, y,t) = l for alii > if and only if x = y; 

(GV-3) M(x,y,t) = M(y,x,t); 

(GV-4) M(x, y, t) * M(y, z, s) < M(x, z,t + s) for all x, y, z e A, s, t > 0; 

(GV-5) M(x,y, •) : [0,oo) -> [0, 1] is continuous. 

It is worth noticing that, from (GV-2) and (GV-1) it follows that if x ^ y, then < M(x,y,t) < 1 
for all t > 0. In what follows, fuzzy metric spaces in the sense of Geoge and Veeramani will be called 
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GV-fuzzy metric spaces. We can find some topological properties and examples of fuzzy metric spaces in 
[4]. In the following example, we show that every metric induces a fuzzy metric. 

Example 2.2 [4] (Induced fuzzy metric) Let (X, d) be a metric space. Denote a * b — ab (or 
a * b = min{a, b}) for all a, b G [0, 1] and let Md be the fuzzy set on X 2 x (0, oo) defined as follows: 

Md(x > v > t) = t + d{ x ,yy 

Then (X, M, *) is a GV-fuzzy metric space, called standard fuzzy metric space induced by (X, d). 

Definition 2.4 [2, 3] Let (X, M, *) be a (KM- or GV-)fuzzy metric space: 

(a)A sequence {x n } in X converges to x in X (written as x n —* x) if for all t > 0, 

lim M(x n ,x,t) = 1. 

n — >oo 

(b) A sequence {x n } in X is said to be a G-Cauchy sequence if for all £ > and p E N, 

lim M(x n+P ,x n ,t) = 1. 

n — >oo 

A fuzzy metric space is said to be G-complete if and only if every G-Cauchy sequence is convergent. 
It is called compact if every sequence contains a convergent subsequence. 

Remark 2.1 Since * is continuous, it follows from (FM-4) and (GV-4) that the limit of the sequence 
in fuzzy metric space is uniquely determined. 

Lemma 2.2 [9] If (X, M, *) is a KM-fuzzy metric space and {x n }, {y n } are sequences in X such that 
x n — > x, y n — ► y, then M(x n , y n ,t) — ► M(x, y, t) for every continuity point t of M(x, y, •). 

The concept of E. A. property in a metric space has been recently introduced by Aamri and Moutawakil[10] . 
Definition 2.5 [10] Two self-maps A and S of a metric space (X, d) are said to satisfy E.A. property 
if there exists a sequence {x n } in X such that 

lim Ax n = lim Sx n = x 

n — >oo n — >oo 

for some x G X. 

Similarly, we can define E.A. property and common E.A. property in fuzzy metric spaces. 

Definition 2.6 Let A and S be self maps on a fuzzy metric space (X, M, *). They are said to satisfy 
E.A. property if there exists a sequence {x n } in X such that 



n — *oo n — »oo 



lim Ax n — lim Sx n = x 
for some x G X. 
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Definition 2.7 Let A, B, S and T be self maps on a fuzzy metric space (X, M, *). They are said to 
satisfy common E.A. property if there exists sequences {x n } and {y n } in X such that 

lim Ax n = lim Sx n = lim By n = lim Ty n = x 

n — >oo n — >oo n — >oo n — >oo 

for some x € X. 

For more on (EA) and common (EA) properties, we refer to [10]. 

The aim of this paper is to emphasize the role of common property E.A. in the existence of a common 
fixed point for contractive mappings in fuzzy metric spaces. We will work in fuzzy metric spaces both 
in the sense of Kramosil and Michalek and in the sense of George and Veeramani. Our theorems involve 
the class $ of all mappings <p : [0, 1] — > [0, 1] satisfying the following properties: 

(ifi) <p is continuous and nondecreasing on [0, 1]; 

((£2) <fi(x) > x for all x e (0, 1). 

We note that if ip € 3>, then ip(l) = 1 and that <p(x) > x for all x <E [0, 1]. 

3 Main results 

Recall that two maps f and g are said to be weakly compatible if they commute at their coincidence 
points [11]. 

Theorem 3.1 Let (X, M, *) be a KM- fuzzy metric space satisfying the following property: 

Vz, y e X, x ^ y, 3t > : < M(x, y, t) < 1 

and (A,S) and (B,T) be weakly compatible pairs such that there exists ip <G $ satisfying 

M(Ax, By, t) > ^(min{M(S'a;, Ty, t),M(Ax, Sx, t),M(By, Ty, t),M(Sx, By, t),M(Ax, Ty, t)}), (1) 

for all x,y £ X,t > 0. If A, B, S and T satisfy common E.A. property and the rang of S and T are closed 
subspaces of X, then A, B, S and T have a unique fixed point in X. 

Proof Since A, B, S and T satisfy common E.A. property, there exist sequences {x n } and {y n } in 
X such that 

lim Ax n = lim Sx n = lim By n = lim Ty n = z 

n — >oo ' n — >oo n — >oo n — >oo 

for some z in X. As S(X) and T(X) are closed subspaces of X, therefore z = Su = Tv for some u, v e X. 
Now we claim that Au = z. Replacing x by u and y by y n in (1), we obtain 

M(Au, By n ,t) > ip(ram{M(Su, Ty ni t),M(Au, Su, t),M(By n , Ty n ,t),M(Su, By n , t),M(Au, Ty n , t)}) 

which on taking n — > 00 gives 

M(Au, z, t) > tp(mm{M(Su, z, t),M(Au, z, t),M(z, z, t),M(Su, z, t),M(Au, z, £)}) 

= ip(min{l,M(Au,z,t),l,l,M(Au,z,t)}) = ip{M{Au,z,t)). 
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If we had Au ^ z, then < M(Au, z, to) < 1 for some to > 0. As M(Au, z, •) is left-continuous and the 
M(Au, z, ■) is nondecreasing, that is has only a most countable points of discontinuity, we may suppose 
that to is a continuity point of M{Au,z, •). Then from condition </?2 it would follow ip(M(Au, z, to)) > 
M{Au, z, to), which is a contradiction. Therefore, the equality Au = z holds, that is Au = z = Su. Again 
using (1), we get 

M(Tv, Bv, t) = M(Au, Bv, t) 

> (p(mm{M(Su, Tv, t),M(Au, Su, t),M(Bv, Tv, t),M(Su, Bv, t),M(Au, Tv, t)}) 

= ip(mm{l, 1, M (Bv, Tv, t),M(Tv, Bv, t), 1}) = ip{M(Tv, Bv, t)). 

As above we obtain Tv = Bv and hence Au = z = Su = Tv = Bv. 

Now, since (A, S) and (B,T) are weakly compatible pairs, it follows that 

z = Au = Su =>• Az = ASu = SAu = Sz and z = Bv = Tv =>• Bz = BTv = TBv = Tz. 

Then, from (1), for all £ > 

M(Az, z, t) = M(Az, Bv, t) 

> ip(min{M(Sz, Tv, t),M(Az, Sz, t),M(Bv, Tv, t),M(Sz, Bv, t),M(Az, Tv, t)}) 
= tp(min{M(Az, z,t), 1,1, M(Az, z, t),M(Az, z, t)}) = tp(M(Az, z, t)). 

As above we obtain Az = z = Sz. 

Similarly, we can prove Bz = z = Tz. Therefore Az = Sz = z = Bz = Tz, that is, z is a common 
fixed point of A, B, S and T. 

For uniqueness, suppose that w is also a common fixed point of A, B, S and T, that is Aw = Sw = 
w = Bw = Tw. If w 7^ z, then < M(z, w,t) < 1 for some t > 0, hence 

M(z,w,t) < ip(M(z,w,t)). 

On the other hand, by (</?i), 

M(z, w, t) = M(Az, Bw, t) 

> ip(mm{M(Sz, Tw, t),M(Az, Sz, t),M(Bw, Tw, t),M(Sz, Bw, t),M(Az, Tw, t)}) 

= tp(min{M(z, w, t), 1, l,M(z, w, t),M(z, w, t)}) = ip(M(z, w, t)) 

for all t > 0, which is a contradiction. Therefore, it must be the case that w = z. This concludes the 
proof. 

Remark 3.1 Setting A = B = f and T = S = g in Theorem 3.1, one deduces Theorem 2.1 due to 

Mihet[8]. 
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If (X, M, *) is a fuzzy metric space in the sense of George and Veeramani, then some of the hypotheses 
in the preceding theorem can be relaxed. 

Theorem 3.2 Let (X, M, *) be a GV-fuzzy metric space and (A, S) and (B, T) be weakly compatible 
pairs such that there exist ip G $ and s > satisfying 

M(Ax, By, s) > <p(min{M(Sx, Ty, s),M(Ax, Sx, s),M(By, Ty, s),M(Sx, By, s),M(Ax, Ty, s)}), (2) 

for all x, y G X. If A, B, S and T satisfy common E.A. property and the rang of S and T are closed 
subspaccs of X, then A,B,S and T have a unique fixed point in X. 

Proof Since A, B, S and T satisfy common E.A. property, there exist sequences {x n } and {y n } in 
X such that 

lim Ax n = lim Sx n = lim By n = lim Ty n = z 

n — >oo n — >oo n — >oo n — >oo 

for some z in X. As S(X) and T(X) are closed subspaces of X, therefore z = Su — Tv for some u,v E X. 
Now we claim that Au = z. Replacing x by u and y by y n in (2), we obtain 

M(Au, By n , s) > tp(min{M(Su, Ty n ,s),M(Au, Su, s),M(By n , Ty n , s),M(Su, By n , s),M(Au, Ty n , a)}) 

which on taking n — > oo gives 

M(Au, z, s) > ip(mm{M(Su, z, s),M(Au, z, s),M(z, z, s),M(Su, z, s),M(Au, z, s)}) 

= ip(mm{l,M(Au, z, s), 1, l,M(Au, z, s)}) = ip(M{Au, z, s)). 

Now, if Au ^ z, then < M(Au, z, s) < 1. Then from condition if 2 it would follow ip(M(Au, z, to)) > 
M(Au, z, to), which is a contradiction. This proves that M(Au,z,s) — 1, hence, due to (GV-2), the 
equality Au = z holds, that is Au = z = Su. Again using (2), we get 

M(Tv, Bv, s) = M(Au, Bv, s) 

> ip{mm{M(Su, Tv, s),M{Au, Su, s),M{Bv, Tv, s),M(Su, Bv, s),M(Au, Tv, s)}) 

= <p(min{l, l,M(Bv, Tv, s),M{Tv, Bv, s), 1}) = <p(M(Tv, Bv, s)). 

As above we obtain Tv — Bv and hence Au = z = Su = Tv = Bv. 

Next as in the proof of Theorem 3.1, from weakly compatibility it follows Az — Sz and Bz — Tz. Let 
us prove that Az = z = Sz = Bz = Tz. Indeed, we know that 

M(Az, z, s) = M(Az, Bv, t) 

> ip(min{M(Sz, Tv, s),M(Az, Sz, s),M(Bv, Tv, s),M(Sz, Bv, s),M(Az, Tv, s)}) 

= ip(mm{M(Az, z, s), 1, l,M(Az, z, s),M(Az, z, s)}) = ip(M(Az, z, s)). 

If Az 76 z, then from (GV-2), < M(Az,z,t) < 1 for all t > and therefore <p(M(Az,z,ts)) > 
M(Az, z,t) (t > 0). In particular, 

<p(M(Az, z, s)) > M(Az, z, s) 
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which contracts the above inequality. Thus, we obtain Az = z = Sz. 

Similarly, we can prove Bz = z = Tz. Therefore Az — Sz = z = Bz = Tz, that is, z is a common 
fixed point of A, B, S and T . 

For uniqueness, suppose that w is also a common fixed point of A, B, S and T and w ^ z. Then 
< M(z, w, t) < 1 for all t > 0, and thus 

(p(M(z,w,t))> M(z,w,t) for all t > 0. 
On the other hand, we know that for some s > 
M(z, w, s) = M(Az, Bw, s) 

> ip(mm{M(Sz, Tw, s),M(Az, Sz, s),M(Bw, Tw, s),M{Sz, Bw, s),M{Az, Tw, s)}) 
= (p(m\n{M(z, w, s), 1, 1, M(z, w, s), M{z, w, s)}) = ip(M(z, w, s)) 

which is a contradiction. Therefore, it must be the case that w = z. This concludes the proof. 

Remark 3.2 Setting A = B = f and T = S = g in Theorem 3.2, one deduces Theorem 3.1 due to 

Mihct[8]. 
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1. Introduction 

Let p be a fixed odd prime number. Throughout this paper, we always make use of 
the following notations: Z denotes the ring of rational integers, Z p denotes the ring of 
p-adic rational integers, Q p denotes the field of p-adic rational numbers, and C p denotes 
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the completion of algebraic closure of Q p , respectively. Let N be the set of natural numbers 
and Z + = N U {0}. Let C p ™ — {£|C P = 1} be the cyclic group of order p n and let 

T p = lim C p n = U rl >iC P ". 

n— >oo — 

1 S 

The ]>adic absolute value is defined by IxL = — , where x — p r — ( r G Q and s, t G Z with 

p r t 

(s,t) — (p,s) = (p,t) = 1). In this paper we assume that q G C p with |g — l| p < 1 as an 
indeterminate. The q- number is defined by 

1 - q x 
[x] q = —— — , see [1-18]. 

Note that lim (? _ >1 [a;] (? = x. For 

/ G UD(Z p ) = {/|/ : Z p — ► C p is uniformly diffcrentiable function}, 
the fermionic p-adic q-intcgral on Z p is defined as 

/_,(/) = / f(x)dp_ q (x) = lim — 1« £ f(x)(-q)*, see [1-5] . (1) 

From (1), we note that 

n-1 
q n I- q (f n ) = (-!)"/-,(/) + [2], ^(-l)"- 1 "^'/©, 



;=o 



where f n (x) = f(x + n) for n G N. For k, n G Z + and x G [0, 1], Kim defined g-Bcrnstcin 
polynomials, which are different g-Bcrnstcin polynomials of Phillips, as follows: 



n ' r "fen ™i«— fc 



B ktn (x, q) = (^J [x]*[l - x]^, see [4]. (2) 

In [9], the p-adic extension of (2) is given by 

Bk, n {x,q)= \ k )[A k q{ l - x ] n q -^ where i e Z p , and n, fc G Z+. (3) 

For h G Z and C € Tp, let us consider the twisted (/i, g)-Euler polynomials as follows: 

E nlA x ) = / [* + ^CV^^M-^), for n G Z+. (4) 

</z p 

In the special case, x = 0, E n ' JO) = E n ' * are called the n-th twisted (h, g)-Euler 
numbers. 

In this paper we investigate some relations between the g-Bernstein polynomials and 
the twisted (h, g)-Eulcr numbers. From these relations, we derive some interesting identi- 
ties on the the twisted (h 1 q)-Euler numbers and polynomials. 
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2. On the twisted (h 7 q)-~Euler numbers and polynomials 

From (4), we note that 

E S, £ w= I [»+»];c« ( *- 1 "«i^-,(») 



[2]« V"Y n Y- ,^ 



(i-<z) n ££W Vi + ^+'C 

OO 

[2]«£(-ircV" , [3+ro£ ) 



m=0 



and 



E nlAx)= / [s + yftcV 1 - 1 ^-^) 



- E (?) Mr 1 **" f \vU v <i (h - 1)v dn- q {y) (5 ) 



= E? Mrv*<! c . 

(=0 v 7 

Therefore, we obtain the following theorem. 
Theorem 1. For n € Z + and ( E T p , we have 

oo 

E nhw = [2],E(- 1 )T? lm ^"']; 

m=0 

Furthermore, 



with usual convention about replacing (E l) n by E n ,. 
Let 

^?m = E*«,c(^- 

Then we see that 

oo 
^ h ">(+ -r\ — [91 \^ (_1\nifm mh [x+m] q t 



?n— 



F^{t,x) = [2} q J2(- 1 ) m ( m <l mhelx+m]qt - ( 6 ) 

x = 
By (4), we get 



In the special case, x = 0, let F^i, 0) = F^(t) 
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E [ 



W . .(-[-t\= M _^«1» .r-Vn-ih-^V 



= [2], yM ,,,,/ ^ 



= r-irc</ n+fc_1 Ayh(-i) 1 q — 



Ix 



= (-i) n C? n+fc - 1 *ffl,c( a 0- 

Therefore, we obtain the following theorem. 

j-ii 

Theorem 2. Let FJfi)(t,x) = EiT=o ^i'lc^) - ! ' Thcn wc havc 

^.C-iC*. 1 " *) = C« fc - 1 ^ ( ,c ) (-«*.*)■ 

Moreover, 

<J- sc -i(l - *) = (-l)"^"^- 1 ^^^) for n G Z + . 



From (6), we note that 

g h C^ ( ,c ) (t,i) + ^ ( ,c ) (*) = [2],- (7) 

By (7), we get the following recurrence formula: 

< } ,C = TT^C ' and qhCE ^ {1) + ^S,C = if « > 0. (8) 

By (8) and Theorem 1, we obtain the following theorem. 
Theorem 3. For n G Z + and £ G T p , we have 

<lc - tV^c < and ^^S + !)" + E nL = o if n > o, 



with usual convention about replacing (E q l) n by E n >. 
From Theorem 3, wc note that 



DOLGY: q-BERNSTEIN POLYNOMIALS 978 



2h c 2 E {h) (2) _ 1 + g 2h c 2 _ 1 + g h c 

«\ ipW 1 + g „fc. 






= -V h CE^l c (l) = Ei h l x ifn>0. 
Therefore, we obtain the following theorem. 

Theorem 4. For n G N, we have 

9 C %,fW-%(+ l+g' l C i+g' l C 



By Theorem 2, we see that 

q h -\f [l-x] n q ^ h -^Cd^- q (x) 
= {-l) n q n+h - l Q f [x - l] n q q( h - l ^CdH- q {x) ^ 



= (-i)V +fc - 1 c41c(- 1 ) = £ S-,c-( 2 )- 

Therefore, we obtain the following theorem. 
Theorem 5. For n e Z + , we have 

g^C / [i-x]^ 1 g( fe - 1 ) a: c x ^- 9 (x) = ^- liC - 1 (2). 

Let n G N. By Theorem 5 and Theorem 4, we get 
q h -\ [ [l-x]^ h -^CdH- g (x) 



(W) 
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From (10), we have 



J - A^ h -^Cd^ q{x) = ^cie^ + (rr^c) + & (ttS 

Therefore, we obtain the following corollary. 
Corollary 6. For n G N, we have 

J [1 - z]^- 1 )*^-,^) = ^C^-^-, + [2],. 

For .t G Z p , the p-adic analogues of g-Bcrnstein polynomials are given by 

B kin {x,q)= (JNj[l-<:n where n,fceZ+. (11) 

By (11), we get the symmetry of g-Bernstein polynomials as follows: 

B k , n {x,q) = B„_fc, n (l -x,^ 1 ), see [7]. (12) 

Thus, by Corollary 6, (11), and (12), we see that 



k 



B k , n (x,q)q( h - 1 ^Cdv- q (x)= I B^^l-x^-^-^Cdfi-^x) 

k 

£ (t) ( " 1)fe+ 'I ^-Apq {h ' l)x Cd^ q {x) 

S(*)(-l)* + '(fl fc+1 C^- llC - 1 + [2] 

For n, fc G Z + with n > fc, we have 

Bfc,n(s,g)g ( ' l - 1)x C x dA*_,(x) 

E r-j ( _ 1)fe+; ^ +1Ci?s _ ic _ i + [2] 

(=0 ^ ' 

?" +1 C^-i, c -i + [2]„ iffc = 



. > k fU 



(13) 



^ +1 CG) E?=o (JK-ir^V'-c- if fc > °- 

Let us take the fermionic g-integral on Z p for the g-Bernstein polynomials of degree n as 

follows: 
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B k . n (x, q )q( h - l ^Cd^ q (x)= Q jT [x] k q [l-x] n q ^ k q (h - 1)x Cdn- q (x) 

7— n V / 



k, 
' 1=0 

Therefore, by (13) and (14), we obtain the following theorem. 
Theorem 7. Let n,k € Z + with n > k. Then we have 

B k , n {x,q)q^ h - 1 >CdH- q {x) 

« h+1 C^-i iC -i + [2]„ if fc = 0, 

9 h+1 CG) Eto ©(-i)^^,,-,,- if fc > o- 



Moreover, 



/=() 



Ef;")!--)'*,,,- 

7— n V / 

? fc+1 C^-i, c -i + [2]„ iffc = 0, 

« fc+1 CEf=o(t)(-i) fc+, ^iVi,c-. iffc>0 - 

Let m,ri2,k G Z + with ni + ni > 2k. Then we get 
B kini (x, q)B kin2 (x, q)q {h - 1)x C, x dn- q {x) 

l. 1 ) (T) £ (?) (- 1 )' 4-9 * / z t 1 - x]7-t n >-V h - 1)x Cd^ q (x) 

2 k 



00 e (?)(-!)•- (^c^u-^c-^pio 

s fe+1 C<L, g -v- + [ 2 ]*< iffc = ' 

(?)(?) ESo (?)(-i) 2fc+ ' (^C^L-^-u- + ra«) • if fc ^ °- 

Therefore, by (15), we obtain the following theorem. 



(14) 



(15) 
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Theorem 8. For ni,n 2 ,k e Z + with n\ + n 2 > 2k, we have 
B kini (x, q)B Kn2 (x, q)q (h - 1)x Cdn- q (x) 
9 h+1 CE^ +n2tq - U - 1 + [2} q , if* = 0, 

^ +1 C(T)(T) £*=o (?)(-i) 2fe+/ <L-<, 3 -u- if ^ °- 

From the binomial theorem, we can derive the following equation. 
B k>ni (x, q)B k , n2 (x, q)q {h ~ 1)x ( x dn- q (x) 

;■) (t) " ,+ e "(-D' ( ni + 7 - 2t ) /^wf + ',c-"-<-*_,(x) (16) 
; i )(T)'" + g 2 *(- i »'(" I+n r 2 >^»,. 

Thus, by Theorem 8 and (16), we obtain the following corollary. 

Corollary 9. Let n\,n 2 ,k E Z + with ri\ + n 2 > 2k. Then we have 



ni+n2 — 2k 






£ l^2k+Lq 

1 h+1 C E nXn 2 ^X^ + ^ iffc = ' 

^ +1 CESo (^(-IJ^^L-Lr^C- if fc > °- 



For x e Z p and seN with s > 2, let m, 712, . . . , n s , fc <G Z + with n\ + ■ ■ ■ + n s > sk. 
Then we take the fermionic p-adic g-integral on Z p for the q-Bcrnstein polynomials of 



DOLGY: q-BERNSTEIN POLYNOMIALS 982 



degree n as follows: 

B Kni (x, q) ■ ■ ■ B k . ns (x, q)q^ h -^ x Cd^ q (x) 



s- times 
k )'"\k 



) jf [x]' g k [1 - x]^t- +n °- sk q (h - 1)x C X d^ q (x) 
n M ... ( Us \ Y" ( Sk \(^V+ sk I h - ^]ni + -+n e -ljh-l) 



W**V_i)«+.* [ [i-xr g if 



qWf dli ( X ) 



k ) \ k )^\ l ) V q ( 17 ) 

:) • • • (:) e (t ) <-^ (^c^...^-,^-, + pi, 

5 h+1 C4" ) + ...+n.,,-i.c- 1 + [ 2 ]«. iffc = ' 

^ +1 C(T) • • • ft) £f=0 (? )(-l) ,+ ' fc < ) + ...^._ lrfI -i 1 c-i. if * > 0. 

Therefore, by (17), we obtain the following theorem. 

Theorem 10. For s € N with s > 2, let ni,ri2, • • • ,n s , k € Z + with n,\ + - ■ - + n s > sk. 
Then we get 

B fc , ni (x, g) ■ ■ ■ B fc ,„ s (x, g^-^C^-gOr) 



s- times 

1 h+1 C E ^ + - + n^,^ + ^ iffc - ' (18) 

^ +1 C(T) • • • ("*') £?=o (? )(-i)' +sfe < ) + ... + „ s _ /;g - 1 , c - 1 , if * > o. 

By the definition of g-Bcrnstcin polynomials and the binomial theorem, we easily get 
B fc , ni (x, g) • • • B Kns (x, q)q( h - l >t x dn- q {x) 

^ v • 

s-times 

T) • • • ( n ;) " 1+ "e " Vi)' ( ni + ' ' ' | ns _ sfc ) / z [^^•c**-^) 

niH h?i s — s & 



n i\ / n «\ V^ / i\i( n i-\ \-n s -sk\ t h ) 

1^ \- X ) i ) h sk+ 



k) \k) ^ V ' \ I J^sk+l, q ,C 

Therefore, we have the following corollary. 
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Corollary 11. For ( <G T p , seN with s > 2, let i%\, n^, . . . , n s , k € Z + with n,\ H — • + 
n, > sfc. Then wc have 



fllH \-n s — sk 



i(ni-\ \-n s - sk\ p(h) 

1=0 



l J sk+l,q,( 

h+l/-rp(h) 



^ +1 C< J + ... + „ s .,- 1 . c - 1 + [2]„ iffc = 0, 

^ 1 CE;!o(f)(-i) ,+si < ) ,.. + „H, r .c- if*>o. 
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ON THE "ON SOME RESULTS IN FUZZY METRIC SPACES" 

REZA SAADATI 

Abstract. In this paper, we show that the proof of Theorem 3.9 of the paper George 
and Veeramani [On some results in fuzzy metric spaces, Fuzzy Sets and Systems, 64 
(1994), 395-399.] is not true. We also correct the proof in this note. 

In Theorem 3.9 of [1] the authors prove that every compact subset A of a fuzzy metric 
space (X, M, *) is F-bounded. In the proof in [1] with A compact the authors claim that 
there is a t' > and a < s < 1 such that M(x,y,t') > 1 — s for all x,y G A, hence 
A is F-bounded. In this paper with an appropriate example we show that their way for 
finding s is false. We also correct the proof in this note. 

Definition 1. [1] The 3-tuple (X, M, *) is called a fuzzy metric space if X is an arbitrary 
set, * is a continuous t-norm and M is a fuzzy set on X 2 x ]0, +oo[ satisfying the following 
conditions, for all x,y,z E X and t, s G ]0, +oo[: 

(1) M(x,y,t)>0, 

(2) M(x, y, t) — 1 for all t > if and only if x — y, 

(3) M(x,y,t) = M(y,x,t), 

(4) M(x, y, t) * M(y, z } s) < M(x, z,t + s), 

(5) M(x, y, •) : ]0, +oo[^ [0, 1] is continuous. 

Note that, if lim^oo M(x, y, t) — 1 then the 3-tuple (X, M, *) is called a Menger space. 
Lemma 2. Let (X, M, *) be a Menger space. Define E\^ M : X 2 — > R + U {0} by 

E x ,m{x, V) = inf {t > : M{x, y,t)>l-X} (1) 

for each A G ]0, 1[ and x, y G X . Then, for any fi G ]0, 1[ there exists A G ]0, 1[ such that 
E^ M (x,y) < E x ,m(x,z) + E x ,m(z,w) + E x ,M(w,y) (2) 
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2 SAADATI 

for any x,y,z G X . 

Proof. For every \x G ]0, 1[ we can find a A G ]0, 1[ such that 

(1-A)*(1-A)*(1-A) >l-/i. 
By the triangular inequality (see Definition 1) we have 

M(x,y,Ex,M(x,z) +E x ,m(z,w) + E x>M (w,y) + 3<5) 

> M(x, z, E x>M (x, z)+5)* M(z, w, E XM (z, w) + 5) * M(z } w, E XM (w, y) + 5) 

> (1 - A) * (1 - A) * (1 - A) > 1 - /I. 
for every 5 > 0, which implies that 

E^ M (x, y) < E XM (x, z) + E x , M (z, w) + E XM (w, y) + 36. 

Since 5 > is arbitrary, we have 

E^m(x, y) < E x ,m(x, z) + E XjM (z, w) + E x>M (w, y). 

□ 

Let (X, M, *) be a fuzzy metric space. The open ball B(x, r, t) with center x G X and 
radius r, where < r < 1 and t > 0, is defined in [1, Definition 3.1] as 

B(x, r,t) = {y G X : M(x, y, t) > 1 - r}. 

In [1, Definition 3.7] a subset A of X is said to be F -bounded if and only if there exist 
t > and r G ]0, 1[ such that 

M(x, y, t) > 1 — r, for all x, y G A, 

or equivalently, by (1), 

E r ,M(x, y) < t, for all x, y G A. 

In the following example we show that using the reasoning of the proof of [1, Theorem 
3.9] we can not find a t > and a < r < 1 such that M(x, y,t) > 1 — r. 

Example 3. Consider the standard fuzzy metric space (R, Mo, *) in which 

M (x,y,t) = t+ <l_ I and a * b = max{0, a + 6—1}. Let A = [—4, 13]. The open cover 
{B(x, 0.8, 1) : x G A} of A has a finite subcover {B(xi, 0.8, 1) : Xi G A, 1 < i < 3} in which 
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X\ = —0.1, %2 = 4 and £3 = 9.1. Let x,y € A. Then x G B(xi, 0.8, 1) and y G -B(£j, 0.8, 1) 
for some 1 < i,j '< 3. Therefore M (a;, a^, 1) > 0.2 and M (y, Xj, 1) > 0.2. Now, let 

a = mm{M (xi,Xj, 1) : 1 < i,j < 3}. 

Then a < 0.1 

Now 

M (x, y, 3) > M (x, x u 1) * M (xi, Xj, 1) * M (xj, y, 1) 
> (0.2)* (0.1)* (0.2) =0, 

and hence from the above we cannot find a < s < 1 such that M (x,y,3) > (0.2) * 
(0.1) * (0.2) > 1 — s, as suggested in the proof of [1, Theorem 3.9]. 

Now we prove [1, Theorem 3.9]. 

Theorem 4. Every compact subset A of a fuzzy metric space (X, M, *) is F -bounded 
whenever (X, M, *) is Menger space or a* b > max{0, a + b — 1}. 

Proof. Let (X, M, *) be Menger space. Given A is a compact subset of X. Fix t > and 
< r < 1. From Lemma 2 it follows that there exists a A g]0, 1[ such that (2) holds for 
any x,y, z G X and for fi = r. Consider an open cover {B(x, X,t) : x G A} of A. Since 
A is compact there exist xi,X2,---,x n G A such that A C Ui<i< n B(xi, X,t). Let x, y G A. 
Then x G B(xi,X,t) and y G B(xj,X,t) for some 1 < i, j ' < n. Therefore Ex t M{x,Xi) < t 
and E\^M(y,Xj) < £■ Now, let 

a = max{_E AM (xj,Xj) : 1 < i, j < n}. 

Now 

E rM (x,y) < E XtM (x,Xi) + Ex^Xi.Xj) + E XiM (xj,y) <2t + a. 

Taking t' — 2t + a, we have E Tj m(x, y) <t' for all 2, y G A. Hence A is F-bounded. 

Now, if in fuzzy metric space (X, M, *), a* b > max{0, a + 6 — 1}, see proof of [1, 
Theorem 3.9]. □ 
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DIFFERENT TYPES MEIR-KEELER CONTRACTIONS ON PARTIAL METRIC 

SPACES 

I. M. ERHAN, E. KARAPINAR, D.TURKOGLU 

Abstract. In this manuscript, Meir-Keeler contractions on partial metric spaces are introduced. It is 
shown that if a self-mapping T on a complete partial metric spaces is a Meir-Kcclcr contraction, then 
T has a unique fixed point. 



1. Introduction and Preliminaries 

The theory of fixed points has been a subject of considerable interest since the pioneering work of 
Banach in 1922 [T . Fixed points of numerous types of contractions on various spaces has been thoroughly 
studied from different points of view. In 1992 Matthews [H [3J introduced a new space called Partial 
metric space. The main difference between the usual metric spaces and partial metric spaces is that 
d(x, x) are not necessarily zero. Partial metric spaces have wide application potentials in the research 
area of computer domains and semantics (see e.g. [U [HJ [7] ) . Accordingly, the attention paid to these 
spaces rapidly increases. 

In 1994, Matthews [3J, generalized the Banach Contraction Principle to the class of complete partial 
metric spaces as follows: A self mapping T on a complete partial metric space (X,p) has a unique fixed 
point if there exists < k < 1 such that p(Tx, Ty) < kp(x, y), for all x, y £ X. After this remarkable con- 
tribution of Matthews, many authors have studied partial metric spaces and their topological properties, 
as well as the fixed points of contractions on partial metric spaces. (See e.g. [El EH [TTlH^] .[Ti]-[2TJ]). 

A partial metric space (See e.g. [HE]) is a pair (X,p) of a set X and a function p:IxX4 R + called 
partial metric, satisfying the following conditions: 

(PM1) p(x, y) = p(y, x) (symmetry) 

(PM2) If p(x, x) = p(x, y) — p(y, y) then x = y (equality) 

(PM3) p(x,x) <p(x,y) (small self-distances) 

(PM4) p(x, z) + p(y, y) < p(x, y) + p(y, z) (triangularity) 

for all x,y, z £ X. We use the abbreviation PMS for partial metric spaces. 

It is easy to see that if p is a partial metric on X, the function d p : X x X — >• R + defined by 

d P {x, y) = 2p(x, y) - p(x, x) - p(y, y) (1.1) 

is a (usual) metric on X. Observe that each partial metric p on X generates a To topology t p on X with a 
base of the family of open p-balls {B p (x, e) : x £ X, e > 0}, where B p (x, e) — {y £ X : p(x, y) < p(x, x) + 
e} for all x £ X and e > 0. Similarly, closed p-ball is defined as B p [x, e] = {y £ X : p(x, y) < p(x, x) + s} 
Some basic concepts on partial metric spaces are defined below. 

Definition 1. (See e.g. [2 El LED ) 

(i) A sequence {x n } in a PMS (X,p) converges to x £ X if and only ifp(x,x) = lim„_ >00 p(a;,a;„). 
(ii) A sequence {x n } in a PMS (X,p) is called Cauchy sequence if and only if lim„ jm _ >00 p(a;„ , x m ) 

exists (and is finite). 
[ill) A PMS {X,p) is said to be complete if every Cauchy sequence {x n } in X converges, with respect 

to t p , to a point x £ X such that p(x, x) — lim„ jm _ +00 p(x„, x m ). 
(iv) A mapping f : X — > X is said to be continuous at xq £ X, if for every e > 0, there exists S > 
such that f(B(xo,6)) C B(f(xo),e). 

The following lemma is valid on partial metric spaces. 

Lemma 2. (See e.g.$®\n\ ) 
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(A) A sequence {x n } is Cauchy in a PMS (X,p) if and only if {x n } is Cauchy in a metric space 
(X,d p ). 

(B) A PMS {X,p) is complete if and only if a metric space (X,d p ) is complete. Moreover, 

lim d p (x,x n ) = -^ p(x,x) = lira p(x, x n ) = lim p(x n ,x m ). (1-2) 



n, m _► Co 



2. Main Results 

In this section, we define Meir-Keeler contraction on partial metric spaces and discuss the existence and 
uniqueness of fixed points of a certain class of Meir-Kcclcr contractions. First we give two observations 
which are important in the proofs of fixed point theorems on partial metric spaces in general. 

Lemma 3. (See [15] j Let (X,p) be a PMS. Then 

(A) If p(x, y) — then x = y. 

(B) Ifx^y, then p(x, y) > 0. 

Proof. Proof of (A). Let p(x, y) = 0. By (PM3), we have p(x, x) < p(x, y) = and p(y, y) < p(x, y) = 0. 
Thus, we have 

p(x, x) = p(x, y) = p(y, y) = 0. 

Hence, by (PM2), we have x = y. 

Proof of (B). Suppose x ^ y. By definition p{x, y) > for all x, y € X. Assume p(x, y) = 0. By part 
(A), x = y which is a contradiction. Hence, p(x, y) > whenever x =/= y. 

□ 

Lemma 4. (See [15] ) 

Let x n ~> z as n — > oo in a PMS (X,p) where p(z, z) = 0. Then lim n _ > . 00 p(a;„, y) = p(z,y) for every 

yex. 

Proof. First note that lim„_ i . 00 p(x n , z) — p(z, z) — 0. By the triangle inequality we have 
P{x n ,y) <p(x n ,z) +p(z,y) -p(z,z) =p(x n ,z)+p(z,y), 

and 

p(z, y) < p{z, x n ) + p(x n , y) - p(x n ,x n ) < p(x n , z) + p(x„, y). 
Hence 

< \p(x n , y) - p(z, y)\ < p(x n , z). 
Letting n — > oo we obtain the desired result. □ 

We now give the definition of Meir-Keeler contractions. 

Definition 5. (See [13] ) Suppose that T : X — > X is a self-mappiny satisfying the following condition: 
Given e > there exists S > such that 

e <p(x,y) < e + 5 ^ p(Tx,Ty) < e. (2.1) 

Then T is called Meir-Keeler contractive mapping (Meir-Keeler contraction). 

Remark 6. Notice that ifT:X~^X is Meir-Keeler contractive on a PMS (X,p) then T is contractive, 
that is, p(Tx,Ty) < p(x, y), for all x, y e X with x =/= y. 

Inspirit of Hardy- Rogers [32], we state the following definition. 

Definition 7. Suppose that T : X — > X is a self-mapping satisfying the following condition: 
Given e > there exists S > such that 

£<H(x,y)<e + 5^p(Tx 1 Ty)<s, (2.2) 

where 

H(x,y) = -\p(x,y) + p(Tx,x) + p(Ty,y) + p(Tx,y) + p(x,Ty)). 
5 

Then T is called Hardy-Rogers type Meir-Keeler contraction. 

Proposition 8. Let {X,p) be a complete partial metric space. Suppose that T : X —¥ X is a Hardy-Rogers 
type Meir-Keeler contraction. Then, for x £ X we have p(T n+1 x, T n x) — > 0, as n — > oo. 
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Proof. Suppose that T is a Hardy-Rogers type Meir-Keeler contraction. Take an arbitrary x € X and 
set xq = x. Define a sequence {x n } as: 

x n+ i — Tx n = T n+1 x Q for each n = 0, 1, 2, • • ■ . 



Due to (2.2), we have 

p(Tx,Ty) = HH(x,y) = 0, ( . 

p(Tx,Ty) < H(x,y) otherwise. l ' ' 

Then p(Tx, Ty) < H(x, y) for every x, y € X. Taking x — x n +i and y = x n we obtain 

p(x n+2 ,x n+ i) = p(Tx n+ i,Tx n ) < H(x n+ i,x n ) 

= | [p(x n+1 ,x n ) +p(Tx n+ i,x n+1 ) + p(Tx n ,x n ) 
+p(Tx n+ i,x„)+p(x n +i,Tx n )] (2.4) 

= y [2p(x n+ll X n ) +p(x n+2 ,X n+1 ) +p(x n+2l X n ) +p(x n +l,X n +l)] 
< 5 [3p(x n +l,Xn) + 2p(x n+2 , X n+1 )] , 

where triangle inequality on partial metric spaces (PM4) has been employed to show that p(x n+ 2, x n ) < 
p(x n+ i,x n )+p(x n+ 2,x n+ i)-p(x n+ i,x n+ i). Notice that if H (x n+ i,x„) = 0, then by definition p(x„ + i,x n ) 
p( x n+2, x n+i) = and hence we get the result. Suppose that H(x n+ i,x n ) > 0. Due to (2.3) and ( |2.4[ ) 
we have 

p(x n+2 ,x n+1 ) < H(x n+1 ,x n ) < - [3p(x n+1 ,x„) + 2p(x n+2 ,x n+1 )} (2.5) 

which yields that 

p(x n+2 ,x n+ i) <p(x n+ i,X„). (2.6) 

Thus, in either case, we have 

p(x„ +2 ,x n+ i) < H(x n+ i,x n ) < p(x n +i,x n ), for each 7i e N. (2.7) 

In other words, the sequence {rf n }^Lo = {p( x n+i, x n )}^ =0 is non-increasing and bounded below by 0. 
Hence, it converges in [0,oo), to a limit, say L. If L = 0, the proof is done. Let L > 0. According to 
(2.2 ), for this value of L there exists 5 > such that 

L<H(x m+ i,x m )<L + 6. (2.8) 

implies 

p(Tx m+1 ,Tx m ) =p{x m+2 ,x m+1 ) = d m+1 < L, (2.9) 

which is a contradiction since the sequence {d„}^L is decreasing. Thus, L = which completes the 
proof. □ 

The main theorem generalizes the fixed point theorem of Meir and Keeler J21I on partial metric spaces. 

Theorem 9. Let {X,p) be a complete partial metric space. Suppose that T : X — > X is a Hardy-Rogers 
type Meir-Keeler contraction. Then, T has a unique fixed point, say z € X. Moreover, lim„_ > . 00 p(r n a;, z) = 
p(z, z) for all x e X . 

Proof. Take an arbitrary x £ X. We will show that {T n x} is a Cauchy sequence. Assume the contrary. 
Then there exists an e > and a subsequence in {T n W} of {T n x} with 

p(r (,) i,r ( * +1 »i)>2e. (2.10) 

For this e, there exists <5 > such that 

e < H(x, y) < e + S implies that p{Tx, Ty) < e, (2-11) 

where 

H (x, y) = - [p(x, y) + p(Tx, x) + p(Ty, y) + p(Tx, y) + p(x, Ty)] . 

Set r = min{e, 6} and define d m — p(T m x , T m+1 x) . Due to Proposition pi one can choose no € N such 

that 

r 
d m < -, for to > n . (2-12) 

Let n(i) > n and suppose p(T n ^x,T n(i+1 ^ 1 x) < s + §. Then triangle inequality (PM4) implies 
p{T n ^x, T n ^ +1 ^x) < p(T n ^x, T™^ 1 )- 1 x) + piT^+^^x, T n ^ +1 ^x) 

_ p ( T n(i+l)-l XtT n(i+l)-l x } 

<p(T n ^x,T n ( i+1 )- 1 x) +p(T n ^+^- 1 x,T n ^+ 1 ^x) [ ' 

< e + § + d n(i+1) _i < £ + f < 2e 
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which contradicts the assumption (2.10). Thus, there are values of k with n(i) < k < n(i + 1) such that 

p(T nt - i \T k x) > e+ §. Assume that d n(i) = p(T n ^x, T n ^+ l x) > e+ |. Then 

r r r 

dn(i) >e+->r+->- 

which contradicts (2.12 1. Hence, there are values of k with n(i) < k < n(i + l) such that p(T nl - l > ,T k x) < 
e + §. Choose the smallest integer k with k > n(i) such that p{T n ^x,T k x) > e + |. Then we have, 

r 



p(T n Waj,T k - 1 z) <e + 
From triangle inequality, 

p(T n ^x, T k x) < p(T n ®x, T k - X x) + p(T k - 1 x, T k x) - p(T k ~ l x, T k ~ l x) 
< p(T n ^x, T*"^) + p(T k - 1 x, T k x) 



< e 



= e - 



3r 
4 



Then there exists an integer fc satisfying n(i) < k < n(i + 1) such that 

Employing again (PM4) we obtain 

p(T"W^, T fc x) < p(T n ^x, T n ^ +1 x) + p(T n ^ +1 x, T k x) - p(T n ^ +1 x, T n ^ +1 x) 

< p(T n ^x, T"« +1 x) + p(T n ^ +1 x, T k x) 

< p(T n ^x, T n ^ +1 x) + p(T n ^ +1 x, T k+1 x) + p(T k+1 x, T k x). 

Using the inequalities 

p{T n{l) Xl T k x)<e- 



3r 
T' 



p(T n ^x,T n ^ +1 x)=d n{l) 
p(T k x,T k+1 x)=d k < 



< 



we have 



H(T n ^x,T k x) 



+p(T n ( l 
< \[P{T< 
+p(T< i 
+p(T n{ - 1 

< \w n{i 

+p{T n ^ 
+p(T n( - i 



x, T k x) + p(T n ^x, T n ^ +l x) + p(T k+1 x, T k x) 
x,T k+1 x) +p{T n ^ +1 x 1 T k x)} 
x, T k x) + p(T n ^x, T n ^ +l x) + p(T k+1 x, T k x) 
x, T k x) + p(T k x, T k+l x) - p(T k x, T k x) 
+1 x,T n ^x) +p{T n ^x,T k x) -p(T n ^x,T n ^x)] 
x, T k x) + p(T n ^x, T"W +1 x) + p{T k+1 x, T k x) 
x,T k x)+p(T k x,T k+1 x) 
+1 x,T n ^x) +p(T n( -^x,T k x)} 



< | [3p(T n ^x, T k x) + 2p{T n( ^x, T n ^ +1 x) + 2p(T k+1 x, T k x)] 
<I[3(e+^) + 2(5) + 2(?)]<e + r 



which implies p(T n W +1 , T k+l x) < e. But, regarding (2.17) we have 

p(T n ^ +1 x, T k+1 x) > p(T n ^ Xl T k x) - p(T n ^x, T n ^ +1 x) - p(T k x, T k+l x) 



> e - 



2 4 4 ~~ ° 

which contradicts the preceding inequality. 

Hence {T n x} is a Cauchy sequence which converges to a limit, say zel. Moreover, 

p(z,z) = lim p(T n x,T m x) = 

n.m— >oo 

from Proposition [8] 

Let us show that Tz = z. Assume that p(Tz, z) > 0. First we observe that 

p(T n x,Tz)<H(T n - 1 x,z) if x n ^^z 

where 

H(J n - x x,z) = i[j5(T"- 1 a;,z)+p(T™a;,T n - 1 a;)+p(rz,z) 
+p(T n a;,z) +p(Tz,T Tl - 1 a;)]. 
Taking limit of (2.20) as n — > oo and making use of Lemma El we have 

p(z,Tz) < lim H(x n -i,z). 



(2.14) 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



(2.19) 

(2.20) 

(2.21) 

(2.22) 
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However, from (2.21), 



lim^oo H(T n l x,z) = \\p{z,z) +p(z, z) + p(Tz, z) 

+p(z,z) + p(Tz,z)} 
= I [3p(z, z) + 2p{Tz, z)] = lp(Tz, z) 



(2.23) 



which contradicts (2.22 1. Hence p(Tz, z) = 0. By Lemmapj] Tz = z. 

Last, we show that z is the unique fixed point of T. Assume that there exists a point w G X such that 
z^io and Tw — w. Due to (2.2), 

p(w, z) 



Therefore, 



= p(Tw, z) = p(Tz, Tw) < H(z, w) 

= | \p(z, w) + p(Tz, z) + p(Tw, w) + p(Tz, w) + p(z, Tw)] 

< ^[3p(z,w) +p(w,w)]. 



2 / n 1 , 
-p(z,w) < -p(w,w), 



(2.24) 



(2.25) 



which implies 2p(z,w) < p(w,w). But we always have p{z,w) > p(w,w). Hence 2p(w,w) < 2p{z,w) < 
p(w,w), so p(w,w) — 0. From (2.25), we deduce p(z,w) = 0. By Lemmapj w = z. □ 

Hardy-Rogers type Meir-Keeler contractions form a quite general class of operators. Special type 
operators from this class can be defined and named after Kannan, Reich and Chattergee respectively. 

Definition 10. Let (X,p) be a partial metric space. Let T : X — > X be a self-mapping satisfying the 
following: 

(1) Given e > there exists 5 > such that 



where 



e < K(x, y) < e + S => p{Tx, Ty) < e, 



K ( x , y) = 2 Ip( Tx i x )+p( T V:y)}- 



(2.26) 



Then T is called Kannan type Meir-Keeler contraction. 
(2) Given e > there exists S > such that 



wht 



e < R(x, y) <e + S => p{Tx, Ty) < e, 



R ( x > V) = o \?(x, y) + p{Tx, x) + p(Ty, y)] . 



(2.27) 



Then T is called Reich type Meir-Keeler contraction. 
(3) Given e > there exists 5 > such that 



wht 



£ < C(x, y) <e + S^> p(Tx, Ty) < e, 



C(x,y) = -\p(x,Ty) +p(y,Tx)}. 



(2.28) 



Then T is called Chattergee type Meir-Keeler contraction. 

The fixed point theorem [9] is valid also for the operators in Definition [To) 

Corollary 11. Let (X,p) be a complete partial metric space. Suppose that T : X — > X is Meir-Keeler 
contraction of Kannan type or Riech type or Chattergee type. Then, T has a unique fixed point, say 
z G X . Moreover, limn-^oo p(T n x, z) — p(z, z) for all x G X . 

Recently, interest in partial metric spaces increases rapidly because of their extensive applications in 
computer science. This fact encourages many authors to continue the research in this area. 
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g-BERNSTEIN POLYNOMIALS ASSOCIATED WITH 
g-GENOCCHI NUMBERS AND POLYNOMIALS 



SEOG-HOON RIM, JOO-HEE JEONG , SUN- JUNG LEE, JEONG-HEE JIN AND 

EUN-JUNG MOON 



Abstract. In this paper, we give the fermionic p-adic integral repre- 
sentation of (/-Bernstein polynomials associated with g-Genocchi num- 
bers and polynomials. And we construct some interesting properties of 
g-Bcrnstein polynomials associated with g-Genocchi numbers and poly- 
nomials. 

Key words and Phrases. g-Bernstein polynomials , g-Genocchi num- 
bers and polynomials , p-adic g-integral. 



1. Introduction 

Let C[0,1] denote the set of continuous functions on [0, 1]. For/ G C[0, 1], 
Bernstein introduced the following well-known linear positive operator in 
the field of real numbers M: 

(1.1) 

n k / \ n h 

B n (/ :x) = Y J /(") 1 A± ~ x) n ~ h = E /(-)^,«W. ( see t 9 - 11 ])- 
fc=o v 7 fc=o 

Here, B n (/ : x) is called the Bernstein operator of order n for /. For 
k,n £ Z+, the Bernstein polynomial of degree n is the defined by 

n > k(-\ „,\n-k 



(1.2) B k>n (x) = ( fe )x k (l - x) n ~\ (see [9-11]). 

Let p be a fixed odd prime number. The symbol, Z p , Q„, C and C p will respec- 
tively denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field and the completion of the algebraic clo- 
sure of Q„, respectively. Let v p be the normalized exponential valuation of 
C p with \p\ p = p~ v p(P> = 1/p. It is well known that the Genocchi polynomi- 
als are defined by 

(1.3) t e( x+ rt t dn- 1 (y) = Y,Gn(x)- r (see [1-8]). 

J & P n=0 

In the special case, x = 0, and G n {0) = G n are called the n-th Genocchi 
numbers. 

l 
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When one talks of g-extension, g is variously considered as an indeterminate, 
a complex q £ C or a p-adic number q £ C p . If q € C, one normally assumes 
\q\ < 1. If q £ C p , then we assume \q — l\ p < 1. As the g-extension of (1.3), 
the g-Genocchi polynomials are defined by 

r °° j-n 

(1.4) */ e [ ;E+ ^ t (i /[ /_ 1 (y) = VG„, (? (x)-, (see [1-8]). 

In the special case, x = 0, and G n;? (0) = G ni9 are called the n-th g-Genocchi 

numbers. 

Let UDiWjp) be the space of uniformly differentiable function on Z p . For 

/ £ UD(Z p ), the fermionic p-adic invariant g- integral on Z p is defined as 

(1.5) 

1 piV - 1 
'-«(/) = / /(x)dA*-,(x) = lim ^^ £ f(x)(-q) x , (see [2,6]). 

In the special case g=l, the integral 

(1.6) /_!(/!) = lim /_,(/) = / /(x)d M _i(x), (see [2,6]). 

Then, we have the integral equation 

/_i(/i) + /_i(/) = 2/(0), where h{x) = f(x + 1). 
Moreover, for n £ N,let f n (x) = f(x + n). Then we note that 

n-l 

(1.7) I_i(/„) = (-l) n L 1 (/) + 2^(-l) n - 1 ^/M, (see [2,6]). 

£=0 

By using fermionic p-adic integral on Z p , we see that 
(1.8) 

^(^EjH)^). (-[5,7,8]). 

ra=0 v y y /=0 V 7 H 

For k,n £ Z + ,0 < g < 1 , and x G [0, 1], consider the following g-Bernstein 
polynomials defined by Kim [11]. 



;i.9) B k , n {x,q) = [';)[x} k q [l-x\r\ (see [11]). 



For example B kfi (x,q) = B kjl (x,q) =, ...= £fc,fc-i(x,g) = 0. Thus, for 
k,n £ Z + , we note that 
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2M*[l-z]r" if n>k, 
;i.l0) B ktn (x,q)={ « (see [11]) 

if n < k. 

By (1.10), we obtain lim g _>i B kjn (x, q) = B kjU (x). 

In this paper, we give the fermionic p-adic integral representation of q- 
Bernstein polynomials , which are defined by Kim [11], associated with 
g-Genocchi numbers and polynomials. And we construct some interesting 
properties of g-Bernstein polynomials associated with g-Genocchi numbers 
and polynomials. 



2. On the g-Bernstein Polynomials Associated with g-Genocchi 
Numbers and Polynomials 



By (1.4) and (1.8), we see that 






(2.1) tf e^^_ 1 (y) = tX; Gn± l4 

K t* n+] 

We also have 

G ! n+i,g- 1 (l ~~ x ) t 1 



,. oo 

(2.2) t e [1 - I+ ^-'Vi(!/) = tE 



n + 1 n! 

n=0 

From (2.1), (2.2) and (1.8) , we note that Gn+1 ^' X) = (-l)"g w Gn +^ (a:) . 
By(1.7), we have 

n-l 

(2.3) / n (/(x + n)) = (-l)"J n (/(n)) + 2 £(-l)»-i+*/(£). 

^=o 

this is well known in [9]. 

Let f(x) = [x]™_ i, f n (x) = f(x + ra) = [x + n]™ i, we have 

(24) Qm+i, g -i(") = ( _ 1)B ^+i,r' +2V(-i) n - 1 - < r. 1 . 
m + 1 m + 1 ^— ' 9 

£=0 



In the special case , n = 2 



(25) gm+l, g -i(2) _ ■*■ lf - = ' 

m + 1 '\ 2 +%ti£± ifm>0. 
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Theorem 2.1. For n 6 N, we have 

(2 6) Gn+l.q-^ 2 ) = 2 i G n+l,q- 1 

n + 1 n + 1 

By (2.1), (2.2) and (2.6), we see that for n > , 

[1 - z]£_id/z-iO«0 = ("W / [* - l]Jd/x-i(x) 

(2.7) = / [x + 2]" 1 d l i- 1 (x) 

= 2+j [x\ n .d^x). 

Ji p 

Therefore, we obtain the following theorem : 
Theorem 2.2. For n G N, we have 



[l-x]"_ id/x_i(x) =2 + 



"n+l.o- 



n + 1 

(2.8) 

__ ^n+l.g- 1 (2) 

n + 1 
Theorem 2.2 is important to derive our main result in this paper. 
By the the fermionic p-adic invariant g-integral on 7L V the q- Bernstein poly- 
nomials in (1.9), we obtain 

(2.9) 

B kjn (x,q)dn- 1 (x) = J (jj [x] k q [l - x^dfi-iix) 

n—k 



n\ ^ (n — k\ . n _ k _j G n +i-j %q 
k)j^\ j ) { ' n + l-j- 



Therefore, we obtain the following proposition. 
Proposition 2.3 For k,n G Z+, we obtain 

(2.10, /^^-^Qg^M)^ 
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By (1.9), we have this 
(2.11) 



B kjfl (x,q)dn-i(x) =-- I B n _ ktn (l-x,q )d(i-i(x) 

k 



)eG)(-)-/ z [-<--/^- 1 w- 



3=0 

By (2.11) and Theorem 2.2, we see that for n> k 

(2.12) 

k 



f B k , n (x,q)d»- 1 (x)= (f\i2( k )(-l) k - j i [1-xjpd^ix) 

-C)EG)(-'^ + fer> 



3=0 

2 + G " + i-r 1 if fc = 0, 

n+1 ' 

© E-= C)(-i) fc - ^" + ^l- l(2) if * > o. 



Thus we give the fermionic p-adic integral representation of g-Bernstein 
polynomials associated with g-Genocchi numbers and polynomials as follow 



Theorem 2.4 For k, n € Z+, we obtain 

(2.13) 

[ 2 + ^f 1 if fc = > 

I rjE^o^ ^H if k>0 - 

By Proposition 2.3 and Theorem 2.4, we obtain the corollary. 
Corollary 2.5 For k,n G Z + ,and n> k, we have 



<™> g (" ~ fc ) <-*£m = g G) ( - i) ^%^f 
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For m,n,k £ 7L+ with m + n > 2k , fermionic p-adic invariant integral 
for multiplication of two (7-Bernstein polynomials on Z p can be given by the 
following 



(2.15) 



n\/m\ I , , 2 fc ri ■\n+m-2k. 



B Kn {x,q)B Km {x,q)d^ 1 {x) = " { fe )( J / y [x\f [1 - s^-^d/z.^x) 

2k 

n\ I m 



t) (I) £ (7) ( - 1)2 *~ J '< 2 + i} 1 ~ <^Vi(*» 

OCT) S?=o g)(-i) 2fc - j G "t^^ (2) if * > 0. 



Theorem 2.6 For k,n,m £ Z+, with m + n > 2fc, we obtain 



2.16) 

B k ^ n {x)B k>m {x)dn-i (x) 

For m,n £ Z+, we have 



Z 1 n+m+1 U K - U > 

(2) (I) E£> (?)(-i) 2fc - j G "t^^ (2) * * > 0. 



2.17) 

B k , n {x)B Km {x)dn-i{x) = (fj (fy J [x]?[l-x]pr- 2k dn-i(x) 



n+m—2k 



I) (I) t ( n+m r 2k )(-iy J ir W<i»->(*) 



n+m—2k 

Ein-\-m — ZK\ 
-/ v-/ , V i / j + 2fc + r 



n\(m\ v^ (n + m — 2k\, „ NJ - &j +2 k+i,q 



Proposition 2.7 For k,n £ Z+, we have 
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(2.18) 



n+m— 2k 



By Throerm 2.6 and Proposition 2.7 , we obtain the following corollary . 
Corollary 2.8 For k,n € Z+, with n + m > 2k, we obtain 



(2.19) 

n+m-2k , olX „ 2k 

En + m- 2k\ • Gj +2 k+i, q sr^ 

{ j r ] J+ 2k+i = ^ 

3=0 v J 7 J i=o 



\ j J n + m + 1 — j 
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ORTHOGONAL STABILITY OF AN ADDITIVE-QUADRATIC 
FUNCTIONAL EQUATION IN NON-ARCHIMEDEAN SPACES 

JUNG RYE LEE, CHOONKIL PARK*, CIHANGIR ALACA*, AND DONG YUN SHIN 

Abstract. Using the fixed point method, we prove the Hyers-Ulam stability of the orthog- 
onally additive-quadratic functional equation 

2/ (*±*) + 2/ (*^) = §/(*) - !/(-«) + !/(,,) + i/(- y) (0.1) 

for all x, y with x _L y, in non- Archimedean Banach spaces. Here _L is the orthogonality in 
the sense of Ratz. 



1. Introduction and preliminaries 

In 1897, Hensel [19] introduced a normed space which does not have the Archimedean 
property. It turned out that non-Archimedean spaces have many nice applications (see [12, 
27, 28, 35]). 

A valuation is a function | • | from a field K into [0, oo) such that is the unique element 
having the valuation, \rs\ = \r\ ■ \s\ and the triangle inequality holds, i.e., 

\r + s| < \r\ + \s\, Vr, s € K. 

A field K is called a valued field if K carries a valuation. Throughout this paper, we assume 
that the base field is a valued field, hence call it simply a field. The usual absolute values of 
K and C are examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. 
If the triangle inequality is replaced by 

\r + s\ < max{|r|, |s|}, \/r,s£K, 

then the function | • | is called a non- Archimedean valuation, and the field is called a non- 
Archimedean field. Clearly |1| = | — 1| = 1 and \n\ < 1 for all n £ N. A trivial example of 
a non-Archimedean valuation is the function | • | taking everything except for into 1 and 
1 1 =0. 



2010 Mathematics Subject Classification. Primary 39B55, 46S10, 39B72, 39B52, 54E40, 47H10, 47S10, 
26E30, 12J25, 46H25. 

Key words and phrases. Hyers-Ulam stability, orthogonally additive-quadratic functional equation, fixed 
point, non- Archimedean normed space, orthogonality space. 
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Definition 1.1. ([34]) Let X be a vector space over a field K with a non- Archimedean 
valuation | ■ |. A function || • || : X — >■ [0, oo) is said to be a non- Archimedean norm if it 
satisfies the following conditions: 

(i) ||a;|| = if and only if x = 0; 

(ii) ||rx|| = |r|||x|| (r £ K,x £ X); 

(hi) the strong triangle inequality 

\\x + y\\ < max{||x||, ||y||}, \/x,y e X 
holds. Then (X, \\ ■ ||) is called a non- Archimedean normed space. 

Definition 1.2. (i) Let {x n } be a sequence in a non-Archimedean normed space X. Then 
the sequence {x n } is called Cauchy if for a given e > there is a positive integer N such that 

\\Xn *£m || _ £ 

for all n,m > N. 

(ii) Let {x n } be a sequence in a non-Archimedean normed space X. Then the sequence 
{x n } is called convergent if for a given e > there are a positive integer N and an x G X 
such that 

for all n > N. Then we call x G X a limit of the sequence {x n }, and denote by lim ra ^ 00 x n = x. 
(hi) If every Cauchy sequence in X converges, then the non- Archimedean normed space X 
is called a non- Archimedean Banach space. 

Assume that X is a real inner product space and / : X — > R is a solution of the orthogonal 
Cauchy functional equation f(x + y) = f(x) + f(y), {x, y) = 0. By the Pythagorean theorem 
f(x) = \\x\\ 2 is a solution of the conditional equation. Of course, this function does not satisfy 
the additivity equation everywhere. Thus orthogonal Cauchy equation is not equivalent to 
the classic Cauchy equation on the whole inner product space. 

G. Pinsker [40] characterized orthogonally additive functionals on an inner product space 
when the orthogonality is the ordinary one in such spaces. K. Sundaresan [51] generalized 
this result to arbitrary Banach spaces equipped with the Birkhoff-James orthogonality. The 
orthogonal Cauchy functional equation 

f{x + y) = f(x) + f(y), x±y, 

in which _L is an abstract orthogonality relation, was hrst investigated by S. Gudder and D. 
Strawther [18]. They defined _L by a system consisting of five axioms and described the general 
semi-continuous real-valued solution of conditional Cauchy functional equation. In 1985, J. 
Ratz [47] introduced a new definition of orthogonality by using more restrictive axioms than of 
S. Gudder and D. Strawther. Moreover, he investigated the structure of orthogonally additive 
mappings. J. Ratz and Gy. Szabo [48] investigated the problem in a rather more general 
framework. 
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Let us recall the orthogonality in the sense of J. Ratz; cf. [47]. 

Suppose X is a real vector space with dim X > 2 and _L is a binary relation on X with the 
following properties: 
(Oi) totality of _L for zero: x _l_ 0, _L x for all x £ X; 

(02) independence: if x, y € X — {0}, x _L y, then x, y are linearly independent; 

(03) homogeneity: if x, y £ X, x _L y, then ax _L j3y for all a, (3 G R; 

(04) the Thalesian property: if P is a 2-dimensional subspace of X, x G P and A £ E+, 
which is the set of nonnegative real numbers, then there exists yo £ P such that x _L yo an d 
x + y -L Ax - y . 

The pair (X, _L) is called an orthogonality space. By an orthogonality normed space we 
mean an orthogonality space having a normed structure. 

Some interesting examples are 
(i) The trivial orthogonality on a vector space X defined by (0±), and for non-zero elements 
x, y G X, x _L y if and only if x, y are linearly independent. 

(ii) The ordinary orthogonality on an inner product space (X, (.,.)) given by x _L y if and 
only if (x, y) = 0. 

(iii) The Birkhoff- James orthogonality on a normed space (X, ||.||) defined by x _L y if and 
only if ||x + Ay|| > ||x|| for all AgR. 

The relation _L is called symmetric if x _L y implies that y _L x for all x,y G X. Clearly 
examples (i) and (ii) are symmetric but example (iii) is not. It is remarkable to note, however, 
that a real normed space of dimension greater than 2 is an inner product space if and only 
if the Birkhoff-James orthogonality is symmetric. There are several orthogonality notions on 
a real normed space such as Birkhoff-James, Boussouis, Singer, Carlsson, unitary-Boussouis, 
Roberts, Phythagorean, isosceles and Diminnie (see [l]-[3], [7, 14, 24]). 

The stability problem of functional equations originated from the following question of Ulam 
[53] : Under what condition does there exist an additive mapping near an approximately addi- 
tive mapping? In 1941, Hyers [20] gave a partial affirmative answer to the question of Ulam in 
the context of Banach spaces. In 1978, Th.M. Rassias [42] extended the theorem of Hyers by 
considering the unbounded Cauchy difference \\f{x + y) — f(x) — f(y)\\ < e(||x|| p + ||y|| p ), (e > 
0,p £ [0, 1)). The result of Rassias has provided a lot of influence in the development of what 
we now call generalized Hyers-Ulam stability or Hyers-Ulam stability of functional equations. 
During the last decades several stability problems of functional equations have been inves- 
tigated in the spirit of Hyers-Ulam-Rassias. The reader is referred to [11, 21, 25, 46] and 
references therein for detailed information on stability of functional equations. 

R. Ger and J. Sikorska [17] investigated the orthogonal stability of the Cauchy functional 
equation f(x + y) = f(x) + f(y), namely, they showed that if / is a mapping from an 
orthogonality space X into a real Banach space Y and \\f(x + y) — f(x) — f(y)\\ < £ for all 
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x,y G X with x _L y and some e > 0, then there exists exactly one orthogonally additive 
mapping g : X — >■ Y such that ||/(s) — <7(x)|| < ^s for all x € X. 

The first author treating the stability of the quadratic equation was F. Skof [50] by proving 
that if / is a mapping from a normed space X into a Banach space Y satisfying \\f(x + y) + 
/(a; — y) — 2/(x) — 2/(y)|| < e for some e > 0, then there is a unique quadratic mapping 
g : X — > Y such that ||/(x) — g(x)\\ < |. P.W. Cholewa [8] extended the Skof's theorem by 
replacing X by an abelian group G. The Skof's result was later generalized by S. Czerwik [9] 
in the spirit of Hyers-Ulam-Rassias. The stability problem of functional equations has been 
extensively investigated by some mathematicians (see [10, 39], [43]-[45], [49]). 

The orthogonally quadratic equation 

fix + y) + f(x -y) = 2f(x) + 2/(2/), x±y 

was first investigated by F. Vajzovic [54] when X is a Hilbert space, Y is the scalar field, / 
is continuous and _L means the Hilbert space orthogonality. Later, H. Drljevic [15], M. Fochi 
[16], M.S. Moslehian [31, 32] and Gy. Szabo [52] generalized this result. See also [33, 36]. 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = if and only if x = y; 

(2) d(x, y) = d(y, x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y, z £ X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.3. [4, 13] Let (X,d) be a complete generalized metric space and let J : X — >■ X 

be a strictly contractive mapping with Lipschitz constant a < 1. Then for each given element 
x £ X , either 

d(J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer uq such that 

(1) d(J n x, J n+1 x) < oo, Vn > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y € X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < j^d(y, Jy) for all y€Y. 

In 1996, G. Isac and Th.M. Rassias [22] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [5, 6, 26, 30, 37, 38, 41]). 

This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability of the 
orthogonally additive-quadratic functional equation (0.1) in non- Archimedean orthogonality 
spaces for an odd mapping. 
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In Section 3, we prove the Hyers-Ulam stability of the orthogonally additive-quadratic 
functional equation (0.1) in non- Archimedean orthogonality spaces for an even mapping. 

Throughout this paper, assume that (X, _L) is a non- Archimedean orthogonality space and 
that (Y, \\.\\y) is a rea l non- Archimedean Banach space. Assume that |2| ^ 1. 

2. Stability of the orthogonally additive-quadratic functional equation: an 

odd mapping case 

In this section, applying some ideas from [17, 21], we deal with the stability problem for 
the orthogonally additive-quadratic functional equation 



2f[ X -±y) + 2f( X - y 



2 ) • -* v 2 ; = l f{x) ~ \ f{ ~ x) + l f{y) + \ f{ ~ v) 

for all i,j/Gl with x _L y in non- Archimedean Banach spaces: an odd mapping case. 



Definition 2.1. A mapping / : X — >■ Y is called an orthogonally additive mapping if 

/(5±») + ,(ir»)=/(,) 

for all x,y £ X with x _L y. 

Theorem 2.2. Let if : X 2 — > [0, oo) be a function such that there exists an a < 1 with 

^(x,y)<|2|a^(|,|) (2.1) 

for all x, y £ X with x _L y. Let f : X —$■ Y be an odd mapping satisfying 



m'-? Hv ^ 



- \f{x) + \f(-x) - \f(y) - \f(-y) 

< v{x,y) 



Y 



(2.2) 



for all x, y G X with x _L y. Then there exists a unique orthogonally additive mapping 
L : X —7- Y such that 

a 



\\f(x)-L(x) 



Y 



< 



<p{x,0) 



\2\ - \2\a 
for all x £ X. 

Proof. Putting y = in (2.2), we get 

4/ (!)-2/(x)| y <¥>(*,()) 



(2.3) 



for all x 6 X, since x _L 0. So 



/(x) - \f{2x) 



Y 



<^M2x,0)<^--cp(x,0) 



(2.4) 
(2.5) 



for all x & X. 
Consider the set 



S:={h:X^Y] 
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and introduce the generalized metric on S: 

d(g,h) = inf {// £ R + : \\g(x) - h(x)\\y < fJ,(f(x,0) , Vi£l}, 

where, as usual, inf (j) = +00. It is easy to show that (S,d) is complete (see [29]). 
Now we consider the linear mapping J : S —> S such that 

Jg(x) ■= ^s ( 2x ) 

for all x £ X. 

Let g, h £ S be given such that d(g, h) = e. Then 

\\g(x) - h(x)\\ Y < <p(x,0) 

for all x E X. Hence 



l - g {2x)- l -h{2x) 



< a<p (x,0) 



Y 



\\Jg(x) - Jh(x)\\ Y 

for all x € X. So d(g, h) = e implies that d(Jg, Jh) < ae. This means that 

d(Jg, Jh) < ad(g, h) 

for all g,h £ S. 

It follows from (2.5) that d(f,Jf) < ^. 

By Theorem 1.3, there exists a mapping L : X — > Y satisfying the following: 

(1) L is a fixed point of J, i.e., 

L(2x) = 2L(x) 

for all x £ X. The mapping L is a unique fixed point of J in the set 

M = {g £ S : d(h,g) < 00}. 

This implies that L is a unique mapping satisfying (2.6) such that there exists a jjl £ (0, 00) 
satisfying 

||/(x)-L(x)||y < fMp{x,0) 

for all x £ X; 

(2) d(J n f, L) — > as n — > 00. This implies the equality 



(2.6) 



lim -f(2 n x) = L(x) 

n— ¥00 Z 

for all x £ X; 

(3) d(f, L) < j^-d(f, Jf), which implies the inequality 

d(f,L)< a 
This implies that the inequality (2.3) holds. 



|2| -\2\a 
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It follows from (2.1) and (2.2) that 



2H X ±y)+2L< X ~ !J 



h(x) + h(-x) - h(y) - h(-y) 



Y 



lim — 

?1— >00 2 



Y 



-\\2f(2 n ^(x + y)) + 2f(2 n -\x-y)) 

-\f{2 n x) + \f{-2 n x) - \f{2 n y) - \f{-2 n y) 

1 \2\ n a n 

< lim ip (2 n x,2 n y)< lim U— (p ( xy ) = o 

n— >oo z n— >oo Z 

for all x,y £ X with x _L y. So 

for all x,y £ X with x -L y. Since / is odd, L is odd. Hence L : X — > Y is an orthogonally 
additive mapping, i.e., 

for all x,y £ X with x _l_ y. Thus L : X — )■ Y is a unique orthogonally additive mapping 
satisfying (2.3), as desired. □ 

From now on, in corollaries, assume that (X, _L) is a non- Archimedean orthogonality normed 
space. 

Corollary 2.3. Let 9 be a positive real number and p a real number with < p < 1. Let 
f : X —7- Y be an odd mapping satisfying 



mm + v ^ 



\f(x) + \f(-x) - \f(y) - \f(-y) 



<0(\\x\\v + \\y\\v) 



(2.7) 



for all x,y G X with x _L y. Then there exists a unique orthogonally additive mapping 
L : X —)■ Y such that 



\\f(x)-L(x)\\ Y < |2|p _ |2| IN 



for all x 6 X . 



Proof. The proof follows from Theorem 2.2 by taking f(x,y) = 6(\\x\\ p + \\y\\ p ) for all x,y G X 
with x _L y. Then we can choose a = |2| 1_p and we get the desired result. □ 

Theorem 2.4. Let f : X — > Y be an odd mapping satisfying (2.2) for which there exists a 
function (p : X 2 — > [0, oo) such that 



a 



<p(x,y) < j-f(2x,2y) 
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for all x,y € X with x _L y. Then there exists a unique orthogonally additive mapping 
L : X — > Y such that 



\\f{x)-L(x)\\ Y < ... \ 9 , <p(x,0) (2i 

\2\ — \2\a 



for all x € X . 



Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 
Now we consider the linear mapping J : S — >■ S such that 

Jg(x) := 2,? (J 

for all i£l. 

It follows from (2.4) that d(f,Jf) < 4. So 

d(/,^)< ' 



|2| -\2\a 
Thus we obtain the inequality (2.8). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let 9 be a positive real number andp a real number withp > 1. Let f : X — > Y 
be an odd mapping satisfying (2.7). Then there exists a unique orthogonally additive mapping 
L : X — > 1" such that 



\\f( X )-L(x)\\y<—- — \\xf 



for all i£l. 



Proof. The proof follows from Theorem 2.4 by taking cp(x,y) = 6(\\x\\ p + \\y\\ p ) for &llx,y € X 
with x _L y. Then we can choose a = |2| p_1 and we get the desired result. □ 

3. Stability of the orthogonally additive-quadratic functional equation: an 

even mapping case 

In this section, applying some ideas from [17, 21], we deal with the stability problem for 
the orthogonally additive-quadratic functional equation given in the previous section: an even 
mapping case. 

Definition 3.1. A mapping / : X — > Y is called an orthogonally quadratic mapping if 



for all x, y € X with x _L y. 

Theorem 3.2. Let ip : X 2 — > [0, oo) be a function such that there exists an a < 1 with 



' x y 
.2' 2 
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for all x, y £ X with x _L y. Let f : X — >■ Y be an even mapping satisfying /(0) = and (2.2). 

Then there exists a unique orthogonally quadratic mapping Q : X — > Y such that 

a 



\\f(x)-Q(x) 



Y 



< 



1 — a 



<f(x,0) 



(3.1) 



for all x € X . 

Proof. Putting y = in (2.2), we get 

4/(f)-/(*)| y <rts,0) 



for all x G X, since x _L 0. So 



f{x) - -f(2x) 



Y 



<—ip(2x,0)< a -ip(x,0) 



(3.2) 
(3.3) 



for all i£l. 

By the same reasoning as in the proof of Theorem 2.2, one can obtain an orthogonally 
quadratic mapping Q : X — > Y defined by 

hm ±-f(2 n x) = Q(x) 

n— >oo 4 

for all x € X. 

Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 
Now we consider the linear mapping J : S — > S such that 

Jg(x) ■= t5 ( 2x ) 

for all x £ X. 

It follows from (3.3) that d(f, J f) < a. So 

d(f,Q)< 



a 
1 — a 



So we obtain the inequality (3.1). Thus Q : X — > Y is a unique orthogonally quadratic 
mapping satisfying (3.1), as desired. □ 

Corollary 3.3. Let 9 be a positive real number and p a real number with < p < 2. Let 
f : X —7- Y be an even mapping satisfying /(0) = and (2.7). Then there exists a unique 
orthogonally quadratic mapping Q : X -^ Y such that 

1410 „ „„ 



\\f(x) - Q(x) 



< 



\2\p 



for all x £ X . 



Proof. The proof follows from Theorem 3.2 by taking (p(x, y) = 9(\\x\\ p + \\y\\ p ) for alia;,?/ G X 
with x _L y. Then we can choose a = |2| 2_p and we get the desired result. □ 

Theorem 3.4. Let f : X — >■ Y be an even mapping satisfying (2.2) and /(0) = for which 
there exists a function 99 : X 2 — > [0, 00) such that 

<fi{x,y) < T -r(f(2x,2y) 
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for all x,y £ X with x _L y. Then there exists a unique orthogonally quadratic mapping 
Q : X — > Y such that 

\\f( x )-Q(x)\\ Y <^—<p{x,0) (3.4) 

1 — a 

for all x £ X . 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 
Now we consider the linear mapping J : S — >■ S such that 

Jg(x) := Ag (| 

for all x £ X. 

It follows from (3.2) that d(f, J f) < 1. So we obtain the inequality (3.4). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. □ 

Corollary 3.5. Let 6 be a positive real number andp a real number withp > 2. Let f : X — >■ Y 
be an even mapping satisfying /(0) = and (2.7). Then there exists a unique orthogonally 
quadratic mapping Q : X — ?■ Y~ such that 

\\f(x)-Q(x)\\ Y <J 4 ^ p \\xV 

for all x G X . 

Proof. The proof follows from Theorem 3.4 by taking <p(x,y) = 6(\\x\\ p + \\y\\ p ) for &llx,y £ X 
with ilt/. Then we can choose a = |2| p_2 and we get the desired result. □ 

Let f {x) = 2 an d fe(x) = 2 • Then / is an odd mapping and f e is an 

even mapping such that / = f + f e . 

The above corollaries can be summarized as follows: 

Theorem 3.6. Assume that (X, _L) is a non- Archimedean orthogonality normed space. Let 6 
be a positive real number and p a real number with < p < 1 (resp. p > 2). Let f : X — >■ Y 6e 
a mapping satisfying /(0) = and (2.7). T/jen i/tere exisi an orthogonally additive mapping 
L : X —)■ Y and an orthogonally quadratic mapping Q : X — >■ 1" snc/i i/iat 

||/(x)-L(x)-Q(x)||y < (|2JF3|2| + ]2J?H4|) ^ IN|P 
(resp. \\f(x)-L(x)-Q(x)\\ Y < ( - ^ + N |2|p 
/or all x £ X . 
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Abstract In this paper, we determine some stability results concerning the general mixed additive-cubic equation 

/(fee + y) + f(kx -y) = kf(x + y) + kf(x -y) + 2f(kx) - 2kf(x) 

in ^-spaces, and generalized related results in reference in different aspects. 
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1. Introduction and preliminaries 

The study of stability problems for functional equations is related to a question of Ulam [33] concerning the 
stability of group homomorphisms and affirmatively answered for Banach spaces by Hyers [12]. The result of 
Hycrs was generalized by Aoki [2] for approximate additive mappings and by Rassias [19] for approximate linear 
mappings by allowing the Cauchy difference operator CDf(x,y) = f(x + y) — [f(x) + f(y)] to be controlled 
by e(||x|| p + ||y|| p ). In 1994, a generalization of Rassias' theorem was obtained by Gavru^a [6], who replaced 
e(||x|| p +||y|| p ) by a general control function ip(x, y). During the last decades several stability problems for various 
functional equations have been investigated by many mathematicians, we refer the reader to the monographs 
[1, 3, 4, 7-11, 13-18, 20-32]. 

Rassias [20] (in 2001) introduced the pioneering cubic functional equation: 

f(x + 2y) - 3/(3 + y) + 3f(x) - f(x -y) = 6/(y) (1.1) 

and established the solution of the Ulam stability problem for this cubic functional equation. The function 
f(x) = x 3 satisfies the functional equation (1.1), which is called a cubic functional equation. Every solution of 
the cubic functional equation is said to be a cubic function. 

Jun and Kim [13] (in 2002) introduced the following cubic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12/(x) (1.2) 

and they established the general solution and the generalized Ulam-Hyers stability for the functional equation 
(1.2). They proved that a function / between real vector spaces X and Y is a solution of (1.2) if and only if 
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there exits a unique function C:XxXxX^Y such that f(x) = C(x, x, x) for all x £ X, and C is symmetric 
for each fixed one variable and is additive for fixed two variables. 

Sadeghi and Moslehian [25] proved the generalized stability of the cubic type functional equation (1.2) and 
another functional equation 

f(kx + y) + f(x + ky) = (k + l)(fc - l) 2 [/(x) + f(y)} + k(k + l)f(x + y), (1.3) 

where k is an integer with k =/= 0, ±1 in the framework of non- Archimedean normed spaces. 

Gordji and Khodaei [8] achieved the general solution and the generalized Hycrs-Ulam stability of the following 
generalized mixed type cubic, quadratic and additive functional equation functional equation 

f(x + ky) + f(x - ky) = k 2 f{x + y) + k 2 f{x - y) + 2(1 - k 2 )f(x) (1.4) 

for fixed integers k with k ^ 0, ±1 in the quasi-Banach spaces. Gordji [7] proved the Hyers-Ulam stability of an 
additive-quadratic functional equation of two variables in F-spaces. 

In this paper, we consider a mapping / : X —> Y with /(0) = and satisfies the following functional 
equation, which is introduced by the authors, 

f(kx + y) + f(kx -y) = kf(x + y) + kf(x - y) + 2f(kx) - 2kf{x), (1.5) 

for a fixed integer with k > 2 (see [32]). It is easy to see that the function f(x) = ax 3 + bx is a solution of the 
functional equation (1.5), which is called a general mixed additive-cubic functional equation. We observe that 
in case k = 2, Eq.(1.5) yields mixed additive-cubic equation /(2x + y) + f(2x — y) = 2/(x + y) + 2f(x — y) + 
2/(2x) — 4/(x) and there are many interesting results concerning the stability problems of the mixed additive- 
cubic equation (see [16]). Therefore, Eq.(1.5) is a generalized form of the mixed additive-cubic equation. 

The main purpose of this paper is to establish the generalized Ulam-Hycrs stability of the general mixed 
additive-cubic equation (1.5) in F-spaces. 

First we recall the following well known concept concerning F-spaces and Frechet spaces. 

Definition 1.1. A linear space (X, +, ■) over R or C is called F-space if X is a metrizable, complete, topological 
vector space; and a locally convex F-space is called Frechet space. 

Every Banach space is an F-space as the norm induces an invariant metric and the space is complete with 
respect to this metric. The LP spaces are F-spaces for all p > and for p > 1 they are locally convex and 
thus Frechet spaces and even Banach spaces. So for instance, L p ([0, 1]) for < p < 1 equipped with the metric 
d(f,g) = f \f(x) — g(x)\ p dx is an F-space, which is not a Banach space. 

Now suppose that X is an F-space with an invariant metric d, and write A (re) in place of d{x, 0), then 
it is easy to see that (1) A (a; + y) < A(x) + A(y), (2) A(-x) = A(a>), (3) A(x) = if and only if x = 0, 
(4) if {x n } is a sequence in X with A(x n — x) — > and if {a n } is a sequence of scalars with a n — > a, then 
A(a n x n — ax) — ► 0. There is nothing to guarantee that A(ax) — |a|A(x), and so A(x) may not be a norm. 
Let k > 2 be a fixed integer and denote Af.(x) = A((k — l)(fc 3 — k)x) for all x e X. One can easily verify that 
X —* Afe(x) is a real-valued function on X with properties (1) to (4). Set dk{x,y) = Afc(x — y) for all x,y £ X. 
Then dk is an invariant metric on X and, with this metric, X is an F-space. 

Lemma 1.2. Let X be an F-space with a metric d, then d(nx, ny) < nd(x, y) for all x, y € X and all n£N. 

Proof. For x, y E X, we have 

d(2x, 2y) = d(x, 2y - x) < d(x, y) + d(y, 2y - x) = 2d(x, y). 

The remaining assertion goes through by mathematical induction. □ 

Remark 1.3. It is a classical fact that the Frechet spaces are characterized by the existence of a countable, 
sufficient and increasing family of semi- norms {pi}i^n (that is Pi{x) = implies x = and Pi(x) < p;+i(x) for 
all x G X and i £ N ), which define the pseudo-norm 

A(x)-^ 1 P ^ X) 



^ o 2n + Pl (x) 
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and the metric d(x,y) = A(x — y) invariant with respect to translations, such that d generates a complete 
topology equivalent to that of locally convex space. Also, notice that since j? V x) < 1 and X^o h ~ 1> ^ 
follows that A(x) < 1 for all x G X (see [5]). 

Moreover, d has the properties given by the following. 

Theorem 1.4([5]). Let (X, {Pi}i£^,d) be a Frechet space, then 

(1) d(cx, cy) < d(x, y) for x, y G X, \c\ < 1; 

(2) d(x + u,y + v) < d{x, y) + d(u, v) for x, y,u,v G X ; 

(3) d(kx,ky) < d(rx,ry) ifk,r£R, < k < r; 

(4) d(kx, ky) < kd(x, y) for x,y G X, k G N, k > 2; 

(5) d(cx, cy) < (|c| + l)d(x, y) for all x, y G X and ceR. 

These facts are useful in Section 2. Everywhere in the rest of the paper, (X, (pi)i£®,d) will be a Frechet 
space with (pi)i^n and rf as in Remark 1.3. 

2. Generalized Ulam-Hyers stability of general mixed additive-cubic equations 

We now investigate the generalized Ulam-Hyers stability problem for functional equations (1.5). From now 
on, let X be a real vector space, let Y be a real F-space with a metric d, and let k > 2 be a fixed integer. 
Denote A(w) = rf(u, 0) and Afc(w) = A((fc — l)(/c 3 — fc)w) for all u E Y. For convenience, we use the following 
abbreviation for a given function / : X — > Y: 

Df(x, y) := f(kx + y) + f(kx - y) - kf(x + y) - kf(x - y) - 2f(kx) + 2kf(x) 

for all x, y G X. 

We start with the following lemmas. 

Lemma 2.1. Let f : X —* Y be a function with /(0) = for which there is a function ip : X x X — ► [0, co) 
such that 

A(Df(x,y))<<p(x,y) (2.1) 

for all x, y G X , then 

A k {f{Ax) - 10/(2*) + 16/(a:)) < £(x) (2.2) 

for all x G X , where 

ip(x) := (fc - 1){(& + l)[<^(x, (2fc + l)x) + p(x, (2fe - l)x)] + p(3a;, x) + (1 + 8k 2 )tp(x, x) + 

ip(x, 3kx) + tp(x, kx) + k 2 ip(2x, 2x) + <p(2x, 2kx) + 2tp(x, (k + l)x) + 2ip(x, (k - l)x)+ 
2<p{2x,x) + 2^(2x, kx) + M§, %) + 8Mf , ^=^) + 8M§ > ^±^) + 8^(f , ^)}- 
(fc + 1)^(0, (fc + l)x) + (8fc 2 + 1)^(0, (k - l)x) + 2<p(0, x) + fc<^(0, (3fc - l)x)+ 
k 2 ip{0, 2{k - l)x) + (fc 2 + fc - 1)^(0, 2fcx) + 8k<p(0, (3fc_i)£) + 8fc( ^( 0j (fe+ik) 
+ (8/c 2 + 2/c-8)(^(0,/cx). 

Proof. Letting x = in (2.1), we get 

A((k-l)[f(y) + f(-y)})<<p(0,y) (2.4) 

for all y £ X. Putting y = x in (2.1), we have 

A(/((fc + l)x) + f((k - l)x) - kf(2x) - 2f(kx) + 2kf(x)) < <p(x, x) (2.5) 

for all x G X. Hence 

A(/(2(fc + l)x) + f(2(k - l)x) - fc/(4x) - 2/(2fcx) + 2kf(2x)) < <p(2x, 2x) (2.6) 

for all x G X. Letting y = kx in (2.1), we get 

A(f(2kx) - kf((k + l)x) - fc/(-(fc - l)x) - 2/(fcx) + 2kf(x)) < <p(x, kx) (2.7) 



(2.3) 
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for all x G X. Letting y = (k + l)x in (2.1), we have 

A(/((2fc + l)x) + f(-x) - kf((k + 2)x) - kf(-kx) - 2f(kx) + 2kf(x)) < <p(x, (k + l)x) (2.8) 

for all x G X. Letting y = (k — l)x in (2.1), we have 

A(/((2fc - l)a;) - (k + 2)f(kx) - kf(-(k - 2)x) + (2k + l)f(x)) < y{x, (k - l)x) (2.9) 

for all x G X. Replacing x and y by 2x and x in (2.1), respectively, we get 

A(/((2fc + l)x) + f((2k - l)x) - 2f(2kx) - kf(3x) + 2kf{2x) - kf(x)) < tp(2x, x) (2.10) 

for all x G X. Replacing x and y by 3a; and x in (2.1), respectively, we get 

A(/((3fc + l)x) + f((3k - l)x) - 2f(3kx) - kf(4x) - kf(2x) + 2kf(3x)) < ip(3x, x) (2.11) 

for all x G X. Replacing x and y by 2x and kx in (2.1), respectively, we have 

A(/(3fca;) + f(kx) - kf((k + 2)x) - kf(-(k - 2)x) - 2f(2kx) + 2kf(2x)) < <p(2x, kx) (2.12) 

for all x G X. Setting y = (2k + \)x in (2.1), we have 

A(/((3fc + l)x) + f(-(k + l)x) - kf(2(k + l)x) - kf(-2kx) - 2f(kx) + 2kf(x)) < tp(x, (2k + l)x) (2.13) 

for all x G X. Letting y = (2k — \)x in (2.1), we have 

A(/((3fc - l)x) + f(-(k - l)x) - kf(-2(k - l)x) - kf(2kx) - 2f(kx) + 2kf(x)) < tp(x, (2k - l)x) (2.14) 

for all x G X. Letting y — 3kx in (2.1), we have 

A(f(4kx) + f(-2kx) - kf((3k + l)x) - kf(-(3k - l)x) - 2f(kx) + 2kf(x)) < <p(x, 3kx) (2.15) 

for all x G X. By (2.4), (2.5), (2.11), (2.13) and (2.14), we get 

A((fc - l)[fc/(2(fc + l)a;) + kf(-2(k - l)x) + 6f(kx) - 2f(3kx) - kf(Ax) + 2kf(3x) - 6kf(x)}) 

<(k- l)[ip(x, (2k + l)x) + ip(x, (2k - l)x) + ip(3x, x) + <p(x, x)} (2.16) 

+ip(0, (k + l)x) + ip(0, (k - l)x) + kp(0, 2kx) 

for all x G X. By (2.4), (2.8) and (2.9), we have 

A((fc - l)[/((2fc + l)x) + f((2k - l)x) - kf((k + 2)x) - kf(-(k - 2)x) - Af(kx) + 4fc/(x)]) 
<(k- l)[(p(x, (k + l)x) + ip(x, (k - l)x)] + (p(0,x) + k(p(0,kx) 



(2.17) 



(2.18) 



for all x e X. It follows from (2.10) and (2.17) that 

A((fc - l)[kf((k + 2)x) + kf(-(k - 2)x) - 2f(2kx) + Af(kx) - kf(3x) + 2kf(2x) - 5kf(x)}) 
<(k- l)[ip(x,(k + l)x) + <p(x,(k- l)x) + tp(2x,x)] + <p(0,x) + ktp(0 7 kx) 

for all x G X. By (2.12) and (2.18), we have 

A((fc - l)[f(3kx) - Af(2kx) + 5f(kx) - kf(3x) + 4kf(2x) - 5kf(x)}) 

<(k- l)[tp(x, (k + l)x) + ip(x, (k - l)x) + (p(2x, x) + ip(2x, kx)] (2.19) 

+if(0, x) + k(p(0, kx) 

for all x G X. By (2.4), (2.13), (2.14) and (2.15), we have 

A((fc - l)[kf(-(k + l)x) - kf(-(k - l)x) - k 2 f(2(k + l)x) + k 2 f(-2(k - l)x) 
+k 2 f(2kx) - (k 2 - l)f(-2kx) + f(4kx) - 2f(kx) + 2kf(x)}) (2.20) 

<(k- l)[k(p(x, (2k + l)x) + kip(x, (2k - l)x) + ip(x, 3kx)] + kip(0, (3k - l)x) 
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for all x e X. It follows from (2.4), (2.6), (2.7) and (2.20) that 

A((fc - l)[/(4fcr) - 2f(2kx) - k 3 f(4x) + 2k 3 f(2x)}) 

< (k - 1) [k<p(x, (2k + l)x) + ktp(x, (2k - l)x) + <p(x, 3kx) + ip(x, kx) + k 2 ip(2x, 2x)\ (2.21) 

+kcp(0, (3k - l)x) + kip(0, (k + l)x) + k 2 if(0, 2(k - l)x) + (k 2 - l)ip(0, 2kx) 

for all x <G X. Hence 

A((fc - l)[f(2kx) - 2f(kx) - k 3 f(2x) + 2k 3 f(x)}) 

<(k- l)[Mf, £*±^) + Ml, & ^ L ) + <P{% , 3J r) + <f{%, f) + kMx,x)} (2.22) 

+k<p(0, £*=*)*) + k<p(0, &£&) + fcV(0, (k - l)x) + (k 2 - 1)^(0, fcs) 

for all x € X. By (2.7), we have 

A(/(4foc) - fc/(2(fc + l)a;) - kf(-2(k - l)x) - 2f(2kx) + 2kf(2x)) < tp(2x, 2kx) (2.23) 

for all x £ X. From (2.21) and (2.23), we have 

A((fc - l)[kf(2(k + l)x) + kf(-2(k - l)x) - k 3 f(4x) + (2k 3 - 2k)f(2x)]) 
<{k- l)[k(p(x, (2k + l)x) + kip(x, (2k - l)x) + ip(x, 3kx) 
+ip(x, kx) + k 2 tp(2x, 2x) + ip(2x, 2kx)] + kip(0, (3k - l)x) 
+kip(0, (k + l)x) + k 2 ip(0, 2(k - l)x) + (k 2 - 1 V(0, 2kx) 

for all x £ X. Also, from (2.16) and (2.24), we get 

A((fc - l)[2/(3foc) - 6f(kx) + (k- k 3 )f(4x) - 2kf(3x) + (2k 3 - 2k)f(2x) + 6kf(x)}) 
< (fc - 1){(1 + &) [ip(x, (2k + l)x) + <p{x, (2k - l)x)] + ip(3x, x) 

+<p{x, x) + ip(x, 3kx) + ip(x, kx) + k 2 cp(2x, 2x) + <p(2x, 2kx)} (2.25) 

+(k + l)ip(0, (k + l)x) + ip(0, (k - l)x) + (k 2 + k- l)<p(0, 2kx) 
+k(p(0, (3k - l)x) + fcV(0, 2(k - l)x) 

for all x £ X. 

On the other hand, it follows from (2.19) and (2.25) that 

A((fc - l)[8f(2kx) - 16f(kx) + (k- k 3 )f(Ax) + (2k 3 - 10fe)/(2a?) + 16kf(x)}) 
< (k-l){(l + k)[ip(x,(2k + l)x) + tp(x,(2k- l)x)] + ip(3x,x) 
+(p(x, x) + ip(x, 3kx) + ip(x, kx) + k 2 ip(2x, 2x) + ip(2x, 2kx) 
+2tp(x, (k + l)x) + 2ip(x, (k - l)x) + 2ip(2x, x) + 2ip(2x, kx)} 
+2ip(0, x) + 2fc^(0, kx) + (k+ l)ip(0, (k + l)x) + p(0, (k - l)x) 
+(k 2 + k- l)<p(0, 2kx) + k(p(0, (3k - l)x) + k 2 cp(0, 2(k - l)x) 

for all x £ X. Therefore by (2.22) and (2.26), we get (2.2). □ 



1 2 l 2 
and 



(2.24) 



(2.26) 



Theorem 2.2. Let f : X — ► Y be a mapping with /(0) = for which there is a function ip : X x X — > [0, oo) 
such that 

oo 

x y 



E^-j *)<oo (2.27) 



A(Df(x,y))< lfi (x,y) (2.28) 

for all x,yGl. Then there exists a unique additive function A : X — > Y such that 

1 oo 

A k (f(2x) - 8f(x) - A(x)) < - J2 2V(J) (2-29) 



2 

i=\ 
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for all x E X, where (p{x) is defined as in Lemma 2.2. 
Proof. It follows from (2.27) that 

OO 



£2V(£)<oo (230) 



i=i 



for all x E X. Let g : X — ► Y be the mapping defined by g(x) := f(2x) — 8/(x). From Lemma 1.2 and the 
inequality (2.2) we use iterative methods and induction on n to prove the following relation: 



1 .". 
A k (2 n g(-) - g(x)) < - £ 2V( J) (2.31) 

»=i 
for all x e X. By Lemma 1.2 and replacing x by ^ to obtain that 

1 m+n 
i=m+l 

This shows that the sequence {2 n g(^)} is a Cauchy sequence in Y for all x E X by taking the limit m — > oo. 
Since y is complete, the sequence {2"(;(^-)} converges for all x E X. Therefore we see that a mapping 
A : X -> y defined by 

A(x) := lim 2" 9 (| r ) (2.33) 

is well defined for all x £ X. Taking the limit as n — ► oo in (2.31), we get 

1 oo 

A k (g(x)-A(x))<-J2^(l- i ) (2-34) 

j=i 

for all x E X. This means that (2.29) holds. It is easy to see that A(2x) = 2A{x) for all x E X. Also, by (2.28), 
(2.30) and (2.33), we get 

A k (DA(x,y)) = lim A k {2 n Dg{£,£)) 

n^oo * * 

= lim A k (2»[Df(^,^)-8Df (£,£)]) 

7l->oo z z /2 35) 

< lim2"[A fc (£>/( 5 ^ T , 5 JL r )) + 8A fc (D/(^,^))] 

n— »oo z, z, *A 

< lim (fc - l)(fc 3 - fc)2"[(^(-^r, 2^t) + 8p(£, |r)] = 

for all x,y E X. Hence the mapping A satisfies (1.5). By [32, Lemma 2.3], the mapping x — > A(2x) — 8A(x) is 
additive. Therefore A(2x) = 2A(x) implies that the mapping A is additive. It remains to show that A is unique. 
Let T : X -► y be another additive mapping satisfying (2.29). Since 2M(^) = A(x) and 2™T(f,) = T(x) for 
all x & X, we conclude that 

A fc (A(x)-T(x)) - A fc (2M(i)-2T(i)) 

= A fc (2M(^) - 2™< 7 (| r ) + 2" 5 (| r ) - 2"T(£)) 

< 2 n A k (A(^)-g(^)) + 2 n A k (g(^)-T(^)) ( 2 - 36 ) 

< £ 2^(f) 

i— n+1 

for all x e A. By letting n -► oo in (2.36), it follows that A(x) = T(x) for all x E X. So A = T. D 

Theorem 2.3. Let f : X — ► Y be a mapping with /(0) = for which there is a function ip : X x X — > [0, oo) 
smc/i that 



1 2* 2 
i=i 

and 



E 8 v(oJ,| )<00 (2 - 37) 

i=l 

A(D/(a;,y)) <¥>(&,») (2.38) 
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for all x,y G X. Then there exists a unique cubic function C : X — » Y such that 

_. oo 

A k (f(2x) 2f(x) C(x)) < - J2 8V(|) (2-39) 

i— 1 

for all x G X, where ip{x) is defined as in Lemma 2.1. 

Proof. The techniques are similar to that of Theorem 2.2. Hence we present a sketch of the proof. It follows 
from (2.37) that 

OO 

X 



5>V(£)<oo (2.40) 



i=\ 



for all x G X. Let h : X — > Y be the mapping defined by h(x) := f(2x) — 2f(x). For each x G X, n > and 
m > 0, we can deduce 

_. m+n 

A ^ n+m H^)-8 m h(^))<- Y: 8V(J). (2.41) 



Thus, {S n h(^)} is a Cauchy sequence in Y for all xGl. Therefore, there is a function C : X — ► Y defined by 

C{x) := hm 8"M J). (2.42) 

n — >-oo Z 

(2.41) with m = implies 

1 oo 

A fc (/(2s) - 2/(x) - C(x)) < - £ 8V(|) (2.43) 

i=l 

for all x G X. 

The remaining assertion goes through by the similar way to corresponding part of Theorem 2.2. □ 

Corollary 2.4. Let r > 3,9 > 0, and tei X, Y be a normed space and a Banach space, respectively. If f : X — > Y 
is a function with /(0) = s«c/i i/iai 

||D/(z,y)||< 0(||s|r +|y) (2.44) 

for all i,i/£ X, then there exists a unique cubic function C : X — » Y smc/i i/iat 

||/(2x) - 2/0,0 - C(x)|| < 6(fc _ 1)(fc3 ^ fc)(2 ,_ 8) INr (2-45) 

/or aZZ .t G X , where 

H={k- 1){(1 + A: + 2 3 ~ r fc)[2 + (2fc + l) r + (2fc - l) r ] + 9 + 3 r + 3k r + 16fc 2 + 3 r k r + 2 r+1 k 2 
+2 r (5 + k r ) + 2(k + l) r + 2(fc - l) r + 2 3 ~ r (2 + k r + 3 r k r )} + (k + l) r+1 + 2 3 ~ r k(k + l) r (2.46) 

+(1 + 8fc 2 + 2 r k 2 ){k - l) r + 2 r k r (k 2 + k - 1) + 2 + k(2 3 - r + l)(3fc - l) r + [2k + 8(k 2 - l)]k r . 

Proof. The result follows from Theorem 2.3 by taking /S! k {u) = ||6(fc — l)(fc 3 — k)u\\ for all u G Y, and 
<p(x,y) = 0(\\x\\ r + \\y\\ r )toianx,yeX. □ 

The functional equation (1.5) is not stable for r = 3, k = 2 in (2.44) as we shall see in the following example. 

Example 2.5. Let <\> : R -> R be defined by 

0(x) = <^ . (2.47) 

I a, otherwise, 

where /j, > is a constant, and define / : R — ► K by 

<j>(2 n x) 

n=0 



/(*) = E^ (2.48) 
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for all x £ E. Then / satisfies the functional inequality 

|/(2a; + y) + /(2s -y)- 2/(x + y)- 2f(x - y) - 2/(2x) + 4/(s)| < ^A|s| 3 + |y| 3 ) (2.49) 

for all i,yeE, but there do not exists a cubic mapping C : E — ► E and a constant /3 > such that 

|/(2x) - 2/(x) - C(x) | < /3|x| 3 for all x € E. (2.50) 

Proof. Evidently, |0(x)| < a for all x e E. Therefore, / is bounded by ^ on E. If |x| 3 + |y| 3 > | or 0, then 
the left side of (2.49) is less than ^p, and hence (2.49) is true. Now suppose that < |x| 3 + \y\ 3 < |. Then 
there exists a positive integer m such that 

8^<N 8 + lvl 8 <g^r. (2-51) 

so that 8 m |x| 3 < |,8 m |y| 3 < | a.nd2 m - 1 {2x + y),2 m - 1 {2x-y),2 m - 1 {x + y) 1 2 m - 1 {x-y) 1 2 m - 1 x all belong to 
the interval (— 1, 1). Thus, for n = 0, 1, • • • ,m — 1, 

0(2 n (2x + y)) + 0(2"(2x - y)) - 20(2"(x + y)) - 20(2™(x - y)) - 20(2" • 2x) + 40(2 n x) = 0. (2.52) 

By the definition of / and (2.51), we obtain that 

|/(2a; + y) + f(2x -y)- 2/(x + y) - 2/(x - y) - 2/(2x) + 4/(x)| 

CO 

< £ g^l0(2"(2x + y)) + 0(2"(2x - y)) - 20(2"(x + y)) - 20(2"(x - y)) - 20(2" • 2x) + 40(2"x)| (2 53) 

< g !*»= 12^-) <lg^(|x| 3 +|y| 3 ) 

n— m 

for all x, y e E with < |x| 3 + |y| 3 < |. Hence / satisfies (2.49) for all x, y £ E. 

We claim that Eq.(1.5) is not stable for r — 3, k — 2 in Corollary 2.4. Suppose on the contrary that there 
exists a cubic function C : E — > E and a constant /3 > satisfying (2.50). Since / is bounded and continuous 
for all x £ E, C is bounded on any open interval containing the origin and continuous at the origin. Then C 
must have the form C(x) = 7X 3 for any x £ E (see [14, Theorem 2.3]), where 7 is a real constant. Hence we 
obtain that 

|/(2x)-2/(x)| < (/3+| 7 |)|x| 3 , forallxeE. (2.54) 

On the other hand, we can choose a positive integer m > 2 with ma > (3 + \j\. If x £ (0, 2m L _ 1 ), then 
2"x £ (0, 1) for all n = 0, 1, • • • , m — 1, and for such an x we have 

/(2s) - 2/(x) = £ ^M - 2 £ ^ 

n=0 n=0 

_ o v^ < ^ > ( 2 " a: ) _ o V^ ^( 2 " a: ) 
— ° 2^ 8" z Z^ 8" 

n=l n=0 

= 6 £ ^ - 20(x) (2-55) 

n=l 

m— 1 . n , 

> 6 E *e__i _ 20^) 

n=l 

= (6m — 8)cnx 3 > max 3 > (/? + |7|)x 3 , 
which yields a contradiction. Therefore Eq. (1.5) is not stable if r — 3 and fc = 2 in the inequality (2.44). 

Theorem 2.6. Lei f : X —* Y be a mapping with /(0) = /or which there is a function ip : X x X — > [0, 00) 

swc/i i/iai 

00 

E 8 V(5>£)<°° (2 - 56) 

anrf 

A{Df{x,y)) < <p{x,y) (2.57) 
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for all x, y G X . Then there exist a unique additive function A : X —> Y and a unique cubic function C : X — > Y 
such that 

1 oo 1 oo 

A' fe (/(z) - A(x) C(x)) <-J2 2V( J) + g E 8 V(|?) ( 2 - 58 ) 

»=i i=i 

/or aZZ x G X, where <p{x) is defined as in Lemma 2.1 and A' k (u) := Afc(6w) for all u G Y . 

Proof. By Theorems 2.2 and 2.3, there exist an additive function A n : X — > Y and a cubic function Cq : X — > Y 
such that 



and 



for all x G X. Hence 



1 oo 

A fe (/(2x) - 8/(x) - 4)(a0) < - £ 2V(|) (2.59) 

i=l 

1 oo 

A fc (/(2x) - 2/(x) - C (x)) < - £ 8V(J) (2.60) 

j=i 

1 1 1 °° 1 °° 

A fe (6[/(x) + -A a (x) -C (x)]) <-J2 2V(g) + s E 8 ^(5) (2-61) 



6 uv ' 6 uv /J/ " 2 



■;=i 



for all x e X. So we obtain (2.58) by letting A(x) = -^A (x) and C(x) = |C (s) for all x e X. 

To prove the uniqueness of A and C, let A\ , Ci : X — > Y be different additive and cubic function satisfying 
(2.58). Let A' = A - A x and C = C - C x . So 

A' k (A'(x) + C'(x)) < A' k (f(x)-A(x)-C(x)) + A' k (f(x)-A 1 (x)-C\(x)) 

oo oo In p.n\ 

< E2V(f) + |E8^(f) l ' ! 

i=l i=l 

for all x G X. Then Lemma 1.2, (2.56) and (2.62) implies that 

lim A' fc (2»[A'(^)+C'(^)]) = 

71 — >-oo Z Z 

for all x G X. Therefore A' = and then C" = 0. D 

Example 2.7. Fix p G (0, 1) and consider L p (0, 1). The elements of L p (0, 1) are those Lebesgue measurable 
functions x on [0, 1] for which 

A (a;) = / \x(t)\ p dt <oo, 
Jo 

with the usual identification of functions that coincide almost everywhere. Since < p < 1, the inequality 
(a + b) p < a p + b p holds when a > and & > 0. This gives A(x + y) < A(x) + A(y), so that A(x) determines an 
invariant metric on L p (0, 1). With this metric, £ p (0, 1) is a complete metric linear space, which is not a Banach 
space. 

Let r > 3 and <p : L p (0, 1) x L P (0,1) -> [0,oo) be defined by ¥?(x,y) = [MA(i) + 7VA(y)p~\ where 
M = 2 r ~ lp k + 2 r ~ lp k r ~ lp2 + 2 r ~ lp2 k + (2k) r ~ lp2 and N = 2 r ^ p + 2 r ~ lp k r ~ ±p2 . Define / : D>(0, 1) -► #>((), 1) 
by /(a;) = A(x) rp xo, where xo is an element in L p (0, 1) such that A(xo) = 1. If s > 1, then the inequality 
(a + b) s > a s + b s holds when a > and b > 0. A straightforward computation shows that 

A(/(fcr + y) + /(for - y) - kf(x + j/) - fc/(x - j/) - 2/(fcx) + 2fc/(x)) 

< [A{kx + y) rp ~ 2 + A(fcx - y) rp ~ 2 + kA(x + y) rp ~ 2 + kA(x - y) rp ~ 2 + 2A(kx) rp ~ 2 + 2kA(x) rp ~ 2 ] p 

< A(kx + y) rp ^ + A(fcx - y) rp ^ + k p A(x + yf^ 1 + k p A(x - y) rp ^ + 2 p A{kx) rp ~ 1 + 2 p k p A(x) rp ~ 1 

< 2[fcA(x) + A(y)] r P _1 + 2fcP[A(x) + Aiy)}^ 1 + 2P[fcA(x)] r P~ 1 + 2 p k p A{x) rp ~ 1 

< {[2 r ~ lp k + 2 r ~ lp k r ~ lp2 + 2 r ~ lp2 k+ (2k) r ~ lp2 ]A(x) + [2 r ~ lp + 2 r ~ lp k r ~ lp2 ]A{y)} rp ~ 1 
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and 

oo 



£ 8 V(f,fx°o 

for all x,y G L p (0,l). Therefore, all the conditions of Theorem 2.6 hold and there exist a unique additive 
mapping A : L p (0, 1) — ► L p (0, 1) and a unique cubic mapping C : L p (0, 1) — » L p (0, 1) such that 

A(f<x) - A(x) - C(x)) < —, X-, H~ V s 2V(-) + - V 8V(-)1 

uu v; y " ~ 6 p (k~l) p (k 3 -k)P [ 2^ ^2' 7 8^ ^ 2 l,i 

for all x E X, where (p{x) is defined as in Lemma 2.1. 

Corollary 2.8. Lei I iea rea? vector space, let (Y, {pi}i S N, ^) &e a Frechet space and f : X —>Y be a mapping 
with /(0) = for which there is a function ip : X x X — > [0, oo) smc/i i/ia£ 

oo 

E^fxoo 

and 

A(Df(x,y))<<p{x,y) 

for all x,y E X . Then there exist a unique additive function A : X —> Y and a unique cubic function C : X — > Y 
such that 

oo oo 

X 



A(f(x) - A(x) - C{x)) <W 2V(J) + \ E 8 ^( 



2^ ^2 4 ' 8^ ^ v 2 iy 
i=i j=i 

/or all x G X, where (p{x) is defined as in Lemma 2.1. 

Proof. The result follows from Theorem 2.6 and Theorem 1.4. □ 

Corollary 2.9. Let X be a real vector space and Y be a Banach space with norm || • ||. Suppose the mapping 
(p : X x X — ► [0, oo) satisfying 

oo 

E 8 V(5,|)<oo 

j=l 

/or all x,y € X. If f : X -^Y is a mapping with /(0) = such that 

\\Df(x,y)\\ <<p(x,y) 

for all x, y G X, then there exist a unique additive function A : X — ► Y and a unique cubic function C : X — > Y 
such that 

-. OO -. oo 

\\f(x) - A(x) - C(x)\\ < m - 1)(fc3 - k) [g 2V(g) + 4 g 8V(g)] 

/or aZZ .t G X, where (p{x) is defined as in Lemma 2.1. 

Proof. The result follows from Theorem 2.6 by taking A' fe (w) = ||6(fc — l)(k 3 — k)u\\ for all u G Y. □ 

Corollary 2.10. Lei r > 3,9 > 0, and let X, Y be a normed space and a Banach space, respectively. If 
f : X —t Y is a function with /(0) = such that 

\\Df(x,y)\\<6(\\x\\ r + \\y\n 

for all x, y G X , then there exist a unique additive function A : X —>■ Y and a unique cubic function C : X — > Y 
such that 

ii/m - m - cm < 6{k ^ )( Z^-^-») M ' 

for all x G X , where /i is defined as in Corollary 2.4- 
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Proof. The result follows from Theorem 2.6 by taking /S! k (v) = ||6(fc — l)(fc 3 — k)u\\ for all u G Y, and 
tp(x,y) = 0(||a;|| r + ||y|| r ) for all x, y G X. □ 

Corollary 2.11. Let 6 > and r, s > 6e non-negative real numbers such that A := r + s > 3. Lei X, Fie a 
norraed space and a Banach space, respectively. Suppose that a function f : X — > Y with /(0) = satisfies the 
inequality 

\\Df(x,y)\\<0[\\x\\ r \\y\\' + (\\x\\ r+ '+\\y\\ r+ ')] 

for all x, y G X , then there exist a unique additive function A : X — > Y and a unique cubic function C : X — ► Y 
such that 

"M - ^ - C M» S !Kt - !)(*»'- ^»)(2»- 8) M> 

/or a// x G X, where 

e = (fc - 1){(1 + fc)[(2& + l) s + (2fc - l) s ] + 3 r + 8fc 2 + 3 s k s + k s + 3fc 2 2 A + 2 A fc s + 2(fc + l) s 
+2(fc - l) s + 2 r+1 (l + k s ) + 2 3 ~ A fc s + 2 3 - x k(2k - l) s + 2 3 - x k(2k + l) s + 2 3 - A 3 s fc s 
+14 + 2fc + 3 A + 16/c 2 + 5 • 2 A + 2 4 - A (l + k) + (1 + k + 2 3 - A £:)[(2fc + 1) A + (2fc - 1) A ] 
+(3 A + 3 + 2 A + 2 3 - x )k x + 2(k + 1) A + 2(fc - 1) A + 2 3 - A 3 A fc A } + (1 + 8fc 2 + 2 x k 2 )(k - 1) A 
+2 + (fc + 1) A+1 + (k + 2 3 - A fc)(3fc - 1) A + (fc 2 + k - l)2 x k x + 2 3 - x k(k + 1) A + (8k 2 - 6k)k x . 

Proof. The result follows from Theorem 2.6 by taking A^.(u) = ||6(fc — l)(fc 3 — k)u\\ for all u E Y, and 

^(x,y)-0[||.T|r||y|| s + (|| a ;|r+ s + ||y|r+ s )]forall.T, ? yGX. D 

Corollary 2.12. Lei 0, r, s > be non-negative real numbers such that A := r + s > 3. Lei X, Ffca normed 
space and a Banach space, respectively. Suppose that a mapping f : X — > V wii/i /(0) = satisfies the inequality 

\\Df(x,y)\\<9\\x\\ r \\y\\ s 

for all x, y G X , then there exist a unique additive function A : X —>■ Y and a unique cubic function C : X — > Y 
such that 

wm - a {x) - con < 3(fc _ 1)( ^ ( 5 2 ) /! 2)(2 ,_ 8) Ni A 

for all x G X , where 

n={k- 1){(1 + k)[{2k + l) s + (2k - l) s ] + 3 r + 1 + 8fc 2 + 3 s k s + k s + fc 2 2 A + 2 x k s + 2(k + l) s 
+2(k - l) s + 2 r+1 (l + k s ) + 2 3 - x k s + 2 3 - x k(2k - l) s + 2 3 - x k(2k + l) s + 2 3 ~ A 3 s fc s }. 



Proof. The result follows from Theorem 2.6 by taking A' k (u) = ||6(fc — l)(fc 3 — k)u\\ for all u G Y, and 
^(x,y) = 6»||a;|| r ||2/|| s for all x, y G X. D 
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The Finite Difference Methods and Their 
Extrapolation for Solving Biharmonic Equations* 

Guang Zeng t Jin Huang* Li Lei § Pan Cheng ^ 



Abstract 

In this paper, we research the standard 13— point difference scheme for solv- 
ing the biharmonic equation. Existence and convergence of finite difference 
methods(FDM) solutions are obtained by estimating the lower bounds of the 
minimum eigenvalues of the discrete matrix and making use of the Taylor series 
expansions, respectively. The accuracy are proved to be 0(h 2 ). Moreover, the 
extrapolation techniques are used to improve the high accuracy of the solu- 
tions. For the given examples, numerical results show that the errors 0(h 4 ) is 
obtained from the first level extrapolation. The very accurate solutions with 
the errors O(10 -8 ) are obtained by the third level extrapolation techniques 
under the homogeneous essential boundary conditions. 

Keyword: Difference operator; Finite difference method; Biharmonic equa- 
tion; Extrapolation method; Asymptotic expansion 

1 Introduction 

Consider the following biharmonic Poisson equation 

Au( ^ ) ^ + W + v = /(l,f) ' ■ ( a) 

u =g, on T, (1.1b) 

du d 2 u „ ( v 

o- =9 on T, — - = g on T, (1.1c) 

on on 1 
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where S is a bounded domain with the boundary T, and d/(dn) is the outward 
normal derivative on T. This problem arises from many applications, e.g., the theory 
of elasticity, mechanics of elastic plates and the theory of flows of viscous fluids. 
In general, the above problem can be solved by either a finite difference method or 
a finite element method. The finite difference method always seems to be the best 
choice not only for regular regions but also for more complex regions when appropriate 
extrapolation techniques are applied to the boundaries. 

Using the FDM to solving biharmonic equation and other Partial Differential 
Equations(PDEs), the existence and convergence analysis of the former is more diffi- 
cult than the latter. Because biharmonic equation is no longer within the framework 
of energy inequality theory. Therefore, many researchers are attracted to discuss this 
problem. In [2], Zlaml has dealt the normal derivative condition du/dn\gs — 9* by 
extrapolation of the third degree and the optimal convergence of discrete errors 0(h 2 ) 
in H 2 norm achieved. For the standard 13-point schemes, the convergence was first 
proved in Courant et al. [5]. Besides, the discrete error 0(h 2 ) in H 1 norm and the 
maximal error 0(h 2 \J\ ln/i|) were proved in Bramble [3]. Moreover, we also mention 
a few other important references of the FDM for biharmonic equations, such as Lu, 
et al. [12], Thomee and Westergren [15] and Stys [14]. 

In this paper, for biharmonic equations, the finite difference methods (FDM) are 
chosen to seek their approximate solutions. Existence and convergence of finite dif- 
ference methods(FDM) solutions are obtained by estimate the lower bounds of the 
minimum eigenvalues of the discrete matrix and make use of the Taylor series expan- 
sions, respectively. The accuracy are proved to be 0(h 2 ). Moreover, the extrapolation 
techniques are used to improve the high accuracy of the solutions. 

This paper is organized as follows: In the next section, the standard 13-point 
difference equations are used for biharmonic equations in 2D. In Section 3, a lower 
bound of the minimum eigenvalues of the discrete matrix and the convergence of 
FDM solution are derived. In Section 4, the accuracy order of the approximations by 
extrapolation techniques are improved. In the last section, some numerical examples 
are provided to verify the features of the methods discussed in this paper. 

2 Finite Difference Method 

In this section, we consider the biharmonic equation on the unit square [0,1] 2 with 
the mixed type of the clamped and the support boundary conditions, that is, u = 
g, on T, gf = g* on T D , = g** on T N , where r = dS = AB U BC U CD U DA, 
T D = AB U CD U DA and T N = BC. see Figure 1. The functions in (l.la)-(l.lc) are 
supposed to be bounded 



0,5 



< C, |M| ,r < C, \\g*\\ ,r D < C, \\g**\\o,r N < C, (2.1) 



where C is a bounded constant, and ||/||o,s = \ j f s f 2 ds, \\g\\o,r = \ J r 9 2 dl- 

Divide S by the uniform difference grids Xi = ih, yj = jh with h = 1/iV. Denote 
Uij = u(xi,yj) = u(ih,jh). We use the standard 13-point difference equation (DE) to 
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Figure 1: The unit square domain with the mixed boundary conditions. 

solve (l.la-l.lc). This approach yields the following linear system 

Ax = b, 



(2.2) 



where A e R( N ~^ x ( 7V_1 ) is a block pentadiagonal symmetric matrix and the un- 
known vector x = (wi,i, • • • , Ui,jv-i, , wjv-i,i, • • • , un-i,n-i) t - The vector 6 has 

been known. 



3 Existence and convergence of FDM solutions 

3.1 Existence of FDM solution 

Below, we will discuss the existence of FDM solution by estimate the lower bound 
of the minimum eigenvalues of the discrete matrix. 



Theorem 3.1 [13] For the stiffness matrix A in (2.2), there exists the bound 

A (3-1) 



min |A„ q (A)\ > ch , 

p, 5=1, ••• ,N— 1 



where c is the constant independent of h. 

Proof. First, consider the simple support boundary condition on the entire 
boundary dS, and denote A* the corresponding stiffness matrix. For a matrix A, 
if it is a block tridiagonal matrix , we denote it by Matlab notation for convenience, 

A = diag(a, 0) + diag(b, —1) + diag(c, 1). 

Let Ai is an (N — l) 2 x (N — l) 2 block tridiagonal matrix. 

Ai = diag(ai,0) + diagipi, —1) + diag(ci, 1), 
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where a\ = B * ones(N — 1, 1), b\ — I * ones(N — 2, 1) and c\ — I * ones(N — 2, 1), 
and B is an (N — 1) x (N — 1) tridiagonal matrix, 

B = diag(a 2 , 0) + diag{b 2 , — 1) + diag(c2, 1) 

with a 2 = —4 * ones{N — 1, 1), b 2 = ones(N — 2, 1) and c 2 = ones(N — 2, 1). 
Ai can be expressed in Kronecker product 

A\ =diag(a>3, 0) + [diag{a±, 0) + diag(bi, — 1) + diag(c±, 1)] 
=/ <g> T + T ® /, 

with CL3 = T * ones(N — 1, 1), 04 = —21 * ones(N — 1, 1) and T = B + 2/ is an 
(N — 1) x (JV — 1) tridiagonal matrix, 

T = diag(a,5, 0) + diag(b^, — 1) + diag(ca, 1), 

where as = —2 * ones(N — 1, 1), 65 = ones(N — 2, 1) and C5 = ones(N — 2, 1). It is 
known that the eigenvalues and corresponding eigenvectors of T are' 19 ' 

Tfjrh 

X P (T) = — 4sin 2 (— — ) and w p (T) = (sm(pirh), sm(2pirh), ■ ■ ■ , sin((iV — l)p7ch)) T , 

Therefore, we can obtain the eigenvalues and corresponding eigenvectors of Ai, 
which are 

A p , q (Ai) = (\(T) + X P (T)) = -4(sin 2 (^) + sin 2 (^)) 
and 

w Pt ,(Ax) = {(w p (T)) T sm(qnh), (w p (T)) T sm(2q7th), ■ ■ ■ , (w p (T)) T sm((N-l)qnh)} T . 
Since A* = {Ai) 2 , the eigenvalues and corresponding eigenvectors of A* are 

X p , Ml = K,Ml) = {X P ,Mi)} 2 = 16{sin 2 (^) + sin 2 (^)} 2 

and 

w p , g (A*) = {(w p (T)) T sm(q7ch), (w p (T)f sm(2q7ih), ■ ■ ■ , (w p (T)f sm((N-l)qnh)} T , 

p,q = l, 2,---,iV-l. 

Hence the minimal eigenvalue of A* is 

min \X P q (A*)\ = A 1 , 1 (A*) = 64sin 4 (vrV2) ~ 4vr 4 /i 4 . (3.2) 

p, q=l, ••• ,A r — 1 

Next, consider the mixed type of the clamped and the simple support boundary 
conditions in (l.lb)-(l.lc). The key difference is that the first coefficient in the FDEs 
increases from 19 to 21. Hence, we conclude that the only difference between matrices 
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A and A* lies in that the diagonal entries of A are larger than those of A*. Then we 
have 

A = A* + D, 

where D is a diagonal matrix with .D=diag{di ; i, ..., rf n ,n} with d PjP > 0, and n = 
(N — l) 2 . Hence we obtain 

. (Ax,x) . (i*i,i) + (^,i) 
mm A„ o(A) = mm — — = mm - 

p, q=l,-,N-l F ' H (x,x)^0 (x,Xj (x,x)^0 (x,X) 

> min (f z 'f) = min |\ _M*)|. (3.3) 

(x,x)^0 (x, Xj p, g=l,- ,JV-1 ' ft " 

From (3.2) and (3.3) we have 

min |A P , q (A)\ > min |A P , q (A*)\ > ch*. (3.4) 

p, g=l,"- ,AT— 1 p, q=l,'" ,N— 1 

This is the desired result (3.1). The proof of Theorem 3.1 is completed. □ 

3.2 Convergence of FDM solution 

In the section we discuss convergence of FDM solution by Taylor series expansion, 
and the biharmonic equation can be equivalent to the following difference operator 
equation 

A 2 h u(xi, yj) = -^(6*Uij + 25 2 J 2 y Uij + 5 A y Uij) (3.5) 

where S x = 5 2 x {5 2 x ), S 4 = 8 2 (S 2 ), 8 2 x = u(x i+1 ,yj) - 2u{x i) y j ) + u(x*_i,%), S y = 
u(xi,y j+1 ) - 2u(xi,yj) +u(x i ,y j - 1 ). 



Theorem 3.2 Let u(x,y) be the exact solution of (1.1a) and u G C 7+cr (S), < 
a < 1, also let the uniform rectangles D^- are chosen with h = 1/iV. Then 

A 2 u(x t , yj ) - A 2 u(x i;% ) = 0(h 2 ), (3.6) 

max \u(xi,yj) — Uij\ < Ch 2 , (3.7) 

0<i,j<N 

where Ui y j be the numerical solution of (2.2), N is the division number along AB (see 
Figure 1) and C is the constant independent of h. 

Proof. We first prove (3.6). According to Taylor s expansion, we obtain 

d h 2 d 2 h 3 <9 3 

u(xi ± h,yj) =u(xi,yj) ± h—u{xi,yj) + -^-Q^ u ( x ^Vi) ± -^ q-3 u ( x ^ Vj) 

h 4 d 4 
+ ^Q^u(xi + e ± h,yj), (3.8) 
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where \8±\ < 1. Therefore, 

u(x i+ i,y j )-2u(xi,y j )+u(x i -i,y j ) d 2 h 2 d 4 

p Q^< x ^yj) = ^d^ u ( Xi + 9ih > y ^> (3 - 9) 

where \6\\ < 1. Analogously, we have 
u(xi,y j+1 ) -2u(x i ,y j )+u(x i ,y j - 1 ) d 2 h 2 d 4 

h 2 Q^ u( y X ^ = J^g^^yj+W' ( 3 - 10 ) 

where \9 2 \ < 1. Since 5 2 x = u(x i+1 ,yj) - 2u(xi,yj) +u(x i - 1 ,y j ), 5 2 = u(xi,y j+1 ) - 
2u(xi,yj) + u(xi,yj-i), 5 4 = 5 2 (5 2 ), 5 4 = 5 2 (5y), take (2.5)-(2.7) into account, we 
obtain 



,d u 1 „„ s ,9m I 



'9a; 4 /i 4 * ljy y dy 4 /i 4 



A 2 u{xi, yj ) - A^u(xi,j/j) =(^ - Y^tutj) + (^-j - ^<5j«ij) 

9 m 1 



=0{h 2 ). (3.11) 

This is the desired result (3.6). 

By using the result of (3.6), it is easy to know 

max \u(xi, Vj) — u; A < Ch 2 , 

0<i,j<N J ' J 

Hence, the proof of Theorem 3.2 is completed. □ 

4 Asymptotic expansion of errors and extrapola- 
tion 

In order to improve the accuracy order of approximation solutions, we give the 
asymptotic expansions of the errors, which are the foundation of extrapolation. 

Theorem 4.1 Under the hypotheses of Theorem 3.2. Then there exists a function 
di(x,y) independent of h such that the following asymptotic expansions hold 

m 

u h (x,y)-u(x,y) = J2h 2 %(x,y) + 0(h 2m+2 ). (4.1) 

i=i 

where u h (x,y) be the numerical solution of (2.2). 



ZENG ET AL: FINITE DIFFERENCE METHODS 1044 



Proof. Under the hypotheses of Theorem 3.2, we know u G C 7+a (S) and 



, d u 1 4 d u 1 , 



A u(x, j/) - A h u(x,y) =(q^ ~ ^mj) + (^ - ^i<W) 



,4 



h 2 , d u d u 



3 dx 2 dy 4 dx 4 dy 2 

- . I <?/)- I <~r <?/ I 

3 L <9:r 2 (9y 4 <9:r 4 0?/ 



+ *iz^] + <W (4-2) 



Let \[ x d 2fi 4 + a^ " 2 ] = W\(x,y) G C 1+cr (S'), and construct auxiliary problem 



A 2 ^,?/) =wi(x,y), in 5, ^ g . 

di(x,y) = 0, on T, 

where di(x,y) G C 5+CT . According to (4.3) we obtain 

A 2 u(x,y)-A 2 h u(x,y) = 0(h 2 ). (4.4) 

Therefore. 

A 2 h (u h (x,y) -u(x,y) -h 2 di(x,y)) = A 2 u(x,y) - A 2 h u(x,y) -h 2 wi(x,y). (4.5) 

(A 2 d 1 (x,y)-A 2 h d 1 (x,y))-h 2 = 0(h 4 ), in S (4.6) 

and 

u h (x, y) — u(x,y) — h 2 di(x,y) = 0, on T. (4.7) 

Hence, 

u h (x, y) - u(x, y) = h 2 d x {x, y) + 0(h 4 ). (4.8) 

By mathematical induction, we can obtain the result of Theorem 4.1. Hence, the 
proof of Theorem 4.1 is completed. □ 

Remark 4.2 We can improve the accuracy order of approximation solutions by 
Richardson extrapolation. This method just needs to compute little work, but the 
precision is much higher than non-extrapolation. 

For example, We may have the multi-level extrapolations by 1 

"v = 22 '"" / ^""''"' .' = 1 - 2 - 3 - <«) 

where u^q = Uh, and u^i is called the i — th level extrapolation solution. Hence, the 
maximal nodal errors 0(h 4 ) is obtained from the first level extrapolation. That is 

\\u-u h:1 \\ oo = 0(h 4 ). (4.10) 

Moreover, when h = 1/64, the very accurate solutions with the maximal nodal errors 
O(10~ 8 ) are obtained by the third level extrapolation techniques for the homogeneous 
essential boundary conditions. 



^q. (4.10) is based on the assumption that the error expansions hold as||u — w^lloo = d(x, y)h 2 - 
Z^i=i di(x,y)h 2 ( l+1 ') + 0(h 7 ), where di(x,y) are the functions independent of h. 
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5 Numerical experiments 

The uniform rectangles D^- are chosen with h = 1/N, where N is the division 
number along AB (see Figure 1), S = [0, 1] x [0, 1] and T = OS = ABUBCUCDUDA. 
We choose the biharmonic equation with three different boundary conditions, which 
are called Models I, II and III, respectively. 
Model I[13]. Choose the exact solution 

u(x,y) = [x(l — x) sm(nx)][y(l — y) 2 sm(%y)] 

to satisfy 

A 2 u = f, in s, 

u\ r = 0,du/dn\ A BuADuCD = 0,d 2 u/dn 2 \ B c = 0. 
Model II[13]. Choose the exact solution 

u(x, y) = [x(l — x) sin(7ra;)] [y(l — y) sin(-7n/)] 

to satisfy 

A 2 u = f, in s, 

u\r = 0, du/dn\ABuADuCD = 0, d 2 u/dn 2 \Bc — 27ra;(l — x) sin(7rx). 
Model III [13]. Choose the exact solution 

7T0C 

u(x, y) = [x(l - x) sin — ] [y(l - y) 2 sin(Try)] 

to satisfy 

A 2 u = f, in s, 

u\ T = 0,du/dn\ ABuCD = 0,du/dn\ AB = -y(l - y) 2 sm(ny),d 2 u/dn 2 \ BC = 0. 

The difference equations are established as in Section 2, and the numerical solutions 
are obtained from the Gaussian elimination. The numerical results are listed in Tables 
1,2,3 for Models I, II and III, respectively. From Tables 1-3, we can see the following 
asymptotes, 

\\u-u h \\ OD = max \u(xi,yj) -Uh(xi,yj)\=0(h 2 ), (5.1) 

0<i,j<N 

Eq. (5.1) coincides with the results in Zlamal [1, 2]. 

Below, we intend to improve the accuracy of the solutions by multi-level extrap- 
olation techniques. Suppose that the solutions by the 13-points difference equation 
have the following errors 

||« - Ufclloc = d(x,y)h 2 + 0(h 2+p ),p = 1,2, (5.2) 

where d(x, y) > is a function independent of h. Hence, for the first level extrapola- 
tion solution, we have from (5.2) 

||w-«mIIoo =0(h k ),k = 3 or A. (5.3) 
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Table 1: The maximal errors for Model I 

N 8 16 32 64 

Hm-^Hoo 0.491(-2) 0.120(-2) 0.300(-3) 0.750(-4) 

|w-«mIU 0.410(-4) 0.230(-5) 0.138(-6) 

|w-WmI|oo 0.348(-6) 0.748(-8) 

|w-«mIU 0.306(-8) 

\ m ax(A) 59.38 62.79 63.69 63.92 

\ m in(A) 0.1841 0.124(-1) 0.800(-3) 0.603(-4) 



Table 2: The maximal errors for Model II 

N 8 16 32 64 

Hw-^Hoo 0.727(-2) 0.177(-2) 0.438(-3) 0.109(-3) 

|«-«mIIoo 0.705(-4) 0.419(-5) 0.259(-6) 

\u-Uh,2\\co 0.270(-6) 0.113(-7) 

i«-«h,3lloo 0.451(-8) 

Xmax(A) 59.38 62.79 63.69 63.92 

X m i n (A) 0.1841 0.124(-1) 0.800(-3) 0.603(-4) 



Table 3: The maximal errors for Model III 

N 8 16 32 64 

\u-Uh\loo 0.261(-2) 0.704(-3) 0.176(-3) 0.440(-4) 

|«-wmIIoo 0.137(-3) 0.221(-4) 0.302(-5) 

\u-u h>2 \\oc 0.510(-5) 0.526(-6) 

lu-u^Woo 0.395(-6) 

X m ax(A) 59.38 62.79 63.69 63.92 

\ min (A) 0.1841 0.124(-1) 0.800(-3) 0.603(-4) 
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The numerical solutions are listed in Tables 1-3. From Tables 1 and 2 with the 
homogeneous essential boundary conditions (e.g., g — g* — 0), we can see 

||m-wmIIoo = 0(/i 4 ), (5.4) 

to agree with (5.3). Note that the third level extrapolation solutions are very accurate. 
Then the ratios are obtained from Tables 1 and 2 



|w-Wft,olU|jv=64 0.750 x 10 4 



||w-WmIIoo 0.306x10- 8 

\U - Wfc o||ocU=64 0.109 X 10~ 3 



2.45 x 10 4 , 



2.41 x 10 4 , (5.5) 

||«-umIIoo 0.451x10- 8 ' V ; 

respectively. Eqs.(5.5) display significance of the extrapolation techniques to improve 
accuracy of the solutions. However, from Table 3 with the non-homogeneous clamped 
boundary condition, we can only see 

||«-«Mlloo = 0(/i 3 ), (5.6) 

which is less efficient, compared with (5.4). Still, the ratio from Table 3 

||« - Wh,o||oo|jV=64 0.440 x 10~ 4 



\u-u h 3II00 0.395 x 10- 6 



111, (5.7) 



yields an evident improvement of the solution accuracy. Although only the maximal 
nodal errors are provided in Tables 1-3, the improvements of the maximal nodal 
derivatives by the extrapolation techniques are similar. Since the improvements of 
the solution accuracy are significant and the algorithms are simple, the extrapolation 
techniques are strongly recommended for numerical biharmonic equations. 
To close this paper, let us make a few concluding remark. 

The improvement of accuracy by the extrapolation techniques is significant, es- 
pecially for the homogeneous essential boundary conditions, see Tables 1 and 2 for 
Models I and II. When N = 64, after the third level extrapolation techniques have 
been applied, the obtained solutions are very accurate with the errors O(10~ 8 ). In- 
terestingly, when the boundary conditions are homogeneous, the excellent stability 
and the very high accuracy can also be reached simultaneously. 
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Abstract. The concept I u convergence was introduced by Balaz and Salat [Uniform density U 
and corresponding /^-convergence, Math. Comm., 11 (2006), 1-7]. Recently Mursaleen and Edely 
[On the invariant mean and statistical convergence, Appl. Math. Letters, 22 (2009) 1700-1704] used 
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1. Introduction and preliminaries 

The idea of statistical convergence was introduced by Fast [6] and since then 
several generalizations and application of this concept have been investigated by 
various authors. One of its generalizations is the ideal convergence or /-convergence 
which was introduced by Kastyrko et al [11]. /-convergence and /-Cauchy in 2-normed 
spaces have been studied in [10] and [19]. Recently the concept of ideal convergence 
for double sequences has bee studied in [5], [15] and [18]. In this paper we define and 
study ideal convergence through the notion of invariant mean. Further we apply our 
method to prove a Korovkin type approximation theorem. We also give an example 
of a sequence of positive linear operators satisfying the conditions of our theorem but 
does not satisfy the conditions of the classical Korovkin approximation theorem. 

First we recall some basic concepts. 

Definition 1.1. Let c and l^ denote the space of all convergent and bounded 
sequences, respectively and note that c C l^. Let a be a mapping of the set of positive 
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integers N in to itself. A continuous linear functional tp defined on the space l^ of all 
bounded sequences is called an invariant mean ( or a a-mean) if it is nonnegative, 
normal and (fi(x) = ip((Xff( n ))) . 

A sequence x = (xk) is said to be a-convergent to the number L if and only if all 
of its a-means coincide to L, i.e. ip(x) = L for all ip. A bounded sequence x = (xk) is 

cr-convergent (cf. [21] ) to the number L if and only if lim p >OQ t pm = L uniformly in 

m, where 

^ ^m+a; CT ( m )+a; CT 2( m j J r x aP(m) 

vr. 



"P™ p+1 

We denote the set of all a-convergent sequences by V a and in this case we write 
Xk — > L(Vff) and L is called the a-limit of x. Note that a a-mean extends the limit 
functional on c in the sense that tp(x) = lima; for all x G c if and only if a has no finite 
orbits (cf. [15]) and c C V ff C l^. 

If a is a translation then a-mean is called a Banach limit and a-convergence is 
reduced to the concept of almost convergence introduced by Lorentz [11]. 

Definition 1.2. Let KCN and K n = {k < n : k G K} .Then the natural density 
of K is defined (cf. [4]) by S(K) = lim n n~ l \K n \ if the limit exists, where \K n \ denotes 
the cardinality of K n . 

Definition 1.3. A sequence x = (xk) of real numbers is said to be statistically 
convergent to L provided that for every e > the set K e := {k G N : \xk — L\ > e} 
has natural density zero ( cf. [6], [9], [20] ). In this case L is called the 5-limit of x. 

Recently the following concepts were given in [17]. 

Definition 1.4. Let K a [m + l,m + p) denote the cardinality of the set 
{a(m) < k < a p (m) : k G K}, and write N p = mm. m K a (m + l,m + p), 

N p = max m K a [m + l,m + p)- It is easy to see that the limits ^{K) = lim p ^ — - 

and Sff(K) = lim p ^ — exist. These are called respectively the lower and upper 

a-density of the set K . If 5 a (K) = 5 a (K), then the common value 5 a (K) is called 
the a-density of the set K. It is clear that for K C N, 6^(K) < S(K) < 8(K) < 5 a (K). 
For a (n) = n + 1, a-density is reduced to the uniform density [3]. 

Definition 1.5. A sequence x = (x^ is said to be a- statistically convergent to 
L if for every e > the set K e := {k G N : \xk — L\ > e} has a-density zero, i.e. 
5 a (K e ) = 0. In this case we write a(<5)-limx = L. That is, 

lim -I {aim) < k < a p (m) : \xk — L\ > e} I = 0, uniformly in m. 
v p 
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Definition 1.6. A sequence x = (xk) is said to be statistically a- convergent to 
L if for every e > the set K e ((p) := {k G N : <f(\xk — L\) > e} has natural density 
zero, i.e. S(K € (tp)) = 0. In this case we write 5(a)-limx = L. That is, 

lim — I {p < n : \t pm — L\ > e} I = 0, uniformly in m. 

n n 



Definition 1.7. A sequence x = (x^ is said to be strongly a q -converget (0 < 

v 
q < oo) to the limit L if lim p - Yl \x ff j/ m ) ~ L\ q = 0, uniformly in m, and we write it 

as Xk — > L[V ff ] q . In this case L is called the [V^-] 9 -limit of x. Note that, for q = 1, 

[K] g n/oo = [K] (cf. [16]). 

We recall the notion of ideal convergence which is a generalization of statistical 
convergence introduced by Kastyrko et al [11]. 

Definition 1.8. If X is a non-empty set then a family of subsets of X is called an 
ideal in X if and only if 

(a) (Del, 

(b) A,B e I implies AUB e I, 

(c) For each A E I and B G A we have B £ I, 

where P(X) is the power set of X. I is called nontrivial ideal if X G / 7^ 0. 

Definition 1.9. Let X be a non-empty set. A non-empty family of sets F C P{X) 
is called a filter on X if and only if 

(a) * F, 

(b) A,B G F implies A n B G F, 

(c) For each A G F and BD^we have B £ F. 

Definition 1.10. A non-trivial ideal J in X is called an admissible ideal if it is 
different from P(N) and it contains all singletons i.e., {x} G / for each x G X. 

Definition 1.11. Let / C P{X) be a non-trivial ideal. Then a class 
F(I) = {M C X : M = X \ A, for some A G /} is a filter on X, called the 
filter associated with the ideal 1. 
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Definition 1.12. An admissible ideal / C P(N) is said to satisfy the condition 
(AP) if for every sequence (A n ) n& of pairwise disjoint sets from / there are sets 
B n C N, n G N, such that the symmetric difference A n A B n is a finite set for every n 
and [J nG B n E I. 

Definition 1.13. Let / be a non trivial ideal of N. A sequence x = (x k ) is said to 
be I-convergent to L G X if for each e > 0, 

{keN: \x k -£\ >e}el. 

In this case we write J-lima; = L. 

2. Z-summability methods 

In this paper, we generalize the definitions of cr-statistical convergence and statis- 
tical a-convergence through the concept of ideal and establish some results. 
Throughout this paper we consider / to be an admissible ideal. 

Definition 2.1. A sequence x is said to be I (a) -convergent to L provided that 
for every e > the set K e := {k G N : \x k — L\ > e} belongs to I (a); where 
1(a) = {K C N : S a (K) = 0}. In this case we write I(a)-\imx = L. 

Definition 2.2. A sequence x is said to be cr(I)-convergent to L provided that for 
every e > the set {p6N: \t pm — L\ > e} G / uniformly in m\ where t pm is defined 
as above. In this case we write a(I)-limx = L. 

We prove the following relation between /(^-convergence and a(/)-convergence: 

Theorem 2.3. If a sequence x = (x k ) is bounded and J(o")-convergent to L then 
it is <r(/)-convergent to L but not conversely. 

Proof. Let x = (xk) be bounded and er-statistically convergent to L. Write 
K a (e) := {o~(m) < k < a p (m) : \x k — L\ > e} . Then 

p <r p (m) a p (m) 

\t P m - L\ — |- y ^gjjjn) - L\ — \- y j x k -L\ = \- 2_^ (xk-L)\, 

i=l k=cr(m) k=a(m) 

-I" y~] ( x k - L )\ < -(sup|x fc -L\)(K a (m + l,m + p)), 

p jh?< \ p k 

k&K a (e) 

< -(sup \x k — L\)(m&xK a (m + l,m +p)), 

P k m 

= -(sup \xk — L\)n p — > as p — > oo, 
P k 
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which implies that t pm — > L as p — > oo, uniformly in m. That is, x is a(/)-convergent 
to L. 

For converse, consider the case u{n) — n + 1 and the sequence z = (zk) defined as 

z k = I l ; lf k 1S ° dd ' (2.0) 

j —1 ; if A; is even. 

Of course this sequence is not convergent or /(a)-convergent. On the other hand x is 
a-convergent to and hence a(/)-convergent to 0. 
This completes the proof of the theorem. 

Theorem 2.4. A sequence x = (xk) is a(/)-convergent to L if and only if there 
exists a set K = {ki < k 2 < ... < k n < ..} G F(I) and a-limxk n = L. 

Proof. Suppose that there exists a set K = {k\ < k 2 < ... < k n < ..} e F(I) and 
a-lim.Xk n = L. Then there is a positive integer iV such that for n > N, 

ip(\x kn - L\) < e. (2.1) 

Put K e (cp) := {n E N : ip(\x kn - L\) > e} and K' = {k N+1 ,k N+2 , }. Then 

K' G F(I) and K e ((p) G / which implies that x = (xk) is a(/)-convergent to L . 

Conversely, let x = (xk) be a(/)-convergent to L. For r = 1,2,3, ..., put K r (ip) : = 
{j G N : <p(\x kj - L\) > 1/r} and M r (<p) := {j G N : <p(\x kj ~ L\) < l/r}.Then 
S(K r ((p)) = and 

Mi(^) D M 2 (<p) D ...M(<p) ^ M t+1 (<p) D .... (2.2) 

and 

8{M r {ip)) = \, r = 1,2,3,... (2.3) 

Now we have to show that for j G M r ((p), (x k ) is a-convergent to L. Suppose that 
(xkj) is not a-convergent to L. Therefore there is e > such that (pQxkj — L\) > e 
for infinitely many terms. Let M e (<p) := {j G N : <£>(|xfc. — L\) < e} and e > 1/r 
(r = 1,2,3,...). Then 

8(M e (<p)) = 0, (2.4) 

and by (2.2), M r (cp) C M e (ip). Hence <5(M r (v?)) = 0, which contradicts (2.3) and 
therefore (xk) is a-convergent to L. 

This completes the proof of the theorem. 

Similarly on the same lines we can prove the following dual statement: 

Theorem 2.5. A sequence x = (x k ) is /(a)-statistically convergent to L if and 
only if there exists a set K = {ki < k 2 < ... < k n < ..} G F(I(a)) and lima;fc n = L. 
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Theorem 2.6. (a) If < q < oo and a sequence x = (xk) is strongly ^-convergent 
to the limit L, then it is J(o")-convergent to L. 

(b) If x = (xk) is bounded and /(^-statistically convergent to L then Xk — > L[V a ] q . 
Proof, (a) If < q < oo and x^ — > L[V a ] q , then as p — > oo, 

1 P 1 P 

*~ v Z_^ l^'M ~~ L \ q - ~ Z^ k^(m) - L\ q 

\x aJ(m) -L\>e 

> —KJm + l,m + p)> -N p . 
p p 

That is, linip^oo N p /p = and so S a (K e ) = 0, where K e := {k < n : |xfc — L| > e} . 
Hence x = (xt) is J(o")-converget to L. 

(b) Suppose that x = (xk) is bounded and J(o")-onvergent to L. Then for e > 0, 
we have 5 a (K e ) = 0. Since x G Zoo, there exists M > such that \xk — L\ < M 
{k = 1, 2, ....). For every m G N, we have 

a p (m) cr p (m) 



P * — ' p *■ — ' p 

J=l k=a(m) k=<j(rn) 



~ / F(ji(m) — -^1 — — / FA: ~~ -^| H / pfe — M 

=o(m) k=o(rn 

k£K € keK c 

S^m^p) +S 2 (m,p), 



where 



Si(m,p) = - ^2 \ x k~L\ q , 



and 



k=a(m) 



a p (m) 

S 2 (m,p) = - y^ \x k -L\ q . 
p ^-^ 

k=a{rn) k(^K e 



Now if k ^ K e then Si(m,p) < e q . For k G K t , we have 

N p 
S2(m,p) < (sup \xk — L\)(ma,xK a (m + 1, m + p)/p) < M > 0, 

m>0 P 

as p — ¥ oo, since 5 CT (iT e ) = 0. Hence x^ — > L[V a ] q . 

This completes the proof of the theorem. 

3. Application: A Korovkin type approximation theorem 

Let Cm[o-i b] be the space of all continuous functions on [a, b] and bounded on the 
entire line, that is \f(x)\ < Kf, — oo < x < oo, where Kf is a constant depending on /. 
Also we denote the space of all bounded functions on [a, b] by B[a, b] which is equipped 

6 
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with the supremum norm || / ||s[o,b]— su Pxe[a,6] 1/0*0 1 > (/ e B[a,b\). Let L be a linear 
operator from Cm[&, b] into B[a, b]. Then, we say that L is a positive linear operator if 
/ > implies L(f) > 0. Also, the value of L(f) at a point x G [a, b] is denoted by 
L(f(u);x) or, briefly by L(f;x). 

Throughout the paper, we also use the following test functions 

/o(w) = 1, fi(u) = w,and f 2 (u) = u 2 . 

The following is the classical Korovkin approximation theorem (cf. [12]). 

Theorem A. Let {L m } be a sequence of positive linear operators acting from 
CM[a,b] into B [a,b]. Then, for all / G CM[a,b], 

lim \\L m (f) - f\\ B [ a ,b] = if and only if 

lim \\L m (fj) - fj\\ B [a,b] = (j = 0, 1,2), where fj(u) = u> ', j = 0, 1,2. 

For the last few years several variations and generalizations of this theorem have 
been appeared. Recently in [5], the 5(<r)-version of the above theorem has been proved 
and X- version is proved in [1] and [7]. Quite recently, Korovkin type approximation 
theorem for a function of two variables by using almost convergence of double 
sequences is proved in [2]. Now we prove the following. 

Theorem 3.1. Let / be an admissible ideal in N. Let {L m } be a sequence of 
positive linear operators from Cm[o>, b] into B[a,b]. Then, for all / G Cm [a, b], 

flr(/)-Um||L m (/)-/|| B[a)b] = (3.1) 

if and only if 

a(I) - lim \\L m (fj) - fj\\ B[aM = (j = 0, 1, 2), (3.2) 

where fj(u) = u\ j = 0, 1, 2. 

Proof. Since / G Cm[(i, b] and / is bounded on the whole real line, we have 

1/0*01 < K, —°° < x < °°- 

Also, since / is continuous on [a, b], we write that for every e > 0, there exists a number 
5\ > such that for all x G [a, b] , 

\f(u) - f(x)\ <e, V|u-x|<<Ji. 

Hence we get 

IK 

\f(u)-f(x)\<e + ^(t-x) 2 (3.3) 
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Using the properties of positivity and monotonicity of L m , we obtain, from (3.3), 

-^m(/j x ) + -^cr(m)(/j X) + • ■ ■ + L a p( m ^{j; X) 



tpm{L m (j ; x)) — j[x) 



p+l 



-m 



[L m (f ;x) +L g ( m )(/ ;g) + ■ ■ ■ + L aP(m) (f ;x)}f(x) 

p+l 
[L m (f ; x) + L a{m) (f ; x) + • • • + L aP{m) (f ; x)]f(x) 



< 



p+l 
L m (\f(u) - f(x)\;x) + L a(m) (\f(u) - f(x)\;x) + - ■ ■ + L aP{m) (\f(u) - f(x)\;x) 



+!/(*)! 



4K 



< e + (e + K + —^c 2 ) 
tpm(L m (fi; x)) - fi(x) 



P + l 

tpm{Lm{fo', x )) — fo\ x ) 

IK 



tpm{L m (fo', X)) — fo(x) 



+ 



IK 



t pm (L m (f 2 ;x)) - f 2 (x) 



where c := max \x\. Then taking the supremum we get 



where 



Now, take 



\\tpm{Lm(f)) — f\\B[a,b] < £ + N \ \\tpm(L m (fo)) ~ /o||s[a,6] 



+ \\t pm (L m (fi)) — fl\\B[a,b] + \\tpm(L m (f 2 )) — f2\\B[a,b] 



r, 2K 2 ^ K 2K , 

M := maxje + K + — T c , -pre, -^-Y. 
°i t>i °i 



D = {peN: \\t pm {L m {f)) - f\\ B [a,b] > e} , 

D = [p G N : \\t pm (L m (fo)) - / ||b[ o ,6] > e] . 

D x = {p G N : ||t pm (L m (/i)) - /i||b[ 0) 6] > ^} , 

D 2 = {p G N : \\t pm (L m (f 2 )) - /2||b[ 0) 6] > e} • 

Then D C D U D ± U D 2 and D e I if and only if Dj G I (j = 0, 1, 2). That is (3.1) 
holds if and only if (3.2) holds. 

This completes the proof of the theorem. 

In the following we show that our theorem is stronger than the classical Korovkin 
theorem. 
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Example 3.2. Let <j(n) = n + 1 and / = I s = {K C N : 5(K) = 0}. Consider the 
sequence of classical Bernstein polynomials 

B n (f,x) := £/(£) Q^(l -^r fe ; < x < 1. 

Let the sequence (P n ) be defined by P n : Cm[0, 1] — >■ B[0, 1] with P n (f,x) = 
(1 + z n )B n (f,x), where z n is defined as above by (2.0). Then 

2 

B n {f ,x) = 1, B n (f u x) = x, B n (f 2 ,x) = x 2 H , 

n 

and the sequence (P n ) satisfies the conditions (3.2) and hence we have 

t7(/)-Um||P n (/,a;)-/(x)||B[o ) i] = 0. 

On the other hand, we get P n (f,0) = (1+ z n )f(0), since B n (f,0) = /(0), and 
hence 

||P n (/,x) - /(ar)|| B[0> i] >| P„(/,0) - /(0) |= ^ n | /(0) | . 

We see that (P n ) does not satisfy the conditions of Theorem A, since lin^oo z n 
does not exists. 

Therefore, we conclude that our Theorem 3.1 works for our new method while the 
classical Korovkin approximation theorem does not work. 
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STABILITY OF HIGHER RING DERIVATIONS 
IN FUZZY BANACH ALGEBRAS 



ICK-SOON CHANG 



Abstract. In this paper, we take account of the stability for higher ring derivations in 
fuzzy Banach algebras. 



1. Introduction and preliminaries 

The stability problem of functional equations has originally been formulated by S.M. 
Ulam [26] : Under what condition does there exists a homomorphism near an approximate 
homomorphism? As an answer to the problem of Ulam, D.H. Hyers has proved the 
stability of the additive functional equation [13], which states that if e > and f : X — ► y 
is mapping with X a normed space, y a Banach space, such that 

\\f{x + y)-f{x)-f{y)\\<e (1.1) 

for all x, y € X , then there exists a unique additive mapping C : X — ► y such that 

\\f(x)-C(x)\\<e 

for all x £ X. This stability phenomenon is called the Hyers-Ulam stability of the additive 
functional equation f{x + y) = f{x) + f(y). 

A generalized version of the theorem of Hyers for additive mappings was given by T. 
Aoki [1] (cf. also [7]) and for linear mappings was presented by Th.M. Rassias [23] by 
considering the case when the inequality (1.1) is unbounded. Due to the fact, the additive 
functional equation is said to have the generalized Hyers-Ulam stability (the Hyers-Ulam- 
Rassias stability) property. Since then, a great deal of work has been done by a number of 
authors and the problems concerned with the generalizations and the applications of the 
stability to functional equations have been developed as well (for instant, [8, 11, 12, 14, 22]). 
In particular, the stability concerning derivations between operator algebras was first 
obtained by P. Semrl [25] . Recently, R. Badora [2] gave a generalization of the Bourgin's 
result [6] . He also dealt with the Hyers-Ulam stability and the Bourgin-type superst ability 
of derivations in [3] . 

We recall the following definition (See [14]). 

Definition 1.1. Let A and B be algebras over the real or complex field F. Let N be 
the set of the natural numbers. From m G N U {0}, a sequence H = {/io, hi, ■ ■ ■ , h m } 

2000 Mathematics Subject Classification : 39B52, 46B25. 

Keywords and phrases: Higer ring derivation, Stability. ^This research was supported by Basic Science 
Research Program through the National Research Foundation of Korea(NRF) funded by the Ministry of 
Education, Science and Technology (No. 2011-0004878). 
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(resp. H = {ho, hi, ■ ■ ■ , hk, ■ ■ ■ }) of additive operators from „4 into £> is called a higher 
ring derivation of rank m (resp. infinite rank) if the functional equation 

k 

hk{xy) = y^hj(x)h k _i(y). 

i=0 

holds for each k = 0, 1, ■ ■ • ,m (resp. k = 0, 1, • ■ ■ ) and for all x, y £ A. A higher ring 
derivation H of additive operators on A is strong if /io is an identity operator. 

Of course, a higher ring derivation of rank from A into B (resp. a strong higher 
ring derivation of rank 1 on A) is a ring homomorphism (resp. a ring derivation). Note 
that a higher ring derivation is a generalization of both a ring homomorphism and a ring 
derivation. 

A.K. Katsaras [15] defined a fuzzy norm on a vector space to construct a fuzzy vector 
topological structure on the space. Later, some authors have defined fuzzy norms on a 
vector space from various points of view [10, 17, 27]. In particular, T. Bag and S.K. 
Samanta [4], following S.C. Cheng and J.N. Mordeson [9], gave an idea of a fuzzy norm 
in such a manner that the corresponding fuzzy metric is of Kramosil and Michalek type 
[16]. They also established a decomposition theorem of a fuzzy norm into a family of crisp 
norms and investigated some properties of fuzzy normed spaces [5] . 

Following [4], we give the notation of fuzzy norm as follows (cf. [18, 19, 20, 21]). 

Definition 1.2. Let X be a real vector space. A function N : X x R — ► [0, 1] is said to 
be a fuzzy norm on X if for all x, y £ X and a, b £ R, 

(Nl) N(x,a) = if a< 0; 

(N2) x = if and only if iV(a;, a) = 1 for all a > ; 

(N3) N(ax, b) = N(x, A) if a + ; 

(N4) iV(x + y, a + 6) > min{iV(a;, a),N(y, b)} 

(N5) iV(x, .) is non-decreasing function on R and lirria^oo N(x, a) = 1 ; 

(N6) For i/0, -/V(x, .) is (upper semi) continuous on R. 
In this case, the pair (X, N) is called a /tizzy normed vector space. 

The examples of fuzzy norms and the properties of fuzzy normed vector spaces are given 
in [18, 19, 20, 21]. 

Definition 1.3. Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said 
to be convergent if there exists x £ X such that lim n ^ 00 N{x n — x, a) = 1 for all a > 0. In 
this case, x is the limit of the sequence {x n } and we denote it by N — lim n _ +00 x n = x. 

Definition 1.4. Let (X,N) be a fuzzy normed vector space. A sequence {x n } in X is 
called Cauchy if for each e and each a > 0, there exists no € N such that for all n > uq 
and all p > 0, we have N(x n+P — x n , a) > 1 — e. 

It is well known that every convergent sequence in a fuzzy normed vector space is 
Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete 
and the fuzzy normed vector space is called a fuzzy Banach space. 

Definition 1.5. [24] Let X be an algebra and (X,N) be a fuzzy Banach space. The pair 
(X, N) is said to be a fuzzy Banach algebra if for every x, y € X, a, b 6 M, 

N(xy,ab) > mm{N(x,a),N(y,b)}. 
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Example 1.6. Let {X, ||.||) be a Banach algebra. Define 

if a < \\x 



N(x,a) - , , .,. I, 

1 1 if a > \\x\\. 

Then (X,N) is a fuzzy Banach algebra (See [24]). 

In the present paper, we use the definition of fuzzy normed spaces given in [18, 19, 20, 21] 
to establish the stability of higher ring derivations in fuzzy Banach algebras. 

2. Main results 

Theorem 2.1. Let A be an algebra and let (C,N') be a fuzzy normed space. Assume 
that ip : A 2 — ► C and 4> : A 2 — ► C are functions such that for some < a < 1 and some 
0</3<2, 

N'(<p(2x, 2y),t) > N'(a<p(x, y),t) and iV / ( < /»(2x, y),t)> N'((3cp(x, y),t) (2.1) 

for all x,y G A and all t > 0. Suppose that F = {fo,fi,-" ,fk,'"} * s a sequence of 
mappings from A to a fuzzy Banach algebra (B, N) such that for each k = 0, 1, ■ ■ ■ , 

N(f k (x + y) - f k (x) - f k (y),t) > N'(<p(x,y),t) (2.2) 

and 

k 
N(f k (xy) -J2fi(x)fk-M,s) > N'(<p(x,y),s) (2.3) 

i=0 

for all x,y £ A and all t, s > 0. Then there exists a unique higher ring derivation H = 
{ho, hi, ■ ■ ■ } of any rank such that for each k = 0, 1, • • • , 

N(f k (x) - h k (x),t) > N'( 2 -^^,t) (2.4) 

\ 2 — a J 

for all x G A and all all t > 0. In addition, 

k 

Y, hi(x){f k -i(y) - h k _ t (y)} = (2.5) 

i=0 

for all x £ A. 

Proof. From (2.2) and Theorem 3.1 [19], we note that for each k = 0, 1, ■ ■ ■ , there exists a 
unique additive operator h k : A — > B satisfying (2.4), where 

h k {x)=N- hm 1^1 (2.6) 

for all x £ A. 

Now we are in the position to verify that the sequence H = {ho, hi, ■ ■ ■ , h k , ■ ■ ■ } satisfies 
the identity 

k 
hk{xy) = ^2hi(x)h k _i(y) 
i=0 
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for each k = 0, 1, ■ ■ ■ and all x, y € A- Let us assume that A k : A 2 —> B is a function 
defined by 

k 

Afc(x,y) = /fc(xy) - ^2fi(x)f k -i(y) 

8=0 

for each A; = 0, 1, ■ ■ ■ and all i,t/6 A Hence we see that 

TV - lim M^M) = o (2.7) 

n^oo 2 n 

for each k = 0, 1, ■ ■ ■ and all j;,t/6i. Indeed, by letting x := 2 n a; and s := 2 n s in (2.3), 
then we get 

^ T /f k (2 n xy) A fA2 n x)f k Ay) \ ./,. N 2™ 

i=o M 

which implies that the condition (2.7) holds as n — > oo. Now, using (2.6), we have 

M*v) = N - lim /fc(2 " X " y) (2.8) 

^\fi{2 n x)f k Ay) A k (2 n x,y)i , s 

= N - lim > ^ 7,yfc u ^ 7 + — ^ ^ . (2.9) 

n^oo ■^ — ' L 2 n 2 n 

i=0 

Note that 

Ar/V" [ fi( 2nx )fk-i(y) \Tu/\f I \ ■ A fc( 2n ^y) ] \ / 0ln x 

^iH 2^ 2^^(x)/ fe - i (y) + j,s) (2.10) 

i=0 i=0 

>mm|7V^ ^M^/fc-t^gJ'^^ ^ '2~Jj 

i=0 i=0 i=0 

for all s > 0. In particular, by the additivity of each h k , k = 0, 1, ■ ■ ■ , we obtain 

N(£ ^^-^ - £ fc(*)/*-«(v), I) (2.H) 

4=0 1=0 

> mm < TV 



H 2^ fc(*)A-i(v), 2(ibTi) J / 

iv(/,(2 n x)A_ l (y)-^(2"x)/ fc _ i (y),— T )} 



= mm 

0<i<fc I V" """ " w " /c + 

for all s > 0. Since (23, iV) is a fuzzy Banach algebra, we see that 

N[f t (2 n x)f k ^ t (y) - h t (2 n x)f k ^(y), j-^j (2.12) 

>min{jV(/ i (2 n x)-ft i (2 n x),Vi),JV(/fc-i(!/),^^-)} 

for all s > 0. On the other hand, replacing a; by 2 n x and s by y/s in (2.4), we have by (2.1) 

N(fi(2 n x) - hi(2 n x), Vs) > N'(<p(x,x), 2 " ° vS " 
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for all s > 0. The right-hand side of the above inequality tends to 1 as n — > oo. Hence 

lim N{fi{2 n x) - hi{2 n x), y/s) = 1 (2.13) 

for all s > 0. By virtue of (2.12) and (2.13), we deduce that 

lim N(fi(2 n x)f k ^(y) - ^(2 n x)/ fc _i(j/), — — ) = 1 

n— >oo V fc + 1 / 

for all s > 0. Therefore, in view of (2.11), we have 

>-ME^f^-EM**),^l. (2.14, 

i=0 i=0 

Sending n — > oo in (2.10), we have by (2.14) and (2.7) 

»r i s^[fi(.2 n x)fk-i(y) A k (2 n x,y)i A,,,, , , 



Thus the previous result and (2.8) imply that 

fc 
hk{xy) = ^2hi(x)f k ^i(y) (2.15) 

i=0 
for each fe = 0, 1, ■ ■ ■ and all x,y £ A. Let n £ N be fixed. Then, applying (2.15) and the 
additivity of each h k , k = 0, 1, ■ ■ ■ , we get 
fc 
Y^ hi(x)f k -i(2 n y) = h k (x ■ 2 n y) = h k (2 n x ■ y) 
i=0 

fe fe 

= J2hi(2 n x)f k -i(y) = 2 n Y,Hx)fu^{y) 

i=0 i=0 

Hence we have 

J2w*)fk-i(v) = E^)^f^ ( 2 - 16 ) 

i=0 i=0 

for each fe = 0, 1, ■ ■ • and all x, y £ A. As in the above proof with (2.16), we see that 

J2 hi(x)h k -i(y) =N- lim J2 hi(x) ^^ (2.17) 

i=0 i=0 

fc 

= Y^ h i( X )fk-i(y) 
i=0 

for each fe = 0, 1, • • • and all x, j/ € «4, which means (2.5). Combining (2.16) with (2.17), 
it follows that H satisfies the relation 

fc 
h k (xy) = ^2hi(x)h k _i(y). 

i=0 

for each fe = 0, 1, • • • and all x,y £ A. This completes the proof of the theorem. □ 



1064 



6 I.-S. CHANG 

Corollary 2.2. Let (A,N) be a fuzzy Banach algebra with unit and let {C,N') be a fuzzy 
normed space. Assume that (p : A 2 — ► C and 4> '■ A 2 — ► C are functions satisfying (2.1). 
Suppose that F = {/o, /i, • ■ ■ ,/&,■■"} *s a sequence of operators on A satisfying (2.2) and 
(2.3), where /o is an identity operator. Then F is a strong higher ring derivation of any 
rank on A. 

Proof. By induction, we lead to the conclusion. From (2.6), we see that for all i£i, 

fo(2 n x) 



ho(x) = N — lim 



n^oo 



and so ho(= /o) is an identity operator. If k = 1, it follows from (2.5) that fi{x) = h\(x) 
for all x £ A, since A contains the unit. Let us assume that f m (x) = h m {x) is valid for 
all x £ A and m < k. Then (2.5) implies that 

x{fk{y) - h k {y)) = 0. 

Since A contains the unit, f k (y) = h k (y) for all y £ A. Hence we conclude that fk(x) = 
hk(x) for all k = 0, 1, ■ • • and all x £ A and Theorem 2.1 tell us that F is a strong higher 
ring derivation of any rank on A, which completes the proof. 

Theorem 2.3. Let A be an algebra. Suppose that F = {/o, /i, ■ ■ ■ , /fc, • • • } is a sequence of 
mappings from A to a fuzzy Banach algebra (B,N) such that for each k = 0,1,- • • , fk(x) = 
0. Assume that (p : A — ► C and <f> : A — > C are functions from A to a fuzzy normed space 
(C, N') such that for each k = 0, 1, • • • , 

N(2f k (^±T) - f k (x) - f k (y),t + s) >mm{N'(p(x),t),N'(<p(y), S )} (2.18) 

and 

k 
N(f k (xy)-J2M^fk- i (y),u + v)>mm{N'(<P(x),u),N'(4>(y),v)} (2.19) 

i=0 

for all x,y £ „4\{0} and all t,s,u,v > 0. If (p(3x) = a<p(x) and <f)(3x) = (3(f>(x) for 
some < a < 1 and some < (3 < 3, then there exists a unique higher ring derivation 
H = {ho, hi, ■ ■ ■ , hk, ■ ■ ■ } of any rank such that for each k = 0, 1, • • • , 

N(f k (x) - h k (x),t) > M(x, ^^) (2.20) 

for all x £ A and all t > 0, where 

M(x,t) := mm [N'^(x),^t^N'^(-x),^tyN'^(3x),^y 

Moreover, 

k 
Yl hi(x){f k -i(y) - h k -i(y)} = (2.21) 

i=0 

for all x £ A. 
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Proof. It follows by (2.18) and Theorem 2.1 in [18] that for each k = 0, 1, ■ ■ ■ , there exists 
a unique additive mapping h k : A — > B satisfying (2.20), where 

h k (x)=N- lim M^ (2.22) 

for all x G „4 

Next we want to show that the sequence H = {ho, hi, ■ ■ ■ , h k , ■ ■ ■ } satisfies the relation 

fc 

hk{xy) = y^hj(x)h k -i(y) 

for each k = 0, 1, ■ ■ • and all x,y £ A. We now define a function Afc : A 2 — ► ,8 by 

fc 
A fe (x,y) = A(xy) - ^ fi(x)f k -i(y) 



i=0 



for each fc = 0, 1, ■ • ■ and all x,y G A. Letting x := 3 n x,u := 4j-£ and f := 4j-£ in (2.19), 
we obtain that for each k = 0, 1, ■ ■ ■ , 



E^/^^'^^j^^)'^)^'^)'^)} 



for all x, y £ „4 and all t > 0. Hence we deduce that 

iV - lim W X >V) = (2.23) 

asn-> oo. 

The remaining part of the proof can be carried out similarly as in that of the previous 
theorem. □ 

Similarly, as we did in the proof of Corollary 2.2, we also apply theorem 2.3 and prove 
the following. 

Corollary 2.4. Let A be a fuzzy Banach algebra with unit. If F = {f$, /i, ■ ■ ■ , /fc, ■ ■ ■ } 
is a sequence of operators on A such that for each k = 0, 1, • • • , /fc(0) = 0. Assume that 
ip : A — ► C and 4> '■ A — > C are functions from A to a fuzzy normed space (C, N') satisfying 
(2.18) and (2.19), where /o is an identity operator. If ip(3x) = a(p(x) and 4>{2>x) = (3(p(x) 
for some < a < 1 and some < (3 < 3, then F is a strong higher ring derivation of any 
rank on A. 
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1 Introduction 

The rate of convergence of singular integrals has been studied in [12], [13], [14], [7], [8], [3], [4], [5], [6] 
and these articles motivate our work. Here we study the L pi p > 1, convergence of general singular 
integral operators on R to the unit operator with rates over smooth functions with higher order 
derivatives in L p (R). We establish related Jackson type inequalities involving the higher L p modulus 
of smoothness of the engaged function or its higher order derivative. The discussed operators are 
not in general positive. Other motivation derives from [1], [2]. Especially we give applications to 
trigonometric singular integral operator. 

2 Results 

In the next we introduce and deal with the smooth general singular integral operators Q r ^(f;x) 
defined as follows. 

For r € N and n e Z + we set 

(-i) r - j Qr n , j = l,...,r, 



i-E(- 1 ) r-J '(i)j" n ' j = ' 



(i) 






that is ^2 ctj = 1. Let £ > and let p,^ be Borel probability measures on R. 

3=0 
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Let / £ C n (R) and /(") £ L P (R), 1 < p < oo, wo define for x £ K, £ > the integral 

e r>c (/;x):= / (V«,/(x + ji)U^W- (2) 



y ^^/(x+jou^w- 



9 r ^ operators are not positive operators, see [9] 
We notice that @ r ^(c,x) — c, c constant, and 



r /'OO 

e r>c (/; *) - /(») = $>; / (/(* + J*) - /(*)) d ^(*)- ( 3 ) 



3=0 

We need the rth L p -modulus of smoothness 



w r (/ (n U)p := sup \\A r J^\x)\\ p , x , h > 0, (4) 

|t|<h 



where 



A[/(")(x) :=^(-l)^( M /(")(* + jt), (5) 

see [10], p. 44. Here we have that oj r (f( n \ h) p < oo, h > 0. 
We need to introduce 

r 

5 fc :=E^i fe . fc = l,...,neN. (6) 

i=i 

Call 

r 

r(«;,aO := ^a^"/^ + j«0 - S n f {n) (x). (7) 

Notice also that 

-b-^'O'^'Q- (8) 

According to [3], p. 306, [1], we get 

r( W ,x) = A;/(")( 2 ;). (9) 

Thus 

||r(w,a;)|| P ,z<w r (/W>|) P , w £ R. (10) 

Using Taylor's formula one has 

JT,a j [f(x + jt) - f(x)] = E ^JrW +^„(0,i,x), (11) 

j=0 fc=l 

where 

/"* ft - wj)" _1 

Hn(0,t,x):= —, ^-— T(w,a;)rfu>, n £ N. (12) 

■/o («-l)! 



Assume 

c k ,t;:= I %(()elj = l,...,n. (13) 



OO 
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Using the above terminology we derive 

A(x) := e„ c (/; x) - f(x) - £ L_L± 5kCk ^ = K{x) , {U) 

k=i 

where 

/>OG 

K* n (x):= TZ n (0,t,x)dfiJt), neN. (15) 



We present the first result. 

Theorem 1. Let p, q > 1 such that - + - = 1, n EN and the rest as above. Furthermore assume 
that 

M, := /" ((l + J ) rP+1 - l) IT" 1 d^(t) < 00. 



Then 



|A(x)|| p < - j r (16) 

((n-l)!)(g(n-l) + l)« (rp+l)» 



l + ^) rP+1 -l||/.|"" >.(/)! ^^(/"".O; 



J/ M 5 < A, V£ > 0, A > 0, and as £ -> we gre< i/iai || A(x)|| p -» 0. 
Proof. We observe that 



|A(x)|" = K(x)| p 



n n (o,t,x)dn £ (t) 



< 



oo \ P 



/> 



— oc 



72„(0,t,a;)|d/X£(t) (17) 



-oo W0 

Hence we have 



00 / fl*l (\t\ -w)™- 1 \ 

C _ iv \ T ( si 9n(t)w,x)\dw J d/u € (i) 



\t\-w 



oo / />oo 



Ji:=/ \A(x)\ p dx< / -y(t,x)d^(t) \ dx = h, (18) 

J —GO J —OO \J — GO / 

where 

/■l*l dt| - w)™- 1 

-y(t,x):= ^j ^—\T(si 9 n(t)w,x)\dw>0. (19) 

Jo (n-1)! 

Hence 

/>OG / />OG 



/ 2 < / I / J p (t,x)d^(t) \dx = I 3 . (20) 

J —GO \J —GO / 

But we need to treat 

That is 

(jo k(sign(i)u;,x)| p dit;J jij"?- 1 

7P(f ' X) ~ ((n -!)!)*> ( 9 (n - 1) + I)*/? ' (22) 
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Consequently we have 



((n - iy.) p (q{n - 1) + 1)p/« j_ 



CO / POO 



CO \ O —CO 



M 



(calling 



Cl 



((n-l)!)P(q(n-l) + l)P/« 



-(si 5 n(i)u',x)| p dw l^" 1 



dfif(t) dx 



n r I r I /'V^w./^W)!^) <*c] Itl^-^^W 



Cl 



CO Vy — co wO 

CO / />|t| / /<CO 



— co \J0 \J — co 

CO / /-|t| 



<Ci _ 

-oo Wo 

So far we have proved 

h <Cl 
By [10], p. 45 we have 






oo WO 



V\ 



U r U {n \wY p dw\ \tr- X d H {t)=h. 



W , 



h = n 1^ [ r^r(f in) ,^^nr} |/|"" ' d fl ,U) 
-oo \J0 






< ciw r (/("),os f/_~ u (i + 1) <*«> J ir^ 1 ^^) 



fo 



(n) c\P 



Yfr{f (n \0l 



{rp 
We have proved that 



rp+1 



i itr- 1 ^*) . 



/i < 



((n - l)!)P(q(n - 1) + 1)p/« (rp + 1) 



(l + y) rP+1 -l) \t\ np - l d^(t) 



proving the claim. 

The counterpart of Theorem l follows, case of p = 1. 
Theorem 2. Let f e C n {R) and /(") € Li(R),n € N. Assume that 

r+l \ 

1 \ uin-1 ^ 



1 + ^) - I ) |/|" '//',(') ^ x. 



Then 



l|A(z)||i< 



1 

(r + l)(n-l)! 



r+l 



(23) 



(24) 
(25) 



(26) 



(27) 



(28) 



1 + y) -l|l*l ^«(*)U«r(/ W ,0i- (29) 
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Additionally assume that 



r (i 1 + i f) r+l i ) w 1 **® - a ' a > °' 



V£ > 0. Hence as £ — > we obtain ||A(x)||i — ► 0. 
Proof. It follows 

/-•DC 



\A(x) 



7Z n (0 1 t,x)dfu,^(t) 

oo 

OO 

^ / \K n (0,t,x)\d^(t) (30) 

'-*> / r\t\ (\t\ -on\n-l \ 



(\t\- w y 



< \ — r T ^—\T(sign(t)-w,x)\dw]dfj, e (t). 

J-oo \J0 



(n-1)! 



Thus 

/OO 
\A(x)\dx 
-OO 

- /_°° (r (r {i x-i)\ i iT{si9n{t)w > x)idw ) d ^ {t) ) dx ^ ( * } (3i) 

But we see that 

1*1 (1+1 - w)™- 1 |t|«— i /-l*l 

Vl '! A, |r(si 5 n(t)w;, x) \dw < ' ' y |r(si fl n(«)w, x) |dw. (32) 

Therefore it holds 

(*)</ (/ ( J" !), / |r(«flfn(t)u;,x)|d«;jdA* £ (t)jda; 

poo / /-oo / Uln— 1 /"I'l 



,1 ,, (sign(t)w, x)\dw J da; J d/x^(t) 



oo \ ./-oo \ V" X J : Jo 

oo / />oo / />|£| 



= {n l _ x y J [J IjHsign^w^^dwUxUt^d^it) 
= J^tji (/°° (i' (/^ l T ( si W*)w,z)l^) dJ 1*1"-^*) J 

" (n^T)! (/_! If* 1 "ri&Kwhdwj Itr'd^t)) . (33) 

That is we get 

f oo / At\ 
-oo \J0 

Consequently we have 



A(x)||i < ^^y ( / [[ WrU {n \w)idw)\t\ n - 1 d» i {t)\ . (34) 



iia^iii < ^ri)y«r(/ (n) ,oi f/~ (7 '" (i + f ) r ^) i*r _1 ^(*) j 
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proving the claim. 

The case n = is met next. 



Proposition 3. Let p, q > 1 such that - + - = 1 and the rest as above. Assume that 

rp 



r°° f \t\\ v 
Pi-= J [ 1 + j) dne(t) <oo. 



\\6r,df) - f\\ P < MLOp [ I (i + V) d M*)J • ( 36 ) 



Then 

Additionally assume that Pf < A, A > 0, V£ > 0, then as £ — > we obtain r j — > unit operator / in 
the L p norm, p > 1. 

Proof. We notice that 

/oo 
(A r J)(x)d^(t). (37) 

-OO 

Hence 

/CO 
\(A r J)(x)\d^(t). (38) 

-oo 

We next estimate 



(39) 



/■OO 

J —oo 


I©r,c(/;X)-/(X)| 1 ' 


/■OO 

dx < 

J —oo 


(F 

\J — CO 


\(A r J)(x)\d^(t)J 


dx 


/■OO 

^y 

«/ — OO 


^|j(Ar/)(x)| p ^(i))dx 








/■OO 
J —OO 


f r \(au)(x)\ p 

\J — OO 


dx 1 d[iAt) 








/■OO 

^y 

./ — OO 


M/,|t|)*)<i^(t) 











f [f^jY ('//',(/) 



vl 



:x 



<<or(f,tr P i (!+t) d ^ w < (40) 



proving the claim. 

We also give 
Proposition 4. Assume 



(i + 4) ^w <°o- 



Then 



||e r , £ (/)-/||i<a; r (/,£)i( / (1+V) ^(*)J- (41) 



Additionally assuming that 

r ( i+ f) ^«w^ a ' a>0 ' 

V£ > 0, we get os £ — > tftot @ r ,^ — > / m t/ie Li norm. 
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Proof. We do have again 

/oo 
\A r J(x)\d^(t). (42) 

-OO 

We estimate 

/CO / /'CO \ 

/ \A r J(x)\d^(t))dx (43) 

-co \J — CO / 

/CO / />CO \ 

/ W t f{x)\dx)d H {t) 
-co \J — CO / 

fOO 

< / w r (/, |t|)idjt* € (t) 



-oo 
oo 



\t[, 
4 



Wr(/^V)idM € (*) (44) 



proving the claim. ■ 

3 Applications to General Trigonometric Singular Operators 

We make 

Remark 5. We need the following preliminary result. 

Let p and m be integers with 1 < p < m. We define the integral 

f°° (sina;) 2m , „ f°° (sinx) 2m , 
J( m; p) : =y^L_J_ (fa = 2jf { —^dx. (46) 

This is an (absolutely) convergent integral. 

According to [11], page 210, item 1033, we obtain 

/(W;P) = ^^p^iy. f> 1)fc (m - Sn + fc)! ' (4?) 

In particular, for p = m the above formula becomes 

/•°° fiin t^I 2 " 1 JU. 1.2m- 1 

/ [8m *> dx = Tr(-iy n m y(-l) k - k — -. (48) 

J x 2m ^ (m-k)\(m + k)\ 

In this section we apply the general theory of this article to the trigonometric smooth general 
singular integral operators T r ^(f,x) defined as follows. Let £ > 0. 

Let / e C n (R) and /(") e ' L P (R), 1 < p < oo, /3 e N, we define for x e R the integral 

^ aj f(x + jt)U^f^j dt, (49) 
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where 



W = 



^my dt 

2/3 



■s 1 2£'- 2 »»(-D»/ix:(-i)' — — 



*:=! 



(/3 — fc)!(/3 + fc)!' 



(50) 



T r ^ operators are not positive operators, see [9]. 

Let [•] denote the ceiling of a real number. We present our first result of this section 

Theorem 6. Let p, q > 1 such that - + - — 1, n, 8 <G N, 8 > p »" p — and the rest as above. 
Then 



|A(x)|| P < 



((n-l)!)(«(n-l) + l)« (rp + l)» 



(51) 



,2/3 



rrpi+i 

E 



jn^r* ^1 •*> 



iTip-l+j 



sini 



2fi 



(It 



rwr(/ (n) ,a 



Moreover, as £ — > we yet iftai ||A(a;)||p — ► 0. 

Proof. It is well known that lim ^^ = 1. Therefore, lim ( §i f-^) = 1. Hence, on (0, 1], the following 



in 2 / 3 



t-»o 



i->0 



function £ J ' ( 51 f^) is continuous and bounded. Therefore 



1 / • + \ 2/3 

■ / sin t N 



,7/ = / t j ( — J cfe <oo. 



(52) 



For j € K such that 2/3 — j > 1 we have 



i V t 



s'mt 



2:1 



(II < i J I - ) (II 



iy 



t»'- 2 ^dt 



i 



20-j-l 

< oo. 



(53) 



Relations (52) and (53) imply 



oo / • .\ 2/3 „l / • , N 2/3 

' sin £ \ . . / „ / sin t N 



o V * 



dt= t 3 

Jo V t 

< oo. 



,°° i fsint 



in 



(II 



2 IS 



d,t- 



\T 



(54) 
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By (54) we obtain, for /3 > 



\rp\+np+l 



M f : = 



1 

W 



2C 



< 



— oo \ 
■np—2j3 />oo 

c\£n'p—2j3 /*oo 

W Jo 

c\£np—2j3 foo 



i + ^Y ' -i Ik 1 "" 



(1+t) 



t\ 2f3 



sin 



2/3' 



I dt 

2/3 



2e 



"' ./o 








<// 



it 



E 



pip-i+j 



sint 



2/r 



r// 



< oo. 
Using Theorem 1 we obtain 

l|A(x)|| P < 



1 



((n-l)!)(g(n-l) + l)5(rp+l)» 



r M|^(/ (n) ,ey 



Using (55) we get 



Mf: < 



^ 



np- 2/3 I>P1+1 



IV 



E 



^np-l+j 



sini 



2/3 



(// 



therefore, 



l|A(x)|| p < 



1 



((n-l)!)(gr(n-l) + l)5(fp+l)» 

1 



^ 



\rp\+l 

proving the claim of the theorem. 



^np-l+j 



sini 



2/3' 



(II 



eur(f (n) ,t) t 



(55) 



(56) 



(57) 



(58) 



The counterpart of Theorem 6 follows, case of p = 1. 
Theorem 7. Let f e C"(R) and /(") eLi(R),neN, /3 e N, j3 > r - ± ^. Then 



|A(*)||i < 



r+l 

E 



(r + l)(n-l)!k 00 (^) 2 ^i|^V^ i 



m-l+j 



sini 



2,-3 



dt r«r(/ w ,0i- 



Hence as £ — > we obtain ||A(x)||i — > 0. 



(59) 
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10 



Proof. As in the proof of Theorem 6, inequality (54), for f3 > r +++" we have 



1 

W 

2i 



1 + M 



— oo 
ra-2/3 /.ex) 



r+1 



It 



n-1 / sm 



2/3 



3in M))' * 



IV 



o 



•' ! ^<" ! ' Sinf ' dt 



(lH-t)'^-l t 



2,; 



2^ 



n-2/3 r+1 „oo 



E 



W — Jo 

3 = 1 J0 



LTl-l+j 



smt 



2fi 



(II 



< OO. 

Then, by Theorem 2, we obtain 



(60) 



l|A(a:)||i < 



I (L 

(r + 1) (n-1)! \W 



r+1 



-1 Itl 



sm 



(t/m 



2*3 



t / 



rftUw r (/W,0i 



n-2/3 r+1 „oo 



(r + 1) (n-1)! 



IT 



E 

i=i 



m-l+j 



sint 



2+ 



dtU« r (/w,0i 



(50) 



r+1 



2/3 



f n-l+j 



sini 



2fl 



* fWr(f ,e)i, 



poving the claim of the theorem. 
The case n = is met next. 



Proposition 8. Let p, q > 1 smc/i tftat - + - = 1, /3 € N, /3> 



|>p1+l 



and the rest as above. Then 



\TrAf)-f\\p<«>r(f,Z)p 



[rp] 

I y 



t 3 , 

o V t 



sini 



2/3 



(II 



(61) 



Also as £ — * we obtain T r £ — > um£ operator I in the L p norm, p > 1. 
Proof. As in the proof of Theorem 6, inequality (54), for /3 > ' rp ^ 



have 



*:-Ar^'" 



IT 



-OO 

i-1-2/3 r oo 



rp 



2/3 



my it 



2/3 



^ f (1+ ,r(^)- * 



Qy^l — 2/3 /*oo 



\;>\l*rt\ dt 



2i 



1-2/3 
IT~ 



' rp | 

E 

J'=0 



t J 



sini 



2rf 



f// 



< OO. 
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By use of Proposition 3 we obtain 



\\T r ,df) ~ f\\p < Wr(/,0p 



(50) , - 



n 



1-2/3 



rrpi r 



W 



E 

3=0 L 

1 



fc> 



\rv\ 



sini 



2,3 



(// 



rm^S 



t 3 



sini 



2/3 



(// 



proving the claim of the proposition. 

We also give 
Proposition 9. For (3 <E N, (3 > r rp L , we have 



\\Tr,df) - fh < 



Wr(/,0 



£ ,.1 2^ 



2. J 



JT(fr* ^ 



r z" 00 ,■ 


^sini N 


\ 2 ^ 1 


/ * j 




rtt 


[7 


V * , 


/ 



Moreover as £ — > we get that T r _£ —> I in the L\ norm. 

Proof. As in the proof of Theorem 6, inequality (54), for /3 > T ^ we have 



1 



1*1 



1 

1-2/3 /-oo / • , 

(1 + t) r ( — I dt 



24 



24 



W jo 

1-2/3 r 



20 



2/3 



dt 



W 



E 

3=0 



t;> 



t 



sini\ 



2/3 



t ) dt 



< OO. 



By Proposition 4 we obtain 



, r « (fl - fll ^ (/ . { , 1 (±£( 1+ M)'(*M) 



2.J 



dt 



(50) W r (/,£) 



N 2/3 



/3 ,,1 -^ 



** 



which proves the claim of the proposition. 



sini 



2; 



dt 



(62) 



4 Applications to Particular Trigonometric Singular Opera- 
tors 

In this section we work on the approximation results given in the previous section, for some particular 
values of r, n, p and /?. 



Case /3 = 2. We have the following results 
Corollary 10. Let f e C 1 ^) and /' e Li(R). T/ien 



||r u (/;aO - /(z)||i < ^ (in 2 + J) ^i(/',0i- 



(63) 
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Hence as £ — > we obtain \\Ti^(f;x) — f(x)\\i — ► 0. 

Proof. By Theorem 7, with r = n = l,ft = 2. ■ 

Corollary 11. It holds 

||T U (/) - /IIls < «i(/,0i.b (| + ^ In 2^ 3 . (64) 

yl/so as £ — > we obtain Ti t £ — > unit operator I in the L1.5 norm. 

Proof. By Proposition 8, with p = 1.5, r = 1, ft = 2. ■ 

Corollary 12. We /lat/e 



Moreover, as £ — > we gei fftai ||Ti^(/;x) — /(x)|| 2 — * 0. 
Proof. By Theorem 6, with p = 2, r = 1, n = 1, ft = 3. 

Corollary 16. Let / <= C^K) and /' <= Li(R). Then 



Hence as £ — > we obtain \\Ti^(f;x) — /(x)||i — > 0. 
Proof. By Theorem 7, with r = l,n = 1, ft — 3. 



Corollary 17. Let f e C^R) and /' e L X (K). TTiera 

'^4^V 

33tt 4 33 22tt 27 



||T U (/) - /|| 2 < wi(/,0 2 y ^ + ^ In 2. (65) 

v4/so as £ — > we obtain Ti t £ — ► wmi operator I in the Li norm. 

Proof. By Proposition 8, with p = 2, r = 1, /3 = 2. ■ 

Corollary 13. It holds 

l|ru(/)-/lli<wi(/,Oi(^ + i)- (66) 

Moreover as £ — > we get that T\ g — > / in the L\ norm. 

Proof. By Proposition 9, with r = l,ft = 2. ■ 

Corollary 14. We /ia-ue 

||T 2)4 (/)-/|| 1 < W2 (/,Oi(J + ^ln2). (67) 

Moreover as £ — > we get that T 2i g — > / in the L\ norm. 

Proof. By Proposition 9, with r = 2, ft = 2. ■ 

Case /? = 3. We have the following results 
Corollary 15. 7i holds 



im,(/:.n-/V)lh'. U/^^ + ^W/'^V (68) 



||T u (/ ;a: )-/(x)||i< (^lnfe)+4Wi(/'^)i- (69) 



T 2 ,,( / ;,)- / (,)|| 1 <(^lnf^UA + -|-ln^Ua; 2 ( / ',0 1 . (70) 



ANASTASSIOU, MEZEI: GENERAL SINGULAR INTEGRALS 



1079 



George A. Anastassiou, Razvan A. Mezei 



13 



Hence as £ — > we obtain ||?2^(/; a;) — /(^)||i — * 0. 
Proof. By Theorem 7, with r = 2,n = 1, f3 — 3. 

Corollary 18. Let / e C 2 (K) and /" e Z,i(R). T/ien 



/"(*) 



25 



256 \ 



m^x) - /(,) - ^s^u < {- + — in— j ^ ( r,o 

Hence as £ — > we obtain \\T2^(f;x) — f(x) — 2 <^2C2,g||i - * 0. 
Proof. By Theorem 7, with r = 2,n = 2,/3 = 3. 



Corollary 19. 7i holds 

\\T2,t(f)-fh<«>2(Mh, 



40 In ^ 



\ llTT 



15 , 256 47 
In 1 . 

22tt 27 22 



Also as £ — > we obtain T r ^ — > wmi operator I in the L 2 norm. 
Proof. By Proposition 8, with p = r = 2, j3 — 3. 



Corollary 20. li /iota's 

||r u (/)-/|| 4 <Wi(/,04, 



40, /3T3 

1 hi 

\1 llvr ^ 4 



15 , 256 47 

In 1 . 

22tt 27 22 



Also as £ — ► we obtain T r ^ — ► wm£ operator I in the L p norm, p > 1. 
Proof. By Proposition 8, with p = 4, r = 1, /? = 3. 



Corollary 21. 7i fto/ds 

||r u (/)-/|| 3 <«i(/,03, 



40, /3ra 

ln T" 



\ llvr 



16 15 256 
IT + 22^ n ^7~' 



^4iso as £ — ► we obtain T r ^ — > wm£ operator I in the L p norm, p > 1. 
Proof. By Proposition 8, with p = 3, r = 1, /3 = 3. 



Corollary 22. We ftat>e 



/ 40/315 

l|Tu(/)-/||i<«i(/,Oi(l + n ^ln( — 



(71) 



(72) 



(73) 



(74) 



(75) 



Moreover as £ — > we ge£ £/ia£ Ti^ — > / m i/ie Li norm. 
Proof. By Proposition 9, with r = l,/3 = 3. 

Corollary 23. We ftat>e 



l|r2,*(/)-/||i<w 2 (/,0i(^ln(^ 



Moreover as £ — > we (7ei £/ia£ T2.J — ► / in the L\ norm. 
Proof. By Proposition 9, with r = 2,/3 = 3. 



16 

IT 



(76) 
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Corollary 24. We have 

Moreover as £ — > we get that T^^ — > / in the L\ norm. 

Proof. By Proposition 9, with r = 3,/3 = 3. ■ 

Case /3 = 4. We have the following results 
Corollary 25. li ZioZds 



126 , /3 27 / 8 \ . 651 567 , 4 



\\TM x) - l[ X )h < ^ ^ in ^ j + ^ + ^ In - j ^(/', 0,. (78) 

Moreover, as £ — > we get t/ia£ ||T2^(/;x) — /(x))||2 — * 0. 

Proof. By Theorem 6, with p = r = 2,n = l,/? = 4. ■ 

Corollary 26. I* /ioMs 

HT U (/;,) - /(x)|| 9 < (Jg + ^ in (^)) ^ l( /',0, (79) 

Moreover, as £ — > we get that ||Ti^(/;x) — f(x)\\2 — > 0. 

Proof. By Theorem 6, with p = 2, r = n = 1, /? = 4. ■ 



Corollary 27. li Zio/ds 

f'f'A 1 r fiSn S9/ 4 941 Kl 3 . 

e 2 w 2 (/",0i.5- (so) 



\T 2 ,t(f:x)-f(x)-^±S 2 e^h. 5 <l 



151tt 2 n /4 2416 



Moreover, as £ — > we yet t/wrf ||T 2; ^(/;x) — /(x) — 2 ^ 2C2 >dK-5 ^ 0- 

Proof. By Theorem 6, with p — 1.5, r — 2, n — 2, /3 = 4. ■ 

Corollary 28. Let / e C 1 ^) and /' e Li(R). Then 

PM/;«> - /mi. < (^ >» (££) + i + |s h (^)) ^ 0- (81) 

Hence as £ — ► we obtain \\T 2 ^(f;x) — /(x)||i — > 0. 

Proof. By Theorem 7, with r = 2, n = 1, = 4. ■ 

Corollary 29. Let / e C 1 ^) and /' e L X (R). Then 

/ 105 929/15 04c; 4 IDS^X 

l|T 5 ,(/;,)-/(,)|| 1 <(^ln J ^ + T ^ln- + _)^ 5 (/',0, (82) 

Hence as £ — > we obtain \\Tr, ^(f;x) — /(x)||i — ► 0. 

Proof. By Theorem 7, with r = 5, n = 1, /3 = 4. ■ 



Corollary 30. Let f e C"(R) and f {n) e ii(K). 1% 



r// 



lir«(/;») - /(*) - ^Wlh < (j^in ^ + J| ) cW'.Ol (*■>) 
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Hence as £ — > we obtain \\T 2 ^(f;x) — f(x) — 2 ^2^2,. 
Proof. By Theorem 7, with r — 2, n = 3, (3 — 4. 



Corollary 31. Let / e C n (R) and /W € ii(K). 1% 



(7/ 



lir»,<(/;*) - /(*) - ^^Ik < (^m^ + |g) ^s(r,0, (84) 

Hence as £ — > we obtain \\T3^(f;x) — f(x) — 2 " 2 ° 2 >iW 1 ~~ * ^- 

Proof. By Theorem 7, with r = 3, n = 3, /3 = 4. ■ 

Corollary 32. It holds 



fJQA 029/15 OCC 

l|r, i (/)-/||,--(/^M/ 15l7r ^ 32 r74o + 1 5 1 - ( 85 ) 



Also as £ — > we obtain T 2 ^ — * wm£ operator I in the L 2 norm. 
Proof. By Proposition 8, with p = r = 2, /3 = 4. 

Corollary 33. li ftoZds 



«/ 630 9251/60 c;R7i 
l!T 2 ,(/)-/ll3<^(/,03^1n 1 ^ + — . (86) 



Also as £ — ► we obtain T 2 ^ — > wm£ operator I in the L3 norm. 
Proof. By Proposition 8, with p — 3, r = 2, /3 = 4. 

Corollary 34. li Zio/ds 



630 , 2 251 /eo 567i 



Hr8, C (/)-/||a<«8(/,0 9 Vi5^ 1 "-^6- + 24i6- (87) 



Also as £ — > we obtain T%^ — > wmi operator I in the L 2 norm. 
Proof. By Proposition 8, with p — 2, r — 3, (3 = 4. 

Corollary 35. Ji fto/rfs 



l|T U (/)-/||2<wi(/,02VTi^ ln 



630 , 2 104 / 15 407 



151tt 3 81 /20 302' 

Also as £ — > we obtain T\ ^ — > wm£ operator I in the L 2 norm. 
Proof. By Proposition 8, with p = 2, r = 1, /? = 4. 

Corollary 36. We ftoroe 

630 , 2 104 / 15 " 



Moreover as £ — > we (7ei that T\^ —* I in the L\ norm. 
Proof. By Proposition 9, with r = l,/3 = 4. 



Corollary 37. We /lave 



630 , 2 104 / 15 407 



||T 2 , 4 (/)-/||i <a; 2 (/,0i ( I^ ln ^W + 302 ) ' ( 90 ) 



/ 630 2 104 / 15 \ 

\TiAf) - /Hi < «i(/. 0i ( x + T5T^ ln 351720-) ■ (89) 



ANASTASSIOU, MEZEI: GENERAL SINGULAR INTEGRALS 1082 



George A. Anastassiou, Razvan A. Mezei 16 

Moreover as £ — > we get that T2,£ — > / in the L\ norm. 

Proof. By Proposition 9, with r = 2, j3 = 4. ■ 

Corollary 38. We /ia-ue 

/ 630 9 29 / 15 407\ 
||T 3 ,,(/) -fh< W8 (/, Oi ( ^ ^ ^ + 302 J • (91) 

Moreover as £ — > we (^ei £/iat T3 ; £ —> I in the L\ norm. 

Proof. By Proposition 9, with r = 3, j3 = 4. ■ 

Corollary 39. We ftat>e 

/ 630 9251/60 CG71 \ 

l|T 6 ,(/) - /||r < Wfl (/, Oi (^ m -^ + ^ j • (92) 

Moreover as £ — > we get that Tq^ — * J in the L\ norm. 

Proof. By Proposition 9, with r — 6, j3 — 4. ■ 
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CONVERGENCE THEOREMS OF ITERATIVE SCHEMES 

FOR A FINITE FAMILY OF ASYMPTOTICALLY 

QUASI-NONEXPANSIVE TYPE MAPPINGS 

IN METRIC SPACES 

Jong Kyu Kim 1 and Chu Hwan Kim 2 

1 Department of Mathematics Education, Kyungnam University 
Masan, Kyungnam, 631-701, Korea 
e-mail: j ongkyukOkyungnam . ac . kr 

2 Department of Mathematics, Kyungnam University 
Masan, Kyungnam, 631-701, Korea 

Abstract. The purpose of this paper is to introduce and study the convergence problem of 
an implicit iterative scheme with errors for a finite family of asymptotically quasi-nonexpansive 
type mappings in convex metric spaces. 

1. Introduction 

In 1953, Mann [20] introduced the general iterative schemes and proved the 
following convergence theorem of the iterative schemes: 

Let K be a nonempty subset of a Banach space E and T : K — ► K be a 
mapping. For any given xq £ K, the scheme {x n } defined by 

x n+ i = (1 - a n )x n + a n Tx n (n > 0) (1.1) 

is called the Mann iterative scheme, where {a n } is a real sequence in [0, 1] satis- 
fying appropriate conditions. 

Further, in 1974, Ishikawa [12] proved the following theorem by introducing 
the Ishikawa iterative scheme, that is, for any given xq 6 K, the scheme {x n } 
defined by 

•En-t-l — I, J- Qn)%n \ Ot n l y n , , ~. 

y n = (1 - [3 n )x n + [3 n Tx n (n>0), 

where {a n } and {/3 n } are two real sequences in [0, 1] satisfying appropriate 
conditions. In particular, if (3 n = for all n > in (1.2), then the Ishikawa 
iterative scheme becomes the Mann iterative scheme (1.1). 

These two iterative schemes described above have been studied extensively 
by many authors for approximating either fixed points of nonlinear operators 
or solutions of nonlinear operator equations in Banach spaces. Concerning the 
convergence problems of Mann and Ishikawa iterative schemes have been studied 
extensively by many authors, see [11], [12], [20], [30] and [31]. 
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In 2001, Xu-Ori [29] have introduces an implicit iterative scheme for a finite 
family of nonexpansive mappings. Let Xi,T2, ■ ■ ■ , T/v be N self-mappings of C 

oo 

and suppose that F = f] F(Ti) ^ 0, the set of common fixed points of Tj, 

i = 1, 2, ■ ■ ■ ,N. Hereafter, we will denote the index set {1, 2, • • • , N} by /. An 
implicit iterative scheme for a finite family of nonexpansive mappings is defined 
as follows, with {£„} a real sequence in (0, 1), xo € C : 

xi = hx + (1 -ti)TiXi, 

X 2 = tlX\ + (1 - t 2 )T2X2, 

x N = t N XN-i + (1 - t N )T N x N , 

XN+l = tN+l%N + (1 - tN+l)TlXN+l, 

which can be written in the following compact form : 

Xn = t n X n —l + (l t n )l n x ni n > 1, \ l.oj 

where T^ = T^ mo d at- (Here the mod A^ function takes values in I.) And they 
proved the weak convergence of the process (1.3) to a common fixed point in the 
setting of a Hilbert space. 

In 2003, Sun [23] extend the schemes (1.3) to a process for a finite family of 
asymptotically quasi-nonexpansive mappings, with {a n } a real sequence in (0, 1) 
and an initial point xo G C, which is defined as follows : 

x\ = a\XQ + (1 — a.\)T\x\ 

XN = CXNXN-1 + (1 - a N )T N x N , 
zjv+i = a N+ ix N + (1 - a N+ i)T?x N+ i, 

X2N = Ct2NX2N-l + (1 ~ Ct 2 N)T N X 2 N, 
X2N+1 = Ct2N+lX2N + (1 ~ a2AT+l)^l X 2N+1, 

which can be written in the following compact form : 

x n = a n x n ^i + (1 - a n )Tfx n , n > 1, (1.4) 

where n = (k — 1)N + i, i G I. 

And also, Sun [23] proved that the modified implicit iterative scheme (1.4) for a 
finite family of asymptotically quasi-nonexpansive mappings converges strongly 
to a common fixed point of the family in a uniformly convex Banach space, 
requiring one member T in the family to be semi-compact. The result presented 
Sun [23] generalized and extended the corresponding main results of Wittmann 
[28], Xu-Ori [29]. 
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It is very interesting to consider the convergence theorems of the iterative 

schemes for nonlinear operators in metric spaces. 

In 1970, Takahashi [24] introduced the concept of convexity in a metric space: 
Let (A, d) be a metric space and I = [0, 1]. A mapping W:XxXxI^Xis 

said to be a convex structure on X if for each (x,y,X) G X x X x I and u £ X, 

d(u, W(x, y, A)) < Xd(u, x) + (1 — X)d(u, y). 

X together with a convex structure W is called a convex metric space, de- 
noted it by (X, d, W). A nonempty subset K of (X, d, W) is said to be convex if 
W(x, y, A) G A for all (x, y, A) G if x K x I. 

Recall that a function $ : [0, oo) — ► [0, oo) is said to satisfy the condition (C$) 
if it is nondecreasing continuous from right, $(£) < £ for all £ > and $(0) = 0. 

Let (A, d) be a complete metric space, T : X -> X be a mapping. 

(1) T is said to be quasi- contractive if there exists a constant k G [0, 1) such 
that 

d(Tx,Ty) (1.5) 

< A; max jd(x, j/), d(a;, Tx),d(y, Ty),d(x, Ty), d(y, Tx)j, 

for all x, y G A. 

(2) T is said to be generalized quasi- contractive if there exists a function 
<I> : [0, oo) — ► [0, oo) satisfying the condition (C$) such that 

d(Tx,Ty) (1.6) 

< $ ^ max |(i(x, y), d(x, Tx),d(y, Ty),d(x, Ty),d(y, Tx)jj, 

for all x, y G A. 

In 1988, Ding [8] established the following result for Ishikawa type iterative 
schemes of a quasi-contractive mappings in convex metric spaces. 

Theorem 1.1. Let K be a nonempty closed convex subset of a complete convex 
metric space (X,d,W) and let T : K — ► K be a quasi- contractive mapping (1.5). 
Suppose that {x n } is the Ishikawa type iterative scheme defined by 

x G K, 

x n +i = W(Ty n ,x n ,a n ), 

y n = W(Tx n ,x n ,f3 n ), n > 0, 

where {a n } and {/3 n } satisfy < a n ,(3 n < 1 and Y^=o a n = °°- Then {x n } 
converges to a unique fixed point of T in K. 

Recently, in 2003, Chang-Kim [3] proved convergence theorems of the Ishikawa 
type iterative schemes with errors for generalized quasi-contractive mapping (1.6) 
in convex metric spaces, which is improved and extended the corresponding re- 
sults in [4], [8] and others. 
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Theorem 1.2. Let (X, d, W) be a complete convex metric space with a convex 
structure W : X 3 x I 3 — ► X of X, T be a generalized quasi- contractive mapping 
satisfying condition (1.6) and {x n } be the Ishikawa type iterative scheme with 
errors ofT defined by 

x n +i = W(x n ,Ty n ,u n ;a n ,(3 n ,-f n ), 

y n = W(x n ,Tx n ,v n ;(, n ,r] n ,5 n ), V n > 0, 

where {u n },{v n } are two sequences in X. Then the scheme {x n } converges to a 
unique fixed point of T in X. 

And, Chang-Kim-Jin [2] proved convergence theorems of the Ishikawa type it- 
erative schemes with errors for asymptotically quasi-nonexpansive type mappings 
in convex metric spaces. 

Theorem 1.3. Let (X, d, W) be a complete convex metric space and T : X — > X 
be an asymptotically quasi-nonexpansive type mapping satisfying the following 
conditions : there exist constants L > and a > such that 

d(Tx,p)<L-d(x,p) a , VxGX, VpGF(T). 

For any given xq £ X, let {x n } be the iterative scheme with errors defined by 

x n +i = W(x n ,T n y n ,u n ;a n ,p n ,"f n ), 

y n = W(xn,T n Xn,v n ;a' n ,(3' n ,<y' n ), V n > 0, 

where {u n },{v n } are bounded sequences in X. If the sequences {f3 n } and {7^} 
satisfying the following conditions : 

00 00 

^2 (5 n < 00, y^7n < 00 . 

n=0 n=0 

Then {x n } converges strongly to a fixed point of T in X if and only if 

liminfD d (x n , J F(T)) = 0, 

n—>oo 

where, Dd(x, A) = inf agj 4 d(x, a) for any set A. 

Very recently, in 2006, Kim-Kim-Kim [15] proved convergence theorems of an 
implicit iterative schemes with errors for a finite family of asymptotically quasi- 
nonexpansive mappings in convex metric spaces. 

Theorem 1.4. Let (X, d, W) be a complete convex metric space. Let {Ti : i £ 1} 
be a finite family of asymptotically quasi-nonexpansive mappings from X into X, 
that is, 

d(T?x,Pi) < (1 + h n{ i))d{x,pi) 

for all x £ X, pi £ F(Ti), i € I. Suppose that F = f] i=1 F(Ti) / and that xo G 
X, {/?„} C [s, 1 - s] for some s G (0, \), Y^=i K(i) < °° (*€/), J2n=i 7n < 00 
and {u n } is arbitrary bounded sequence in X. Then the implicit iterative scheme 
with error {x n } generated by (2.2) converges to a common fixed point in F if and 
only if 

liminf D d (x n ,F) = 0, 
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where D^(x,F) denotes the distance from x to the set F, that is, D^{x,F) = 
mf y£ F d(x,y). 

The purpose of this paper is to introduce and study the convergence problem 
of an implicit iterative sequences with errors for a finite family of asymptotically 
quasi-nonexpansive type mappings in convex metric spaces. And also we point 
out that the results of this paper not only generalize and improve the correspond- 
ing results of Chang et al. [1], Liu [17], [18], Petryshyn- Williamson [21], Tan-Xu 
[25], Ghosh-Debnath [10] and Chang [4]-[6] but also contain the corresponding 
results in [4]-[6], [10], [15]-[19], [21], [24] as its special cases. 

2. Preliminaries 

Throughout this paper, we assume that F(Ti) {i G /) is the set of fixed points 
of Tj respectively, that is, F{Ti) = {x G X : TjX = x}. The set of common fixed 

N 

points of Tj {i G /) denotes by F, that is, F = f] F(Ti). 

Definition 2.1. Let E be a metric space and T : D(T) C E — > E be a mapping. 

(1) T is said to be nonexpansive if 

d(Tx,Ty) < d(x,y) 

for all x, y G D(T). 

(2) T is said to be quasi-nonexpansive if F{T) ^ and 

d(Tx,p) < d(x,p) 

for all x G D{T) and p G F(T). 

(3) T is said to be asymptotically nonexpansive if there exists a sequence 
h n G [1, oo) with lmin^oo h n = 1 such that 

d(T n x,T n y)<h n d(x,y) 

for all x, y G D(T) and n > 1. 

(4) T is said to be asymptotically quasi-nonexpansive if F(T) / and there 
exists a sequence h n G [1, oo) with lirrin^oo h n = 1 such that 

d(T n x,p) < h n d(x,p) 

for all x G D(T), p G F(T) and n > 1. 

(5) T is said to be asymptotically nonexpansive type if 



limsup<^ sup <^ d(T n x, T n y) - d(x, y) \\ < 0. 

(6) T is said to be asymptotically quasi- nonexpansive type if F(T) ^ and 
limsupi sup i d(T n x,p) - d(x,p) \ \ < (2.1) 

for allpe F(T). 
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Remark 2.2. We know that the following implications hold : 

(1) =► (3) =► (5) 

4 F(T) + JJ. F(T) / JJ. F(T) / 

(2) =► (4) => (6) 



Definition 2.3. ([2]) Let (X,d) be a metric space and I = [0,1]. A mapping 
W : X s x I 3 — ► X is said to be a convex structure on X if it satisfies the following 
conditions : for all u,x,y,z G X and for all a, (3, 7 G I with a + /3 + 7 = 1, 

(1) W(x,j/,z;a,0,0) = x, 

(2) d(it, W(a;, y, 2; a, (3, 7)) < ad(u, x) + /3o!(u, y) + jd(u, z). 

If (X, d) is a metric space with a convex structure W, then (X, d) is called a 
convex metric space and denotes it by (X, d, W). 

Remark 2.4. Every linear normed space is a convex metric space, where a convex 
structure W(x, y, z; a, (3, 7) = ax + [3y + jz, for all x,y,z G X and a, (3, 7 G I 
with a + (3 + 7 = 1. In /act, 

d(u, W(a:, y, z; a, (3, 7)) = \\u - {ax + (3y + 72) || 

< a||u — x|| + /3||u — y|| + 7||u — z|| 

= ad(u, x) + /3d(u, y) + jd(u, z), VuGl. 

But there exists some convex metric spaces which can not be embedded into 
any linear normed space. 

Example 2.5. Let X = {{x\,X2,xs) G R 3 : x\ > 0, 22 > 0, x% > 0}. For x = 
(x±, X2, £3), y = (yi,y2,y3) G -^ and a, /3, 7 G / wit/i a + /? + 7 = 1, we define a 
mapping W : X 5 x J 3 — > X by 

W(x, y, z; a, (3, 7) = (axi + (3yi + 721, ax 2 + (3y 2 + 7^2, ax3 + (3y 3 + 7Z3) 

and define a metric d : X x X — > [0, 00) 6y 



d(x,y) 



xiyi + x 2 y2 + x 3 y 3 



Then we can show that (X, d, W) is a convex metric space, but it is not linear 
normed space. 



Definition 2.6. Let (X, d, W) be a convex metric space with a convex structure 
W and let Ti : X — ► X (t £ I) be asymptotically quasi-nonexpansive type 
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mappings. For any given xq £ X, the following iterative scheme {x n } defined by 

x x = W(xo,TiXi,ui;ai,/?i,7i), 

x N = W(x N -i,T N x N ,u N ;a N ,(3 N ,-f N ), 
xn+i = W(xn,T 1 xn+i,un+i', (xn+i, Pn+i,1/n+i), 

X 2 N = W(x 2 N-l,T^X 2 N ,U 2 N] Ci 2 N , 02N , 72iv) , 
X2N+1 = W(x2N,T l X2N+l,U2N+i;a>2N+l,(32N+l,l2N+l) 

which can be written in the following compact form : 

x n = W(x n -i,T^x n ,u n ;a n ,p n ,j n ), n>l (2.2) 

where n = {k — 1)N + i, i £ I, {u n } is bounded scheme in X, {a n }, {f3 n }, 
{in} be three sequences in [0, 1] such that a n + j3 n + 7„ = 1 for n = 1, 2, 3, • • • . 
Schemes (2.2) is called the implicit iterative scheme with error for a finite family 
of mappings Ti {i = 1, 2, ■ ■ ■ , N) . 

Ifu n = in (2.2) then, 

x n = W(x n -i,T l k x n ;a n ,(3 n ), n > 1, (2.3) 

where n = {k — 1)N + i, i £ I, {a n }, {/3 n } be two sequences in [0, 1] such that 
ct n + Pn = 1 for n = 1, 2, 3, • • • . Scheme (2.3) is called implicit iterative for a 
finite family of mappings Ti (i = 1, 2, • • • , N). 

3. Main Results 
In order to prove the main theorems of this paper, we need the following lemma: 
Lemma 3.1. ([26]) Let {a n } and {b n } be two nonnegative sequences satisfying 

a n +i < a n + b n (n > n ), 
where Y^=i °n < °° an d n o is some positive integer. Then lim n ^ 00 a n exists. 

Theorem 3.2. Let (E,d,W) be a complete convex metric space. Let {Ti : i 6 /} 
be a finite family of asymptotically quasi-nonexpansive type mappings from E into 
E satisfying the following conditions: there exist constants Lj > and aj > 
such that 

d(TiX, Pi ) < Lid(x, Pi ) a ' (3.1) 

for all x £ E, pi £ F(Ti), i £ L. Suppose that F = f] i=1 F(T,j) / and let xq £ E 
be any given point, {x n } defined by the implicit iterative scheme with error (2.2) 
satisfying the following conditions: 

(i) s < j3 n < 1 — s, for some s £ (0, ^), 
(ii) J2n= Pn<OO, 
(iii) E^°=o7n<oo. 
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Then {x n } strongly converges to a common fixed point in F if and only if 

UmmfD d (x n ,F) = 0, (3.2) 

where D d (x, F) = irrfy^p d(x, y). 

In order to prove Theorem 3.2, we first prove the following important lemma. 

Lemma 3.3. Suppose that all assumptions in Theorem 3.2 are satisfied. Then 
for any given e > 0, there exist a positive integer uq and M > such that 



(1) d(x n ,p) < d(s n _i,p) +M[0 n +^ 



(2) d(x n+m , P ) < d(x n , P ) +M[pxT +1 a + \ sr=n+i H I 

(3) limn^oo D d (x n ,F) exists, 



for any p G F and n > uq, where M = max< ^, sup ra>0 d(u n ,p) >. 

Proof. (1) For any p G F, from (2.2), where n = (k — l)N+i, T n = T n ^ modN ^ = Tj, 
i G /, 

d(x n ,p) = d(W(x n ^ 1 ,T l k x n ,u n ;a n ,(3 n ,~f n ),p) 

< a n d(x n -i,p) + (3 n d(TJ*x n ,p) + j n d(u n ,p) (3.3) 

< a n d(x n -i,p) + l3 n {d(Tfx n ,p) - d(x n ,p)} 

+ P n d(x n ,p) + J n d(u n ,p) 



From (2.1), for any given e > 0, there exists a positive integer uq such that for 

no 
N 



n > uq with k > ^ + 1, we have 



Since {x„} C E 1 , 



sup{d(2?x,p)-d(x,p)}<|, \fpeF. (3.4) 



d(T™x n ,p) - d(x n ,p) < - (n > n ) (iei). 

5 



Substituting (3.4) into (3.3) and simplifying, we have 

d(x n ,p) < a n d(x n -i,p) + - • I3 n + P n d(x n ,p) + -f n d(u n ,p), 

5 

for all n > no, p G i 7 . Then we have 

d(x n ,p) < - — r} —d(x n -i,p) + -■ - — r} ~r + z — ^d(u„,p) (3.5) 

i — p n o i — p n i — p n 

< d(x n -!,p) + — -P n + — d(u n ,p), 
OS s 
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for p G F and for any n > uq. Here, let M = max< ^, sup n>0 d(u n ,p) >. Then 

we have 

7« 



d(x n ,p) < d(x n -i,p) +M\ /3 n + 
(2) It follows from conclusion (1) that for any m > 1, 

d(x n+m ,p) < d(x n +m-l,p) + M( (5 n+m + -^^ 

< d(x n+m . 2 ,p) +M(p n+m _ 1 + Jl^zl ) +M ((5 n+m + " i,,+ "' 



(n+ra -. n+m -. 

E a + - E ^)' 
Z=n+1 Z=n+1 ' 

for any p £ F and n > no- 

(3) Again, from the conclusion (1), it follows that 

In 

inf d(x n ,q) < inf d(x n -i,q) + Mf3 n -\ d(u n ,p) 

q&F q&F S 

for any p & F and n > uq. Therefore we have 

D d ( Xn , F) < D d ( Xn -l,F) + Mp n + ^d( Un ,p). 

s 

for any p £ F and n > no- Since {tt n } is a bounded sequence in E, {d(u n ,p)} is 
also bounded in [0,oo) and by conditions (i) and (ii) in Theorem 3.2, 

OO , v 

Y J [M(3n + —d(u n ,p)) <oo. 



n=0 ^ y 

Hence from Lemma 3.1 we know that the lim n ^oo D d (x n ,F) exists. □ 

Proof of Theorem 3.2: The necessity is obvious. Now, we prove the sufficiency 
Suppose that the condition (3.1) is satisfied. Then, from Lemma 3.3 (3), we have 

lim D d {x n ,F) = 0. (3.6) 

First, we prove that {x n } is Cauchy in E. In fact, by the condition (ii), (iii) and 
(3.6), for given e > 0, there exists a positive integer n\ > no (where no is the 
positive integer appeared in Lemma 3.3) such that, for any n > m, 

D d {x n ,F)< £ - 1 (3.7) 

N oo ^ N oo 

E E ^<jm and E E t**<^- ( 3 - 8 ) 

i=i fe=[ a+i] »=i fc=[ iti+i] 
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By the definition of infimum, it follows from (3.7) that for any given n > n±, 
there exists a p* £ F such that 

d(x n ,p*) < -. (3.9) 

D 

On the other hand, it follows from Lemma 3.3 (2) that for the given e > and 
for any n > n\ > no, we have 

d(x n+m ,x n ) < d(x n+m ,p*) +d(x n ,p*) (3.10) 

N oo , , JV oo 

< 2d{x n , P *)+MY, J2 ^w + yE J2 ^' 

i=i k=[^] s i=i k=[^] 

for any m > 1, where M is the positive constant appeared in Lemma 3.3. There- 
fore from (3.7)-(3.9), for any n > n\ > no, we have 

d(Zn+m, ^n) < - + - + " = £ (m > 1). 

This implies that {x n } is Cauchy in E. Since E is a complete metric space, there 
exists q £ E such that x n — > 9 as n — ► oo. 

Now, we prove that g is a common fixed point of T{ in i?. 

Since lim n ^oo x n = q and lim n ^oo Dd(x n , F) = 0, for given e > 0, there exists 
a positive integer n2 such that for ri2 > n\ > no, for n> ri2, 

d(x n ,q)<- and D d (x n ,F)<-. (3.11) 

5 7 

It follow from the second inequality in (3.11) that there exists q* £ F such that 

£ 

5' 
Moreover, it follow from (3.4) that for any n > n2, we have 

dCZT?, <?*)-<% g*) <f (3.13) 

5 



d(x n2 ,g*)<-. (3.12) 



Therefore, from (3.11)-(3.13), for any n > 112, 

d(1?q, q) < d(I?q, q*) + d(q, q*) + d(q, q*) - d(q, q*) 

< d(TPq, q*) - d(q, q*) + 2{d(q, x„ 2 ) + d(x n2 , q*)} 

This implies that Tfq — > q (as n — > oo). Again since 

d(T?q, T t q) < (d(T?q, q*) - d(q, q*)) + d(q, q*) + d(T iQ , q*), 
for any n > n2, by the condition (3.1) and (3.11)-(3.13), we have 
d(2f g, T,g) < | + d( g , g*) + L,%, g*)°* 

< - +d(q,x n2 ) +d{x n2 ,q*) + Li(d(q,x n2 ) + d(x n , 2 ,q*)) ai 
5 " 

3e _ /2eV l . ,. r 
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This shows that T™q — > Tiq as n -> oo. From the uniqueness of limit, we have 
q = Tiq, that is, q is a common fixed point of Tj, for all i £ L. □ 

If u n = 0, in Theorem 3.2, we can easily obtain the following theorem. 

Theorem 3.4. Let (X, d, W) be a complete convex metric space. Let {Tj : i £ 1} 
be a finite family of asymptotically quasi-nonexpansive type mappings from E into 
E satisfying the following conditions: there exist constants Lj > and a% > 
such that 

d(TiX,Pi) <Lid(x,pi) at 
for all x £ E, pi £ F(Ti), i £ L. Suppose that F ^ and that xq £ E, {/3 n } C 
(s, 1 — s) for some s £ (0, |) and Y^n°=o@n < 00. Then the implicit iterative 
scheme {x n } generated by (2.3) converges to a common fixed point in F if and 
only if 

liminf Dd(x n ,F) = 0. 

n— »oo 

Remark 3.5. We note the followings: 

(1) The Theorem 3.2 is the extension of the main theorem of Kim-Kim-Kim 
[15] for the case of any quasi-nonexpansive type mappings. 

(2) We point out that Theorem 3.2 not only generalize and improve the corre- 
sponding results of Chang et al. [1], Liu [17]-[18], Petryshyn- Williamson 
[21], Tan-Xu [25], Ghosh-Debnath [10] and Chang [4]-[6] but also contain 
the corresponding results in [4]-[6], [10], [15]-[19], [21], [24] as its special 
cases. 



[1 



[4' 
[5 

[e; 

[7; 

[s: 

[9; 

[10 
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Abstract 

The main purpose of this paper is to develop certain operational formula for Jacobi-Pineiro poly- 
nomials and to find some properties of these polynomials with the help of operational formulas. 
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1 Introduction 

The Jacobi-Pineiro polynomials p^ ao,a> of degree n for the multi-index n =n,\ + ... + n r e N r and 
a = (ai, ..., a r ), are the classical multiple orthogonal polynomials associated with an AT system consisting 
Jacobi weights on [0,1]. The polynomials p^ a °' a> are defined by the orthogonality conditions [1] 

l 
P^°">^x ai (l -x) a °x k dx = 0, k = 0,l,...,m-l, i = l,2,...,r, 

o 

and the Rodrigues formula for the Jacobi-Pineiro polynomials p^" is given by 

r r 

(-l) |n| JJ(|n| + a + a, + l) n .P^ a \x) = (1 - x)- a ° JJ [x^ D n * x n * +a t] (1 - x) a "+^ . 
i=i i=i 

In [1], various properties of these polynomials have been investigated via the Rodrigues formula. 

There are several studies related with the generalization of the known special functions via the 
Rodrigues formula [2] , [3] , [4] , [5] , [8] , [9] . In the recent papers [6] and [7] , the Rodrigues type extensions 
of multiple Laguerre polynomials and multiple Hermite polynomials were introduced and operational 
formulas, generating functions and some interesting recurrence relations have been proved. 

The main purpose of this paper is to develop certain operational formula and generating function for 
Jacobi-Pineiro polynomials P^m'" 1 '" 2 (x) and to find some properties of these polynomials with the help 
of operational formulas. 

The following definition provides a Rodrigues type generalization of Jacobi-Pineiro polynomials Pn"™" 1 ' (x) 

(-l)" +m (n + to + a + ai + l) n (n + m + a + a 2 + l) m Rfyi ai > a '\x,p) (1) 

= (1 - x)- ao x- ai e- px D n x ai - a2+n D m x a2+m (l - x ) a o+n+m e px^ 

where ao,ai,<X2 > — 1, ct\ — a-i ^ 7L and D = 4-. It should be noticed that, in particular case p = 
the equation (1) gives the Rodrigues formula of the Jacobi-Pineiro polynomials Pn^V" 1 ' (x) of degree 

TI + 777,. 
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2 Main Results 

In this section we derive the explicit formula and some operational formulas for the extended Jacobi- 
Pineiro polynomials iJ^m" 1 '" 2 (x,p)- 

From the Rodrigues formula (1) and Leibniz' formula we get 

(-l) n+m (n + m + a + <*i + l)„(n + m + a Q + a 2 + l) m i?^ Ql ' Q2) (a;,p) 
= (1 - x)- ao x- ai e- px D n x ai - a2+n D m x a2+m (l - x ) a o+n+m e px 

rn , v 

= (l-x)- ao x- ai e- px D n x ai - a2+n y] ( m )D k {x a2+m e px )D m - k ((1 - x ) ao+n+m ) 

=™Ki-,)-»x-»e--|g( Q! J™)(«»+^ ra )^(-ir-> 

x D n ( x «i+ m +«-i e px (l - x) aa+n+k ) . 

Applying the Leibniz' formula one more time to the last part of the above equation gives the explicit 
formula for the polynomials ft"™" 1 '" 2 (x,p) as follows: 

(-l)"+ m (n + m + a + a 1 + l) n (n + m + a + a 2 + l) mJ R r ( ^ Ql ' Q2) (a;,p) (2) 

- ! ! V^ V^ V^ V^ f a2 + m \ f a ° + n + m \ f a o + n + k\ (d\ + n + m - j 
fe=0j= oi=cw=cA J /^ m ~ k '\ n ~ i '^ l 

x - P ' 3 -(-l) m - fe+ ™- l x m+ "- J -'(l-x) fe+ \ 

(fc- j)!(z-Z)! 

Remark 1 It should be noticed that, since iSl^m" 1 '" 2 (i, 0) = Pn^'" 1 ' (x), m particular case p = ifte 
explicit form (2) represents the explicit representation of Jacobi-Pineiro polynomials [lj. 

In order to find an operational formula for the polynomials itt^m" 1 '" 2 (x,p), we will prove the following 
operational formula. 

Lemma 2 For the sufficiently differ entiable function Y of x, we have 

n 

H [(x - x 2 )D -(a + [3 + 2j)x+p(x -x 2 )+(3 + j}Y = (1 - x)- a x- e- px D n [x 0+n (l - x) a+n e px Y}. (3) 

Proof. To prove this identity we use the method of induction. It is obvious that for n = 1 the identity 
(3) is correct. Let for n it is true. If we consider 

Y = [(x - x 2 )D - (a + [3 + In + 2)x + p(x - x 2 ) + [3 + n + 1]Y 
in equation (3), we get 

n 

Y[ [(x - x 2 )D - (a + 13 + 2j)x + p(x - x 2 ) + (3 + j] (4) 

i=i 

x [{x - x 2 )D - (a + f3 + 2n + 2)x + p(x - x 2 ) + (3 + n + 1]Y 

= (1 - x)- a x- f3 e- px D n [x f3+n (l - x) a+n e px [{x - x 2 )D - (a + (3 + 2n + 2)x + p(x - x 2 ) + (3 + n + 1]Y]. 

Using the identity 

D[x 0+n {l - x) a+n e px Y] = (1 - x) a+n ~ V+"~ V*[(a; - x 2 )D - (a + f3 + 2n)x + p(x - x 2 ) + (3 + n]Y 
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(4) becomes 

n+l 

Y[[(x-x 2 )D-(a + (3 + 2j)x+p(x-x 2 )+f3 + j}Y = (l-x)- a x- f3 e-P x D n+1 [x f3+n+l (l-x) a+n+1 e px Y}. 
3=1 

Then the proof is completed. ■ 

Now, we can find an operational formula for the polynomials ift*" 1 '" 2 \x,p) by using the identity 
(3). For convenience, we will use the notation 

il(x) = (1 - x)- ao x- ai e- px D n x ai - a2+n D m x a2+m (l - x) a " +n+m e px Y. 

Taking (3) into the consideration with n — m, a — ctQ + n, (3 — a 2 we get 

n(x) = (1 - x)- ao x- ai e- px D n [x ai+n (l - x) ao+n e px (5) 

x Y[ [{x - x 2 )D - (a + n + a 2 + 2j)x + p(x -x 2 ) + a 2 + j]Y] 
i=i 

and then applying (3) in (5) one more time we get first equality as follows: 

n 

fi(.x) = ^Q [(x - x 2 )D - (a + a-i + 2k)x + p(x - x 2 ) + a x + k] (6) 

fc=i 

in 

x JJ [(x - x 2 )D - (ao + n + a 2 + 2j)x + p(x - x 2 ) + a 2 + j]Y. 
i=i 

On the other hand, with the help of Leibniz' formula the second equality can be found in the following 
form: 

n(x) (7) 

m m— n fc n n— 7*2 * 



™ W E EEEEE 

n=0 fe=0 j=0r 2 =0 i=0 1=0 



a 2 + m\ /ao + n + m\ /ao + H + ri + k\ (ot\ + n + m — j 
j J \m — r\ — k J \ n — r 2 — i J \ I 



n k+i-j-l ryri+r 2 Y 
v r / -i •. m —ri—k+n-r 2 -i rr m+n-j-lf-i rr\ k +i_ 

X (ife-j)!(i-0! ( } ( } ~^T" 

The general operational formula for the extended Jacobi-Pineiro polynomials -R^m" 1 '" 2 {x,p) is obtained 
by combining (2), (6) and (7). 

Theorem 3 For the extended Jacobi-Pineiro polynomials ift^ 01 '" 2 (x,p) we have the following general 
operational formula: 

rn n / \ / \ 

E E )( )(-ir +m - ri - r2 ^ 1+r2 (n + m + a + ai+ri+r 2 + l)„_ r2 (8) 

r 1= 0r 2 =0 ^ riy ^ ^ r2 ^ 

x(n + m + a a + a 2 + r 1 + l) m -r 1 I&£^l ai ^ 1 ^' a ' +ri) (x,p)D'-*+ r '(Y) 

n 

= j J [(x — x 2 )D — (ao + ai + 2k)x 4- p(^c — .x 2 ) + «i + k] 
fc=i 

771 

xj|[(i- x 2 )D - (a + n + a 2 + 2j)x+p(x - x 2 ) + a 2 + j] Y, 
where Y is sufficiently differentiable function with respect to x. 
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Setting p = in Theorem 3 we get: 

Theorem 4 For the J acobi- Pineiro polynomial -Pn^,'" 1 ' we have the following general operational 
formula: 

E E ( W )( n )(-l) n+m " ri " r2 ^ 1+r2 (^ + ^ + "o + ai+r 1+ r 2 + l)„_ r2 (9) 

n=Or 2 =o ^ Tl ' \ r2 ' 

x(n + m + aQ + a 2 +r 1 + l) m ^ ri P^Zt?; ai+ri+ ^ a2+ri \x)D r ^(Y) 

n m 

= Y[[(x - x 2 )D - (a + ai + 2k)x + a x + k] \\[{x - x 2 )D - (a + n + a 2 + 2j)x + a 2 + j] Y, 
k=\ j=i 

where Y is sufficiently differentiable function with respect to x. 
Setting Y — 1 in (8), we obtain the following theorem. 

Theorem 5 For the extended J acobi- Pineiro polynomials -R^m" 1 '" 2 {x,p) we have the following opera- 
tional formula: 

(-l) n+m (n + m + a + <x x + l) n (n + m + a + a 2 + l) m i2£$ Ql>aa) (a;,p) (10) 

n 

= TT [(x - x 2 )D - (a + ct\ + 2k)x + p(x - x 2 ) + ct\ + k] 
fe=i 

rn 

x TT[(a; - x 2 )D - (a + n + a 2 + 2j)x + p(x - x 2 ) + a 2 + j].l . 

3 = 1 

Moreover for each suitable choice of the sufficiently differentiable function Y, various operational 
formulas can be proven for the polynomials -Rn"™" 1 '" 2 (x,p). 

3 Applications of Operational Formula 

In this section we will derive some recurrence relations for the polynomials ift'm" 1 ' 02 (x,p). 
If we consider the operational formula (8) we get 

Y[ [(x - x 2 )D - (a + ai + 2k)x + p(x - x 2 ) + ai+k] (II) 

fe=i 

m 

x TT[(a; — x 2 )D - (a Q + n + a 2 + 2j)x + p(x - x 2 ) + a 2 + j] x 

3 = 1 

= (-l) n+m x(n + m + a + ai + l) n (n + m + a + a 2 + i) m Rfyi ai ' aa) (x,p) 
+ (-l) n+m - 1 mlx(n + m + a + ai + 2)„(n + m + a + a 2 + 2) m _iR^i ai+1 ' a2+1 \x,p) 
+ (-IT+^nlxin + m + a Q + ai + 2) n _i{n + m + a Q + a 2 + l) m R^^ ai+1 ' a2) (x,p). 
By the equation (6) we can easily obtain the following two relations: 

n 

JJ [{x -x 2 )D- (a + ai + 2k)x + p(x - x 2 ) + on + fc] (12) 

fe=i 

TCI 

x I I [[x — x )D — (pto + n + a 2 + 2j)x + p{x — x ) + cn 2 + j] x 

= {-l) n+m x(n + m + a + ai + 2)„(n + m + a + a 2 + 2) m R^ n ai+1 ' a2+1) (x,p), 
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and 

n 

Y[ [(x - x 2 )D - (a + «i + 2k)x + p(x -x 2 )+a 1 + k] (13) 

fe=i 

m 

x II [( x - x2 ) D - ("o +n + a>2 + 2j)x + p(x - x 2 ) + a 2 + j] (1 - x) 

i=i 
= (-l)" +m (l - x){n + m + a +«i+ 2)„(n + m + a + a 2 + 2) m R^ 1 > a ^ a2 \x,p), 

respectively. 

Equating (11) and (12) we have the following relation: 

Rt° m aua2 \x, P ) 

= r~ } n+ r + X(V n +\ ^A {n + m + ao + a2 + m + l)R^ + ^\x,p) 
[n + to + a + a,\ + l)(n + to + a + a 2 + 1) 

+ rr7lfi ,( " + 1 ^ 1+1 '" 2+1) ('r n) I ^ + W + "" + — + ^ n' p(»o+ 1 ."i+ 1 .»2) / si 
+ m """."-i l ' Pj+ (n + m + a + ai +n+l) K "- 1 ' m ^' WJ ' 

Also, adding (11) and (13), we have the following recurrence relation 

{l-x)R£% ai > a *\x,p) 

(n + to + an + ai + n + 1) ., . , < ,-„ ,i „ „ \ , 

= (n + m + ao + a t + l)(n + m + a + a 2 + 1} [(* + ™ + «o + a, + ™ + 1)(1 - s)iff °+^) (3! ,r) 

- mteflft l t i r +i ' aa+i) (*,p) - /; + " +a : + i + ^^ :^i-t^ i+i " 2) (^p)]. 

(n + to + a + oli + n + 1) 

Furthermore, combining (12) and (13) gives 

D( ao , ai , a ,), (n + to + a Q + ai + n + l)(re + to + a + a 2 + to + 1) 

[n + to, + ao + «i + l)(n + to, + ao + a 2 + 1) 

x (xRi a X 1+ha2+1) (x,p) + (1 - aOi#* +1,Ql>aa) (*,P)) . 

Remark 6 Setting p = in the above recurrence relations we can get the corresponding relations for the 
Jacobi-Pineiro polynomial Pn^m" 1 '" 2 ■ 

4 Generating Function 

In this section we obtain generating function for the polynomials Rn,m ai,a2 (x,p). We start with the 
following theorem. 

Theorem 7 Let the polynomials Ri^m" 1 '" 2 (x,p) be defined by (1). Then we have 

oo oo | h ) | J2 \ 

E E (" 1 ) n+ro («o + ai + l)„(a + a 2 + \) m R^- m ^^\x lP ) ^~ x) ^ x (14) 

(1 - x)- ao 



n\ to 

n— m— 



1 e ( 1 -*i)( 1 -*2) 

(i-t 1 ) 1+ai (i-t 2 ) 1+aa V (i-ti)(i-fa) 

Proof. Considering 

* = V V(-l)" +m K + ai + l)„(a + a 2 + l^ife-"-"-"^^) V '~ *.' K ^\ 

*• — ' *• — ' n\ m. 

n—0 m— 
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then 

* = V V (1 - x)- ao x- ai e- px D n x ai - a2+n D m x a2+m (l - x) aa e px ±—, 
^ ^ y J K ' n\m\ 

n— m=0 

= (1 - ^-"ox-^e-i" V ZW^+« \—.Y , \L dz% % 

■ J ^ \ 2m ^ J ( z - x ) m+1 to / n! 



n— \ p m— 



27TI J Z — X *— ^ \Z — X 

p ra— v 

(1 — T^-ao -U! -px ^± f 



y-» 



l-t 2 ^-i V l-V v 1-V n! 

n— 

Applying Cauchy integral gives 

iIf _ (l-.x)-»°x-°i e -P* 1 ( / ^ 1 '" 2 (i^)" 2 (l-i^)" Q e TJ ^ y./ gti \" 

1 — to 27ri / z — a; ^— ^ \ z — x J 

c 2 n=0 



(1 - x)-"° 



(1 - t!)l+«i(l - i 2 )l+«2 V (1 - *l)(l - *2) 



e (i-*i)(i-*2) 



where Ci is a circle in the complex z— plane along the negative real axis, (centered at z = 1- f t ) with 
radius e > 0, which is described in the positive direction and the closed contour C 2 is a circle in the 
complex 77— plane, cut along the negative real axis and it is a circle (centered at r\ = 1 x t ) of sufficiently 
small radius. ■ 

Remark 8 Letting p — in (14) 7 we 9 e t the generating function for Jacobi- Pineiro polynomials Pn*m 1,a2 . 

Furthermore, using the generating relation (14) gives the following recurrence relation. 
Theorem 9 For the polynomials -Rn"™" 1 '" 5 (x,p), we have 

(-l)"+ m K + A, + «i + Px + 2)n(«o + Po + "2 + /? 2 + 2) m i?^o-"- m '« 1 +^+ 1 ^+^+ 1 )( a; ,p) 

= SS (") (?) (- 1 )" + " l ( a + "1 + l)n-r(a + «2 + l)m-K^0 + £l + l)r(^0 + ^2 + 1)/ 

r=0 Z=0 ^ r ^ ^ ' 

T)(a -n-r-m-l,a 1 ,a 2 )/ P\ r,(P a -r-l,l3 1 ,fi 2 ) , P, 
XU n-r,m-l \ X ^) tt r,l \ X >^)- 
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Proof. Taking (14) into consideration we have 

oo oo 

J2 E (-l)" +m («o + ft, + "i + £i + 2)„(oo + ft, + a 2 + /3 2 + 2) 



ro=0 m— 



(\ n / \ i 



n! to! 



(1 - x)~ Qo_/3 ° / x \«o+/3 pa; (l-(l- tl )(l-t 2 )) 

' l e (i-t 1 )(i-t 2 ) 



(1 - t!)2+ai+^i (1 - i 2 )2+« 2 +/3 2 y (1 _ tl )(l _ t 2 ) 

fl _ a;)-ao / x \ a ° ^x(l-(l- tl )(l-t 2 )) 

= ^ '- 1 e (i-*i)(i-*2) 

(i - *i)i+°i(i - t 2 y+^ { (i - ti)(i - h)) 

(l — X^-Po ( x \ l3 ° JHi-a-'iK 1 -^)) 

x 1 e (i-'i)(i-*2) 

(i - tiy+ei (i - t 2 y+P2 { (i - ti)(i - 1 2 ) ) 

oo oo 

= EE (-l)" +m K + ai + l)n(ao + " 2 + l)™^"-™'™^, S^T 

n— m— 

( U \ I I 



1-x 



oo oo 
r=0 i=0 






Taking n — > n — r and to — > to — I, we get 



oo oo n m 



Z^Z^ZJ -1 ) ("0 + «1 + l)n-r(a0 + ^2 + l)m-i-R„_ r ,„_; ' (x, -) 

n=0m=0r=0 1=0 



2 r!(n — rj! /!(m — /)! 
Hence the result. ■ 
References 

[1] W.V. Assche, E. Coussement, Some classical multiple orthogonal polynomials, J. Comput. Appl. 
Math. 127(2001) 317-347. 

[2 
[3 

[4; 

[5 
[6 

[7 
[8 
[9 



S.K. Chatterjea, A generalization of Laguerre polynomials, Collect. Math. 15(1963) 285-292. 
S.K. Chatterjea, On a generalization of Laguerre polynomials, Rend. Semin. Mat. Univ. Padova 
34(1964) 180-190. 

S.K. Chatterjea, H.M. Srivastava, A unified presentation of certain operational formulas for the Jacobi 
and related polynomials, Appl. Math. Comp., 58(1993) 77-95. 

H.W. Gould, A.T. Hopper, Operational formulas connected with two generalization of Hcrmite poly- 
nomials, Duke Math. J., 29(1962) 51-64. 

C. Kaanoglu, M.A. Ozarslan, Some properties of generalized multiple Hermite polynomials, J. Comp. 
Appl. Math., in press. 

M.A. Ozarslan, C. Kaanoglu, Some generalization of multiple Laguerre polynomials via Rodrigucs 
formula, Ars Combinatoria, in press. 

J. P. Singhal, CM. Joshi, On the unification of generalized Hcrmite and Laguerre polynomials, Indian 
J. Pure Appl. Math., 13(8) (1982) 904-906. 

H.M. Srivastava, J. P. Singhal, A class of polynomials defined by generalized Rodrigues' formula, Ann. 
Mat. Pura Appl, 90(1971) 75-85. 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 14, NO.6, 1103-1111 , 2012, COPYRIGHT 2012 EUDOXUS PRESS, LLC 



FIXED POINTS AND STABILITY OF ADDITIVE FUNCTIONAL 
EQUATIONS ON THE BANACH ALGEBRAS 

YEOL JE CHO, JUNG IM KANG, AND REZA SAADATI 

Abstract. Using fixed point methods, we prove the generalized Hyers-Ulam sta- 
bility of homomorphisms in Banach algebras and of derivations on Banach algebras 
for the additive functional equation 



i— 1 j=\,j^i i—1 i—1 



for all m € N with m > 2. 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam 
[13] concerning the stability of group homomorphisms: 

Let (Gi, *) be a group and (G 2 , o, d) be a metric group with the metric d(-, •). For 
any e > 0, does there exist a 8(e) > such that, if a mapping h : G\ — > G 2 satisfies the 
inequality d(h(x * y), h(x) o h(y)) < 5 for all x, y G Gi, then there is a homomorphism 
H : Gi ->• G 2 with d(h(x), H(x)) < e for all x G G-yl 

If the answer is affirmative, we would say that the equation of homomorphism 
H(x*y) = H(x)oH(y) is stable. The concept of stability for a functional equation arises 
when we replace the functional equation by an inequality which acts as a perturbation 
of the equation. Thus the stability question of functional equations is that how do the 
solutions of the inequality differ from those of the given functional equation? 

Hyers [4] gave a first affirmative answer to the question of Ulam for Banach spaces 
as follows: 

Let X and Y be Banach spaces. Assume that / : X — > Y satisfies \\f{x + y) — 
f(x) — f(y) || < e for all x, y G X and some e > 0. Then there exists a unique additive 
mapping T : X — > Y such that \\f(x) — T(x)\\ < e for all x G X. 

Rassias [9] provided a generalization of Hyers' Theorem which allows the Cauchy 
difference to be unbounded in the following: 
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Theorem 1.1. Let f : E — >■ E' be a mapping from a normed vector space E into a 
Banach space E' subject to the inequality 

||/(a; + y) - f( x ) - /(„)|| < e (\\ x \\P + || y ||P) (1.1) 

for all x,y G E, where e and p are constants with e > and p < 1. Then the limit 

u x \ = i im WlA 

exists for all x G E and L : E —¥ E' is the unique additive mapping which satisfies 

\\f(x) - L(x)\\ < 2^\\x\\ p 

for all x G E. Also, if for each x G E the function f(tx) is continuous in t G K, then 
L is R- linear. 

The above inequality (1.1) has provided a lot of influence in the development of what 
is now known as a generalized Hyers- Ulam stability of functional equations. Beginning 
around the year 1980 the topic of approximate homomorphisms or the stability of the 
equation of homomorphism, was studied by a number of mathematicians. Gavruta 
[3] generalized the Rassias' result. The stability problems of several functional equa- 
tions have been extensively investigated by a number of authors and there are many 
interesting results concerning this problem (see [5], [10]-[12]). 

Theorem 1.2. [6, 7, 8] Let X be a real normed linear space and Y a real complete 
normed linear space. Assume that f : X -> Y is an approximately additive mapping 
for which there exist constants 9 > and p G R —{1} such that f satisfies inequality 
\\f(x + y) — f(x) — f(y)\\ < 9 ■ \\x\\2 ■ \\y\\ 2 for all x,y G X. Then there exists a unique 
additive mapping L : X — )> Y satisfying \\f(x) — L(x)|| < \ 2 p-2\ W x \\ P f or a ^ x ^ X. 
If, in addition, f : X — >■ Y is a mapping such that the transformation t — > f(tx) is 
continuous in t G M. for each fixed x G X , then L is an ^-linear mapping. 

We recall a fundamental result in fixed point theory for our main results. 

Let X be a set. A function d : X x X — > [0, 00] is called a generalized metric on X 
if d satisfies 

(1) d(x, y) — if and only if x — y\ 

(2) d(x,y) = d(y,x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Theorem 1.3. [2] Let (X, d) be a complete generalized metric space and J : X — >■ X be 
a strictly contractive mapping with Lipschitz constant L < 1. Then, for any element 
x G X , either d(J n x, J n+1 x) = 00 for all nonnegative integers n or there exists a 
positive integer n such that 

(1) d(J n x, J n+l x) < 00 for all n > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X | d(J n °x, y) < 00}; 

(4) d(y, y*) < j^d(y, Jy) for allyeY. 
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This paper is organized as follows: In Section 2, using the fixed point methods, we 
prove the generalized Hyers-Ulam stability of homomorphisms in Banach algebras for 
the Cauchy functional equation. In Section 3, using the fixed point methods, we prove 
the generalized Hyers-Ulam stability of derivations on Banach algebras for the Cauchy 
functional equation. 

2. Stability of homomorphisms in Banach algebras 

Throughout this paper, assume that A is a complex Banach algebra with norm \\-\\a 
and B is a complex Banach algebra with norm || • \\ B . 

For a given mapping / : A — > B, we define 

m m m m 

D^f(x u --- ,x m ) := ^2nf{mxi+ ^ xA + /j,f(J2 x i) ~ 2 f(l J 'J2 mx i) 

i=l j=l t jj^i i=l i=l 

for all fj, G T 1 := \y G C : \v\ — 1} and xi, ■ • ■ ,x m G A. 

Note that a C-linear mapping H : A — > B is called a homomorphism in Banach 
algebras if H satisfies H{xy) = H(x)H(y) for all x,y G A. 

We prove the generalized Hyers-Ulam stability of homomorphisms in Banach alge- 
bras for the functional equation D tM f(xi, • • • , x m ) = 0. 

Theorem 2.1. Let f : A — )■ B be a mapping for which there are functions tp : A m — > 
[0, oo) and ip : A 2 — >■ [0, oo) such that 



lim m • , (p(m J xi, • • • , m J x m ) 

j— >oo 


=z 


o, 


(2.1) 


II D li f(x u --- ,x m )\\ B 


< 


V?(xi,--- ,x m ), 


(2.2) 


\\f(xy)-f(x)f(y)\\ B 


< 


VK^y), 


(2.3) 


lim m~ 2 ^(m^x,mPy) 


= 





(2.4) 



/or aW/x G T 1 andxi, ■ ■ ■ ,x m ,x,y G A. If there exists L < 1 snc/i thatip(mx, 0, • • • ,0) < 
mLip(x, 0, • • • ,0) /or a// i6A, £/jen there exists a unique homomorphism H : A — ?> B 
such that 



\\f(x) - H(x)\\ B < ?-— (^(x, 0, - - ■ , 0) (2.5) 

771 — Tfllj 



for all x E A. 



Proof. Consider the set X := {g : A — > B} and introduce the generalized metric on 
X as follows: 

d(g, h) = inf {C G R+ : \\g(x) - h(x) \\ B < Cip(x, 0, • • • , 0), Vi G i}. 

It is easy to show that (X, d) is complete. 

Now, we consider the linear mapping J : X — > X such that Jg{x) := —g{mx) for 
all igA. By Theorem 3.1 of [1], d(Jg, Jh) < Ld(g, h) for all g,h G X. Letting \x = 1, 
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x — x\ and X2 = ■ ■ ■ = x m = in (2.2), we get 



for all x G A and so 



\\f(mx) -mf(x)\\ B < (p(x,0,--- ,0) 



||/(x)-l/(mx)|| B <-^,0,---,0) 
m m 



(2.6) 



for all x G A. Hence d(f,Jf) < —. Thus, by Theorem 1.3, there exists a mapping 
H : A — > B such that 

(1) H is a fixed point of J, i.e., 

H{mx) = mH(x) (2.7) 

for all x £ A. The mapping H is a unique fixed point of J in the set 

Y = {geX:d(f,g)<oo}. 

This implies that if is a unique mapping satisfying (2.6) such that there exists C G 
(0, oo) satisfying 

\\H(x)-f(x)\\ B <Cip(x,0,--- ,0) 
for all x & A; 

(2) d(J n f, H) — > as n — > oo. This implies the equality 



lim K^l = H(x) 



(2.1 



for all igA; 

(3) d(f,H) < jzzd(f,Jf), which implies the inequality d(f,H) < } L ■ This 
implies that the inequality (2.5) holds. 

It follows from (2.1), (2.2) and (2.7) that 

m m m m 

y^ Hjmxj + y^ Xj) + Hi^^Xi) — 2H(^2 m x 

i=l j=l t jy^i i=l j=l 



lim 

n— >oo 772 ra 
1 



^/(m n+1 ^+ £ m%) + /(^m"a; l )-2/(^m ra+1 x l 



i=i 



i=i 



i=l 



< lim 09(m n a;i, • • • , m n x m ) = 

for all xi, • • • , x m G A and so 



£if(roa; i + £ ^+^^ = 2^ 



mi; 



(2.9) 



i=l 



i=l 



i=l 



3=1, 3& 

for all #i, • • • ,x m G A. 

By a similar method to above, we get 

lxH{mx) = H(m(j,x) 

for all \x G T 1 and x E A. Thus one can show that the mapping H : A — > B is C-linear. 
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Finally, it follows from (2.3) that 

\\H{xy) - H{x)H{y)\\ B = \im \\\f\m n xy) - f{m n x)f\m' 

lib 

1 

< lim ih(m n x,m n y) = 

for all x,y G A and so H(xy) = H(x)H(y) for all x,y G A. Thus H : A — )■ B is a 
homomorphism satisfying (2.5). This completes the proof. □ 

Corollary 2.2. Let r < 1 and 6 be nonnegative real numbers and f : A — >■ B be a 

mapping such that 

\\DJ( Xl ,--- ,x m )\\ B < d-(\\x 1 \\ r A + \\x 2 \\ r A + --- + \\x m \\ r A ), (2.10) 

\\f(xy)-f(x)f(y)\\ B < 9.(\\x\\ A .\\y\\ r A ) (2.11) 

for all \x G T 1 and x\, ■ ■ ■ ,x m ,x,y G A. Then there exists a unique homomorphism 
H : A ->■ 5 snc/i i/iai 



||/(x)-/f(x)|| B < -|« 

m — m r 



for all x £ A. 



Proof. The proof follows from Theorem 2.1 by taking 

(p(xi,--- ,X m ) = 9 ■ (\\x 1 \\ A + ||x 2 ||^H h H^mll^); 

^(x,y)^e-(\\x\\ r A .\\y\\ A ) 

for all x±, ■ ■ • , x m , x,y G A and L = rrf^ 1 . D 

Theorem 2.3. Let f : A — >• B be a mapping for which there are functions tp : A m — > 
[0, oo) and ip : A 2 — >■ [0, oo) stic/i t/iat 

lim m J (^(m~ J ii, • ■ ■ , m~ J i m ) = 0, (2-12) 

\\D fi f(x 1 ,--- ,x m )\\ B < <p(xi,--- ,x m ), (2.13) 

\\f(xy)-f(x)f(y)\\ B < 1>(x,y), (2.14) 

lim m^ipOm^x, m~ j y) = (2-15) 

for all fi G T 1 andxi, ■ ■ ■ ,x m ,x,y G A. If there exists an L < 1 snc/j that<p(x, 0, • • • ,0) < 
—(p(mx, 0, • • • ,0) /or a// x6i, i/ien i/iere exists a unique homomorphism H : A — > Z? 
sttc/i t/iat 

||/(x) - if (*) || B < <p(x, 0, • • • , 0) (2.16) 

for all x E A. 
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Proof. We consider the linear mapping J : X — > X such that 

x 



Jg(x) := mg 



m 



for all x £ A. It follows from (2.6) that 



x 



f(x) -mf(-) 



m 



<p(-,0,---,0) <-<p(x,0,~-,0) 



for all x G A. Hence d(f, J f) < ^. 

By Theorem 1.3, there exists a mapping H : A — >■ B such that 

(1) H is a fixed point of J, i.e., 

H(mx) = mH(x) (2.17) 

for all x £ A. The mapping H is a unique fixed point of J in the set 

Y = {geX:d(f,g)<oo}. 

This implies that if is a unique mapping satisfying (2.13) such that there exists C G 
(0, oo ) satisfying 

\\H(x)-f(x)\\ B <Cif(x,0,---,0) 

for all x £ A; 

(2) d(J n f, H ) — > as n — > oo. This implies the equality 

lim m n f(— ) = H(x) 

n-s>oo J rn n 

for all x G A; 

(3) d(f,H) < j^-jrd(f, Jf), which implies the inequality 

d(f,H)< L 

m — mL 

which implies that the inequality (2.16) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. This completes the 
proof. □ 

Corollary 2.4. Let r > 1 and 9 be nonnegative real numbers and f : A — >■ B be a 
mapping such that 

||iV(xi,...,a; m )||B < 0-(\\x 1 \\ r A +\\x 2 \\ T A + --- + \\x m \\ r A ), (2.18) 

\\f(xy)-f(x)f(y)\\ B < e.(\\x\\ A .\\y\\ A ) (2.19) 

for all fi G T 1 and xi, • ■ • ,x m ,x,y G A. Then there exists a unique homomorphism 
H : A — >• B such that 

\\f{ x )-H{x)\\ B <^—M r A 
m r — m 

for all x G A. 
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Proof. The proof follows from Theorem 2.1 by taking 

(p(xi,--- ,x m ) = 9 ■ (\\x 1 \\ r A + ||x 2 ||^H h II^^Ha), 

i/j(x,y) :=9 ■ (\\x\\ r A - \\y\\ r A ) 
for all Xi, • • • , x m , x,y E A and L = m 1 ~ r . D 

3. Stability of derivations on Banach algebras 

Note that a C-linear mapping 5 : A — > A is called a derivation on A if 5 satisfies 
S(xy) = S(x)y + xS(y) for all x,y E A. 

We prove the generalized Hyers-Ulam stability of derivations on Banach algebras 
for the functional equation D IJj f(xi, • • • , x m ) = 0. 

Theorem 3.1. Let f : A —¥ A be a mapping for which there are functions tp : A m — > 
[0, oo) and tp : A 2 — >■ [0, oo) such that 

lim m~ J ip(m :, Xi, ■ ■ ■ ) m 3 x rn ) = 0, (3-1) 

\\Dpf(xir ■■ ,x m )\\ A < (p(xi,--- ,x m ), (3.2) 

\\f(xy)-f(x)y-xf(y)\\ A < ^x,y), (3.3) 

lim m~ 2 ^ij}{rnPx,mPy) = (3-4) 

for all (J, G T 1 andxi, • • • , x m , x,y G A. If there exists an L < 1 such that ip(mx, 0, ..., 0) < 
mLip(x, 0, • • • ,0) for all x E A. Then there exists a unique derivation 5 : A — > A such 
that 

\\f(x) - S(x) \\ A < ^Vi*, 0, • • • , 0) (3.5) 

for all x G A. 

Proof. By the same reasoning in as the proof of Theorem 2.1, there exists a unique 
C-linear mapping 5 : A — > A satisfying (3.3). The mapping 5 : A — > A is given by 

S(x) = lim f^A (3. 6 ) 

for all x G A. It follows from (3.3), (3.4) and (3.6) that 
\\S(xy) - S(x)y - x5(y)\\ A 



X 
= lim — —\\f(m 2n xy) - f(m n x) ■ m n y - m n xf(m n 

< lim — —ib(m n x,m n y) = 



A 



for all x,y E A and so 

S(xy) = S(x)y + x8(y) 

for all x,y E A. Thus 8 : A — > A is a derivation satisfying (3.5). This completes the 
proof. □ 
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Corollary 3.2. Let r < 1 and 9 be nonnegative real numbers and f : A — >■ A be a 
mapping such that 

||-D M /(zi, • • • ,x m )\\ B < • (\\xi\\a -\ H^mH^)) ( 3 - 7 ) 

\\f(xy) - f(x)y - xf(y)\\ A < 0- (\\x\\ A ■ \\y\\ A ) (3.8) 

for all /i G T 1 and xi, • • • , x m , x,y G A. Then there exists a unique derivation 5 : A — > 
A such that 

\\f( x )-S{x)\\ A <—^\\x\\ r A 
m — m r 

for all x G A. 

Proof. The proof follows from Theorem 3.1 by taking 

(fi(xi,--- ,x m ) := 9 ■ (H^iIIaH Ikmll^) 

and 

i/j(x,y) :=9- (\\x\\ r A - \\y\\ r A ), 
for all Xi, • ■ • ,x m ,x,y G A and L = rrf^ 1 . □ 

Theorem 3.3. Let f : A — >■ B be a mapping for which there are functions tp : A m — > 
[0, oo) and ip : A 2 — >■ [0, oo) such that 

lim m^(m" J a;i, ■ ■ ■ ,m" J a; m ) = 0, (3.9) 

\\D^f(x 1 ,--- ,x m )\\ B < <p(xi,--- ,x m ), (3.10) 

\\f(xy)-f(x)y-xf(y)\\ B < 1>(x,y), (3.11) 

lim m 2j V'(m~' ? x, m~^y) = (3-12) 

/or aW/i G T 1 andx±, ■ ■ ■ ,x m ,x,y G A. If there exists an L < 1 s«c/i thatip(mx, 0, • • • ,0) < 
—<p(x, 0, • • • ,0) /or a// £ G A Then there exists a unique derivation 5 : A — > A such 
that 

\\f(x) - 8(x) \\ B < — Mx, 0, • • • , 0) (3.13) 

for all x G A. 

Proof. The proof is similar to the proofs of Theorems 2.3 and 3.1. □ 

Corollary 3.4. Let r > 1, 9 be nonnegative real numbers and f : A — >■ A be a mapping 
such that 

\\D li f(x u ---,x m )\\ B < e-(\\x 1 \\ A + ---\\x m \\ A ), (3.14) 

\\f(xy) - f(x)y - xf(y)\\ A < 9- (\\x\\ r A ■ \\y\\ A ) (3.15) 

for all /iGT 1 and x±, ■ ■ ■ , x m , x,y G A. Then there exists a unique derivation 5 : A — > 
A such that 

\\f(x)-S(x)\\ A <^ 9 —\\x\\ A 

m r — m 
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for all x G A. 

Proof. The proof follows from Theorem 3.3 by taking 

ip(xi,--- ,x m ) := 9 ■ (Hxill^H Ikmll^) 

and 

ip(x,y) :=6- (\\x\\ r A - \\y\\ r A ), 
for all x±, ■ ■ • , x m , x,y G A and L = m l ~ r . D 
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Abstract 

In this article, we present some criteria for the oscillation of the second order nonlinear 
neutral differential equation 

(r(t)([(x(t))+p(t)x(T(t))}yy + q(t)xi(a(t)) = 0. 

We use the oscillation results of the first order equation to establish that of second order 
equation. 

Keywords: Oscillation, neutral differential equation, second-order. 

1 Introduction 

In this article, we consider the second order neutral differential equation 

(r(t)([x(t)+p(t)x(r(t))]ry + q(t)x"(a(t)) = 0, (I) 

where q(t) G C([t , oo), (0, oo)), r(t),r(t) and a(t) G C l ([to, oo), (0, oo)) with r(t),cr(t) ->■ oo 
as t — > oo, p(t) G C 1 ([to, oo), [0, oo)) with pit) ^ po < oo, and 7 ^ 1 is ratio of odd positive 
integers. In addition, suppose that the following conditions are also satisfied: 

(#1) r'(t) > r > 0, too = a or, 

(H 2 ) R(t) = /* -£- -»■ 00 as t ->■ 00. 

r 1 (s) 

By a solution of (1) we mean a nontrivial reel valued function which has the properties 
x(t) + p(t)x(r(t)) G C^f^oo^R), r(t)([x(t) + p(t)x(T(t))]')~< G C^Qt^oo),^) and (1) is sat- 
isfied for t ^ t\ ^ to. A solution of (1) is said to be oscillatory if it has arbitrarily large zeros, 
otherwise, it is said to be nonoscillatory. The equation (1) is called oscillatory if all of its 
solutions are oscillatory. 

Numerous oscillation results have been obtained for the second order neutral delay differ- 
ential equations. Grammatikopoulos et al.[l] considered the second order linear neutral delay 
equation 

(y(t) + p(t)y(t - r))" + q(t)y(t -5)=0, t > t (2) 
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and they proved that if q(t) > 0, ^ p(t) < 1, and 

q{s)(l — p(s — S))ds = oo, 



to 

then every solution of (2) oscillates. Graef et al. [2] considered the second order nonlinear 
neutral delay equation 

(y(t)+p(t)y(t-r))" + q(t)f(y(t-5))=0, t > t , (3) 

which is more general than (2), and they proved that if q(t) > 0, ^ p(t) < 1, and 



q(s)f((l — p(s — S))c)ds = oo, c > 

to 

then every solution of (3) oscillates. Later Grace and Lalli [3] studied more general equation 
of the form 



r(t)[x(t) + p(t)x(t - r)]')' + q(t)f(x(t - a)) = 0, (4) 

ds 
r(s) 



under the conditions ^^- ^ k, f°° -4^ = oo, and 

x -^ 'J r[s) 



/ P\s)q(s)(l - p(s - a)) ^— ds = oo, 

they proved that (4) is oscillatory. Baculikova and Dzurina [4] studied neutral differential 
equation 

(r(t)[x(t)+p(t)x(r(t))]'y + q(t)x(a(t)) = 0, (5) 

under the condition ^ p(t) ^ po < oo, r'(t) ^ r > 0, tog = aor and R(t) = f t 4^ — > oo 
as t — > oo. Our results originated from results of Baculikova and Dzurina [4]. We note that 
when 7 = 1 in (1) we get (5) therefore our results improve and generalize that of in [4]. For 
some other oscillation results we refer the reader to the papers [5-7] and the references cited 
therein and related books [8-10]. 

2 Main Results 

Let us use the following notations for convenience: 
y(t) = x{t) + p(t)x(r(t)) and Q(t) = min{q(t), q(r(t))}. 

Lemma 1. Assume that (H 2 ) holds. Let x(t) be an eventually positive solution of (1), then 
there exists a t\ such that 

y(t)>0, r(t)(y'(t)r >0, (r(t)(y'(t)y)' < (6) 

fort ~^t x . 
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Proof. Since x(t) is an eventually positive solution of (1), in view of property of a(t) there 
exists a t\ ^ t such that x(a(t)) > for t ^ t±. Then it follows from (1) that 

(r(t)(y>(t)yy = - q (t)x^a(t)). (7) 

Because of postitive nature of q(t), from (7) r(t)(y l (i)) 1 is strictly decreasing for t ^ t\. Thus 
we can have either y'(t) > for t ^ ti or ?/(£) < for £ ^ £ 2 ^ *i- Suppose ?/(£) < for 
t ^ t 2 ^ ti, then there exists a c > such that 

r(t)(y / (t)r<-c<0. (8) 

Dividing (8) by r(i), taking 7 root of both sides and integrating from £2 to t, respectively, we 
obtain 

?/(£) ^ 2/(i 2 ) — c / — > — 00 as £ — )> 00, 

it 2 r : i'(s) 

which contradicts the positive nature of y(t) and therefore y'(t) > for t ^ t±. Thus the proof 
is complete. □ 

Theorem 1. Assume that the first order neutral differential inequality 



Pq 



7 



' , Q(t) 



w(t) + '—w(r(t)) + ^(R(a(t)) - R( tl ))M*(t)) < (9) 

TO / Z 

has no positive solution, then (1) is oscillatory. 

Proof. Assume that x(t) > is a solution of (1). Then y(t) satisfies 

[y(a(t))y = [x(a(t)) + p(a(t))x(r(a(t)W 
< [x(a(t)) + p x(a(r(t)W 

^ 2' r - 1 [x^a(t))+ Po V(a(T(t)))}- (10) 

On the other hand, using (1) and (Hi), we have 

(r(t)( y '(t)yy + q(t)xi(a(t))=0, (11) 

or 

= ^(r(r(t))(y'(r(t))y)'+ Po ^ q (r(t))x^(a(r(t))) 

2 P -^(r(r(t))(y\r(t))yy+p^ q (r(t))x\a(r(t))). (12) 

to 

Combining (11) and (12), we see that 

(r(t)(y'(t)yy + P -^(r(T(t))(y'(r(t))yy + p^q(r(t))x\a(r(t))) + q(t)x\a(t)) < 0. (13) 

TO 

Taking (10) into account and using (13), we obtain 

(r(t)(y'(t)yy + P -^(r(r(t))(y'(r(t))yy + ^>(t)) < 0. (14) 

To 2. 
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Moreover, since w(t) = r(t)(y' (t)) 1 > is decreasing from Lemma 1, we obtain the following 
inequality 



* 1 /"* 1 



w^tXRW-Rih)). (15) 



r V7( s )^ ' "^ W L r V7( 5; 



Using (15) into (14) we see that w(t) is a positive solution of (9) which contradicts our 
assumption and completes the proof. 

□ 

Theorem 2. Assume that r(t) ^ t. If the first order differential inequality 

z'(t) + ( — ^ M(RWt)) - R( tl )yz(a(t)) < (16) 

has no positive solution, then (1) is oscillatory. 

Proof. Assume that x(t) > is a solution of (1). We know from Lemma 1 and the proof 
of Theorem 1 that w(t) = r(t)(y'(t))' y > is decreasing and it satisfies (9). Let us denote 
z(t) = w(t) + ^-w(r(t)). Since r(t) ^ t, we have 

z(t) < w(t) (l + P — 
V t 

Substituting these terms into (9), we see that z(t) is a positive solution of (16) and therefore 
we have a contradiction which completes the proof. □ 

Corollary 1. Assume that r(t) ^ t and o~(t) ^ t. If 

(17) 



liminf / Q{s)R~<{o-{s))ds> 2 ( ' + Ar) 



then (1) is oscillatory. 

Proof. It is well known that when (17) holds (16) has no eventually positive solutions and 
therefore (1) is oscillatory. □ 

Theorem 3. Assume that r(t) ^ t. If the first order differential inequality 



At) + — ^ ^H(R(*(t)) - RMTziT-Wt))) < 0, (18) 

V to + Po ' J * 

where T _1 (t) is inverse function ofr(t), has no positive solution, then (1) is oscillatory. 

Proof. Assume that x(t) > is a solution of (1). As in the proof of Theorem 1 we see that 
w(t) = r(t)(y'(t)) 1 > is decreasing and it satisfies (9). Let us denote z(t) = w(t) + ^-w(r(t)). 
Since r(t) ^ t, we have 

z{t) < w{r(t)) (l + ^- 
V t 

Using the last inequality in (9), we see that z(t) is a positive solution of (18) and therefore we 
have a contradiction which completes the proof. □ 



To 
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Corollary 2. Assume that <j(t) ^ r(t) ^ t. If 

ft o 7_1 



liminf / Q(s)W(a(s))ds > 



2 (r +Po 7 ) 



then (1) is oscillatory. 

Proof. The proof is similar to that of Corollary 1 therefore it is omitted. □ 

Example 1. Consider the nonlinear neutral differential eqaution 



t 7/e 



x(t) + -x(2t) 



5/3 ^ ' 



229/6 

+ ^sTT^/ 2 ) = °> * ^ X > ( 19 ) 



where 7 = 5/3, r(t) = % and r'(t) = 2^1 = (r ) 1/7 ; p(t) = 1/t < 1 = p , for t > 1. l^e 
tt>i// appfo/ Corollary 1 to (19). 

2io/3 

Q(i) = mm{g(£), g(r(t))} = g(2t) = -^-. 

Jt r( S yh J Q (( s )7/6)3/5 3 

T/ien we get 

5/3 

^ ( v(;> 3/, ° ) 

r(t) c_i ' 00 Jt/2 



ft ft r,10/3 /in \ &/ J 

hminf / g( S )^Ks))rf S = liminf / -VfAM rf s 

*^°° A/2 V 3 / s r o e e 



'i/2 

which guaranties the oscillation of (19). 
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On the fuzzy stability of a generalized Jensen quadratic 

functional equation 

Hassan Azadi Kenary, Choonkil Park and Sung Jin Lee* 

Abstract. Using the fixed point method, we prove the Hyers-Ulam stability of the following generalized 
Jensen quadratic functional equation 

/(*±» + „) + /(«±»-„) + /(^» + „) + /(^J!-„)_«/(,) + «/ W + tf/(,) 

in fuzzy Banach spaces. 



1. Introduction 

The stability problem of functional equations originated from a question of Ulam [28] 
concerning the stability of group homomorphisms. Hyers [10] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was gener- 
alized by Th. M. Rassias [23] for linear mappings by considering an unbounded Cauchy 
difference. 

Theorem 1.1. (Th.M. Rassias) Let f : E — > E' be a mapping from a normed vector 
space E into a Banach space E' subject to the inequality 

||/(a; + y)-/(x)-/(y)||<c(||a;r+||y|n 
for all x, y G E, where e and p are constants with e > and < p < 1. Then the limit 

L(x) = lim ^^ 
exists for all x G E and L : E — > E' is the unique additive mapping which satisfies 

\\m - l(x)\\ < ^wxr 

for all x G E. Also, if for each x G E the function f(tx) is continuous in t G K, then L 
is M.-linear. 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 



°2010 Mathematics Subject Classification: 39B52, 46S40, 34K36, 47S40, 26E50, 47H10, 39B82. 
°Keywords: Hyers-Ulam stability, fuzzy Banach space, generalized Jensen functional equation, fixed 
point method. 

°* Corresponding author 
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2 Fuzzy stability of quadratic functional equation 

is called a quadratic functional equation. In particular, every solution of the quadratic 
functional equation is said to be a quadratic mapping. The Hyers-Ulam stability of the 
quadratic functional equation was proved by Skof [27] for mappings / : X — > Y, where 
X is a normed space and Y is a Banach space. Cholewa [5] noticed that the theorem of 
Skof is still true if the relevant domain X is replaced by an Abelian group. Czerwik [6] 
proved the Hyers-Ulam stability of the quadratic functional equation. 

In this paper, we consider the following generalized Jensen functional equation 

'x — y \ 4 4 



/(V / -^)=^ /( * ) + ^ /(y)+4s2/(z) 



and prove the Hyers-Ulam stability of the functional equation (1.1) in fuzzy Banach 
spaces. 

Jun and Cho [11] proved that a mapping / : X — > Y satisfies the functional equation 
(1.1) if and only if the mapping / : X — > Y is quadratic. Moreover, they proved the 
Hyers-Ulam stability of the functional equation (1.1) in Banach spaces. The stability 
problems of several functional equations have been extensively investigated by a number 
of authors, and there are many interesting results concerning this problem (see [9, 12], 
[19]-[21], [24]-[26]). 

Katsaras [13] defined a fuzzy norm on a vector space to construct a fuzzy vector 
topological structure on the space. Some mathematicians have defined fuzzy norms a 
vector space from various points of view (see [8, 15, 22]). In particular, Bag and Samanta 
[1], following Cheng and Mordeson [4], gave an idea of fuzzy norm in such a manner that 
the corresponding fuzzy metric is of Karmosil and Michalek type [14]. They established 
a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated 
some properties of fuzzy normed spaces [2]. 

2. Preliminaries 

Definition 2.1. (Bag and Samanta [1]) Let X be a real vector space. A function N : 

X x R — ¥ [0, 1] is called a fuzzy norm on X if for all x, y G X and all s, t E R, 

(Nl) N(x,t) =0 fort <0; 

(7V2) x = if and only if N(x, t) = 1 for all t > 0; 

(N3)N(cx,t) = N(x,±) ifc^O; 

(NA) N(x + y,c + t)> min{N(x, s), N(y, t)}; 

(N5) N(x,.) is a non- decreasing function o/R and\m\ t ^ OQ N{x^t) = 1; 

(-/V6) for x 7^ 0, N(x, .) is continuous on R. 
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The pair (X, N) is called a fuzzy normed vector space. The properties of fuzzy normed 
vector space and examples of fuzzy norms are given in (see [17, 18]). 

Example 2.1. Let (X, ||.||) be a normed linear space and a,0 > 0. Then 

( at t>0,xeX 



N(x,t) = I a ' +/3|NI 



is a fuzzy norm on X . 



Definition 2.2. (Bag and Samanta [1]) Let (X,N) be a fuzzy normed vector space. A 
sequence {x n } in X is said to be convergent or converge if there exists an x G X such 
that lim^oo N(x n — x,t) = 1 for all t > 0. In this case, x is called the limit of the 
sequence {x n } in X and we denote it by N — lim^oo x n = x. 

Definition 2.3. (Bag and Samanta [1]) Let (X,N) be a fuzzy normed vector space. A 
sequence {x n } in X is called Cauchy if for each e > and each t > there exists an 
no G N such that for all n > no and all p > 0, we have N(x n+P — x n , t) > 1 — e. 

It is well known that every convergent sequence in a fuzzy normed vector space is 
Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be 
complete and the fuzzy normed vector space is called a fuzzy Banach space. 
We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y is 
continuous at a point x G X if for each sequence {x n } converging to x G X, then the 
sequence {f(x n )} converges to f(x ). If / : X — ¥ Y is continuous at each x G X, then 
/ : X — > Y is said to be continuous on X (see [2]). 

Throughout this paper, assume that X is a vector space and that (Y, N) is a fuzzy 
Banach space. 

Definition 2.4. Let X be a set. A function d : X x X — > [0, oo] is called a generalized 
metric on X if d satisfies the following conditions: 

(1) d(x,y) — if and only if x = y for all i,i/6 X; 

(2) d(x, y) = d(y, x) for all 1,1/6 X ; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X . 

Theorem 2.1. ([3, 7]) Let (X, d) be a complete generalized metric space and J : X — > X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then, for all x G X , 
either 

d{J n x, J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo for all n > n ; 
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(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X : d(J n °x, y) < oo}; 

(4) d(y,y*) < j^d(y, Jy) for all yeY. 

Lemma 2.1. Let X and Y be vector spaces. If a mapping f : X —}Y satisfies /(0) = 
and (1.1) for all x,y,z G X, then the mapping f is quadratic. 

Proof. Letting x — y in (1.1), we get 

/ (^ + sz) + / (^ - sz) + f{sz) + f(-sz) = yj{x) + As 2 f(z) (2.1) 

for all x,z G X. Letting x = in (2.1), we get 2f(sz) + 2f(-sz) = 4s 2 f(z). Setting 
y = —x in (1.1), we obtain 

f(v + sz ) + f(v- sz ) + f ^ sz) + f (- sz) = ^ /(x) + ^ f ^ x) + 4s2/ (z) - 

\r / \r / r r ^ ^ 

By (2.1) and (2.2), we conclude that / is even. And by setting z = in (2.1), we get 
f(f) = £/(s) for all x G X. So we get 

/ (y + sz) + f (y - sz) + /(«) + f(-sz) = 2/ (^) + Af{sz) 
for all x, ,2 G X. Hence we get 

/(|+«)+/(^-«)=v(|)+2/(«) 

for all x, 2; G X. So / is quadratic. □ 

The mapping / : X — >■ Y given in the statement of Lemma 2.1 is called a generalized 
Jensen quadratic mapping. Putting z = in (1.1) with r = 2, we get the Jensen quadratic 
mapping, i.e., 

2/ (5±*)+ 2/ (^) = /(») + /(») 

and putting x = y in (1.1) with r = 2 and s = 1, we get the quadratic mapping, i.e., 

f{x + z) + f(x-z) = 2f(x) + 2f(z). 

3. Fuzzy stability of the functional equation (1.1) 

Throughout this paper, assume that X is a vector space and that (Y, X) is a fuzzy 
Banach space. 
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For a given mapping / : X — > Y, we define 

Df( x , y ,z): = / (5+K + „) + / (£+1! - „) + / (£z» + sz 

\ r ) \ r J \ r 

+ / (^ - sz) - ±f(x) - i/(y) - 4a 2 / (*) 
for all x,y,z G X. 
Theorem 3.1. Lei : X 3 — >■ [0, oo) &e a function such that there exists an L < 1 wit/i 

<P[ Y , Y , Y )<^(x,y,z) 
for all x,y,z G X . Lei / : X — >■ Y~ &e a mapping satisfying /(0) = and 

" Mw,M2 Hb (3 - 1) 

/or a// x,y,z G X ; all t > and r,s/0. JTien 

4\ n //r s 



Q W :=iV-Um(-) /((£)%) 



exists /or eac/i rr G X and defines a unique generalized Jensen quadratic mapping Q : 
X — > Y such that 

/v(/ W -Q W , t) > (8 _ 8 J;^(*,*.or (3 ' 2) 

Proof. Putting x = y and z = in (3.1), we have 

w (v(t)->).«)^«t^ (3 ' 3) 

for all rr G X and £ > 0. Consider the set 

S:={g:X^Y,g(0) = 0} 
and the generalized metric d in S defined by 

d(f,g) = inf L G K + : N(g(x) - h(x),fit) > — -J- -,\/x G X, t > o), 

where inf = +oo. It is easy to show that (S, d) is complete (see [16, Lemma 2.1]). 
Now, we consider a linear mapping J : S —¥ S such that 

Jg(x) := -g (y) 

for all x G X. Let g,h £ S satisfy d(g, /i) = e. Then 

N(g(x) - /i(a;),et) > — - -J- 

t + 4>{x,x, 0) 
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for all x G X and t > 0. Hence 

/ 4 /rx\ 4 / rx\ 

, ,Let 

.,2 



N(Jg(x)-Jh(x),Ut) = Ar(A 9 (^)-ift(^),. 



",(tH (t)->, 



> 



£it 



fLi + 0(f,f,O) 

-2 



> 4"^ 



2 Lt+^L0(a;,a;,O) 



4 " ' ! 
t 



t + 4>(x,x, 0) 
for all a; G X and t > 0. Thus <i(g, h) = e implies that rf( Jg, Jh) < Le. This means that 

d{ Jg, Jh) < Ld(g, h) 

for all g,h £ S. It follows from (3.3) that 



4 „ /rx\ \ 2t 

> 



2t + 0(f,f,O) 
2t 

> 27 

2t + r -^<f)(x, x, 0) 

8t 
_ r^L 

^ + </>{x,x,oy 



Therefore, 



"KMt)^) 



> 



t + (f)(x,x, 0) 



This means, <i(/, J/) < r ~ L 



8 ■ 
By Theorem 2.1, there exists a mapping Q : X — > Y satisfying the following: 

(1) Q is a fixed point of J, that is, 



rx\ r 2 



Q [y) = jQ( x ) ( 3 - 4 ) 

for all x G X. The mapping Q is a unique fixed point of J in the set 

Q = {h e S : d(g,h) < oo}. 

This implies that Q is a unique mapping satisfying (3.4) such that there exists \i G (0, oo) 
satisfying 

N(f(x)-Q(x),nt)> 



t + 4>(x,x, 0) 
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for all x G X and t > 0. 

(2) d(J n f, Q) — > as n — > oo. This implies the equality 

4 



lim JV- 



/((£)%) =Q(*) 



for all rr G X. 

(3) d(/, <5) < I-/ w ^ n / ^ ^' which implies the inequality 

This implies that the inequality (3.2) holds. 

Replacing x,y and z by (|) n a;, (|) n y and (|) n -2, respectively, in (3.1), we get 



iV 



./ 



x + y 



± sz 



+ / 



x-y 



r 



± sz 



4/^-i.. 



,/((0%)-4,V 



> 



> 



:^) n * 



A' 

T .2 , 



»t + 0((n)n a;> (r)n y> (r M 



:4n 



for all x, y, z G X, £ > and all n G N. Since 



4 Nna 



lim 



for all x, y, z G X and all t > 0, we deduce that 



iV(Z>Q(a;,y,*),*) = l 
for all x,y,z G X and all £ > 0. Thus the mapping Q : X — > Y is quadratic, as 
desired. □ 

Corollary 3.1. Let 9 > and Zei p be a real number with p > 2 and < |r| < 2. Lei 
X be a normed vector space with norm \\ • \\. Let f : X — >■ Y be a mapping satisfying 
/(0) = and 

t 



N(Df(x,y,z),t)> 
for all x,y,z G X and all t > 0. Then 



£ + 0(||x||p+ \\y\\ p + \\z\\p) 



(3.5) 



Q(x) := N- lim . , 



Aid' 



X 
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exists for each x E X and defines a generalized Jensen quadratic mapping Q : X — > Y 

such that 

a(op _ \ r \P)t 
N(f(x)-Q(x),t)> - ' ' 



4(2p- |r|p)t + r 2 |r|P6»||a;||p' 

Proof. The proof follows from Theorem 3.1 by taking 

<i>{x,y,z):=0(\\x\\P+\\y\\P+\\z\\P) 

for all x,y, z E X. Then we can choose L — I ^ j and we get the desired result. □ 



Corollary 3.2. Let > and let p be a real number with < p < 2 and \r\ > 2. Let 
X be a normed vector space with norm || • ||. Let f : X — >• Y be a mapping satisfying 
/(0) = and (3.5). Then 

4 \ « / /r s 



/ 4 \ " 

Q(x := JV- lim - / 



2 



exists /or eac/i rr G X and defines a generalized Jensen quadratic mapping Q : X — >■ F 
s«c/i t/iat 

#(/(*) -Q(a;),t)> (I'l"-*')' 



(|r|P-2P)t + r 2 -2P- 2 ^||a;||p' 
Proof. The proof follows from Theorem 3.1 by taking 

for all x,y, z E X. Then we can choose L = I A 1 and we get the desired result. □ 

Theorem 3.2. Let <p : X 3 — > [0, oo) be a function such that there exists an L < 1 with 



4L (rx 
(x,y,z)<— <^y,— - 1 



4L ± (rx ry rz\ 
2~'Tj 



for all x,y,z E X . Let f : X ^ Y be a mapping satisfying /(0) = and satisfying (3.1) 
Tnen 

exists for each x E X and defines a generalized Jensen quadratic mapping R : X — > Y 
such that 

N(f(x) - R(x),t) > r (8 - 8 f )t / (3.6) 

KJK J K h J ~ {8-8L)t + r 2 <j)(x,x,0) v ; 
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Proof. Let (S, d) be the generalized metric space defined as in the proof of Theorem 3.1. 
Consider the linear mapping J : S —¥ S such that 

r 2 (2x\ 



Jg(x) := r -g (y) 



for all x G X. Let g, h G S be such that d(g, h) = e. Then 

N(g(x) - h(x),et) > — — 

t + <p(x,x, (J) 

for all x G X and t > . Hence 



It /2,x\ t 
N(Jg(x)-Jh(x),Let) = N I -g ( — J - -h 



r 2 /2x\ r 2 , /2x\ N 



N[ g i*)-H(*)*L* 



1" / \ 1" / 9" 



££* 






0) 




,0) 



t + 0(x,a;,O) 
for all x G X and t > 0. Thus d(<7, h) = e implies that d( Jg, J/i) < Le. This means that 

d{ Jg, Jh) < Ld(g, h) 

for all g,h G S. It follows from (3.3) that 



4 \r J v/ '8y~ t + (f)(x,x,0) 

2 - 

for all x G X and t > 0. So d(/, J/) < y. By Theorem 2.1, there exists a mapping 
R : X — > Y satisfying the following: 

(1) R is a fixed point of J, that is, 

- 2 R(x) = R (-) (3.7) 

for all x G X. The mapping i? is a unique fixed point of J in the set 

Q = {h e S : d(g,h) < oo}. 

This implies that R is a unique mapping satisfying (3.7) such that there exists \i G (0, oo) 
satisfying 

N(f(x)-R(x)^t)>——± -r 

t + <p{x,x,0) 

for all x G X and t > 0. 
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(2) d(J n f, R) — > as n — > oo. This implies the equality 

i^ N -(j)"f(0" x ) =Rix) 

for all x G X . 

(3) d(f, R) < {'_£ with /eO, which implies the inequality 



rp£ 



8-8L 
This implies that the inequality (3.6) holds. 

The rest of the proof is similar to that of the proof of Theorem 3.1. □ 

Corollary 3.3. Let 9 > and Ze£ p be a real number with p > 2 and |r| > 2. Let X be 

a normed vector space with norm || ■ || . Let f : X —>Y be a mapping satisfying /(0) = 
and (3.5). Taen 

B(*):=JV-Jta(£) "/((;)"*) 

exists /or eacn x G X and defines a generalized Jensen quadratic mapping R : X —t Y 
such that 

WM ~ R{xM £ (FF^TF^FwP 

Proof. The proof follows from Theorem 3.2 by taking 

(j>(x : y,z):=9(\\x\\ p +\\y\\ p +\\z\\ p ) 

for all x,y, z G X. Then we can choose L = ( ^ ) and we get the desired result. □ 



Corollary 3.4. Let 9 > and let p be a real number with < p < 2 and |r| < 2. Let 
X be a normed vector space with norm || • ||. Let f : X — >■ Y be a mapping satisfying 
/(0) = and (3.5). Tnen 

fl(x):=JV-Mm(^)"/((^)"x) 

exists for each x G X and defines a generalized Jensen quadratic mapping R : X — >■ F 

snc/i t/iat 

fop — Irl^V 

JV(/(x) - R(x),t) > -f- J o.M n • 

KJK J y h ) - (2p - \r\P)t + r 2 .2P- 2 9\\x\\P 

Proof. The proof follows from Theorem 3.2 by taking 

<i>(x,y,z):=e(\\x\\*+\\y\\'+\\z\\*) 
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for all x,y, z G X. Then we can choose L — I ^ ) and we get the desired result. □ 
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Abstract 

Here we prove some new type Landau inequalities on Time Scales. 
Both delta and nabla cases are presented. We give applications. 
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1 Introduction 

We are motivated by [27], where E. Landau in 1913 proved the following two 
theorems: 

Theorem 1 Let f € C 2 (R+,R) with U/IL^, Wf'lL^ < oo. Then 

11/ lloo,R+ — yH-' lloo,M+ 11/ lloo,K+> 

with 2 the best constant. 

Theorem 2 Let f e C 2 (R,R) with H/H^ R , llflL R < 00. Then 



11/ lloo.M - y 2 ll/lloo,R ll/"lloo,R' 

with v2 the best constant. 

In this article we establish a new type of Landau inequalities on time scales. 
We treat both delta and nabla cases with applications. To keep paper short for 
basics on time scales we refer the reader to the following sources: [1], [2], [9], 
[12], [14], [15], [16], [19], [20], [21], [23], [24], [25], [26], [28], [29]. 
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2 Background 

Let / £ C\ d (T), s, t £ T, where T is a time scale, then 



r(r)Ar = f(t)-f(s). 

Here we use h (t,s) - 1, V s,t £ T, k £ N = N U {0}, and ft fe+1 (i,s) 
f s h k (T,s)Ar, Vs.teT. 
Notice that 



ft-i (r, s) = / lAr = r — s, V r, s <G T, 

and 

/i 2 (r,s)= / (r-s)Ar, Vr,seT. 

If r > s, then < t — s < r — s and < h 2 (r, $) < (r — s) 
If r < s, then 



< /l 2 (r, s) = / (s - t) At < (s - rf . 



Hence in general 

< h 2 (r,s) <(r-sf , V r, s £ T. 

Also /i 2 (r,s) ^ h 2 (s,r) . 

Similarly we define and use 

ho{t,s) = 1, V s,t£ T, 

and 

h^l(t,s)= f £(t,s)Vt, Vs,(€T, fee No. 

We have that 



and 

If £ > s, then 
If t < s, then 

Therefore 



hi (t,s) =t — s, 
MM) = / (t-s)Vt. 



<h 2 (t,s) < (t-s) 2 . 



0<h 2 (t,s)= (s-t)Vt < (s-t) 2 . 



2 



0< MM) < (<-«) , Vt,seT 
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Let / G C} d (T), then 



We need 



/ v (r)Vr = /(t)-/( S ) 



Theorem 3 (see [9], [13], p. 634) Here T = T fe . Let / G C x rd (T), a, b, c G T : 
a < c < b. Then 



1 



b — a 



/(*) At -/(c) 



. - ^2 (a, c) + /i 2 (6, c) \ ,, A|| 

" ft _ a ) W J Hoo,[a,fe]nT- "> 



The last is a basic A-Ostrowski inequality on time scales, see for basics on 



Remark 4 We notice that 



R.H.S.(l)<( {C - a) l + {b - C)2 )\\f*\ 
\ b- a / " ' 



[a,b]m 



< 



(b-a) 



d>- 



•V II fA|| _ i-l _ \ II jA|| 

a ) Ik Hoo,[a,6]nT — v° a J IK Hoo,[a,6]nT ' 



Therefore 



We need 



b — a 



f(t)At-f(c) 



<(b-a)\\f A \\ , 

— v y II ^ lloo,[a. 



6]HT ' 



(2) 



Theorem 5 (see [12], [13], p. 659) Here T = T fe = T fe . Let f G C/ d (T) ; 
a, 6, c G T : a < c < b. Then 



1 



/(i)Vt-/(c) 



/ fe 2 (a, c) + h 2 {b, c) \ ,, V|| 

-I ft_ a IP Hoo,[a,6]nT- W 



b — a 

The last is a basic V-Ostrowski inequality on time scales. 
Remark 6 We notice that 

Aff.&(3) < f (C " a) ' + (b " C)2 l ||/ V || , hlnT 
v ' - \ b-a } " Hoo,[o,6]nT 



(b-a) I, yii . x || f vn 

— (ft _ a ) II"' Hoo,[a,b]nT ^ a ^ IK Hoo,[a,b]nT ' 



Therefore 



b — a 



f(t)m-f{c) 



<{b-a) 



loo,[o,h]nT ' 



(4) 
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3 Main Results 

We give the following A-Landau type inequality. 

Theorem 7 Here T = T fe . Let f £ C r 2 d (T), a, b £ T, a < b. Then 



f 



< 



loo,[o,6]nT — I fj _ a 

Proof. By (2) we have 



H/lloo,[a,6]nT + ( 5 -«) 



J" 



oo,[o,b]nT 



1 



b — a 



f A (t)At-f(c) 



<(b-a) 



oo,[a,6]nT ' 



for any c £ T : a < c < b. 
Therefore 



1 



Hence 



and 



b — a 



(f(b)-f(a))-f A (c) 



<{b-a) 



r(c) 



i 



r(c) < 



\f(b)-f(a)\<(b-a) 

b _ a ) H/lloo,[a,h]nT + ( & - fl ) 



b — a 
2 



/ A2 
f A 



[o,6]nT 



oo,[a,b]nT 



[o,6]nT 



for any c £ [a, b] fl T. 

The last implies (5). ■ 

Next we present a V-Landau type inequality. 

Theorem 8 Here T = T fe = T fe . Let f £ Cf d (T), a, b £ T, a < b. Then 



\f 



„ ^ ll/lloo,fa,MnT , ,, x 

< — -^-r 2 \- (b — a) 



,[o,6]nT - (b-a) 
Proof. By (4) we get 

/ v (t)Vt-/ v (c) 



b — a 



for any c £ T : a < c < b. 
That is 



<(b-a) 



[a,b]r\T 



[o,b]nT 



f(b)-f(a)\ tV 



b — a 



-/ V W 



< (b - a) 



and 



/ V M|-7 |/(6)-/(o)|<(6-a) 

1 b — a 



oo,[a,6]nT 



[a,b]r\T 



(5) 



(6) 
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and 



Therefore 



|/ V (c)|<7 \f(b)-f(a)\ + (b-a) 

' ' b — a 



/ v (c)|< 2|U h [a ; b]nT + (&-g) 



(b-a) 
for any c £ [a, b] n T, proving the claim 



oo,[a,b]nT 



oo,[o,b]nT ' 



4 Applications 

i) When T = R, then see [3], [4]. 

ii) When T = Z, see that Z = Z fe = Z fe , then 

/ A (t) = /(t + l)-/(t), 

/ V (t) = /W-/(t-l), 
/ A2 (t) = /W-2/(t + l) + /(t + 2) 



and 



/ v (t) = /(i)-2/(t-l) + /(t-2), 



where /:Z->1. 

Then by (5) we get 



ll/(- + l)-/(-)lloc, f a,HnZ< 



(^) ll/lloc,[a,6]nz + ( b «) H/(0 - 2/ (• + 1) + / (• + 2)|| 00;[a)b]nz . 



6 — a 
Also by (6) we have that 



ll/0-/(--l)lloo,[a,6]nZ< 



(7) 



(8) 



2 "^ff m + (& - a) 11/ (•) - 2/ (• - 1) + / (• - 2)|U M]nz . 
iii) Next let g > 1, g z = {g fe : fe G Z}, and we take T = q z = q z U {0}, which 



(9) 



is a very important time scale to g-difference equations. See that q z ■-= (q z ) = 

Let / : q z -> R. 

By [23], p. 17 we get that 



f(0 = 



(g-l)i 



V t e <f - {0} 
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and 



r (0) = Um 



/ 00-/(0) 



provided that the limit exists. 
For t^Owe have that 



^ M _f(q 2 t)-(q + l)f(qt)+qf(t) 



r (t) 



and 



r (0) = lim 



qiq-iy? 

f A (*) f A (0) 



provided that the limit exists. 

Here is a right-dense minimum and every other point in q z is isolated, also 
a (t) = qt and p (t) = |, t G g z , see [23], p. 16. 

For t e q 1 - {0} we have that (see [14]) 



f V (t) 



/(*)-/(§)/(!*)-/(*) 



t- 






and since zero is a left-dense point of q z we have 

/V(0) = lim / ^- / W. 

s— >0 s 



provided that the limit exists. 
For t^Owe have that 



f (t) 



/(^Hi + ^/^H^ 



9 V 9 



and 



/ V (0) = hm 

s— >0 



/ v (a) - / v (0) 



provided that the limit exists 

'rrf 



Let / e C? d (q 11 ) ; a,be q z , a <b, then by (5) we get 



f A -< 

\ J Hoo,[a,b]nij z ~ \ h — a 



ll/IL,[a,h]n^+( 6 - a ) 



oo,[a,b]r\q z 



If / € Cf d <f , then by (6) we get 



[a,b]r\q 



„ 2 ll/lloo : [a,b]rV . /, n 

^a^ + ib - a) 



oo,[a,6]nq z 



(10) 



(11) 
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5 Addendum 

Similarly as in Theorem 1.24 (i), [23], pp. 9-10, we have 

Theorem 9 Let a be a constant and m£N. For f (t) = (t — a) we have 

m—l 

/ v (t) = Eo»(*)-ar(*-«r- 1 -"- (12) 

Proof. By mathematical induction: 

If m = 1, then f (t) = t — a, and / v (t) = 1, so that (12) is valid. 

Now we assume that (12) is true for to G N, we will prove it correct for 
to + 1. 

So let F (t) = (t — a) = (t — a) f (t) . Hence by V-product rule (see p. 

331, Theorem 8.41 (iii), of [23]) we get: 

F^(t) = ((t-a)f(t)f = (f(t)(t-a)f 

= / v (t) (t-a)+f(p{t)) (t-a) V = f v (t) (t-a)+f(p(t)) 
= f(p(t)) + f (t) (t-a) = f(p (t)) + (t-a) f [t) 

m—l 

= ( P (t) a) m + (t - <*) £ (P (t) a) v (t a)™- 1 -" 

m—l m 

= ( P (t) a ) m +y.(p w - <*y (* - <*) m ~ v =J2(p (*) - a ) v (* - a ) m ~ v ■ 

The claim is proved. ■ 
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GENERALIZED INTEGRATION OPERATORS FROM THE 
SPACE OF INTEGRAL TRANSFORMS INTO BLOCH-TYPE 

SPACES 

STEVO STEVIC*, AJAY K. SHARMA AND S. D. SHARMA 
Abstract. We consider the generalized integration operator 

4?i/w= f z f (n) (f(0)9(0dc 



Jo 

where g is a holomorphic function on the unit disk D, ip is a holomorphic self- 
map of D, and n £ No- The boundedness and compactness of the operator from 
the space of Cauchy transforms to the Bloch-type spaces arc characterized. 



1. Introduction 

Let D be the open unit disk in the complex plane C, <9B its boundary, dA(z) the 
normalized area measure on D (i.e. A{p) — 1), d\(z) = dA(z)/(l— \z\ 2 ) 2 , JT(D) the 
class of all holomorphic functions on D, 5(D) the class of all holomorphic self-maps 
of D and 9Jt the space of all complex Borel measures on <9B. 

A positive continuous function v on D is called a (weight). A weight v is called 
typical if it is radial, i.e. v(£) = f(|z|), z €D, and ^(|z|) decreasingly converges to 
as \z\ — > 1. A positive continuous function v on the interval [0, 1) is called normal 
([16]) if there are S € [0, 1) and r and t, < r < t such that 



v(y) . . r r . v (. r ) 



N — is decreasing on \8, 1) and lim -, — 

(1 - r) T 6 v ' r-i (1 - r 

v(r) . . . rr . v ( r ) 

is increasing on [o, 1) and lim 



0; 



(1-r)* L ' ' r-i(l-r)* 

If we say that a function v : D — > [0, oo) is normal we also assume that it is radial. 
For a weight v, the Bloch-type space B V {U) = B v consists of all / e H(B) such 
that 

ll/lk := 1/(0)1+ M/) = 1/(0)1 + sup ^(z)|/'(z) I < oo. 

z£D 

The little Bloch-type space £>,.,. o (ID) = 6,^.0 consists of all / 6 H(B) such that 

lim Kz)|/'(z)|=0. 

|z|-»l 

With the norm || • H^ the Bloch-type space is Banach and the little Bloch-type 
space is a closed subspace of the Bloch-type space. 
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If v is normal wc have that v(a) x v{z) when z E D(a, (1 — |a|)/2). Using 
this fact, the subharmonicity of \f'\ 2 , the asymptotic relation |1 — az\ x 1 — \a\, 
z E D(a, 1 — \a\), and Proposition 1.4.10 in [13] we have that / € B v if and only if 

*(/) := sup I |/'(*)| V(s)(l - \ Va (z)\ 2 ) 2 d\(z) < oo, (1) 

ogbJd 

where ?7 a (z) = (a - z)/(l - az), a, z e D. Moreover &£(/) x *(/), for / e ff(D). 
An / e i/(D) belongs to the space of Cauchy transforms JC if 

/(*) = / ^ (2) 

J do 1 - C z 

for some fj, E $H. The space /C becomes a Banach space under the norm 

||/k=inf{||Mll : /(*) = f ¥&-), (3) 

I J do 1 - Qz J 

where ||/z|| denotes the total variation of measure /i. It is known that H 1 C /C C 
^o<p<iH p , where i/ p is the Hardy space (see, e.g. [2, 4]). 

Let g E -ff(D), if E 5(D) and n E No- We define the generalized integration 
operator as follows (see also [15]) 

4?i/(«) = /" / (n) (^(0)5(C)rfC, « G D. (4) 

Jo 

Operator (4) is an extension of many operators appearing in the literature. For 

example, if n = 0, then is obtained one of the operators defined in [8] (see also [10, 

11, 21, 28]), which is a natural extension of the integral operator by Pommcrcnkc 

([12]). If n = 1 then is obtained, so called generalized composition operator which 

was introduced in [7] (see, also [18, 19]). Some n-dimensional extensions of these 

operators, of which some are also extensions of the operators introduced in [5] and 

[6], are given in [17], [22] and [30], and later studied in [1, 9, 23, 24, 25, 26, 27, 29, 

31, 32, 33, 34, 36, 37, 38, 39]. If cp(z) = z, operator (4) will be denoted by I^ n) . 

We provide function theoretic characterizations of when g and tp induce bounded 
or compact operators in (4) from the space of Cauchy transforms into the Bloch-type 
spaces, continuing the line of research in [2, 3, 4, 35]. Among other results, operator 
norm of I^g : JC — > B v is calculated (for related results, see also [20, 21, 29]). 

Throughout this paper constants are denoted by C, they are positive and not 
necessarily the same at each occurrence. We write A x B if there is a positive 
constant C such that CA < B < A/C. 

2. BOUNDEDNESS AND COMPACTNESS OF I^J : JC — > B v (or B„fi) 

In this section, we characterize the boundedness and compactness of operators 
/£$ :/C-B„ (<« B„, ). 

Theorem 1. Let v be a weight, n E N , g E H(D) and ip E 5(D). Then 4?s : 
JC — » B v is bounded if and only if 

Ml := sup sup " ( ! )|g(z)l < oo. (5) 

CedBzEB |1 — C,ip(z)\ n+l 

3 bounded then 

||/$||x:-a, =n!Mi. (6) 



Moreover, if I^ g : JC — > B v is bounded then 
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Proof. First, suppose that (5) holds. Let f £ fC, then there is a /i € 971 such that 
lid = ll/lk and 

J go 1 - (z 
We have 

f {n \z)=n\ f - ^— dfi(0, neN . (7) 



(1-Cz) n+1 

Replacing z in (7) by <p(z), using a known inequality and multiplying such obtained 
inequality by j/(z)|(/(z)|, we obtain 



v(z)\g(z)\\fM(<p(z))\<nl f -^M- d| y |(C), 

Job |1 - (pWr +1 



(8) 



from which it follows that for each z € D 

"(*)K4?2/)'(*)i ^ n! su p su p i/y^iL ii/i^- ( 9 ) 

CG9Dz£D |1 - CVWI 
Taking the supremum in (9) over z e D, we get 

6, (/£> /) <n!M x || /Ik . 
This inequality along with the fact |(/g!^/)(0)| = 0, shows that 

H4?]/||b„ <n\M t \\f\\ K . (10) 

Thus I^g : K, — > £>„ is bounded. 

(n) 

Now suppose that 1^ : /C — > Z?^ is bounded. Let 

fdz) = -±r, CeSD. (li) 

l -£z 

Then 



||/ C |k = l, Ce» and f^\z)=n\ {C J 

(l — C z ) 



+1 



(12) 



From this and the boundedness of the operator l£' g : K, — ► ,6^ we have that 
Il4?s/cll£v < Il4?fllk-B„. for ever y C <S <9D and so 

n! sup sup h ^'f^L < ll^lk^- (13) 

If ^v?9 '■ 1C —> B u is bounded, then from (10) and (13), equality (6) follows. □ 

Corollary 1. Let v be a weight, n <G No and g e i?(D). Then Ig : K ^ B v is 
bounded if and only if 

M 2 :.supsu P ^f&<oo. (14) 

(EdB z£B |1 — (z| 

Moreover, if Ig : K, —+ B v is bounded, then \\Ig \\k->Bv = n\M2- 
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Corollary 2. Let v be a normal weight, n E No, g € H(B) and if <G 5(D). Then 
Iiplg '■ JC —^ B v is bounded if and only if 

L 1 := sup sup / \f* Z }[ v\z){\ \n a (z)\ 2 ) 2 d\(z) < oo. (15) 

CedDaGB Jb |1 — CVWl 

Moreover, if I<£g : JC ^r B v is bounded, then the asymptotic relation L\ x M 2 holds. 

Proof. First assume that (15) holds. Since v is normal, v(a) x v(z) when 
z £ D(o,(l-|o|)/2). Also it is known that |l-az| x l-|a| 2 ,forz e D(o, (l-|o|)/2). 
Using these two facts and the subharmonicity of the function 

\g(z)\ 2 



h(z) = 

\1 - (tp(z)\ 2n + 2 



we obtain 



L, > sup sup/ - l f* )l *y (z)(l-\ Va (z)\ 2 ) 2 d\(z) 



CedB ae« J D(a,(l-\a\)/2) |1 - C<p(-?)| 2 ™ +2 

^ 2 (a)|g(a)| 2 , , 9 .„„, 

x ^P sup V ,|l +2 -M 2 , (16) 

CGODaeD |1 — CV( a )r 

which implies (5). By Theorem 1 the operator I^g : JC — > £v is bounded. 

Now assume that the operator 7^,"g : JC — > #1, is bounded. By Theorem 1 we 
have that (5) holds. From this and by Proposition 1.4.10 in [13] we have 

Lx < M 2 sup / (} - |a| I dA(z) = M 2 C < oo. (17) 

The asymptotic relation L;X M 2 follows from (16) and (17). □ 

Since the unit ball Bjc of /C is a normal family, a standard argument from [14] 
yields the proof of the next lemma. 

Lemma 1. Let v be a weight, n £ No, g £ H(D) and tp £ 5(D). Then L^g : JC — * 
B v is com/pact if and only if for any bounded sequence (f n )neN in K- converging to 
zero on compacts o/D, we have linin^^ ||^"g/n||g„ = 0- 

Theorem 2. Let is be a normal weight, n £ No, g £ H(D) and ip £ 5(D). Then 
the following statements are equivalent: 

(i) Lyjg :JC^*B V is compact; 

(ii) M 3 := sup f V 2 {z){\ - |7? a (z)| 2 ) 2 | ff (z)| 2 dA(z) < oo 

aeB JO 

and 
lim sup sup / j 2{ ( Z \ 2n+2 ( l \ria{z)\ 2 ) 2 \g{z)\ 2 d\{z) = 0. (18) 

r ^ 1 CGOD aGD J \<p(z)\>r |1 ~ W{z)\ 

Proof, (i) =£- (ii). Since 7^™g : JC — ► 2?„ is bounded and by using the asymptotic 
relation 6 2 (g) x ^(5) (see (1)), for the test function f(z) = z n /nl £ /C, we obtain 

M 3 = sup / ^ 2 (z)(l - |77 a (z)| 2 ) 2 | 5 (z)| 2 ciA(z) < 00. 

aeB JD 
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Let fm(z) = z" 1 , m £ N. It is a norm bounded sequence in K converging to zero 
uniformly on compacts of D. Hence by Lemma 1, it follows that ||-^?g /m||,8„ ^ as 
to — * co. Thus for every e > 0, there is an too £ N, too > n, such that for to > too, 
we have that 



2 /■ 

FT («*-.?)) sup / \<p(z)\ 2 t m - n W(z)(l-\va(z)\ 2 ) 2 \g(z)\ 2 d\(z)<e. (19) 



3=0 

From (19), we have that for each r £ (0, 1) 



n-l 



r 2(m-n)( Y[ {m -j)) 2 sup f v 2 (z)(l-\r, a (z)\ 2 ) 2 \g(z)\ 2 d\(z)<s. (20) 

\" y aeB,/| v ( z )|> r 

Hence for r e [ n?=o ( m o — .?')) "* ~™ , l) , we have 



sup/ ^(z)(l-h a (z)n^| 5 (z)|^A(z)< £ . (21) 

aGD J\<p(z)\>r 

Let /e% and / t (z) = f(tz), < i < 1. Then sup 0<t<1 ||/ t || K < ||/||x, ft e /C, 
£ € (0, 1) and / t — > / uniformly on compacts of D as t — > 1. The compactness of 
/ij?™g : JC —> B v implies that 

Jim || /W/ t - J^/lk = 0. 

Hence for every e > 0, there is a £ € (0, 1) such that 

sup / |./f VW) - f {n \<p{z))\ 2 v 2 {z){l - \ Va (z)\ 2 ) 2 \g(z)\ 2 d\(z) < e. (22) 

oeD Jo 

From inequalities (21) and (22), we have that for r € [ n?=o ( TO o — .?')) " l0 ~" , l) 
sup I |/ (n) M«))| V(*)(l - |r, Q (z)| 2 ) 2 | 5 (z)| 2 dA(z) 

aGD J|ip(z)|>r 

< 2sup / |jfW)) - /<"^(z))|V(z)(l - |ry a (z)| 2 ) 2 | ff (z)| 2 rfA(z) 



+ 2sup / |/f VM)I V(z)(l - Mz)| 2 ) 2 | ff (z)| 2 dA(z) 

aeD J\ip(z)\>r 

<2e(l + || /t ( " ) || 2 ). 
Hence for every / £ B^ 1 there is a <Jq £ (0, 1), <5o = S (f, e), such that for r £ (So, 1) 

sup I |/(")(^(z))|V(z)(l - | % (z)| 2 ) 2 | 3 (z)| 2 dA(z) < e. (23) 

aGD J| v (z)|>r 

(n) 

From the compactness or I]p t g : K. — > B„, we have that for every e > there is a 
finite collection of functions /i, /b, . . . , /& G -Bye such that for each / G -Bye, there is 
a j £ {1, 2, . . . , k} such that 

sup / |/< n >(p(*)) - /f n) (p(*))| V(*)(l - Mz)| 2 ) 2 | ff (z)| 2 dA(z) < e. (24) 

aGD JO 
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On the other hand, from (23) it follows that if S := maxi<j<fc 5j(fj,s), then for 
r £ (5, 1) and all j £ {1, 2, . . . , k} we have 

sup I |jf V(*))|V(z)(l - \ Va {z)\ 2 f\g{z)\ 2 d\{z) < e. (25) 

aSB J\ v (z)\>r 

From (24) and (25) we have that for r £ (5, 1) and every / <G -Bjt 

sup / |/(")(^(z))| 2 ^ 2 (z)(l - \ Va (z)\ 2 ) 2 \g(z)fd\(z) < Ae. (26) 

oeD J\<p(z)\>r 

Applying (26) to the functions fc,(z) = 1/(1 — (z), ( £ 9B, we obtain 

sup sup / - f { . Z) . l2n+2 (l \ V a(z)\ 2 ) 2 \g(z)\ 2 d\(z) < 4 £ /(n!) 2 , 

from which (18) follows. 

(m) =^> (i). Assume that (f m ) m eN is a bounded sequence in /C, say by L, converg- 
ing to uniformly on compacts of D as m — > oo. Then by the Weierstrass theorem, 
/m also converges to uniformly on compacts of D, as m — > oo, for each fc e N. 
We show that ||-£p?g/m||B„ ~^ as to — > oo, and then apply Lemma 1. 

For each to G N, we can find a /i m e 971 with ||/x m || = ||/m||jc such that 

Mz)=[<^. (27) 

J9D 1 - Qz 

Differentiating (27) n times, composing such obtained equation by if, applying 
Jensen's inequality, as well as the boundedncss of the sequence (f m )meN, we obtain 

|/i")(^M)| 2 < L(n\f [ ^7 I( /L 2 - (28) 

J do |1 - C,(p(w)\ Zn+z 

By the second condition in (ii), we have that for every e > 0, there is an r\ £ (0, 1) 
such that for r £ (r\, 1), we have 

sup sup / n 7 t/2 |1i2n +2 ( 1 - \Va(z)\ 2 ) 2 \g(z)\ 2 d\(z) < 8. (29) 

CSdBaeB J\ v ( z )\>r |1 - C^WI 

By (1), we have 

ll^/ m |||,^sup( / + / )\f^Mz))\"(l-\r la (z)\ 2 r\g(z)\ 2 ^(z)d\(z). 

Using (28), (29), Fubini's theorem and the fact that sup|^| <T . \fm {w)\ 2 < e, for 
sufficiently large to, say to > mi, we have that for m > mi 

ll^i/ m |lL<C sup |/(r ) (^))| 2 sup/ (l-|r, a (z)| 2 ) 2 | ff (z)| 2 ^ 2 (z)dA(z) 

| V (z)|<r aGBJ| v (z)|<r 

+ Csup / / 7 2 ?1| 2K+2 ( 1 - |%W| 2 ) 2 |0W| 2 rfA(^d| Mm |(C) 



<C M 3 + / % m |(C) e 

V JOB / 

< C(M 3 + L)e. 
From this and since e is an arbitrary positive number the claim follows. □ 



1145 



GENERALIZED INTEGRATION OPERATORS 7 

Theorem 3. Let v be a weight, n G N , g G H(D) and ip G 5(D). Then I$ g : 
K, — * B u .o is bounded if and only if condition (5) holds and 

lim " ( ! )|g(z)l = (30) 

l*l->i|l-<¥>(z)|"+ 1 

for every £ G 9D. 

Proof. First suppose that (5) and (30) hold. Note that (8) holds. From (5) 
and (30), the integrand in (8) tends to zero for every ( G <9D, as \z\ — > 1, and is 
dominated by the function / (z) = Mi. Thus by the Lebesgue convergence theorem, 
the integral in (8) tends to zero as \z\ — > 1, implying 

lunv(z)\(I$f)'(z)\=0. 

\z\ >1 

In) 

Hence, for every / G K, we have that Iy>,gf G £>„.o, from which along with Theorem 
1, the boundedness of I<£]' g : K, — ► £>„.o follows. 

Now suppose that J^g : /C — ► B v $ is bounded. Then I^gfc, G Bi/,o f° r every 



function /^, £ G 9D, defined in (11), that is 

v{*)\9{z)\ 



lim 

W-i |l-Cv(z)|™ +1 

for every £ G 9D. Since I]£g : JC — ► B Vt $ is bounded, then I^' g : K, — * B v is bounded 
too. Thus by Theorem 1, (5) follows, as claimed. □ 

Corollary 3. Let v be a weight, n G No and g G H(D). Then Ig : K, — ► B v ,o is 
bounded if and only if condition (14) holds and 

lim "(*¥ Z)I = (31) 

|*|-i |1 - Cz| n+1 

/or eiiery £ G <9D. 

Theorem 4. Lei v be a typical weight, n G No, .g G H(D) and (p G 5(D). Then 
I^/g : /C — ► B„ q * s compact if and only if 

lim sup K ! )|g(z)l = 0. (32) 

H-iCe3D|l-C¥'(2)| n+1 



Proof. By a known result (see, e.g. Lemma 1 in [25]), a closed set F in £>„ is 
compact if and only if it is bounded and satisfies 



lim sup v(z)\f (z)\ = 0. 

|z|-*i/eF 



r(") 



Thus the set {Iip,gf ■ f G /C, ||/||jc < 1} has compact closure in Z^o if and only if 
lim sup{v{z)\{l£>f)'{z)\ : f G K, \\f\\ K < 1} = 0. (33) 

|z| — 1 

Let / G -B/C) then there is a /i G 9JI such that ||/i| = ||/||k; and 



/(z) = / 1 

/an 1 - Qz 
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From (8), we easily get that for each / G Bfc 

»{z)mm*)\ * »'M bup n V f 9 ,™ < n! sup "ff^L - (34) 

Cean |1 - (<p{z)\ n+1 cean |1 - C,ip{z)\ + 

Using (32) in (34), we get (33). Hence I^' g : K, — ► B^o is compact. 

(n) 

Conversely, suppose that J^g : /C — ► B V) o is compact. Taking the test functions 
in (11) and using (12), we obtain that (32) follows from (33). □ 



Corollary 7. Let v be a typical weight, n € No and g € H(D). Then I g n ' : K, — ► 
Z?„.o is compact if and only if 

lim sup "(*)>(*) I = . (35) 
kl-iceao |1-C^|" +1 
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Abstract 

Recently, Chaudhry ct al. have introduced the extended hypergeometric functions (EHF) and 
extended confluent hypergeometric functions (ECHF) by using the generalized beta functions [1]. In 
a similar way, Ozarslan et al. extended the first two Appell's hypergeometric functions. In this paper, 
we show that these extended functions can be represented in terms of a finite number of well known 
higher transcendental functions, especially as an infinite series containing hypergeometric, confluent 
hypergeometric, Whittaker's, Lagrange functions, Laguerre polynomials, and products of them. 

2000 Mathematics Subject Classification. 33C45, 33C50. 

Key words : Extended hypergeometric functions, extended confluent hypergeometric functions, ex- 
tended Appell's hypergeometric functions, Laguerre polynomials, Whittaker's function, extended frac- 
tional derivative operator. 

1 Introduction 

Recently, in [1], M.A. Chaudhry, A. Qadir, M. Rafiquc, S.M. Zubair have introduced the following 
extension of Euler's beta function 



B p (x,y)=B(x,y,p):= / t x ~ l (1 - t) y cxp 



P 



t(l-t) 
(Re(p) > 0, Re(a;) > 0, Re(y) > 0) , 



dt; (1) 



where the case p — gives the original beta function. They have shown that this extension has connection 
with Macdonald, error and Whittakers functions. Allen R. Miller obtained further representations of the 
extended beta functions as an infinite series of Whittaker's functions, simple Laguerre polynomials and 
their products [2]. 

In 2004, M. Aslam Chaudhry, Asghar Qadir, H.M. Srivastava, R.B. Paris [3], extended the hypergeo- 
metric functions and confluent hypergeometric functions as follows: 

F p (a, 6; c; z) = V Bp ^ "' ° " &) (o) n ^; (p > 0; \z\ < l;Re(c) > Re (b) > 0, ) 
*— ' Bib, c— b) m 

and 

^^) = E^|S?J ( P >0;Re(c)>Re(6)>0,) 
„=o [ ' > 

where (\) v denotes the Pochhammer's symbol defined by 

(A),:= r ^ ) ;(A) = l. 
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They called these functions as extended hypergeometric functions (EHF) and extended confluent hyper- 
geometric functions (ECHF) , respectively. They obtained the integral representation of EHF and ECHF 

as 



F p (a, b; c: z) 



I 



B(b,c-b)J 



c-b-l 



t b - L (1 - t) c -°- L (1 - zty a exp 



P 



*(1-*)J 



di 



(2) 



(p > 0;p = and \arg(l - z)\ < 7r;Re(c) > Re (b) > 0) . 



and 



%(b;c;z) 



t b - 1 (l-t) c ~ b ~ 1 .ex.p{zt- 



B(b,c-b)J 

(p > 0, Re (c) > Re (b) > 0) 



t(l-t) 



)dt 



They also obtained the differentiation properties and Mellin transforms of F p (a, b; c; z) , gave their trans- 
formations and recurrence relations and proved summation and asymptotic formulas for this function. 
Noticed that F (a, b; c;z) = F (a, b; c; z) :=2 -F\ (a, b; c; z). 

Finally, in [4], M. A. Ozarslan and E. Ozergin introduced the extensions of the Appell's functions 
Fi (a,b,c;d;x,y;p) and F 2 (a,b,c;d,e;x,y;p) by 



Fi(a,6,c;d;x,y;p) := ^ 



B p (a + m + n,d— a) x n y m 



n, ?7i—0 

(max{|x|,|y|}< 1) 



F 2 (a,b,c;d,e;x,y;p) := ^ 



( a ) m +n B p {b + n,d- b) B p (c + m,e- c) x n y m 



B(b,d-b)B (c: e - c) 

n,m=0 y ' ' v ' ; 

(N + M < i) , 



n! to! 



of which the case p = gives the original functions. They obtained the integral representations of the 
functions Fi(a, 6, c; d; x, y;p) and F 2 (a,b,c;d 1 e;x 1 y;p) as 



Fi (a,b,c:d:x,y;p) = 



r(rf) 
r (a) r (d - a) 



L 

t a-l ^ _ f )d-a-l ^ _ ^-6 ^ _ ^- 



' exp 



t(l-t) 



di, (3) 



(p > 0;p = and |arg(l - x)| < n, \arg (1 - y)\ < 7r;Re(d) > Re (a) > 0, Re (6) > 0, Re (c) > 0) 



and 



F 2 (a,b,c;d,e;x,y;p) 



(4) 



pi /•! +6-1 



B(b,d-b)B (c, e-c) 



&- 1 {\-t) 



d-b-l r- 1 



(1 - ,S) 



e— c— 1 



'0 ^0 



(1 - xt - ys) a 



- exp 



P 



P 



t(l-t) s(l-s) 



(p > and \x\ + \y\ < 1, Re (d) > Re (b) > 0, Re (e) > Re (c) > 0, Re (a) > 0) . 
By introducing extended Riemann-Liouville fractional derivative operator 



dtds. 



as 



D™{f(z)} 



f(t)(z-t) 



-M-l 



r(-M)./o 

and for to — 1 < Re (/i) < to (to = 1, 2, 3...) , 



exp 



1 



-pz 



t(z-t) 



(II 



(Re (n) < 0, Re (p) > 0) (5) 



z u WJ dz m z u WJ dz m \r(-/i + TO,)7 



-/A+m— 1 



exp 



-pz 



t(z-t) 



dt 
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where the path of integration is a line from to z in complex t— plane, they obtained linear and bilin- 
ear generating functions for the extended hypergeometric functions in terms of the Appell's functions 
-Fi (a, 6, c; d; x, y;p) and F2(a, b, c; d, e; x, y,p) by following the same method explained in [6]. We organize 
the paper as follows: 

In section 2, using the similar technics used in [2], we show that the EHFs can be expressed as 
a product of simple Laguerre polynomials and hypergeometric functions and as a product of simple 
Laguerre polynomials and Whittaker's functions. Similar results for the ECHFs are also exhibited. In 
section 3, we obtain a representation of the extended Appcl's functions F\ (a, b, c; d; x, y;p) by means of 
Lagrange polynomials. Furthermore, using the extended fractional derivative operator, we show that 
the extended Appell's functions F2(a, b, c; d, e; x, y;p) can be represented as a product of simple Laguerre 
polynomials, the EHFs and Whittaker's functions. 

2 Representations of the EHF, ECHF 

We start by obtaining the representation of EHF in terms of simple Laguerre and the hypergeometric 
functions. 

Theorem 1 For the extended hypergeometric functions we have the following representation: 

exp(2p)F p (a,b;c:z)= V] — ^y- — L m (p)L n (p) 2 .Fi (a, b + m;c + n + m + 1; z) 

m,n— 

(p > 0; p = and \arg (1 - z)\ <tt <p;Re(c) > Re (b) > 0) . 
Proof. It is well known that the simple Laguerre polynomials are generated by the relation 

-pt 



^t^^-^E^)*" 



n=0 



where \t\ < 1. Replacing t by 1 — t in (6), we have 



exp(-^) = texp(-p) Y, L n(p)(l - t) n , 



t 



n=0 



where < t < 2. Again replacing t by 1 — t in (7), we have 

oo 

-p 



cxp^) = (1 - t) exp(-p) J2 L m (p)t m ; \t\ < 1. 



m=0 



Multiplying both sides of (7) and (8), we get, as in [2], 



(6) 



(7) 



(8) 



exp 



t(l-t) 



= exp(-2p) J2 L m (p)L n (p)t m+1 (l-t) n + 1 ; < t < 1. 



(9) 



Using (9) in (2) and then interchanging the order of integration and summation, which is valid since the 
series involved is uniformly convergent and the integral involved is absolutely convergent for p > 0;p = 
and \arg (1 — z)\ < n; Re (c) > Re (b) > 0, we get 



exp(2p)F p (a, b; c; z) 



exp(2p) 
B(b,c~b)J 



t b - 1 (l-t) c - b - 1 (l-zty a exp 



P 

't(l-t) 



ill. 



B(b,c-b)J 



f-^l-t) 



c-b-l 



(i-zty a J2 L m (p)L n ( P )t m+1 (i-ty +1 dt 



m,n—0 



B(b 



-— Y L ™{p)L n {p) / t m+b (i - t) n+c - b (i - zty a dt. 



(10) 
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Now considering the Eulcr's integral representation of the hypergeometric functions 



2.F1 (a, b; c; z) 



1 



B(b,c-b)J 
\arg (1 - z)\ < 7r; Re (c) > Re (b) > 



t b - 1 (i-t) c - b - i (i-zty a dt 



it is obvious that 
1 



' t rn +b {1 _ f) n + c-b {1 _ zt) -a dt = (^MWi 2 F, (a, b + m; c + n + m + 1; z) . 

B(b,C-b) J (Cjn+ m +2 

(11) 

Hence the result follows by considering (11) in (10). ■ 

In a similar way, for the ECHF, we are led fairly easily to Theorem 2 below. 

Theorem 2 For the ECHF's we have the following representation: 

exp(2p)$ p (6;c;z)= V (6)m+l(c ~ h)n+l L^L^p)^ {b + m; c + n + m + 1; z) 

m,n=0 ( C )«+™+2 

(p > ; Re (c) > Re (b) > 0) . 

Now we give another representation of the extended hypergeometric functions in terms of the simple 
Laguerre polynomials and Whittakers functions. 

Theorem 3 For the extended hypergeometric functions, we have 

(Vp) 1 " 6 exp(f )F P (a, b; c; z) = { ° ~ ^ (c) £ (ajAPh-^^W^^^ 

2 1 ft)) ^-^ 2 ' 2 77,1 

m.n— 

(p > 0, Re (c) > Re (6) > 0, |z| < 1) . 



Proof. Since exp 



t(i-t) 



exp 



exp(- )exp( — ), we have by (8) that 



= exp(-p) exp(-^)(l -t)J2 L m ( P )t r ' 



m—0 



t(\-t)_ 

Therefore using (2) we have for \z\ < 1, 

I /.l oo 

exp(p)F p (a, b; c; z) = / t^ 1 (1 - i) " 6 " 1 (1 - zty a exp(-^)(l - t) V L m (p)t m dt 

^{0,C 0) j t m=o 

1 f' 1 °° I \ _ °° 

i— / ^i(l- ir b ^i^( te) »exp(-^)^L m ( P )t^t. 

Interchanging the order of summations and integration, we have 

exp(p).F p (a, 6; c; z) 



B{b,c- b) 



m=0 



c — b) *-^ n! /n 



,„ im +6-l (1 _ t) c-6 cxp( ^ )di 



B(b,c- ,, 

m,n—0 

Finally, using the integral representation [5, Section 3.471 (2)] 

t"- 1 (1 - ty 1 exp(^)dt = T{v)p^ exp(^)IF i-M-2, M (p) (Re(i/) > 0, Re(p) > 0) . 



we get the result. ■ 

In a similar manner, we get the following result: 
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Theorem 4 For the ECHF, we have 

i_ 6 3p (c-b)T(c) 
(Vp) cxp(y)$ p (&;c;z) = pT^j 



^2 L m (p)W b-l-n- m -2 



:(P) 



(VpzTp m/2 



?7i,n— 

(P > 0, Re (c) > Re (b) > 0) . 



■ii\ 



3 Representations of the Extended Appel's Functions 

In this section we obtain some representations of the extended Appel's functions Fi (a, b, c; d; x, y;p) and 
F 2 (a, b, c; d, e; x, y,p). We start with the following theorem. 

Theorem 5 For the extended Appell's functions F\ (a,b,c;d;x,y;p), we have 

r ( rl\ °° 

Fi (a, b, c;d;x, y; p) = - - - — ^ g^' c) (x, y)B p (n + a,d-a), 

(p>0 and \x\ < 1, \y\ < 1; Re (d) > Re (a) > 0, Re (6) > 0, Re (c) > 0) . 
Proof. It is known that, for \xt\ < 1, |j/t| < 1 and Re (b) > 0, Re (c) > 0, we have 



(l-xt)- b (l-yt)- c = J2^' c) (x,yX' 



(13) 



n=0 



where <?„ (x,y) is the bivariate Lagrange polynomials [6, p. 441, equation 8.5 (12)]. Using (13) in (3) 
and then interchanging the order of summation and integration, which is valid since the series 

oo 

£<#' c) (*,w)t n 



is uniformly convergent since |a;| < 1, \y\ < 1, Re (b) > 0, Re (c) > and the integral 



n-\-a— 1 



(1-t) 



d— a — 1 



cxp 







P 



t(l-t) 



r//. 



is absolutely convergent for Re (d) > Re (a) > 0,p > 0, we get, by using (1 
Fi(a,b,c;d;x,y;p)- 



T(a)T(d-a)J 

r(rf) 
r(o)r(d 



t o-l (j _ f)d-a-l ^ _ ^-6 ^ _ yf yc exp 

oo „1 



t(l-t) 



r// 



n=0 

OO 



t(l-t) 



r// 



^§— - f] g^ (x, y)B p (n + a,d-a). 



T(a)T(d-a)^ o 

Whence the result. ■ 

In the next theorem by using the equalities, which are obtained in [4] , 



D ^, P{z X-i (1 _ z) -a } = p^z^F, (a, A; M ; *) 
(Re (A) > 0, Re (a) > 0, Re (fi) < 0; \z\ < 1) , 



(14) 



and 



D 



A-w J r A -i 



z -^l- z y a F p la,(3: T ,— 



r n-i 



zjj B(p,7-P)T(n-\) 



F 2 (a,P,\;'y,fj,;x,z;p) (15) 



Re (n) > Re (A) > 0, Re (a) > 0, Re {fi) > 0, Re (7) > 0; 



l-z 



< 1 and |x| + \z\ < 1 , 
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where D^ ^ ,p is the extended Riemann-Liouville fractional derivative operator defined by (5), we give 
the representation of the function F^a, b, c;d, e;x,y;p) in terms of the simple Laguerre, the Whittaker 
and the EHF. 

Theorem 6 For the extended Appell's functions F2(a,b,c;d,e;x,y;p), we have 

■exp( — )-F 2 (a,&,A;c,/z;a;,2;p) 



T(c-b+l)B(X,n-X) ty 2 

(xy/p) n p^ 



= ^2 (a) n L m (p)W b-i- n - m -2c | n +m+b (p)F p (a + re, A; /n; z) 



m,n=0 



where Re (p) > 0, Re (it) > Re (A) > 0, Re (a) > 0, Re (c) > Re (b) > 0; 



< 1 and \x\ + \z\ < 1. 



\-z 
Proof. Replacing z by j^ in (12) and then multiplying both sides by z A_1 (l — z)~ a , we get 

p 1 ^ exp(^)z A - 1 (l - z)- a F p (a, b; c; -^-^ (16) 

-^ri^ £ (a) B i m ( P ) ^- 1 -^ ^(p)M^^(i-z)--. 

1 (o) z — ' 2 > 2 ri! 

m,n— 

Now applying the extended fractional derivative operator D^~^' p on both sides of (16), we have 

p ^ ex p ( | )jD A-^ P | Z A-1 (1 _ z) -a ^ ^ 6 . c . _J^ | 

= (C ' r ^ (C) E MA ^-.-^ ^lp) KCZ! ^A-m.P {z A-l (1 _ z) -a-n } , 

m,n—0 

Using (14) and (15), we get the result. ■ 
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Abstract 

In this paper, an attempt is made to using recurrence relations to establish the 
convergence of the Harmonic mean Newton's method used for nonlinear equations 
in Banach spaces. The recurrence relations for the method arc derived and then an 
existence-uniqueness theorem is given to establish the J?-order of the method to be 
three and a priori error bounds. Finally, some numerical applications is presented to 
demonstrate our approach. 

Keywords: Nonlinear equations in Banach spaces; Recurrence relations; Semilocal 
convergence; Newton's method; A priori error bounds 
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1 Introduction 

Many scientific problems can be expressed in the form of a nonlinear equation 

F(x) = 0, (1) 
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where F : Q C X — > Y isa nonlinear operator on an open convex subset of a Banach space 
X with values in a Banach space Y. This equation can represent differential equations, 
integral equations or a system of equations in the simplest case. The Newton's method 
is the most used iteration to solve those equations as a consequence of computational 
efficiency even less speed of convergence can be got. 

Our goals in this paper is to increase the speed of convergence of Newton's method and 
not to increase its operational cost very much. Taking into account these goals, we consider 
a multipoint Newton-type method of order three called the Harmonic mean Newton's 
method studied by Ozban [1] and Homeier [2] respectively. This method is defined for all 
n > by 

X n +l = X n ~ ~[T n + T n ]F(x n ) (2) 

where T n = F'(x n )~ l and T n = F'(y n )~ l . 

Recently, the convergence of iterative methods for solving nonlinear operator equations 
in Banach spaces is established from the convergence of majorizing sequences. An alter- 
native approach is developed to establish this convergence by using recurrence relations. 
For many applications, third order methods are used in spite of high computational cost in 
evaluating the involved second order derivatives. They can also be used in stiff systems [4] , 
where a quick convergence is required. Moreover, they are important from the theoretical 
standpoint as they provide results on existence and uniqueness of solutions that improve the 
results obtained from Newton's method [3] . Some of the well-known third order methods 
are Chebyshev's method, Halley's method and super Halley's method which convergence 
had studied by Candela, Gutuerrez and Hernandez et. al proposed in [5, 6, 7, 8, 9, 10, 11] 
using recurrence relations. 

In this paper, we shall use recurrence relations to establish the convergence of third 
order Harmonic mean Newton's method for solving nonlinear operator equations (1). The 
recurrence relations based on two constants which depend on the operator F are derived. 
Then, based on this recurrence relations a priori error bounds are obtained for the said 
iterative method. Finally, some numerical examples are worked out for demonstrating our 
work. 

2 Preliminary results 

Let X, Y be Banach spaces and F : £1 C X — > Y be a nonlinear twice Frechet differentiable 
operator in an open convex domain Qq Q ^- The Harmonic mean Newton's method to 
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solve the equation (1) given by (2) can be written in the following form: 

Vn — X n 1 n-F \Xn)i 

H(x n ,y n ) = T n [F'(y n ) - F'(x n )], 

x n +i=y n - ^H(x n ,y n )(y n - x n ). (3) 

where T n = F'(x n )~ l and T n = F'(y n )~ l . 

Let us assume that To = F'(xo)^ 1 G L(Y,X) exists at some xo G £Iq, where L(Y,X) is 
the set of bounded linear operators from Y into X. 

Throughout this paper we assume that: 

(i) ||r || < p, ||r F(x )|| <v, \\F"{ x )<M,xen, 

(II) there exists a positive real number TV such that \\F"(x)—F"(y) || < iV||x— y||, \/x,y £ 

n. 

We firstly give an approximation of the operator F in the following lemma, which will 
be used in the next derivation. 

Lemma 1. Assume that the nonlinear operator F : Q C X — >■ Y is continuously second- 
order Frechet differentiate where fi is an open set and X and Y are Banach spaces. Then 
we have 

F(x n +i) = / F"(x n + t(y n - x n ){\ - t)dt(y n - x n ) 2 - - I F"(x n + t(y„ - x n )dt{y n - x n y 
Jo z Jo 

+ / F"(y n + t{x n+ i-y n )){l-t)dt{x n+1 -y n ) 2 . (4) 

Jo 



Proof. By the definition of method given by (3), we obtain 

F'(y n ){x n +i - y n ) = -^[F'(y n ) - F'(x n )](y n - x n ). 
Using Taylor's formula, we have 

F(x n+l ) =F(y n ) + F'(y n )(x n+ i - y n ) + / F"(y n + t(x n+l - y n ))(l - t)dt(x n+l - y n )' 

Jo 



2 1 



--F(y n ) - -[F'{y n ) - F'(x n )](y n - x n ) + I F"(y n + t(x n+1 - y„))(l - t)dt(x n+1 - y n ) 

Jo 

(5) 
Similarly, we obtain 

F(y n ) = F(x n ) + F'(x n )(y n - x n ) + / F"(x n + t(y n - x n )(l - t)dt{y n - x n ) 2 , (6) 

Jo 

F'(y n ) = F'(x n ) + / F"(x n + t(y n - x n )dt(y n - x n ). 
Jo 



2 
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It follows that 

F'(y n ) - F'(x n ) = / F"(x n + t(y n - x n )dt(y n - x n ). (7) 

Jo 
Substituting (6) and (7) into (5), we can obtain (4). □ 

Now, we denote rjo = rj, /3q = (3, ao = M/3or]o, &o = ^PoVo an d c o = ^( a o) ( / 9 ( a o> bo). Let 
ao < a and h(ao)co < 1, we can define the following sequences for n > 0. 

Vn+i = c n 7] n , (3 n+1 = h(a n )/3 n , a n+ i = M[3 n+1 r) n+1 , (8) 

b n+ i = Nf3 n+ ir]l +1 , c n+ i = h(a n+1 )(p(a n+1 ,b n+ i) (9) 

where 

9 ^ = ^ h{t) = T^wy ^ s) = ^(T^f + ^ (10) 

and a = 2 — y2 is the smallest positive zero of the scalar function g(t)t — 1. 
From the definition of a n +i, 6 n +i, (8) and (9), we also have 

a n+ i = h(a n )c n a n , b n+ i = h(a n )c 2 n b n . (11) 

Nextly we shall study some properties of the functions defined in (10) and the previ- 
ous scalar sequences defined in (8)-(9), (11), later developments will require the following 
lemma. 

Lemma 2. Let the real functions g,h and ip be given in (10). Then 

(a) g(t) and h{t) are increasing and g(t) > 1, h(t) > 1 for all t G (0, a) and for all s > 0, 

(b) (p(t, s) is increasing for all t G (0, a) and for all s > 0, 

(c) g(9t) < g{t), h(6t) < h(t) and (p(9t, 6 2 s) < 6 2 <p(t, s) for 6 G (0, 1), t G (0, a) and s > 0. 

Lemma 3. Let the real functions g,h and ip be given in (10). If a$ < a and h(ao)co < 1, 
then we have 

(a) h(ao) > 1 and c n < 1 for n > 0, 

(b) the sequence {r/ n } ; {a n }, {b n } and {c n } are decreasing while {(3 n } is increasing, 

( c ) g(a n )a n < 1 and h(a n )c n < 1 for n > 0. 

Proof. By Lemma 2 and assumption, h(ao) > 1 and c n < 1 hold. It follows from the 
definitions that n\ < r/o, a± < ao, b\ < b^. Moreover, by Lemma 2, we have 1 < h{a\) < 
h(ao) and <^(ai,&i) < (/?(ao,&o)- This yields c\ < cq and (b) holds. Based on these results 
we obtain g(a\)a\ < g(ao)ao < 1 and h(a\)c\ < h(ao)co < 1 and (c) holds. By induction 
we can derive that the items (a), (b) and (c) hold. □ 
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Lemma 4. Under the assumptions of Lemma 3 and define 7 = h(ao)co, then 

c n < A7 3 ", n > 0, (12) 

where A = l/h(ao). Also for n > 0, we have 

n^<A" +1 7 ^^. (13) 

i=0 

Proof. By the definition of a n+ \ and b n+ i given in (11) we obtain a\ = h(ao)coao = 700, 
61 = /i(oo)cq6o < 7 2 ^0) by Lemma 2 we have 

ci < /i(7a )v?(7a ,7 2 6o) < 7 2 M a oMao, M = 7 3 _1 co = A7 3 . 
Suppose Cfc < A7 3 , k < 1. Then by Lemma 3, we have afc + i < a^, 6^+1 < b k and 
h{a kl b k )c k < 1. Thus 

c fc+ i < h(a k )(p(h(a k )c k a k ,h(a k )c 2 k b k ) < h(a k )(p{h(a k )c k a k ,h 2 {a k )c 2 k b k ) 

< h 3 (a k )c 2 k cp(a k , b k ) = h 2 (a k )c 3 k < A7 3 . 

Therefore it holds that c n < A7 3 , n > 0. 
By (12), we get 

ran . 

11^ < II A ^ = A n+1 7^"=° 3i = A^ 2 ^, n > 0. 

i=0 i=0 

This shows (13) holds. The proof is completed. □ 

Lemma 5. Under the assumptions of Lemma 3. Let 7 = h(ao)co and A = l/h(ao). The 

3 n — 1 

sequence {r] n } satisfies % < r/X 11 ^ 2 ; n > 0. Hence the sequence {rj n } converges to 0. 
Moreover, for any n > 0, m > 1, it holds 



2^ r?i < r/A™7 2 



s"-i 1 - A m+1 7 1 



I-A7 3 



Proof. From the definition of sequence {?7n} given in (8) and (13), we have 

/n-l \ 

/ \ 3 n — l 

% = C„_l?? n _l = C„_iC n _ 2 ??n-2 = "" = r /(JI C *) ^ ^A™7 2 . 

Because A < 1 and 7 < 1, it follows that r) n — > as n — > 00, hence the sequence {r) n } 
converges to 0. 
Since 

n+m / n+m . \ /n+m— 1 . \ 

3 , *i 3 on / v "\ , „■ 3 I ,^.3 , on / v "v . „■ 3 \ 



^ A* 7 ^ < A™ 7 V + 7 3" £ A* 7 ^ = A" 7 V + A7 3 " ( £ A* 7 

i=n \i=n+l / 

/n+m 

= A n 7 ? + A 7 3 " J^ AS^ - A" +m 7 



2 

j=n+l / \ i=n 

/n+m 



e-n+m 
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where n > 0, m > 1. we can obtain Y^l = ™ ^1 2 — ^™7 

n+m n+m n+m 

j=n i=n i=n 

Therefore Y^n=o Vn exists. The proof is completed. 



3 » (3 m + 1) 

■ ; - -~ : 1-A m+1 7 — ^2 



1-A7 3 



. Furthermore, 



„3^il-A^ 7 



3"(3"' + l) 



I-A7 



3" 



□ 



3 Recurrence relations 



We denote B(x,r) = {y G X : \\y — x|| < r} and B(x,r) = {1/ £ I : ||y — x|| < r} in this 
paper. 

In the following, the recurrence relations are derived for the method given by (3) under 
the assumptions mentioned in the previous section. 

For n = 0, the existence of To implies the existence of j/o- This gives us ||uo — xq\\ = 
||roi ? (a;o)|| < 770, this means that yo £ B(xo, Rtf) where R = ^_° • By the initial hypotheses 
(I)- (II), we have 

HJ-roF'MII <||r ||||F / (xo)-F , (y )||<M||r ||||y -xo||<ao<a (14) 

and, by the Banach lemma [3], To exists and 1 1 r'o 1 1 < fz~ ll-^oll- Consequently we have 

\\x\ — 2/0 II < 7T II jy(or , z/o)|| H2/0 -soil < -||r ||||-P'(xo) --^'(yo)llllyo -soil < ^ zvo 

2 2 2(1 — ao) 

(15) 



«o 



:V0 + rjo = g(ao)vo- 



and Xi is well defined 

\\xi - xo|| < ||xi - s/o || + || 2/0 - so|| < . , 

2(1 - a ) 

By ao < a and g(t) is increasing in t S (0, 0"), we have 

||/-r F'(xi)|| < ||r ||||F , (xo)-F , (xi)|| <M/3 ||xi-x || < a g{a ) < 1, 
it follows by the Banach lemma [3] that T\ = [77' (xi)] -1 exists and 

A) 



Ti < 



Also 
1 



1 - a 5f(a ) 



1 



h(a )Po = Pi- 



(16) 



F"(x„ + %„ - x„))(l - t)dt - - F"(x n + t(y n - x n ))dt 
z Jo 



1 



< / F"(x n + t(y n -x n ))(l-t)dt--F"(x n ) 
Jo z 

< [ [F"(x n + t(y n - x n )) - F"(x n )}(l - t)dt 
Jo 

f 1 N f 1 

<N (t - t 2 )dt\\y n - x n \\ + — / tdt\\y n -x r . 

Jo l Jo 



+ 



1 



+ 



1 



F"(x n + t(y n - x n ))dt - -F"(x r 
2 ./o ^ 



[^'(in + %n - X n )) - F"{x n ))dt 



12 



N||y n -s„||. 



(17) 
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By Lemma 1, we can get 

||^(xi)|| < 2 M l^i " VoW 2 + j^llW) - ar || 3 . (18) 

Then from (16) and (18), we have 

\\yi - x\\\ = ||riF(xi)|| < ||ri||||F(xi)|| < h(ao)(p(ao,b )r] = c r/o = rji. 
Because of g(ao) > 1, we obtain 

|| 2/1 - xo\\ < \\yi - xi\\ + ||xi -x || < (g(ao) + c )rio < #(ao)(l + cq)t] < Rt], 
which shows y\ £ B(xo,Rr]). 
In addition, we have 

M||ri||||ri^(xi)|| < h(a )c a = oi, NWr^WT^ix^f < h(a )c 2 b = h. 
Repeating the above derivation, we can obtain the system of recurrence relations given in 
the next lemma. 

Lemma 6. Let the assumptions and the conditions (I)- (II) hold. Then the following items 
are true for all n > 0: 

(I) There exists T n = [F 1 '(x n )] _1 and \\T n \\ < j3 n , 

(ii) ||r n F(x n )|| < Vn , 

(III) M||r n ||||r n F(x n )|| <a n , 

(iv) iv||r n ||||r n F(x n )|| 2 <6„ ; 

(V) ||x n+ i - x n \\ < g{a n )r] n , 

(VI) \\x n+ i - x || < Rq, where R = g(a )/(l - c ). 

Proof. The proof of (I)-(V) follows by using the above mentioned way and invoking the 
induction hypothesis. We only consider (VI). By (V) and Lemma 5 we obtain 

\\x n +i -x || < V"||xi+i - Xi\\ < y^g(ai)rn < g(a )y]rn < g{a )rj < Rrj. 

i=0 i=0 i=0 u 

So the lemma is proved. □ 

4 Semilocal Convergence 

Lemma 7. Let R = f^. If h(a )c < 1, then R<^- 

Proof. Since c < j^ = 1 - a g(a ), we obtain R < ^. □ 
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Now we give a theorem to establish the semilocal convergence of (2), the existence and 
uniqueness of the solution and the domain in which it is located, along with a priori error 
bounds, which lead to the i?-order of convergence at least three of iteration (2). 

Theorem 1. Let F : 0, C X — > Y be a nonlinear two times Frechet differentiable operator 
in an open convex subset Q of a Banach space X with values in a Banach space Y . Assume 
that xq 6 Q and all conditions (I)- (II) hold. Let ao = M(3rj, bo = Nfirj 2 and cq = 
h(ao)(p(ao,bo) satisfy ao < a and h(ao)co < 1 where g,h,(p are defined by (10). Let 
B(xo, Rrj) C 0, where R = g(ao)/(l—co), then starting from xq, the sequence {x n } generated 
by the method (2) converges to a solution x* of F(x) with x n , x* belong to B(xo,Rrj) and 
x* is the unique solution of F(x) in B(xo, jj-s — Rrj) f] £1. 
Moreover, a priori error estimate is given by 

3 n -l 

\\ x n * II ^ 1 _ ^ 3 „ , {^) 

where 7 = h(ao)co and A = \/h(ao). 



Proof. By Lemma 6, the sequences {x n } is well-defined in B(xo,Ri]). Now we prove that 
{x n } is a Cauchy sequence. Since 

n+m— 1 n+m—1 n+m—1 

||x n+m -x n ||< ^2 \\x i+ i-Xi\\< ^2 9(ai)r]i < g(a ) ^ rn 



i=n 



3 n (3 m ~ 1 +l) 
3 n -l 1 — \ m ^y 2 

< g(a )vX n l^- f 3^ , (20) 

it follow that {x n } is a Cauchy sequence, and hence the sequence {x n } is convergent. So 
there exists a x* such that limj^oo x n = x* . 
By letting n = 0, m — > 00 in (20), we obtain 

\\x* — xo\\ < Rrj. 
This shows that x* € B(xo,Rrj). 

Now we prove that x* is a solution of F{x) = 0. Since 

||r || 11^(011 < ||r n ||||F(x n )|| < Vn , (21) 

by letting n — > 00 in (21), we obtain ||F(x„)|| — > since g(a n ,b n ) < g(ao) and rj n — > 0. 
Hence, by the continuity of F in Q, we obtain F(x*) = 0. 

We prove the uniqueness of x* in B(xq, jto — Rrj)C]Cl. Firstly we can obtain x* £ 



B(xo, tj3 — Rrj) f] CI, since it follows by Lemma 6 



2 / 2 \ 1 

-Rr)= R)r]> —rj> Rrj, 

M/3 \a ) a 



and then B(xq, Rrj) C B(xq j -m — Rrj) f] ft. Let x** be another zero of F(x) in B(xq, " 
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Rn) P| Q. By Taylor theorem, we have 

= F(x**) - F(x*) = [ F'((l-t)x* + tx**)dt(x**-x*). 

Jo 



Since 

l|r || 



[ [F'((l - t)x* + tx**) - F'(x )]dt <Mf3 [ 
Jo Jo 



< M(5 / [(1 - t)\\x* - soil + t\\x** - x \\]dt 
'o 



< 



MP 



Rv + 



M/3 



Rn 



it follows by the Banach lemma that L F'((l — t)x* + tx**)dt is invertible and hence 
x** = x*. 

Finally, by letting m — > oo in (20), we obtain (19) and furthermore 

ii *n ^ g(ao)v ( i/2\ 3 " 

This means that the method given by (2) is of i?-order of convergence at least three. This 
ends the proof. □ 



5 Numerical Example 

Now, numerical example are given for demonstrating the semilocal convergence of our third 
order Harmonic mean Newton's method based on recurrence relations. 

Example 1. Let X = C[0, 1] be the space of continuous functions on [0, 1] and consider 
the integral equation F(x) = 0, where 



F(x)(s) = -1 + x(s) + \x(s) 



o s + t 



x(t)dt, 



(22) 



with s £ [0, 1], x € C[0, 1] and < A < 2. Integral equations of this kind called Chan- 
drasekhar equations arise in elasticity or neutron transport problems [4]. The norm is taken 
as max-norm. 

Now it is easy to obtain the derivatives of F as 



1 s f 1 s 



F' (x)u(s) = u(s) + Xu(s) / — —x(t)dt + Xx(s, , 

Jo s + £ w K ' J s + t 



u(t)dt, u € 0, 



1 s _ . . , , f 1 s 



F"(x)uv(s) = \u(s) I —v(t)dt + Xv(s) , 

/o s + t y ' v ; J s + t 



-u(t)dt, u,v € Q, 
and the Lipschitz condition with N = 0, \\[F"(x) — F" (y)](uv)\\ = 0\\x — y\\, Vx,y G Q. 
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Now one can easily compute 

\\n*o)\\ - 



-1 + x (s) + Ax (s) / 
Jo 



s + t 



xo(t)dt 



< ||xn — 111 + |A| max 

0<s<t 



and 



o s + t 
i 



|F"(x)||<2|A|max 

0<s<t 



xo(t)dt 



-dt 



s + t 



\xq\\ 2 < ||x - 1|| + |A|log2||x | 



< 2|A|log2 = M. 



Also notice that 

\\I-F'(x )\\< 



A / — — x (t)dt + Xx (s / , 

o S + t Jq s + t 

1 



dt 



< 2|A| max 

0<s<t 



- L xo(t)dt 



\x \\ <2|A|log2||x ||, 



/o s + t 
if 2\X\ log 2 1| xq II < 1, by Banach Lemma [3] that Tq exists and 

1 „ Ilxn-l|| + |A|log2||x || 2 



o 



< 



P, \\r F(x )\\ < 



V- 



l-2|A|log2||x || v«/m- l-2|A|log2||x || 

Now for A = 1/4, and the initial point xq = Xo(x) = 1, we obtain 

M = 0.346573590279973, N = 0, f3 = 1.5303942190345, 
r] = 0.265197109517251, a = 0.14065901379261 < a = 2 - y/2 

and 

c h(a ) = 0.00065533723025431 < 1. 

This means that the hypotheses of Theorem 1 is satisfied. Hence the recurrence relations 
for the method given by (2) is demonstrated in Table 1. Besides, the solution x* belongs to 
B(x ,Rr]) = 5(1,0.287060657036874) C ft and it is unique in B(l, 3.48371950651898) f| g- 



But in [10] and [11], the solution of (22) exists in 5(1,0.089298359) and 5(1,0.09355883) 
respectively, which are inferior to our result. 

Table 1 : Results of recurrence relations of Example 1 . 



n 


7] 


/3 


a n 


b n 


( 'n 





2.6520e-001 


1.5304 


1.4066e-001 





5.5561e-004 


1 


1.4735e-004 


1.8051 


9.2179e-005 





9.7933e-014 


2 


1.4430e-017 


1.8052 


9.0282e-018 





9.1983e-053 


3 


1.3273e-069 


1.8052 


8.3044e-070 





7.1588e-209 


4 


9.5020e-278 


1.8052 


5.9449e-278 
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6 Conclusions 

A family of recurrence relations is developed for establishing the semilocal convergence of 
the Harmonic mean Newton's method (2) used for solving F(x) = in Banach spaces. 
Based on these recurrence relations an existence-uniqueness theorem is established to show 
the -R-order convergence of the method to be three. Also a priori error bounds are given. 
Some numerical example are worked out to demonstrate our approach and show our method 
can be of practical interest. 
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Abstract 

In this paper, we consider a general iterative scheme for finding fixed points of fc-strictly pseudo-contractive 
mappings for some < k < 1 in Hilbert spaces. Then, under weaker control conditions than previous ones, 
we establish strong convergence of the sequence generated by proposed scheme to a fixed point of the 
mapping, which is a solution of a certain variational inequality. The main results substantially improve and 
develop the previous well-known results in this area. 
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1. Introduction 



Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Recall that 
a mapping T : C — ► H is said to be k-strictly pseudo-contractive if there exists a constant 
k € [0, l)such that 

||Tx-Ty|| 2 <||x-y|| 2 + fc||(/-T)x-(/-T)y|| 2 , x,y£C), (1.1) 

and F(T) denote the set of fixed points of the mapping T; that is, F(T) = {x G C : Tx = 
x}. The mapping T is pseudo-contractive if and only if 

(Tx — Ty, x — y) < \\x — y\\ , x, y G C. 



* This research was supported by Basic Science Research Program through the National 
Research Foundation of Korea (NRF) funded by the Ministry of Education, Science and 
Technology (2011-0003901). 

Email address: jungjsOmail. donga. ac.kr (Jong Soo Jung). 
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T is strongly pseudo-contractive if and only if there exists a constant A G (0, 1) such that 
(Tx - Ty, x - y) < (1 - A) \\x - y\\ 2 , x, y G C. 



Note that the class of fc-strictly pseudo-contractive mappings includes the class of nonex- 
pansive mappings T on C (that is, \\Tx — Ty\\ < \\x — y\\, x, y G C) as a subclass. That is, 
T is nonexpansive if and only if T is 0-strictly pseudo-contractive. The mapping T is also 
said to be pseudo-contractive if k = 1 and T is said to be strongly pseudo-contractive if 
there exists a positive constant A G (0, 1) such that T — XI is pseudo-contractive. Clearly, 
the class of fe-strictly pseudo-contractive mappings falls into the one between classes of 
nonexpansive mappings and pseudo-contractive mappings. Also we remark that the class 
of strongly pseudo-contractive mappings is independent of the class of fc-strictly pseudo- 
contractive mappings (see [1-3]). 

Recently, many authors have been devoting the studies on the problems of finding fixed 
points for pseudo-contractive mappings. W can refer, for example, [4—7] and the references 
therein. In particular, in 2009, as the viscosity iteration method, Cho et al. [5] considered 
the following iterative scheme for fc-strictly pseudo-contractive mapping T: 



-n+l 



otnlf(xn) + (I -a n A)P c Sx n , n>l, (1.2) 



where a n G (0,1), / : C — ► C is a contraction with constant a G (0,1) (i.e., \\f(x) — f(y)\\ < 
a\\x — y\\,\/x,y G C), A is a strongly positive linear operator with constant 7 > (i.e., 
there exist a constant 7 > with the property: (Ax,x) > 7|M| 2 , Vx G H), < 7a < 7) 
S : C — » H is a mapping defined by Sx = kx + (1 — k)Tx and Pc is the metric projection 
of H onto C. They proved that the sequence {x n } generated by (1.2) converges strongly 
to a fixed point q of T which is the unique solution of the variational inequality related to 
the linear operator A 

((A- 7 f)q,p-q}>0, VpGF(T), (1.3) 

and is also the optimality condition for the minimization problem: 

min -(Ax,x) — h(x), 

where h is a potential function for 7/. They utilized the following as control conditions 
on {a n }: 

(CI) lim^oo a n = 0; 

(C2) ^ Ti ° =1 a n = 00; 

( C3 ) S^Lo \ a n+i ~ oc n \ < 00; or, limn^oo ^^- = 1, 

Their result extended the result of Marino and Xu [8] from the class of nonexpansive 
mappings to the class of fc-strictly pseudo-contractive mappings. 

In 2010, in order to improve the corresponding results of Cho et al. [5] as well as Marino 
and Xu [8] by removing the condition (C3), Jung [6] studied the following iterative scheme 
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for the fe-strictly pseudo-contractive mapping T along with the same /, A, 7, Pq and S 
as in [5]: 

x n+1 = a n -yf{x n ) + (I - a n A)((3 n x n + (1 - (3 n )P c Sx n ), n > 1, (1.4) 

where a n , [3 n G (0,1). Under conditions (CI) and (C2) on {a n } and the condition < 
liminf n ^oo (3 n < limsup^^^ (3 n < 1 on {/3 n }, he proved that the sequence {x n } generated 
by (1.4) converges strongly to a fixed point q of T, which is the unique solution of a 
variational inequality (1.3). 

In this paper, motivated by the above-mentioned results, we consider the following itera- 
tive scheme (1.2) for the A;-strictly pseudo-contractive mapping T. Under weaker control 
conditions than Cho et al. [5] (Marino and Xu [8]), we establish the strong convergence 
of the sequence {x n } generated by (1.2) to a fixed point of T, which is a solution of the 
variational inequality (1.3). The main results improve and develop the corresponding re- 
sults of Cho et al. [5] and Jung [6] as well as Marino and Xu [8]. Our results also extend 
the corresponding results of Halpern [9], Moudafi [10], Wittmann [11] and Xu [12]. 



2. Preliminaries and Lemmas 



Throughout this paper, when {x n } is a sequence in E, then x n — ► x (resp., x n — *■ x) will 
denote strong (resp., weak) convergence of the sequence {x n } to x. 

For every point x G H, there exists a unique nearest point in C, denoted by Pc(x), such 
that 

\\x- Pc(x)\\ < \\x-y\\ 

for all y G C. Pq is called the metric 'projection of H to C. It is well known that Pq is 
nonexpansive. 

We need the following lemmas for the proof of our main results. 

Lemma 2.1 ([13]). Let H be a Hilbert space, C be a closed convex subset of H. If T is a 
k-strictly pseudo-contractive mapping on C , then the fixed point set F{T) is closed convex, 
so that the projection Pf(t) ^ s we ^ defined. 

Lemma 2.2 ([13]). Let H be a Hilbert space and C be a closed convex subset of H. Let 
T : C — > H be a k-strictly pseudo-contractive mapping with F(T) 7^ 0. Then F(PqT) = 

F(T). 

Lemma 2.3 ([13]). Let H be a Hilbert space, C be a closed convex subset of H , and 
T : C — > H be a k-strictly pseudo-contractive mapping. Define a mapping S : C — ► H by 
Sx = \x + (1 — \)Tx for all x G C . Then, as X £ [k, 1), S is a nonexpansive mapping such 
that F(S) = F(T). 

The following Lemmas 2.4 and 2.5 can be obtained from the Proposition 2.6 of Acedo and 

Xu [4]. 
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Lemma 2.4. Let H be a Hilbert space and C be a closed convex subset of H . For any 
N > 1, assume that for each 1 < i < N, T{ : C — > H is a ki-strictly pseudo-contractive 
mapping for some < fej < 1. Assume that {??j}£i * s a positive sequence such that 
J2i=i Vi = 1- Then Yli=i Vi^i i s a nonself-k-strictly pseudo-contractive mapping with k = 



maxjfe : 1 < i < N}. 



Lemma 2.5. Let {T{\f =l and {rji}]L 1 be given as in Lemma 2.4- Suppose that {T{\f =l has 
a common fixed point in C . Then F(^2 i=1 rjiTi) = n^ 1 i ? (Tj). 

Lemma 2.6 ([8]). Assume that A is a strongly positive linear bounded operator on a 
Hilbert space H with constant 7 > and < p < ||.A|| _1 . Then \\I — pA\\ < 1 — frf. 

Lemma 2.7 ([L4,L5]). Let {s n } be a sequence of non-negative real numbers satisfying 

s n +i < (L - \ n )s n + A„(5„ + r n , n > L, 

where {X n }, {S n } and {r n } satisfy the following conditions: 

(i) {A n } C [0, L] and X^°=i ^n = 00, 
(ii) limsup n _ 00 5 n < or Y^=i ^n < 00, 
(iii) r n > (n > 0), Y,n=i r n < °o. 

Then ]im n ^ 00 s n = 0. 

Lemma 2.8. In a Hilbert space H , the following inequality holds: 

\\x + y\\ 2 <\\x\\ 2 + 2{y,x + y), x, y G H. 



Let /i be a mean on positive integers N, that is, a continuous linear functional on £°° 
satisfying \\p\\ = L = /i(L). Then we know that p is a mean on TV" if and only if 

inf{a ra : n G N} < p{a) < sup{a n : n G N} 

for every a = (a±, 02, ■■■) G £°°. According to time and circumstances, we use p, n (a n ) instead 
of p{a). A mean p on N is called a Banach limit if 

f J "n{ a n) = pn( a n+l) 

for every a = (01, 02, ■•■) G £°°- Using the Hahn-Banach theorem, we can prove the existence 
of a Banach limit. Lf p is a Banach limit, the following are well-known: 

(i) for all n > L, a n < c n implies p{a n ) < p(c n ), 
(ii) p(a n+ iy) = p(a n ) for any fixed positive integer N, 
(iii) liminfn^oo a n < p n (a n ) < limsup^^ a n for all (a±, a 2 , ■ ■ ■ ) G l°°. 
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The following lemma was given in [16, Proposition 2]. 

Lemma 2.9. Let a G M. be a real number and a sequence {a n } G l°° satisfy the condition 
^n(cL n ) < a for all Banach limit /i. /flimsup n _ >0O (o n +i — a n ) < 0, then limsup,^^ a n < a. 

Finally, we recall that the sequence {x n } in H is said to be weakly asymptotically regular 
if 

w — lim (x n+ i — x n ) = 0, that is, x n +i — x n — y 



lim \\x n+ i - x n \ 

n— >oo 



and asymptotically regular if 
respectively. 

3. Main results 



We need the following result for the existence of solutions of a certain variational inequality, 
which is slightly an improvement of Theorem 3.2 of Marino and Xu [8]. 

Theorem MX. Let H be a Hilbert space, C be a closed convex subset of H such that 
C±C C C and T : C — > C be a nonexpansive mapping with F(T) ^ 0. Let A be a strongly 
positive bounded linear operator on C with constant 7 > and f : C — ► C be a contraction 
with the contractive constant a £ (0,1) such that < 7 < — . Let xt be a fixed point of 
a contraction Ct B x ^ tjf(x) + (I — tA)Tx for t £ (0, 1) and t < ||^4|| _1 . Then {xt} 
converges strongly to a fixed point x of T as t — ► 0, which solves the following variational 
inequality: 

(Ax--ff(x),x-p) <0, pGF(T). 



Now, we study the strong convergence results for a general iterative scheme for the k- 
strictly pseudo-contractive mapping. 

Theorem 3.1. Let H be a Hilbert space, C be a closed convex subset of H such that 
C±CcC,T: C^Hbea k-strictly pseudo-contractive mapping with F(T) 7^ for 
some < k < 1. Let A be a strongly positive bounded linear operator on C with constant 
7 > and f : C —> C be a contraction with the contractive constant a & (0, 1) such that 
< 7 < — . Let {a n } be a sequence in (0, 1) which satisfies the condition: 

(CI) linin-^oo a n = 0, 

Let {x n } be a sequence in C generated by 

[ x n+x = a n jf(x n ) + (I - a n A)P c Sx n , n > 1, 
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where S : C — ► H is a mapping defined by Sx = kx + (1 — k)Tx and Pq is the metric 
projection of H onto C. Let p be a Banach limit. Then 

Hn((Aq - nff(q),q - x n ))) < 0, 

where q = lim t ^ + x t with Xt being the fixed point of the contraction x h^ tjf(x) + (I — 
tA)P c Sx, <t<\ andt< P|| _1 . 

proof. Let {xt} be the net generated by 

x t = t'yf(xt) + (I-tA)PcSxt, 0< t < 1 and t < ||A|| _1 . (3.1) 

Since PqS is a nonexpansive mapping from C into itself, by Theorem MX and Lemmas 
2.2 and 2.3, there exists lim^o x t & F(S) = F(T). Denote it by q. Moreover q is a solution 
of the variational inequality 

{Aq- 7 f(q),q-p)<0, P GF(T). 

By (3.1), we have 

1 1 art - x n+1 \\ = \\{I -tA)(P c Sx t - x n+1 ) + t{^f(x t ) - Ax n+1 )\\. 

Applying Lemma 2.6 and Lemma 2.8, we have 

\\x t -x n+ i|| 2 < (1 - 7 t) 2 \\P c Sx t -x n+ i|| 2 + 2t('jf(xt) - Ax n+1 ,x t -x n+ i). (3.2) 

Let p G F(T). Then we have 

\\xt - P\\ = \\t(7f(x t ) - Ap) + {I- tA){P c Sx t - p)\\ 
<t|| 7 /(x t )-Ap|| + (l-7t)||x t -p|| 

< t(hf(x t ) - 7 /(p)|| + || 7 /(p) - Ap\\) + {i- lt )\\x t -p\\ 

< t-ya\\x t - p\\ + t\\jf(p) - Ap\\ + (1 - 7 i) \\x t - p\\ 

This gives that 

lkt-p|| < = \hf(p) ~ A P\\- 

7 — 7a 
Hence {xt} is bounded, so are {/(art)} and {PcSxt}. 

Now we show that \\x n — p\\ < max{||xi — p\\, L^2iiWJi| f or all n > 1 and all p G F(T). 
Indeed, observing the condition (CI), we may assume, without loss of generality, that 
a n < ||^4|| _1 and a„7 < 1 for all n > 1. From Lemma 2.6, we know that, if < p < ||A|| _1 , 
then || / — pA\\ < 1 — pj. Therefore, taking a point p G F(T), we have 

||x n+ i -p\\ = ||a n (7/(x n ) - Ap) + (I - a n A)(x n - p)\\ 

< (1 -a„7)||x n -p\\ +a„||7/(x n ) - Ap\\ 

< (1 - a n -f)\\x n - p\\ + a„(|| 7 /(x„) - if{p)\\ + \\jf(p) - Ap\\) 

hf(p)-A P \\ 



< [1 - (7 - 7a)a n ] ||x n - p\\ + (7 - 7«)a 



n 

7 — 7a 
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Using an induction, we have ||x n — p\\ < max{||xi— p\\, V^JIL }• Hence {x n } is bounded, 
and so are {7/(x n )}, {PcSx n }, {APcSx n }, and {Ax n }. As a consequence with the control 
condition (CI), we get 

\\x n+ i - PcSx n \\ = a„||7/(x n ) - AP c Sx n \\ -► (n -»■ oo), 

and 

HPcSxi - ar n +i|| < ||x t - x n \\ + e„, 

where e n = ||x n +i — PcSx n \\ — ► as n — ► oo. Also observing that ^4 is strongly positive 
linear, we have 

(Ax t - Ax n , x t - x n ) = (A(x t - x n ),x t - x n ) > *f\\x t - x n \\ 2 . (3.3) 

So, combining (3.2) and (3.3), we obtain 

1 1 art -ar„+i|| 2 

< (l-jt)\\\x t -x n \\+e n ) 2 

+ 2t{jf(x t ) - Ax t ,X t - X n +l) + 2t{Ax t - Ax n +l,Xt - X n +l) 

<(7 2 t 2 - 2jt)\\x t - x n f + \\x t - x n \\ 2 + (1 - ^t) 2 (2\\x t - x n \\e n + e 2 n ) 
+ 2t(f(x t ) - Ax t , x t - Xn+i)) + 2t(Ax t - Ax n +i,x t - x n+1 ) 

< (7t 2 - 2t){Ax t - Ax n , x t - x n ) + || or* - x„|| 2 (3.4) 
+ (1 - 7t) 2 (2||x t - x n ||e„ + e 2 ) 

+ 2t{jf(x t ) - Ax t ,x t - x n+ i)) + 2t(Ax t - Ax n+ i,x t - x n+1 ) 
= jt 2 (Axt - Ax n ,x t - x n ) + ||x t -x n || 2 

+ (1 - 7t) 2 (2||x t - x n ||e n + e 2 ) + 2t('yf(x t ) - Ax t , x t - x n+1 ) 

+ 2t({Axt - Ax n +l,X t - Xn+l) ~ {Ax t - Ax n , X t - X n )) 

Applying the Banach limit p to (3.4) together with linin^oo e n = 0, we have 
p n (\\x t -x„ + i|| 2 ) 

< p n {^t 2 {Ax t - Ax n ,X t ~X n )) +Pn(\\Xt -X n || 2 ) 

+ 2t(p n ({'yf(xt) - Ax t , x t - x n+ i))) 

+ 2t(p n ((Ax t - Ax n+1 ,x t -Xn+i)) - p n ({Ax t -Ax n ,x t -x n ))). 

Using the property p n {a n ) = p n {a n+ \) of Banach limit in (3.5), we obtain 

Pn({Ax t -7/(Xf),Xt -Xn))) = Hn{{Ax t -^f(x t ),X t - X n +l))) 



Since 



(3.5) 



(3.6) 



7£ 1 

< —p n ({Ax t - Ax n ,X t ~X n )) + Wl[Pn{\\x t -X„|| 2 ) ~ p n (\\x t -X„|| 2 )] 

+ p n ({Ax t ~ Ax n , X t ~ X n )) ~ Pn({Ax t - Ax n , X t ~ X n )) 
jt 

= ~wf J "n\\Axt — Ax n , Xt — x n )). 
t\Axt Ax n , Xt x n ) 

_^ T I\ Xt Xn 

<tP||(||x t -p|| + ||p-x n ||) 2 (3.7) 

<t||A||(^— ||7/(p)-Ap|| + ||s -p||J ->0 (ast^O), 
V7-7« / 
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we conclude from (3.6) and (3.7) that 

fi n ((Aq-jf(q),q-x n ))) < lira sup fi n ({Ax t - jf(x t ), x t - x n )) 

t-»o 

jt 
< \imsup—iJ, n ((Axt-Ax n ,x t -x n })<0, 

where q = lim^o %t- This completes the proof. □ 

Using Theorem 3.1, we give the following main result. 

Theorem 3.2. Let H be a Hilbert space, C be a closed convex subset of H such that 
C±CcC,T: C^Hbea k-strictly pseudo-contractive mapping with F(T) ^ for 
some < k < 1. Let A be a strongly positive bounded linear operator on C with constant 
7 > and f : C — ► C be a contraction with the contractive constant a £ (0, 1) such that 
< 7 < ^. Let {a n } be a sequence in (0, 1) which satisfies the conditions: 

(CI) lim n ^oo a n = 0; 

(C2) £r?=0«« = OO. 

Let {x n } be a sequence in C generated by 

f xi e C , N 

\ (3-8) 

[x n+ i = a n jf(x n ) + (I - a n A)P c Sx n , n > 1, 

where S : C — > H is a mapping defined by Sx = kx + (1 — k)Tx and Pq is the metric 
projection of H onto C . If {x n } is weakly asymptotically regular, then {x n } converges 
strongly to q £ F(T), where solves the following variational inequality: 

(Aq- 1 f(q),q-p)<0, p G F(T). (3.9) 



Proof. First, note that from the condition (CI), without loss of generality, we assume 
that a n < H^H -1 , a„7 < 1 and i_ ~°J^ a n < 1 for n > 0. 

Let xt be defined by (3.1), that is, xt = t^f(xt) + (I — tA)P c Sxt for < t < 1 and 

lim^o Xt '■= q £ F(S) = F(T) (by using Theorem MX and Lemmas 2.2 and 2.3). Then q 
is a solution of a variational inequality 

(Aq-jf(q),q-p)<0 pGF(T). 

We divides the proof several steps: 

Step 1. We show that \\x n — p\\ < max< ||xi — p\\, " p rJ^ p >" > for all n > 1 and all 
p £ F{T) as in the proof of Theorem 3.1. Hence {x n } is bounded and so are {PcSx n } and 
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Step 2. We show that lim sup n ^ oc {Aq — r yf{q), q — x n ) < 0. To this end, put 

a n := {Aq-jf(q),q-x n )}, n > 1. 

Then Theorem 3.1 implies that // n (o n ) < for any Banach limit \x. Since {x n } is bounded, 
there exists a subsequence {x n } of {x n } such that 

limsup(a n+ i - a n ) = lim (a„ j+ i - a nj ) 

and x n . — *■ v € H. This implies that x n ._|_i — *■ t> since {x n } is weakly asymptotically 
regular. Therefore, we have 

w - lim (q - x n , + i) =w- lim (q - x nj ) = {q- v), 



and so 



limsup(a n+ i - a n ) = lim {Aq - jf(q), {q - x„ J+ i) -(q- x nj )) = 0. 



(7/(9) " Aq, x n+1 -q) + ^ 7 M 2 ) , 



2a n (7 - 07 

A n = — and 

1 - a„«7 

*» = 7=^ " 7/( ^ " X " +l) + 2(1^) M2 ' 



(3.10) 



Then Lemma 2.9 implies that limsup n __ >00 a ra < 0, that is, 

limsup(Ag - jf(q),q - x n )) < 0. 

Step 3. We show that lirrin^oo \\x n — q\\ = 0. By using (3.8), we have 
x n +i ~ q = oi n {^f{x n ) - Aq) + (I - a n A){x n - q). 
Applying Lemma 2.8, we obtain 

\\x n +i ~ q\\ 2 = \\{I - a n A){x n - q) +a n (jf(x n ) -^4g)|| 2 

< || (J - a n A)(x n - q) || 2 + 2a n {'yf{x n ) - Aq, x n+1 - q) 

< (1 - a n ^) 2 \\x n - q\\ 2 + 2a n ^a\\x n - q\\ \\x n+ i - q\\ 
+ 2a„(7/(?) - M, x n +\ - q) 

< (1 - a„7) 2 ||x„ - g|| 2 + a„7a(||x„ - q\\ 2 + \\x n +i - q\\ 2 ) 
+ 2a„(7/(g) - Aq, x n+1 - q). 

It then follows from (3.10) that 

\\x n +i - q\\ 2 

(1 - a n 7) 2 + Qn7« „ _ ,|2 2a " /. /ffq) _ Ao _ ^ _ _v 

1 — a„7a 1 — a n 7« 

^/2^-^lX (Ml) 

V 1 - a n ja ) 

I ^n(l -<*!) ( 1 ,,,„„, ,„„ v , « n 7 

1 — a„7a \7 — 07 

where M2 = sup n>1 \\x n — g|| 2 . Put 



JUNG: k-STRICTLY PSEUDO-CONTRACTIVE MAPPINGS 1174 



By (CI), (C2) and Step 2, we have A n — ► 0, Y^=o ^n = °° an d limsup n ^ 00 5 n < 0. Since 
(3.11) reduces to 

\\x n+x - q\\ 2 < (1 - A n )||x n - q\\ 2 + \ n 5 n , 

from Lemma 2.7 with r n = 0, we conclude that lim n ^ 00 \\x n — q\\ = 0. This completes the 
proof. □ 

Theorem 3.3. Let H be a Hilbert space and C be a closed convex subset of H such 
that C ± C C C . Let T{ : C — » H be a ki-strictly pseudo-contractive mapping for some 

< ki < 1 and n,^ 1 F(Tj) / 0. Let A be a strongly positive bounded linear operator on C 
with constant 7 and f : C — > C be a contraction with the contractive constant a £ (0, 1) 
such that < 7 < — . Let {a n }c (0, 1) be sequence which satisfies the following conditions: 

(CI) lim n ^oo a n = 0; 
(C2) E^°=o«™ = oo. 

Let {x n } be a sequence in C generated by 

{xo = x G C, 
x n+ i = a n jf(x n ) + (I - a n A)P c Sx n , 

where S : C — > H is a mapping defined by Sx = kx + (1 — k) Y2i=i Vi^iX with k = maxjfcj : 

1 < i < N} and {rji} is a positive sequence such that Yli=iVi = 1- V { x n} is weakly 
asymptotically regular, then {x n } converges strongly to a common fixed point q of {Ti]f =1 , 
which is a solution of the following variational inequality: 

N 



(Aq-if{q),q-p)<0, p G nf =1 F(T 4 ). 



Proof. Define a mapping T : C — ► H by Tx = Y2i=i Vi^iX. By Lemmas 2.4 and 2.5, we 
conclude that T : C — > H is a /c-strictly pseudo-contractive mapping with A; = max{/cj : 
1 < i < N} and F(T) = ^(X^i=i *?»^«) = l ^i=i-^ ? (^)- Then the result follows from Theorem 
3.2 immediately. □ 

Corollary 3.4. Let H, C , T, A, f and 7 be as in Theorem 3.2. Let {x n } be a sequence 
in C generated by 

f X\ € C , 

I (3.12) 

[x n+ i = a n jf(x n ) + (I - a n A)P c Sx n , n > 0, 

where S : C — ► H is a mapping defined by Sx = kx + (1 — k)Tx and Pq is the metric 
projection of H onto C. Let {a n } be a sequence in (0, 1) which satisfies the conditions: 

(CI) lim n ^oo a n = 0; 
(C2) Er=o«™ = oo. 
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If {x n } is asymptotically regular, then {x n } converges strongly to q £ F(T), where is a 
solution of the variational inequality (3.9). 

Remark 3.1. If {a n } in Corollary 3.4 satisfies conditions (CI), (C2) and 

(C3) X^°=i \ a n+i ~ a n \ < oo; or 

(C4) lim^oo ^ = 1 or, equivalent^, lim,,^* a " a "^ +1 = 0; or 

(C5) \a n +i — a n \ < o(a n +i) + a n , Y^=i °n < °° (the perturbed control condition), 



then the sequence {x n } generated by (3.12) is asymptotically regular. Now we give only 
the proof in case when {a n } satisfies the conditions (CI), (C2) and (C5). By Step 1 in the 
proof of Theorem 3.2, there exists a constant L > such that for all n > 0, 

||AP c Sx„||+7||/(x„)||<L. 
So,we obtain, for all n > 0, 

H^n+l X n \\ 

= ||(7 - a n A){P c Sx n - P c Sx n -i) + (a„ - a n -i)AP c Sx n -i 
+ l[a n (f(x n ) - f(x n -i)) + /(i„_i)(a„ - a„_i)]|| 

< (1 - a„7)||x„ - x n _i|| + |a„ - a„_i|||-APc5 , x n _i|| (3.13) 
+ j[a n a\\x n -x n _i|| + ||/(x„_i|||a„ - a n _i] 

< (1 - a n (j - ja))\\x n -x„_i|| + L\a n -a„_i| 

< (1 - «n(7- 7"))lkn -x„_i|| + (o(a„) + a n -i)L. 

By taking s n+i = ||x n+ i - x n \\, X n = a n (j - 7a), \ n 5 n = o(a n )L and r n = a n _iL, from 
(3.13) we have 

s n+i < (1 — A n )s n + A n o n + r n . 

Hence, by (CI), (C2), (C5) and Lemma 2.7, we obtain 

lim ||x n+ i - x n \\ = 0. 

In view of this observation, we have the following: 

Corollary 3.5. Let H , C , T, A, f and 7 be as in Theorem 3.2. Let {a n } be a sequence 
in (0,1) which satisfies the conditions (CI), (C2) and (C5) (or the conditions (CI), (C2) 
and (C3), or the conditions (CI), (C2) and (C4)J. Let {x n } be a sequence in C generated 
by (3.10). 

fxi eC 

\x n+ i = a„7/(x n ) + {I - a n A)P c Sx n , n > 0, 

where S : C ^ H is a mapping defined by Sx = kx + (1 — fc)Tx and Pc is the metric 
projection of H onto C. Then {x n } converges strongly to q G F(T), where is a solution of 
the variational inequality (3.9). 
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Remark 3.2. (1) Theorem 3.2 and Theorem 3.3 improve the corresponding results of Cho 
et al. [5] by using the weak asymptotic regularity on {x n } instead of the condition (C3) 
Y^=l \ a n+l ~ a n \ < °o. 

(2) Theorem 3.2 also includes the corresponding results of Halpern [9], Marino and Xu [8], 
and Wittmann [11] as some special cases. 

(3) The condition (C5) on {a n } in Corollary 3.5 is independent of the condition (C3) or 
(C4) in Remark 3.1, which was imposed in Theorem 2.1 of Cho et al. [5]. For this fact, see 
[17,18]. 
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Approximation of an additive-quadratic functional equation in 

RN-spaces 

Hassan Azadi Kenary, Sun- Young Jang* and Choonkil Park 

Abstract. In this paper, using the fixed point and direct methods, we prove the Hyers-Ulam stability 
of the following additive-quadratic functional equation: 

fx + y + z\ (x-y + z\ I 'x + y - z\ /-x + y + z\ 
af I r I + a/ I r I + af I I + af I I = cf{x) + cf(y) + cf{z) 

where a, b and c are positive real numbers, in random normed spaces. 



1. Introduction and preliminaries 

A classical question in the theory of functional equations is the following: "When is it 
true that a function which approximately satisfies a functional equation must be close to 
an exact solution of the equation?" . If the problem accepts a solution, then we say that 
the equation is stable. The first stability problem concerning group homomorphisms was 
raised by Ulam [34] in 1940. In the next year, Hyers [14] gave a positive answer to the 
above question for additive groups under the assumption that the groups are Banach 
spaces. In 1978, Th.M. Rassias [26] proved a generalization of the Hyers' theorem for 
additive mappings. The result of Th.M. Rassias has provided a lot of influence during 
the last three decades in the development of a generalization of the Hyers-Ulam stability 
concept (see [l]-[5]). Furthermore, in 1994, a generalization of the Th.M. Rassias' theo- 
rem was obtained by Gavruta [13] by replacing the bound e(||:r|| p + \\y\\ p ) by a general 
control function <p(x,y). 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic 
functional equation is said to be a quadratic mapping. In 1983, a Hyers-Ulam stability 
problem for the quadratic functional equation was proved by Skof [33] for mappings 
/ : X — > Y, where X is a normed space and Y is a Banach space. In 1984, Cholewa 
[6] noticed that the theorem of Skof is still true if the relevant domain X is replaced 
by an Abelian group and, in 2002, Czerwik [7] proved the Hyers-Ulam stability of the 
quadratic functional equation. 



°2010 Mathematics Subject Classification: 39B82, 39B52, 54E70, 47H10, 54E40. 
°Keywords: Hyers-Ulam stability; Direct method; Random normed space; Fixed point method. 
'Corresponding author. 
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2 Additive-quadratic functional equation in RN-spaces 

The stability problems of several functional equations have been extensively investi- 
gated by a number of authors and there are many interesting results concerning this 
problem ([8] -[31]). 

In the sequel, we adopt the usual terminology, notions and conventions of the theory 
of random normed spaces as in [32] . 

Throughout this paper (in random stability section), let T + denote the set of all prob- 
ability distribution functions F : 1U [— oo, +oo] — > [0, 1] such that F is left-continuous 
and nondecreasing on R and -F(O) = 0, F(+oo) = 1. It is clear that the set 

D + = {F G T+ : nF(-oo) = 1}, 

where l~ f(x) = lim t _^ x - f(t), is a subset of T + . The set T + is partially ordered by the 
usual point-wise ordering of functions, that is, F < G if and only if F(t) < G(t) for all 
iel. For any a > 0, the element H a (t) of D + is defined by 

[ 1, if t > a. 

We can easily show that the maximal element in T + is the distribution function H (t). 

Definition 1.1. A function T : [0, l] 2 — > [0, 1] is a continuous triangular norm (briefly, 
a t-norm) if T satisfies the following conditions: 

(a) T is commutative and associative; 

(b) T is continuous; 

(c) T(x, 1) = x for all x G [0, 1]; 

(d) T(x, y) < T(z, w) whenever x < z and y < w for all x, y,z,w G [0, 1]. 

Three typical examples of continuous t-norms are as follows: Tp(x, y) = xy, T(x, y) = 
max{a + b — 1,0}, T^(x,t/) = min(a,6). Recall that, if T is a t-norm and {x n } is 
a sequence in [0,1], then T™ =1 Xi is defined recursively by T} =x x\ = x\ and T™ =l Xi = 
T(T^Xi,x n ) for all n > 2. T™ n Xi is defined by T^x 



n+i- 

Definition 1.2. A random normed space (briefly, i?A^-space) is a triple (X,fi,T), where 
X is a vector space, T is a continuous t-norm and fi : X — > D + is a mapping such that 
the following conditions hold: 

(a) fi x (t) = Ho(t) for all x G X and t > if and only if x — 0; 

(b) fJ>ax(t) = /-^(t^t) f° r all a G M with a ^ 0, x G X and t > 0; 

(c) fi x+y (t + s) > T(/i x (t), (i y {s)) for all x, y G X and t, s > 0. 

Every normed space (X, || ■ ||) defines a random normed space (X,fi,T M ), where 

* 

t + \\u\\ 
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for all t > and Tm is the minimum t-norm. This space X is called the induced random 
normed space. 

If the t-norm T is such that sup 0<a<1 T(a, a) = 1, then every i?X-space (X,fj,,T) is a 
metrizable linear topological space with the topology r (called the /i-topology or the (e, 5)- 
topology, where e > and A G (0, 1)) induced by the base {U(e, A)} of neighborhoods of 
0, where 

U(e,X) ={xeX :tt x (e) > 1 - A}. 

Definition 1.3. Let (X,/j,,T) be an RN-space. 

(a) A sequence {x n } in X is said to be convergent to a point x G X (write x n — > x as 

n — > oo) if limn^oo fj, Xn _ x {t) = 1 for all t > 0. 

(6) A sequence {x„} in X is called a Cauchy sequence in X if lim n _ >oo; u :rn _ Xm (t) = 1 for 

all t > 0. 

(c) The i?X-space (X, //, T) is said to be complete if every Cauchy sequence in X is 

convergent. 

Theorem 1.1. ([32]) If (X,fi,T) is an RN-space and {x n } is a sequence such that 
x n -> x, then lim^^ fi Xn {t) = fi x {t). 

Definition 1.4. Let X be a set. A function d : X x X — > [0, oo] is called a generalized 

metric on X if d satisfies the following conditions: 

(a) d(x, y) = if and only if x = y for all x, y G X; 

(6) d(x, y) = d(y, x) for all x, y G X; 

(c) d(x, z) < d(x, y) + rf(y, z) for all x,y,z G X. 

Theorem 1.2. Let (X ; <ij &e a complete generalized metric space and J : X — >■ X &e a 
strictly contractive mapping with Lipschitz constant L < 1. Then, for all x G X, either 

d{J n x, J n+l x) = oo 

/or a// nonnegative integers n or there exists a positive integer n$ such that 

(a) d(J n x, J n+1 x) < oo /or a// n > n ; 

(6) t/ie sequence {J n x} converges to a fixed point y* of J; 

(c) y* is the unique fixed point of J in the set Y = {y G X : d(J n °x, y) < oo}; 

(d) d(y, y*) < ^d{y, Jy) for all yeY. 

In this paper, using the fixed point and direct methods, we prove the Hyers-Ulam 
stability of the following functional equation 

fx + y + z\ fx-y + z\ fx + y-z\ ( -x + y + z\ 

= cf(x) + cf(y) + cf(z) 
in random normed spaces. 



1193 

4 Additive-quadratic functional equation in RN-spaces 

2. Hyers-Ulam stability of the functional equation (1.1): a fixed point 

method 

In this section, using fixed point method, we prove the Hyers-Ulam stability of the 
functional equation (1.1) in random normed space for odd and even cases. 

Theorem 2.1. Let X be a linear space, (Y,[x,Tm) be a complete RN-space and $ be a 
mapping from X 3 to D + (<&(x, y, z) is denoted by <& x ,y,z) such that there exists < a < | 
such that 

®2x,2y,2z( t ) < ®x,y,z{ott) (2.1) 

for all x,y,z G X and t > 0. Let f : X — > V be an odd mapping satisfying 

(2.2) 

for all x,y,z G X and t > 0. Then the limit 

A(x) := lim Tf{— \ 

V ' 71-5.00 J \2 n J 

exists for all x G X and A : X -^-Y is a unique additive mapping such that 

fif(x)-A(x)(t) > T M U x , xfi f (1 ~^ )C J , $2^,0,0 ( (1 ~ 2 ^ )Ct )) ( 2 - 3 ) 

for all x G X and t > 0. 

Proof. Replacing x,y,z by |, |,0, respectively, in (2.2) and letting y = z = in (2.2), 
one can easily obtain that 

^ ( x)-2/( f )(*) > ^/($|,|,o(f),^o,o(f)) (2.4) 

ct\ T / ct \ 



> Tm ( $x,x,0 ( 7^— ) i $2s,0,0 



- 



2a j «,,„,„ ^^y 

for all x G X and £ > 0. Consider the set 

5 :={g: X -* Y} 
and the generalized metric d in S defined by 

d(f,g) = inf{« G K + : n g{x )-h(,x){ut) > T M (®x,x,o(t), $ 2 x,o,oW) , Vx G X, £ > 0}, 
where inf = +oo. It is easy to show that (S, d) is complete (see [20, Lemma 2.1]). 
Now, we consider a linear mapping J : (S, d) —¥ (S, d) such that 

Jh(x) := 2h(^) 
for all x G X. 
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First, we prove that J is a strictly contractive mapping with the Lipschitz constant 
2a. In fact, let g, h G S be such that d(g, h) < e. Then we have 

Hg(x)-h(x)(tt) > T M (&x,x,o(t),&2x,0,o{t)) 

for all x G X and t > and so 

H>Jg(x)-Jh(x)(20C€t) = ^ 2a (f)-2/i(f)(2o;et) 

= /^(i)-M!)( a<rt ) 

> T M ($| ifi o(at),$ xA o(^)) 

> 7m(^x ) x 1 o(*)» $ 2x ) o ) o(*)) 

for all x G X and £ > 0. Thus d(g, h) < e implies that d(Jg, Jh) < 2ae. This means 
that 

d(Jg, Jh) < 2ad(g, h) 

for all g,h G S. It follows from (2.4) that 

d(f,Jf)<-. 
c 

By Theorem 1.2, there exists a mapping A : X -^-Y satisfying the following: 

(1) A is a fixed point of J, that is, 

>»(§) = \m (2.5) 

for all rr G X. The mapping A is a unique fixed point of J in the set 

Q = {h e S : d(g,h) < oo}. 

This implies that A is a unique mapping satisfying (2.5) such that there exists u G (0, oo) 
satisfying 

Hf(x)-A(x){ut) > T M ($ X)X) oOO,<&2s,0,o(*)) 

for all rr G X and t > 0. 

(2) d(J n f, A) — >■ as n — >■ oo. This implies the equality 

lim 2 n /f— 1 =A(x) 
for all rr G X. 

(3) d(f, A) < [_2a w hh / G Jl, which implies the inequality 



1195 



6 Additive-quadratic functional equation in RN-spaces 

and so 

(Af(x)-A(x) ( _ ,-, J > T M ($ XjX) o(*), $2x,0,o(0) 

for all rr G X and t > 0. This implies that the inequality (2.3) holds. Replacing x,y and 
z by ^, ^ and ^, respectively, in (2.2), we obtain 



^[a/(^^)w(^^)W(^*^)W(^^)- c /(#)- c /(^)- c /(^)]( t ) " $ #^.# ^ 

for all x, y, z G X, t > and n > 1 and so, from (2.1), it follows that 

, t \ ft 

<_ JL _ > $1 



2» ' 2™ ' 2™ V 2 n 7 ~~ x '^' 2 \2, n ry r 
Since 

lim $ 9 



n^oo x ' y,z \2 n a r 
for all iji/jZGl and t > 0, we have 

^aA(g±f^)+aA(^f±^)+aA(g±f^)+aA( ~ 3: + i;+z )-cA(x)-cAfa)-cA(2)(^) = 1 

for all x,y,z G X and £ > 0. Thus the mapping A : X — > Y is additive. This completes 
the proof. □ 

Corollary 2.1. Let X be a real normed space, 9 > and r be a real numbers with r > 1. 
Lei / : X — > y feon odd mapping satisfying 

t 

^ a /(-±j|±») + a/(2^)^/(2±Jp)^/(=5^)- c /(x)-c/(i/)-c/(*)W ^ 



£ + 6»(J|:r|| r + ||2/|| r + ||z|| r ) 



/or a// x,y,z G X and £ > 0. Tnen t/ie limit A{x) = lim n ^ > . 00 2 n f{ J^ ) exists for all 
x G X and A : X — >■ F is a unique additive mapping such that 

( (2 r - 2)ct (2 r - 2)ct 

l*f(x)-A{x){t) > T M \^——^-—^-^, _______ 

for all x & X and t > 0. 

Proof. The proof follows from Theorem 2.1 if we take 

t 



t + e(\\x\\ r + \\y\\ r + \\z\ 



for all x,y,z G X and £ > 0. In fact, if we choose a = 2 _r , then we get the desired 
result. □ 
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Theorem 2.2. Let X be a linear space, (Y,[j,,Tm) be a complete RN-space and $ be a 
mapping from X 3 to D + (&(x,y,z) is denoted by & x ,y,z) su °h that for some < a < 2 

$§,§,§(*) <®x,y,z{ at ) 

for all x,y,z G X and t > 0. Let f : X -^-Y be an odd mapping satisfying (2.2). Then 
the limit A(x) := lim n _ ) . 00 2 „ exists for all x E X and A : X — >■ Y is a unique additive 
mapping such that 

m->T fib ( ( 2 -®)A * f(2_-a)cA\ 

fJ-f(x)-A(x){~t) > ±M \ ^x,x,0 I ~ I , *2x,0,0 I ~ I I 

/or all x £ X and t > 0. 

Proof. Let (S*, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Consider the linear mapping J : 5 1 — >• S such that 

for all a: G X. 

By (2.4), we obtain that 

Pll&l-fW f "J > T M (®x,x,o(t), $2x,0,o(*)) • 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Corollary 2.2. Le£ X fre a rea/ normed space, 9 > and r be a real numbers with 
< r < 1 . Let / : X — >■ Y be an odd mapping satisfying 

t 

^af(^+f^)+af(^f^)+af(^+^)+af(=^+^)-cf(x)-cf(y)-cf(z)( t ) ^ 



t + 8l \\x\\ r + ||y|| r + ||^| 

for all x,y, z G X and t > 0. T/ien £/ie /zrm£ A(x) = linin^oo 2 „ exists for all x E X 
and A : X — > V is a unique additive mapping such that 

( (2 - 2 r )ct (2 - 2 r )ct \ 

A*/(x)->l(x)(t; > T M ^ 2 _ 2r)ct + 4 ^|| x || r? (2 _ 2r)ct + 2 r+10\\ x \\r) 

for all x G X and t > 0. 



Proof. The proof follows from Theorem 2.2 if we take 

t 



®x,y,z(t) 



t + 6(\\x\\ r + \\y\\ r + \\z\\ r ) 

for all x,y,z G X and t > 0. In fact, if we choose ct = 2 r , then we get the desired 
result. □ 
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8 Additive-quadratic functional equation in RN-spaces 

Theorem 2.3. Let X be a linear space, (Y,/j,,Tm) be a complete RN-space and $ be a 
mapping from X 3 to D + (<&(#, y, z) is denoted by <& x ,y,z) su °h that there exists < a < | 
such that 

$2*,2y,2*(t) < ® x , y , z {0d) 

for all x,y,z G X and t > 0. Let f : X — >■ Y be an even mapping satisfying /(0) = 
and (2.2). Then the limit Q(x) := hin^^oo A n f ( ^ ) exists for all x G X and Q : X — >■ y 
is a unique quadratic mapping such that 

. ( f(l-Aa)ct\ f(l-Aa)ct\\ 

IJ>f(x)-Q{x){t) > T M I $x,x,0 I 1 I , $22,0,0 I ^ J J 

/or all x & X and t > 0. 

Proof. Consider the set 

5* := {a : X -> y : o(0) = 0} 
and the generalized metric d* in S* defined by 

d*(f,g) = inf ju G M + : ^-^(ut) > T M ($^,0 (-) , $2*,o,o(t)) , Vx G X, £ > oj 
where inf = +oo. It is easy to show that (S*,d*) is complete (see [20, Lemma 2.1]). 
By the same method as in the proof of Theorem 2.1, we obtain that 

^/(*)-4/(f) \^~) - T m (®x,xfl [2) »$2x,0,o(*)J ■ 

for all x G X and t > 0. 

Now, we consider a linear mapping J* : (S*,d*) — >■ (5*,^*) such that 

for all x £ X. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Corollary 2.3. Let X be a real normed linear space, 6 > and r be real numbers with 
r G (1, 00). If f : X — > y be an even mapping with /(0) = suc/i that 

t 

/i a/ (£±|±£) +a/ (^ f ±£) +a/ (£± F £) +a/ (^+M±£)_ c/(:E) _ c/(?/) _ c/(2) (t) > " ~ " , " ~ — ~ " ~ , 



/or a// x, y, z G X and £ > ; £/ien the limit Q(x) = hin^^oo A n f f ^ ) exists for all x G X 
and defines a unique quadratic mapping Q : X —)■ Y such that 

(4 r - A)ct (4 r -A)ct \ 



Vf(x)-Q(x)(t) > T M 



(A r - A)ct + W\\x\\ r ' (A r - A)ct + 2 r + 2 6\\x\ 
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for all x G X and t > 0. 

Proof. The proof follows from Theorem 2.3 if we take 

^'^ = t + 6(\\x\\r + \\y\\r+\\z\Y) 

for all x,y,z G X and t > 0. In fact, if we choose a = 4 _r , then we get the desired 
result. □ 

Theorem 2.4. Let X be a linear space, (Y,/j,,Tm) be a complete RN-space and $ be a 
mapping from X 3 to D + (Q(x, y, z) is denoted by $ x ,y,z) such that there exists < a < 4 
such that 

$§,*,§(*) <® x , VlZ {pct) 

for all x,y,z G X and t > 0. Let f : X —)■ Y be an even mapping satisfying /(0) = 
and (2.2). Then the limit Q(x) := linin^oo ^ 4 „ exists for all x G X and Q : X — » Y zs 
a unique quadratic mapping such that 

( f(A-a)ct\ f(A-a)ct\\ 

IJ>f(x)-Q(x){t) > T-M I "Px.x.O I 1 I , < I ) 2a ; ,0,0 I ^ I I 

for all x G X and t > 0. 

Proof. Let (S**, d*) be the generalized metric space defined in the proof of Theorem 2.3. 
Consider the linear mapping J* : (S*,d*) — > (S*,d*) such that 

J*g(x) := - A g{2x). 
By the same method as in the proof of Theorem 2.1, we obtain that 

M/(a«0 f {x) f 2~) > T M ($x,x,0 ( ^ J > $ 2x,0,o(^)j • 

The rest of the proof is similar to the proofs of Theorems 2.1 and 2.3. □ 

Corollary 2.4. Let X be a normed vector space with norm || • || ; 9 > and r be a real 
number with r G (0, 1). Let f : X — >■ Y be an even mapping with /(0) = such that 

t 



t + ei\\x 



f(2 n x) 



for all x,y,z G X and t > 0. Then Q(x) = linin^oo 4 „ x exists for all x G X and 
Q : X — )> Y is a unique quadratic mapping such that 

(4 - 4 r )ct (4 - 4 r )ct \ 



Vf(x)-Q(x)(t) > T M 



(4 - A r )ct + 86>||^j|^ ' (4 - 4 r )ct + 2 r + 2 6\\x\ 
for all x £ X and t > 0. 
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10 Additive-quadratic functional equation in RN-spaces 

Proof. The proof follows from Theorem 2.4 if we take 



t + 6(\\x\\ r + \\y\\ r + ||^|| r ) 



for all x,y,z G X and £ > 0. In fact, if we choose a = 4 r , then we get the desired 
result. □ 



Let / : X — > Y be a mapping satisfying /(0) = and (1.1) . Let f e (x) :- 



f(x)+f(-x) 



2 



and f (x) = 2 — ■ Then / e is an even mapping satisfying (1.1) and f is an odd 

mapping satisfying (1.1) such that f(x) = f e (%) + fo(x). So we obtain the following. 

Theorem 2.5. Let X be a linear space, (Y,[x,Tm) be a complete RN-space and $ be a 
mapping from X 3 to D + (<&(#, y, z) is denoted by & x ,y,z) su °h that there exists < a < \ 
such that 

®2x,2y,2z{t) < $ x , y , z {0d) 

for all x,y,z G X and t > 0. Let f : X — )> Y be a mapping satisfying /(0) = and (2.2). 
Then there exist an additive mapping A : X — )> Y and a quadratic mapping Q : X — >■ Y 
such that 

H2f(x)-A(x)-Q(x)(t) 

> T M \Vf( x )-A(x) (jj ,t*f(x)-Q(x) (^2 J J 

> t m (t m (*„,„ (^^) ,^,, f 1 ^)) , 

/or all x G X and £ > 0. 

3. Random stability of the functional equation (1.1): a direct method 

In this section, using direct method, we prove the Hyers-Ulam stability of the func- 
tional equation (1.1) in random normed space for odd and even cases. 

Theorem 3.1. Let X be a real linear space, (Z, //, min) be an RN-space and <p : X 3 — > Z 
be a function such that there exists < a < 2 such that 

^(f>{2x,2y,2z) \t) — l X a<t>{x,y,z)V') (3-1) 

for all x,y,z G X and t > and 

n i^ n o ^</>(2 n x,2™y,2™z)(2 t) — l 
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for all x,y,z G X and t > 0. Let (Y, /i, min) be a complete RN-space. If f : X —¥ Y is 
an odd mapping such that 

(3.2) 
for all x,y,z G X and t > 0, then the limit 

A(x) = lim f ^ n ^- 
exists for all x G X and defines a unique additive mapping A : X — ?• V siic/j £/ia£ 

/" / /(2-a)cA , /(2-a)cA\ 

Hf(x)-A(x){t) > T-M I A^(x,x,0) I 2 ) '^(2x,0,0) I 2 j j ^ ' 

/or all x & X and t > 0. 

Proof. Putting y = z = in (3.2), we see that 

/ i 2a/(f)-c/(x)( t ) > A*i(x,0,0)(*) ( 3 - 4 ) 

for all rr G X. Replacing x by 2x in (3.4), we obtain 

f i 2af(^)-cf(2x)( t ) ^^(2x,0,0)(0 ( 3 - 5 ) 

for all x G X. Putting y = x and z = in (3.2), we have 

/V/(f )-2c/(a;)(*) ^ A*i(x,x,0)(*) ( 3 - 6 ) 

By (3.5) and (3.6), we obtain that 

AV(2aO-2c/(x)(*) = ^ l cf(2x)±2af(f)-2cf(x)( t ) 

= /^ c /(2x)-2a/(f)+2a/(f)-2 C /(x)( t ) 

> T M (^</>(x,x,0) ( 2 ) '^(2x,0,0) ( 2 ) ) • 

So 

/i/(2 £ )_ /(:E) (t) > T M (/i0( :r):Ci o)( ci )'/ i 0(2 :C ,O,O)( ct )) • ( 3 - 7 ) 

Replacing x by 2 n x in (3.7) and using (3.1), we obtain 

A t /(2"+lx) f(2"x) {t) > ?M(te»i,2»3:,0)(2 C ^)> A t 0(2"+ 1 x,O,O)(2 c ^) 
2^+1 2 n 

m / , (2 n ct\ . /2 n ct 



M I /^</,(x,x,0) n 5 / x c/>(2x,0,0) 



a"/ ^ v ' ' ' \ a 
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12 Additive-quadratic functional equation in RN-spaces 

QinrP f(2nx) - f(r) - V"- 1 -f( 2k+1 ' x ) - tt 2kx ) 
oiiice 2 „ j ^x j — Z^fc=0 2 fc + 1 2 fe ' 



^^-/(z) 



^ "OAT ~~ H^n-l /(gfc + lg) /(gfcg) 2^ ^^ 



^M (/ i 0(x,x,O)( C ^)'/ i <}!.(2x,O,O)( C ^)J • 



This implies that 



AJ/e^l_ /(a .)(*) > T M A^(x,x,0) v „_ia* > A^(2x,0,0) „_i ^ ■ ( 3 ^ 

\ \a=o 2* / \2^k=0 2 k J J 

Replacing x by 2 p x in (3.8), we obtain 

fJ> f(2"+P x ) f(xP)(t) > T M A^(x,s,0) ^n+p-1 a fc '^(2^,0,0) n+p „i a fc 

2 " +P 2P V \Lfc=p 2*7 \^fc=p 2*7/ (3.9) 

Since 

pjj^oo ^(x,x,0) v n+p-l afe = p, 1 ™^ ^(2x,0,0) ^n+p-1 a* 
yzl^A;=p 2 fc / yZ^A;=p 2 fc 

it follows that { 2n f ' s a Cauchy sequence in complete RN-space (Y, //, min) and so 
there exists a point A(x) G Y such that 

li m ZC^l = A (x). 

Fix x £ X and put p = in (3.9). Then we obtain 

A*/0£5l_/( x )(*) > T M Mi(x,x,0) v „_l a* >A*i(2x,0,0) v n-l a^ 

\ \a=0 2* / \2^fc=0 2 fc 

and so, for any e > 0, 

HA(x)-f(x)(t + e) (3.10) 

- T ^ (x) _/e^l(e),r M ^0(x,x,O) „ n _i a* '^i(2x,0,0) v „_ia* 
\ \ \2^fc=0 2*7 \2^fc=0 2 fc 

Taking n — > oo in (3.10), we get 



/, /(2-a)cA , /(2-a)ct s 
Vc(x)-f(x){t + e) > i M ^(x,x,o) o >AV(2x,o,o) o 



(3.11) 
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Since e is arbitrary, by taking e — > in (3.11), we get 

m>T ( , f (2-a)ct \ , f (2-a)ct \\ 

fJ>C(x)-f(x){t) > J-M I ^c/>(x,x,0) I 2 J '^(2x,0,0) I 2" J J ' 

Replacing x,y and z by 2 n x,2 n y and 2 n z, respectively, in (3.2), we get 

^ ["/( 2n{X+ b V+Z) )+"/( 2 " (3! r +Z) )+"/( 2n( T' 2 ' )+«/( ^±^ )-c/(2^)-c/(2" y) -c/(2",)] (*) 
— f I (p(2 n x,2 n y,2 n z){2 t) 

for all x,y,z G X and £ > 0. Since hin^^oo A^(2"s,2"j/,2"z) (2 n £) = 1, we conclude that A 

satisfies (1.1). 

Furthermore 

A(2s) - 24(s) = lim /(2 " +1;r) - 2 lim /(2 " x) 



2 



lim ^3 - lim « 2 "*> 



2"+l ra-s>oo 2 ra 



0. 



So, A : X — > Y is an additive mapping. 

To prove the uniqueness of the additive mapping A, assume that there exists another 

additive mapping L : X — > Y which satisfies (3.3). Then we have 



/J>A(x)-L(x)(t) = lim ji A(2",) L(2«x) (t) 

v ' K ;v ' n-»oo — 2™ 2™ — 



> lim min</iA(2%> /(2«x) ( - ) , W/(2» 

ra->oo (_ 5 s ~~ 2" \2/ ~2™ 



x) L(2"x) 



/ , /2^2-a)cA , / 2"(2-aK 

— iiI n iM /V(2"x,2"a:,0) 7 I ' ^</>(2" +1 x,0,0) 7 



Since 



we get 



/ , /2"(2-a)cA , /2"(2-a)cf 

- ra™ ^ M I ^(*.x,0) I ^n J > ^(2x,0,0) I 7^ 



/2 n (2-a)cA , /2 n (2-a)cA 
lim = lim = oo 

n^oo I 4Q.H / n-Hx> \ 4 a n / 



'2 n (2-a)ci\ , /2 n (2-a)ct s 



j^ 2 ^ ^i(*,*,0) ^ ^n J .A*i(2x,0,0) (^ 4-7, J J - 1- 

Therefore, it follows that /iA(x)-L(a;)(^) = 1 for all t > and so A(x) = L(x). This 
completes the proof. D 

Corollary 3.1. Let X be a real normed linear space, (Z, //, min) be an RN-space and 
(Y, \x, min) be a complete RN-space. Let 0<r<l,z EZ and f : X — >■ Y be an odd 
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mapping satisfying 

/ X a/(5±|±£) + a/(^|+£)+a/(5±^£)+a/(^±a±£)- c /( :c )- c /(j / )_ c /( z )( t ) > / X (||x||'-+||j,||'- + || Z ||'-)«) ^ 

for all x,y,z G X and t > 0. Then there exists a unique additive mapping A : X — >■ K 
snc/j £aa£ 

/, /(2-2 r )ct\ , /(2-2 r )ct\\ 

fJ>f(x)-A{x){t) > T-M I ^Wzo 7 '^IM|' 



20 I Or+1 



/or all x E X and t > 0. 

Proof. Let a = 2 r and : X 3 — >■ Z be a mapping denned by 0(x, y, z) = {\\x\\ r + \\y\\ r + 
||z|| r )zo- Then, from Theorem 3.1, the conclusion follows. □ 

Corollary 3.2. Let X be a real normed linear space, (Z, //,min) be an RN-space and 
(Y, n, min) be a complete RN-space. Let z G Z and f : X — >■ Y be an odd mapping 
satisfying 

/^ a/ (£±|±£) +a/ (^|±£) +a/ (£±p£) +a/ (^£+M±£)_ c/(;E )_ c/ ( ?/ )_ c/(2 )(i) > A4o W 

for all x,y,z G X and t > Then there exists a unique additive mapping A : X — >■ Y 
such that 

'cV 



Vf(x)-A(x)(t) > H' dz0 v 2 



/or all x & X and t > 0. 



Proof. Let a = 1 and : X 3 — )■ Z be a mapping defined by 0(x, y, z) = o~zo. Then, from 
Theorem 3.1, the conclusion follows. □ 

Theorem 3.2. Let X be a real linear space, (Z, //, min) be an RN-space and <p : X 3 — > Z 
be a function such that there exists < a < | such that \j!,i x y z \(t) > HaMx v z)(t) f or 
all x,y,z G X and £ > and 

for all x,y,z G X and t > 0. Lei (Y, /i, min) fre a complete RN-space and f : X — )> Y be 
an odd mapping satisfying (3.2). Then the limit A{x) = lmv^oo 2 n / (|M exists for all 
x G X and defines a unique additive mapping A : X — )> Y such that 

M^r I ' f (l-2a)ct \ , f (l-2a)ct \\ 

V>f(x)-A(x)\t) > ±M \^<j>{x,x,Q) I g^ J '^(2x.0,0) I ^ II 

for all x G X and £ > 0. 
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Proof. By (3.7), we obtain 

^/(*)-2/(§)(*) ^ T m(^ |i|i0 ) (jJ^Xxflfl)^)) 

The rest of the proof is similar to the proof of Theorem 3.1. □ 



Corollary 3.3. Let X be a real normed linear space, (Z, //, min) be an RN-space and 
(Y, /i, min) be a complete RN-space. Let r G (1, +oo) ; z G Z and f : X — >■ Y be an odd 
mapping satisfying 

/ i a/(5±|±^) + a/(^|+£)+a/(5±|=£) + a/(^±K±£)- c /( ;c )_ c /(j / )- c /( 2 )( t ) > / / (||x||'-+||j,||'- + || 2 ||'-)2() (*) 

for all x, y,z G X and t > 0. T/ien £nere exzsfo a unique additive mapping A : X -^ Y 
such that 

l.s^rr, ( , f (2 r -2)ct \ , f (2 r -2)ct \\ 

Vf(x)-A(x){t) > 1 M \V\\x\\r Z0 I A I ^\\x\\r Z0 I 2^1 II 

/or all x E X and t > 0. 

Proof. Let a = 2~ r and : X 3 — )• Z be a mapping defined by 0(x, y, 2) = (||^|| r + ||y|| r + 
||z|| r )zo- Then, from Theorem 3.2, the conclusion follows. □ 

Theorem 3.3. Let X be a real linear space, (Z, //, min) be an RN-space and <p : X 3 — > Z 
be a function such that there exists < a < 4 such that fJ>Lr 2x 2y i z \ (0 > K*<4(s « z ) (0 / or 
a// x, y, 2; G X and £ > and 

JiJ^ ^4>{2 n x,2 n y,2 n z) V^t) — 1 

/or all x,y,z G X and t > 0. Let (Y,/i,min) 6e a complete RN-space. If f : X —> Y 
is an even mapping satisfying /(0) = and (#.i2) ; £nen £ne Hm«t A(x) = lin^oo 4 „ 
exists for all x G X and defines a unique quadratic mapping Q : X -^-Y such that 

Vf(x)-Q(x)(t) > J-M l^(x,x,0) I 4 I ;A^(2x,0,0) I ^ I I 

/or all x & X and t > 0. 

Proof. Putting y = x and 2 = in (3.2), we have 

/Vf(f )-2c/(x)(*) ^ A*i(*,*,0)(*) ( 3 - 12 ) 

for all x G X. Putting y = 2; = and then replacing x by 2x, we have 

/Vf(f )-c/(2*)(*) ^ A*i(2x,0,0)(*) ( 3 - 13 ) 
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16 Additive-quadratic functional equation in RN-spaces 

By (3.12) and (3.13), we see that 

Ll C f(2x)-4cf(x)(t) = f 1 2(2af(f)-2cf(x))-4af(f)+cf(2x)( t ) 
> T M (/^( x ,a;,o) (7 ) 5 A t 0(2a;,O,O) ( 3 

So 



A*/G*l_ /(a .)(t) > T m (^ (a . )a . i0 )(ct),^ (2iBi0)0) (2ct)) . (3.14) 

The rest of the proof is similar to the proof of Theorem 3.1. □ 

Corollary 3.4. Let X be a real normed linear space, (Z, li', min) be an RN-space and 
(F, li, min) be a complete RN-space. Let 0<r<l,z EZ and f : X — >■ Y be an even 
mapping satisfying /(0) = and 

^ a/ (£±2±£) +a/ (^|±£) +a/ (£±p£) +a/ (^£+E±£)_ c/(:c) _ c/( j /) _ c/(z) W > ^(\\x\\- + \\y\\- + \\4 r >0 ^ 

for all x,y,z G X and t > 0. TTien i/iere exzsis a unique quadratic mapping Q : X — >■ F 
sttc/i t/iat 

Llf(x)-Q{x){t) >1 M \^\\x\\rz I g I ./^||x||^o I 2 7 + I J J 

/or all x G X and £ > 0. 

Proof. Let a = 4 r and : X 3 — > Z be a mapping defined by 0(rc, y, z) = (||a:|| r + \\y\\ r + 
||z|| r )zo- Then, from Theorem 3.3, the conclusion follows. □ 

Corollary 3.5. Let X be a real normed linear space, (Z, li' , min) be an RN-space and 
(F, li, min) be a complete RN-space. Let z G Z and f : X ^ Y be an even mapping with 
/(0) = such that 

for all x,y,z G X and t > 0. T/ien £/iere exists a unique quadratic mapping Q : X — )> F 
sttc/i £/ja£ 

Llf( x )-Q( x )(t) > T M I^li' 5zo i^ — j ,li' 5zo (jyj) 

for all x G X and t > 0. 

Proof. Let a = 1 and : X 3 — )• Z be a mapping defined by (f>(x, y, z) = 5z . Then, from 
Theorem 3.3, the conclusion follows. □ 
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Theorem 3.4. Let X be a real linear space, (Z, //, min) be an RN-space and <p : X 3 — > Z 
be a function such that there exists < a < \ such that /i' ' (x y z ^(t) > fjf a(b ( x v z) (t) for 
all x,y,z G X and t > and 

lim a'/ x y z \ ( — 1=1 

n->00 r 4>{2n,^k,2n ) \ 4™ / 

for all x,y,z G X and t > 0. Let (Y, fi, min) be a complete RN-space and f : X — » Y be 
an even mapping satisfying /(0) = and (3.2). Then the limit Q(x) = lin^oo 4™ / (^ 
exists for all x G X and defines a unique quadratic mapping Q : X —>Y such that 

m>T ( ' ( i\-*x)ct \ , ( {l-Aa)ct \\ 

l*f{x)-Q(x)\t) >±M l^( X) x,0) I 4^ I >A^(2x,0,0) I ^ II 

/or all x E X and t > 0. 
Proof. By (3.14), we obtain 

^/(*)-4/(f)(*) - Tjlf ^i(f,f,o) (jj »A*i(x,0,0) 



" c A , / ct N 

2~ 
d;\ , /ctY 

,4aJ'^ (2a: > ' 0) V2aJ, 
The rest of the proof is similar to the proof of Theorem 3.1. □ 



> T M ( A^(x,x,0) ( 7T j > A^(2x,0,0) I ~ I 



Corollary 3.6. Let I k« real normed linear space, (Z, //, min) &e an RN-space and 
(y, /x,min) fre a complete RN-space. Let r G (1, +oo) ; ZoG2 and f : X ^-Y be an even 
mapping satisfying /(0) = and 

/^ a/ (£±2±£) +a/ (^|±£) +a/ (£±p£) +a/ (^£+E±£)_ c/(;c) _ c/(y) _ c/(z) W > / i (||x||'- + ||j,||'- + || Z ||'- )z a (*) 

/or a// i,|/,zGl and £ > 0. Tnen taere exzsis a unique quadratic mapping Q : X — >■ Y~ 
snc/i t/iat 

Hf( x )-Q(x){t) > 1 M I ^||x||^o 1 § I 'A*||x 

/or all x E X and t > 0. 



'2(1 



Or+4 



Proof. Let a = 4 r and : X 3 — >■ Z be a mapping defined by 0(x, y, 2) = (||:c|| r + ||y|| r + 
||z|| r )zo- Then, from Theorem 3.4, the conclusion follows. □ 



Let / : X — > Y be a mapping satisfying /(0) = and (1.1) . Let / e (x) :- 



/(a)+/(-x) 



2 



and / (x) = ^ £ x ' . Then / e is an even mapping satisfying (1.1) and f is an odd 
mapping satisfying (1.1) such that f(x) = f e (x) + fo(x). So we obtain the following. 

Theorem 3.5. Let X be a real linear space, (Z, //, min) be an RN-space and <p : X 3 — > Z 
be a function such that there exists < a < 2 such that n'&^xflyflz) (0 — Kwx^z) (0 f or 
all x,y,z G X and t > and lin^oo fi'^^x 2 n y 2™z) (2 n £) = 1 /or all x,y,z G X and £ > . 
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Let (Y, fi, min) be a complete RN-space. If f : X — >■ Y be a mapping satisfying /(0) = 
and (3.2). Then there exist an additive mapping A : X — >■ Y and a quadratic mapping 
Q : X —¥ Y such that 

m->T ( ' ( {2-a)ct \ , f (2-a)ct \\ 
fj, f(x)-f(-x) _ A ^{t) >Lm l^(x,x,o) I 2 ) '^0(2x,o,o) I 2 / J 

(+\~>T ( ' ( (.*-<x)<* \ , ( {A-OL)ct \\ 
^ /(■)+/(-») -Q( X )W ^ J M I /^(x.x.O) I 1 I ,^(2x,0,0) I 3 II 

and 

A i 2/(x)-A(x)-Q(x)(0 

= fi /(*)-/(-.) + /(*)+/(-*) _A(x)-Q(x) (*) 

> T M ^ /(.)-/(-,) _ A{x) [-) ,/^ /w+/c-') -q(x) (2)) 

/ / , /(2-a)cA , /(2-a)cA\ 

^ J M M M I /J>4,(x,x,0) I I I > / i 0(2x,O,O) I I I I > 

/ , ( {A-a)ct \ , f (A-a)ct \\\ 

1 M I /^(x,x,0) I g I > /^(2x,0,0) I I I I I 

/or all x £ X and t > 0. 

4. Conclusion 

We linked here three different disciplines, namely, random normed spaces, functional 
equations and fixed point theory. We established the Hyers-Ulam stability of the func- 
tional equation (1.1) in random normed spaces. 
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Abstract In this paper, wc propose the mixed-stable model for analyzing 
high-frequency stock return data that usually contain a large number of zeros. 
Based on the data of German Dax component stocks, we apply the stable and 
mix-stable laws (both with dependent and independent states) to model the 
data. We also investigate the self-similarity and multifractality of the data. We 
show the empirical results of the model performance. 

Keywords: high frequency data; stable models, mixed-stable models; fi- 
nancial modeling; self-similarity; Hurst index. 

1 Introduction 

With the introduction of electronic trading, an enormous quantity of trading 
data became available. Intra-daily price oscillation, trade duration distribu- 
tion analysis and overall market microstructure investigations attract more and 
more attention from the researchers. Containing all transactions of the financial 
market high frequency data can reveal events and laws that are impossible to 
identify with monthly, weekly or daily data. A summary of the literature cover- 
ing intra-daily data research is presented in Sun et al. (2008) and the reference 
therein. 

In our work we propose a new modeling methodology, that is, mixed-stable 
model to model the intra-daily data from German DAX component stocks re- 
turns. In practice, we often observe a large number of zero returns in the 
high-frequency return data due to the underlying asset price does not change at 
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a given very short time intervals. Our model is designed to capture this unique 
features observed in the high-frequency return data. 

This paper is organized as follows. The first part is the introduction. Sec- 
tion 2 describe the data we investigated. In Section 3, we introduce our mod- 
eling methodology applied for modeling the data (i.e., stable and mixed-stable 
models, self-similarity and multifractality analysis, Hurst exponent calculation, 
stagnation intervals modeling etc.). We present our empirical results in Section 
4 and conclude in Section 5. 

2 The data 

In this paper we analyze high-frequency data series of 29 stocks from DAX, rep- 
resenting August 17, 2007 (one of typical business-active days of the year). We 
aggregate raw inhomogeneous intra-daily data into the equally-spaced homoge- 
neous 10 seconds intra-daily time series. To mitigate opening auction effect, 
transactions of the first 10 minutes of the day were omitted. The aggregation 
was done with previous-tick interpolation (see Wasserfallen and Zimmermann 
(1985)). Dacorogna ct al. (2001) point out that linear interpolation relies on 
the future information whereas previous-tick interpolation is based on the in- 
formation already known. 

Previous-tick interpolation. We denote times of raw intra-daily series as 
{ti} and the corresponding price as {Pi}. The aggregated homogeneous high 
frequency series is obtained at times to + jAt with At = 10 sec. The index j 
identifies the regularly spaced sequence. The time to + .7 At is bounded by two 
times ti of the irregularly spaced series, tj < t + jAt < tj +1 , here 

I = max{i|ti < to + jA} 



With previous-tick interpolation we obtain that P(to + j) = Pi. Having 
obtained homogeneous price series, we can calculate corresponding logarithmic 
returns series {Xi}: Xi = In -^r 1 - 

The length of all series is 3060. The number of zero 10-sec stock returns 
differs from 19% to 69%, with the average 47%. 

Almost all data series are asymmetric, and the empirical kurtosis (see Ta- 
ble 1) shows that density functions of the series are more peaked than that 
of Gaussian. That is why we make an assumption that Gaussian models are 
not applicable to these financial series. Moreover, it has been observed by re- 
searchers, that intra-daily data are characterized by fat tails and long-range 
dependence (see Dacorogna et al. (2001)). 

3 Methodology 

Methodology of this research follows the main aspects of stable and mixed-stable 
modeling, developed by Kabasinskas et al. (2009, 2010). We start the analysis 
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Figure 1: Example of intraday and corresponding high frequency data. 
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Table 1: Empirical moments 



Company name 


Mean 


St.dcv. 


Skcwncss 


Kurtosis 


Zeros, % 


Adidas AG 


9.027E-06 


0.0008 


0.1757 


31.12 


36.18 


Deutsche Bank AG 


9.780E-06 


0.0007 


-0.1265 


6.65 


78.63 


BASF SE 


5.711E-06 


0.0008 


-0.6836 


31.52 


68.56 


BMW AG St 


4.417E-06 


0.0006 


0.2197 


6.83 


48.10 


Continental AG 


5.677E-06 


0.0009 


-0.8912 


122.42 


48.40 


Deutsche Post AG 


3.682E-06 


0.0006 


-0.0232 


8.73 


37.97 


Deutsche Telekom 
AG 


4.738E-06 


0.0007 


0.2499 


3.83 


41.73 


Bayer AG O.N. 


6.468E-06 


0.0007 


0.3973 


7.82 


65.72 


Frcscnius Medical 
Care AG and Co. 
KGaA St 


5.774E-06 


0.0008 


-0.2354 


10.49 


34.58 


Deutsche Borsc AG 


1.548E-05 


0.0008 


0.0732 


14.57 


54.58 


MAN SE St 


5.520E-06 


0.0010 


0.5253 


11.44 


53.14 


Hcnkel AG and Co. 
KGaA Vz 


3.280E-06 


0.0008 


0.0879 


13.97 


36.11 


Infineon Technolo- 
gies AG 


4.891E-06 


0.0008 


0.3245 


8.53 


31.47 


Lindc AG 


8.652E-06 


0.0008 


-0.4563 


16.87 


39.93 


Merck KGaA 


1.473E-05 


0.0008 


0.1754 


17.56 


38.86 


RWE AG St 


1.166E-05 


0.0008 


0.0881 


6.99 


69.15 


Daimler AG 


8.151E-06 


0.0008 


-0.3854 


14.23 


77.65 


SAP AG 


8.250E-06 


0.0007 


0.2107 


7.14 


62.94 


Siemens AG 


9.405E-06 


0.0007 


-0.1094 


7.23 


77.39 


METRO AG St 


1.221E-05 


0.0009 


-0.1969 


20.98 


55.39 


ThysscnKrupp AG 


5.698E-06 


0.0004 


-1.6274 


50.38 


56.41 


Volkswagen AG St 


1.776E-05 


0.0010 


-0.1207 


16.45 


32.12 


Deutsche Postbank 
AG 


1.544E-05 


0.0009 


0.6914 


15.37 


44.77 


HYPO REAL ES- 
TATE 


1.575E-05 


0.0010 


-0.1406 


21.22 


57.12 


Commcrzbank AG 


9.627E-06 


0.0007 


-1.0132 


27.87 


37.84 


Deutsche 
Lufthansa AG 


1.510E-05 


0.0006 


0.1229 


5.79 


81.21 


Allianz SE 


1.510E-05 


0.0006 


0.1229 


5.79 


81.21 


Munchcncr Ruck 
AG 


5.706E-06 


0.0006 


0.3447 


16.50 


61.37 


TUI AG 


5.038E-06 


0.0009 


-0.1190 


11.48 


41.60 
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of our log-return series with stable and mixed-stable parameter estimation and 
goodness-of-fit hypothesis testing. Next we analyze the self-similarity and mul- 
tifractality of our data and calculate Hurst exponents. Recall that for Gaussian 
processes, Hurst exponent H = 0.5 indicates Brownian motion; 0.5 < H < 1 
indicates long time memory processes and persistent behavior; < H < 0.5 
shows anti-persistent behavior, see Samorodnitsky and Taqqu (2000). Finally 
we are applying mixed-stable models and analyze the behavior of zeros in the 
series (how they are distributed and occur in the series, are they random, how 
they can be simulated, etc.). 

3.1 Stable and mixed stable models 

The stable distribution is usually described by its characteristic function 

\-<T a \t\ a {l-i/3sign(t) tan ^} + ifit, a ^ 1, 
log 03m = < „ 

[-a\t\{l + i/3sign(t)^ log \t\} + i/xt, a = 1, 

Each stable distribution is described by four parameters: the first one and 
the most important is the stability index a £ (0,2], which is essential when 
characterizing financial data. The others are: skewness — 1 < /3 < 1, location 
/i G R, and scale a > 0. Let us denote the parameter vector = (a, j3, fi, a). 

In financial modeling it is generally assumed that 1 < a < 2. An overview 
of stable distributions properties can be found in Rachev and Mittnik (2002), 
Samorodnitsky and Taqqu (2000), and Zolotarev (1986). 

The probability density function of the stable laws cannot be expressed in 
elementary functions (except few cases: Levy, Cauchy and Gaussian distribu- 
tions). Exact and fast calculation of stable densities is a nontrivial task [1, 2, 
3, 11, 21, 22, 23]. To calculate the density we use Zolotarev integral represen- 
tation [2, 3]: 

p(x 6) = { °K-V J-eU a {¥,6)ex V {-\^\^U a (ip,9)}d<p, x ± M , 
Xr(l + i) cos (iarctan(/3tan^)), 



where 



f s in(g% + 0))y-° coB(f((a-l)y + qg)) 



« 20£ / cos Y 



and 

. /. 7ra\ 2 . 

u = arctan p tan — — signyx — fi). 
\ 2 / 7ra 

The problem of parameter estimation in stable modeling is hampered by the 
lack of known closed form of density functions for almost all stable distributions, 
hence many statistical methods depending on the explicit form of the probability 
density function cannot be applied. However, there are several numerical meth- 
ods that have been found useful in practice: McCulloch method [20], method 
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of moments [26], regression methods [15, 16, 18]. Comparative studies [2, 24] 
confirm that the most accurate method of estimation is the Maximum Likeli- 
hood method. However, it is the most time consuming, but the implementation 
of parallel algorithms can allow us to get result in an adequate time even for a 
large amount of long data series [4] . 

Stable parameters can be estimated from the returns by maximizing the 
log-likelihood function 

n 

L(Q) = ^ogp(X h Q). 

To optimize the function we use Davidon-Fletcher-Powell quasi-Newton me- 
thod [28]. We also verify two hypotheses: the first one is that our sample 
follows Gaussian distribution. The is that our sample follows the stable non- 
Gaussian distribution. Both hypotheses arc examined by Anderson-Darling and 
Kolmogorov-Smirnov tests. The first test is more sensitive to the difference be- 
tween empirical and theoretical distribution functions in far quantiles (tails), in 
contrast to the Kolmogorov-Smirnov test which is more sensitive to the differ- 
ence in the central part of distribution. 

The mixed-stable model was introduced by Belovas et al. [3] to cope with the 
problem of daily zero returns. Cumulative distribution function of mixed-stable 
random variable is 

F(x) = ^— P(a;, e max ) + -e(x), 
n n 

where P(x, 6) the the cumulative distribution function of the stable distribu- 
tion, e(x) is the cumulative distribution function of the degenerate distribution 



e\x = 



the vector O m ax is estimated with nonzero returns, and k is the number of zero 
returns in the given data set X = {Ai, A2, ■ ■ ■ , X n }. The probability density 
function of mixed-stable random variable is 

f(x) = P(X, Qmax) + S{x), 

n n 

where 5(x) is Dirac delta function. 

There arises a problem when we are trying to test the adequacy hypothesis 
for these models. Since we have a discontinuous distribution function, classic 
methods for continuous distributions (Kolmogorov-Smirnov, Anderson-Darling) 
do not work. So we have to choose a special goodness-of-fit test suitable for 
discontinuous distributions, ex. Koutrouvclis empirical characteristic function 
test. Let X\ 1 X2, ■ ■ ■ ,X n be independent and identically distributed random 
variables having a common characteristic function ip(t) = C'(t) + iS(t) and let 




1 



n 

itXi 



e 
n 



KABASINSKAS ET AL: MIXED STABLE MODELS... 1216 



be the empirical characteristic function. Denote by tpo(t) = Co(t) + iSo(t) 
a completely specified characteristic function. I. Koutrouvelis has proposed a 
goodness-of-fit test for the simple hypothesis Ho : cp(t) = ipo(t) based on the 
quadratic form 

Q°=2n(£ n -&) T iV 1 (£»-$>) ) 
where £/ is the 2?n-dinicnsional vector 

£i = {Q{h), • • ■ , Ci(t m ),Si(ti), . . . , Si(t m )), 



for I = 0,n, and Qo/2n is the covariance matrix of £„ under Hq. The values 
ii, ti, . . . , t n a suitably chosen in a region of t near zero, and are such that ilo 
is non-singular, see [17, 19]. Another alternative is modified \ 2 ) [14]- 

3.2 Self-similarity, multifractality and Hurst exponent 

Financial time series do often exhibit fractionality (characterized by Hurst ex- 
ponent) or self-similarity [12, 30]. Continuous time process Y = {Y(t),t <G T} 
is self-similar, with the self-similarity parameter H (Hurst index) , if it satisfies 
the condition: 

Y(t) = a- H Y(at), Vi e T, Va > 0, < H < 1, 

where the equality is in the sense of finite-dimensional distributions. This defi- 
nition of a self-similar process given above can be generalized to that of multi- 
fractal processes. Methodology of self-similarity and multifractality analysis is 
fully described in Section 2.2 of Kabasinskas et al. [13]. 

Hurst exponent was estimated by R/S [9] and the ratio of variance of resid- 
uals method. Given a time-series Xi,X 2 , ■ ■ ■ ,X n , the rescaled range (R/S) 
statistic is defined as the ratio of the maximal range normalized to the standard 
deviation: 

D/c/ \ _ max KKnEi=l(^i - X ) -milll<K„E i= i(^ - X ) 



lYTi^iXi-xy 

The expected value of R/S scales like cn H as n — > oo, where H is the Hurst 
exponent. To estimate the Hurst exponent, we plot R/S{n) versus n in log-log 
axes. The slope of the regression line approximates the Hurst exponent. 

The ratio of variance of residuals method is based on the variance of residuals 
method for estimating long-ranged dependence. This method, proposed by Peng 
et al. [25] and further studied by Taqqu et al. [31], includes following procedures. 

First, we calculate the integrated series 



Y k = J2(*i-X) 



The integrated series is divided into d sub-series of equal length m. In each 
sub-series, we fit a least-squares line to the partial sums within each block and 
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compute the sample variance of the residuals. We repeat this procedure for 
each of the blocks, and average the resulting sample variances. We should get 
a straight line with a slope of 2H if the result is plotted on a log-log plot versus 
m . 

Estimates were calculated using SELFIS software, which is freeware and can 
be found on the web page http://www.cs.ucr.edu/~tkarag. 

3.3 Modeling of stagnation intervals 

Let us define the set of discrete states {^Q}, corresponding given time series 
{Pi} following way: Xi = 0, if Pj+i = Pi and X, = 1, if P,+i ^ Pi- A set of 
zeros between two units in {Xi} we call a run. The first run is a set of zeros 
before the first unit and the last one after the last unit. The length of the run is 
equal to the number of zeros between two units. If there are no zeros between 
two units, then an empty set has zero length. 

Theoretically, if states are independent (Bernoulli scheme), then the series of 
lengths of zero state runs should be distributed by the geometric law. Obviously, 
if the probability of zero is p, then the probability of fc-length run (before the 
first unit) is pk = p (1 — p), k G No- However, the results of empirical tests 
do not corroborate this theoretic assumption. To determine the law, we will fit 
with x 2 goodness-of-fit test the series distribution of lengths of zero state runs 
by geometric, generalized logarithmic, Poisson and generalized Poisson, Hurwitz 
zeta and generalized Hurwitz zeta, discrete stable laws. The statistic of the test 
is 

2 _ y^ (Q» - Ej) 2 
X ~ ^ Ei ' 

here m is the number of cells for n states to divide, Oi - observed frequencies, 
Ei - expected theoretical frequency, asserted by the null hypothesis [5]. 

The probability mass function of the generalized logarithmic distribution is 
defined by 

Pit, = /,-) = ( > ' ^— J -^— , k G N , < p < 1, m > 0. 

K + m 

The probability mass function of the generalized Poisson law is defined by 

C°° \i \ \k 

E rr a. Zn m-a. Xn ' * e N , A > 0, ro > -1. 

The probability mass function of Hurwitz distribution is defined by 




\*=0 v 



1 

k e No, q > 0, s > 1. 



q) s (k + q) 
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The probability mass function of the generalized Hurwitz distribution is defined 
by 

g(7T^J WTW> ke* , q >o,a>i,o<x<i. 

Discrete stable distribution with the probability mass function 

^-*>-^E£(7)(7) fc ^* e *- A>0 - 7eM 

was introduced by Christoph and Schreibcr [6] . Parameters of generalized log- 
arithmic, generalized Poisson, Hurwitz zeta, generalized Hurwitz zeta and dis- 
crete stable laws are estimated by the maximal likelihood method numerically. 

3.4 Model of stagnation intervals with dependent states 

In order to examine the interdependencies between states further, we tried the 
Markov chain model. With the Hoel [10] criterion we test the order in, m e No, 
of the chain: the hypothesis H™ :m+ , that the series represents the m th -order 
Markov chain, with the alternative H™ :m+ , that the series represents (m+l) th - 
order Markov chain. The statistic 

r oV^ A n i]-kl , n.j...kl 

i l \ nij...k- n.j...k- 

is distributed by the x 2 l aw with s m ~ 1 (s — l) 2 degrees of freedom. Here s is 
the number of the Markov chain series states, n%j...ki is the number of visits in 
state ij . . . kl, symbol • indicates the summation index. Number of indexes in 
this equation depends on the order of the chain: if the order is m, then number 
of indexes is equal to m+1. To test if scries is generated by the Bernullian 
scheme we have to test the hypothesis H®' 1 . In this research five hypothesis were 
tested: H®' 1 , Hq 2 , Hq 3 , Hq A , Hq 5 . Since the runs test rejects the randomness 
hypothesis (see e.g. [12, 13]) of the sequence of states, the probability of state 
depends on the position n in the sequence: 

P{X n — 1| . . . ,X„_fc_i = 0,X n -k = 1, . . . , X n _i = 1) = fc-1 — , (1) 

1 - E J= o Pi 

where pk are probabilities of a model law, P(X = 1) = p , n 6 N, k G No- It 
should be noted that P(X n = 0| . . . ) = 1 - P(X n = 1| . . . ), n, k e N . 

With the probabilities of states and the distribution of nonzero returns we 
can generate sequences of stock returns, interchanging in the state sequence 
ones with stable r.v. 
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4 Empirical results 

4.1 Stable and mixed-stable models 

First of all we have estimated parameters 9 of the a-stablc distribution for full 
series. The results are presented in Table 2. 

Table 2: Estimates of parameters of a-stable distribution for full series 



Data set 


a 





M 


<T 


Adidas AG 


1.409 


0.1327 


0.0001 


0.0002 


Deutsche Bank AG 


1.479 


-0.7460 


-0.0002 


0.0003 


BASF SE 


1.118 


0.3844 


0.0003 


0.0001 


BMW AG St 


1.281 


0.0949 


0.0001 


0.0002 


Continental AG 


1.787 


0.7234 


0.0001 


0.0003 


Deutsche Post AG 


1.640 


-0.4147 


-0.0002 


0.0002 


Deutsche Telekom AG 


1.587 


-0.2994 


-0.0001 


0.0003 


Bayer AG O.N. 


1.153 


0.7240 


0.0004 


0.0001 


Frcscnius Medical Care AG 


1.654 


0.3097 


0.0001 


0.0002 


Deutsche Borsc AG 


1.238 


-0.5806 


-0.0002 


0.0002 


MAN SE St 


1.267 


0.3916 


0.0003 


0.0002 


Hcnkcl AG 


1.441 


-0.6664 


-0.0002 


0.0002 


Infineon Technologies AG 


1.171 


0.0335 


0.0000 


0.0001 


Linde AG 


1.809 


-0.2578 


0.0000 


0.0002 


Merck KGaA 


1.352 


0.1420 


0.0001 


0.0001 


RWE AG St 


1.139 


0.0923 


0.0001 


0.0003 


Daimler AG 


1.506 


0.0607 


0.0000 


0.0004 


SAP AG 


1.177 


-0.4520 


-0.0002 


0.0002 


Siemens AG 


1.169 


0.7111 


0.0008 


0.0003 


METRO AG St 


1.207 


-0.0115 


0.0000 


0.0001 


ThysscnKrupp AG 


1.364 


-0.0874 


-0.0001 


0.0004 


Volkswagen AG St 


1.281 


-0.0574 


-0.0001 


0.0001 


Deutsche Postbank AG 


1.345 


0.8168 


0.0002 


0.0002 


HYPO REAL ESTATE 


1.323 


0.2379 


0.0001 


0.0002 


Commcrzbank AG 


1.436 


0.7541 


0.0002 


0.0004 


Deutsche Lufthansa AG 


1.376 


-0.2873 


-0.0001 


0.0001 


Allianz SE 


1.439 


0.0474 


0.0000 


0.0003 


Munchcncr Ruck AG 


1.126 


-0.3917 


-0.0005 


0.0001 


TUI AG 


1.620 


0.4667 


0.0001 


0.0003 



Anderson-Darling test rejected hypotheses of full series stability in all cases. 

Since we have found a lot of zeros in our series (see Table 2, and Fig. 2) 
we proceed with the mixed-stable model parameters estimation (see Section 
3.1). Distribution of zero returns in a series is given in Fig. 2. The results of 
parameter estimation for 29 DAX series are given in Table 3. 

The results of goodness-of-fit test based on the empirical characteristic func- 
tion are presented in Tabic 4. The results of Table 4 show that in 75.86% cases 
the goodness-of-fit hypothesis were not rejected for mixed-stable law. 



10 



KABASINSKAS ET AL: MIXED STABLE MODELS.. 



1220 



0.15" 
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0.2 0.4 0.6 0.8 

Number of zero returns 



Figure 2: Distribution of zero returns. 



Table 3: Estimates of parameters of mixed-stable distribution and and value of 
Anderson-Darling test statistics. 



Data set 


a 


P 


M 


<x 


P 


A-D 


Adidas AG 


1.8059 


-0.2105 


0.0000 


0.0008 


0.6382 


3.54 


Deutsche Bank AG 


1.7252 


0.5040 


0.0001 


0.0005 


0.2134 


15.97 


BASF SE 


1.7317 


0.0802 


0.0002 


0.0005 


0.3144 


75.55 


BMW AG St 


1.8498 


0.0114 


0.0000 


0.0006 


0.5190 


8.60 


Continental AG 


1.2659 


0.7174 


0.0004 


0.0003 


0.5160 


375.26 


Deutsche Post AG 


1.8895 


0.1019 


0.0000 


0.0007 


0.6203 


31.66 


Deutsche Telekom AG 


1.9716 


-0.1529 


0.0000 


0.0007 


0.5827 


94.50 


Bayer AG O.N. 


1.7746 


0.1342 


0.0000 


0.0005 


0.3428 


7.71 


Frcscnius Medical Care AG 


1.8121 


-0.1385 


0.0000 


0.0009 


0.6542 


3.62 


Deutsche Borsc AG 


1.6818 


-0.0214 


0.0000 


0.0006 


0.4542 


2.24 


MAN SE St 


1.4455 


-0.7883 


-0.0002 


0.0008 


0.4686 


42.58 


Henkcl AG 


1.1397 


-0.5828 


-0.0016 


0.0006 


0.6389 


1290.29 


Infineon Technologies AG 


1.9904 


0.8684 


0.0000 


0.0009 


0.6853 


61.19 


Lindc AG 


1.7621 


-0.1606 


0.0000 


0.0007 


0.6007 


2.01 


Merck KGaA 


1.7315 


-0.1406 


0.0000 


0.0006 


0.6114 


2.56 


RWE AG St 


1.7206 


0.0329 


0.0000 


0.0005 


0.3085 


3.33 


Daimler AG 


1.6322 


0.6379 


-0.0001 


0.0005 


0.2235 


123.59 


SAP AG 


1.2294 


-0.1224 


0.0000 


0.0006 


0.3706 


81.73 


Siemens AG 


1.8571 


0.4400 


0.0000 


0.0004 


0.2261 


10.26 


METRO AG St 


1.3243 


-0.7434 


-0.0004 


0.0004 


0.5552 


255.92 


ThyssenKrupp AG 


1.7265 


-0.0046 


0.0000 


0.0006 


0.4461 


8.65 


Volkswagen AG St 


1.6523 


0.0912 


0.0000 


0.0003 


0.4359 


2.84 


Deutsche Postbank AG 


1.7997 


-0.2273 


0.0000 


0.0011 


0.6791 


1.82 


HYPO REAL ESTATE 


1.4384 


0.6894 


0.0002 


0.0007 


0.5523 


15.87 


Commcrzbank AG 


1.7772 


-0.1563 


0.0000 


0.0007 


0.4288 


14.46 


Deutsche Lufthansa AG 


1.9294 


0.1672 


0.0000 


0.0007 


0.6216 


29.65 


Allianz SE 


1.4425 


0.6277 


0.0002 


0.0004 


0.1879 


39.64 


Munchcncr Ruck AG 


1.3572 


-0.1744 


-0.0001 


0.0005 


0.3863 


25.53 


TUI AG 


1.7978 


0.1681 


0.0000 


0.0008 


0.5840 


31.93 
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Table 4: Part of accepted hypothesis with given significance level, for mixed- 
stable and mixed-Gaussian distributions, by Koutrouvclis test. 



Significance level 


Mixed-stable 


Mixed-Gaussian 


0.01 


62.07% 


3.45% 


0.05 


75.86% 


6.90% 


0.1 


75.86% 


6.90% 



4.2 



Modeling of stagnation intervals: mixed stable model 
with dependent states 



As mentioned above, theoretically (if states are independent) the series of zeros 
should be distributed by the binomial law and the lengths of these series should 
be distributed by the geometrical law, however, from Table 5 we can see that 
other laws fit our data (82.76% series) much better. It means that zero state 
series from our data are better described by the Hurwitz zeta distribution. 

Table 5: Modelling of the distribution of runs. 



Significance level 


0.01 


0.05 


0.10 


Hurwitz distribution 


93.10% 


82.76% 


68.97% 


Generalized Hurwitz distribution 


82.76% 


72.41% 


65.52% 


Generalized logarithmic distribution 


68.97% 


44.83% 


34.48% 


Discrete stable distribution 











Poisson distribution 











Generalized Poisson distribution 











Geometrical distribution 












This result allows us to assume that zero-unit states are not purely inde- 
pendent. The WaldWolfowitz runs test corroborates this assumption for almost 
all series from the given shares. The inner series dependence was tested by the 
Hoel [10] criterion on the order of the Markov chain. It has been concluded 
that there are one zero order series or Bernoulli scheme series. 82% of given 
series are higher than 4 th -ordcr Markov chains with 0.05 significance level (see 
Table 6). 



Table 6: Orders of Markov chains. 



Order of Markov chain 


Percent of the scries 





3.45 


1 


13.79 


2 


58.62 


3 


75.86 


> 4 


82.76 
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4.3 Self-similarity, multifractality and Hurst exponent 

Having these results we may then proceed to analysis of self-similarity and mul- 
tifractality. Financial series studies have shown that asset prices exhibit strong 
variability and burstiness on many time scales. This was the reason to introduce 
fractal models, which were able to capture the discovered scaling properties [2]. 
Self-similarity expresses the monofractal property, that is, fluctuations look sta- 
tistically similar on many time scales. Long range dependence is revealed by 
the power. The degree of this slow decay is determined by the Hurst exponent. 
Multufractality expresses a more complex scaling behavior, which cannot be 
explained in a self-similar framework. It would be next logical step to try and 
analyze applicability of fractal models for high frequency financial data. As we 
can see (results of absolute moments method for full series and series without 
zeros are given in Table 7), this approach is validated by the empirical studies. 



Table 7: Multifractality and self-similarity analysis: indicates that series do 
not have the property, 1 indicated when it does 





Full scries 


Without zero returns 


Data set 


Multifractal 


Self-similar 


Multifractal 


Self-similar 


Adidas AG 


1 





1 





Deutsche Bank AG 


1 


1 


1 


1 


BASF SE 


1 





1 





BMW AG St 


1 


1 


1 


1 


Continental AG 














Deutsche Post AG 


1 





1 





Deutsche Telekom AG 


1 





1 


1 


Bayer AG O.N. 


1 





1 





Frcscnius Medical Care AG 


1 


1 


1 


1 


Deutsche Borsc AG 


1 


1 


1 





MAN SE St 


1 


1 


1 


1 


Hcnkcl AG 


1 





1 


1 


Infineon Technologies AG 


1 


1 


1 





Lindc AG 


1 


1 


1 


1 


Merck KGaA 


1 





1 





RWE AG St 


1 





1 





Daimler AG 


1 











SAP AG 


1 


1 


1 





Siemens AG 


1 


1 


1 


1 


METRO AG St 














ThysscnKrupp AG 


1 





1 





Volkswagen AG St 


1 





1 





Deutsche Postbank AG 


1 





1 





HYPO REAL ESTATE 


1 





1 





Commcrzbank AG 


1 





1 





Deutsche Lufthansa AG 


1 


1 


1 





Allianz SE 


1 


1 


1 





Munchcncr Ruck AG 


1 











TUI AG 


1 





1 






As we can see, 93% of full financial series and 90% series without zeros exibit 
multifractality. However, only 42% of full series are self-similar (see Table 7) . 

Table 8 presents results about the Hurst exponent of full series. The Hurst 
exponent was estimated by two methods: R/S and ratio of variance residuals 
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(RVR). The results are given with the corresponding correlation cofficent p. 



Table 8: Hurst exponent estimates 







Full 


series 




Without zero returns 


Data set 


R/S 


P 


RVR 


P 


R/S 


P 


RVR 


P 


Adidas AG 


0.457 


0.9957 


0.518 


0.9763 


0.479 


0.9952 


0.491 


0.9826 


Deutsche Bank AG 


0.629 


0.9942 


0.632 


0.9777 


0.622 


0.9975 


0.617 


0.9826 


BASF SE 


0.551 


0.9988 


0.575 


0.9719 


0.550 


0.9996. 


0.599 


0.9827 


BMW AG St 


0.486 


0.9934 


0.437 


0.9455 


0.472 


0.9988 


0.445 


0.9537 


Continental AG 


0.565 


0.9981 


0.636 


0.9859 


0.551 


0.9996 


0.600 


0.9790 


Deutsche Post AG 


0.419 


0.9394 


0.477 


0.9953 


0.151 


0.2870 


0.432 


0.9872 


Deutsche Telekom AG 


0.514 


0.9953 


0.475 


0.9611 


0.307 


0.6897 


0.467 


0.9853 


Bayer AG O.N. 


0.552 


0.9993 


0.600 


0.9729 


0.529 


0.9987 


0.508 


0.9969 


Frcscnius Medical Care AG 


0.498 


0.9976 


0.470 


0.9847 


0.232 


0.5719 


0.447 


0.9822 


Deutsche Borsc AG 


0.596 


0.9973 


0.629 


0.9901 


0.623 


0.9964 


0.652 


0.9895 


MAN SE St 


0.562 


0.9995 


0.605 


0.9874 


0.563 


0.9996 


0.610 


0.9875 


Henkel AG 


0.496 


0.9938 


0.498 


0.9841 


0.175 


0.3555 


0.464 


0.9776 


Infineon Technologies AG 


0.484 


0.9879 


0.504 


0.9807 


0.238 


0.5889 


0.441 


0.9860 


Linde AG 


0.380 


0.9125 


0.464 


0.9858 


0.158 


0.3197 


0.443 


0.9821 


Merck KGaA 


0.531 


0.9991 


0.516 


0.9914 


0.525 


0.9984 


0.518 


0.9896 


RWE AG St 


0.492 


0.9981 


0.413 


0.9993 


0.476 


0.9974 


0.408 


0.9988 


Daimler AG 


0.555 


0.9951 


0.553 


0.9494 


0.377 


0.7981 


0.552 


0.9633 


SAP AG 


0.333 


0.8382 


0.431 


0.9636 


0.431 


0.9976 


0.298 


0.9750 


Siemens AG 


0.575 


0.9990 


0.569 


0.9958 


0.355 


0.7389 


0.529 


0.9970 


METRO AG St 


0.504 


0.9960 


0.469 


0.9882 


0.477 


0.9903 


0.412 


0.9908 


ThyssenKrupp AG 


0.395 


0.8612 


0.544 


0.9853 


0.302 


0.6278 


0.539 


0.9921 


Volkswagen AG St 


0.496 


0.9953 


0.488 


0.9854 


0.480 


0.9976 


0.462 


0.9733 


Deutsche Postbank AG 


0.547 


0.9948 


0.574 


0.9952 


0.552 


0.9976 


0.461 


0.9901 


HYPO REAL ESTATE 


0.527 


0.9993 


0.529 


0.9873 


0.280 


0.6117 


0.460 


0.9906 


Commcrzbank AG 


0.548 


0.9950 


0.555 


0.9756 


0.258 


0.5031 


0.518 


0.9639 


Deutsche Lufthansa AG 


0.537 


0.9987 


0.529 


0.9917 


0.276 


0.6032 


0.524 


0.9934 


Allianz SE 


0.608 


0.9965 


0.545 


0.9837 


0.593 


0.9992 


0.539 


0.9947 


Munchcncr Ruck AG 


0.566 


0.9984 


0.557 


0.9761 


0.568 


0.9991 


0.488 


0.9923 


TUI AG 


0.434 


0.9456 


0.524 


0.9924 


0.232 


0.4889 


0.517 


0.9825 



5 Conclusions 

• As we can see from Table 1 empirical data contain many repeating values 
(in average 47% of data) and exhibit significant kurtosis. Classical a-stable 
models in this case are not applicable, the fact is reflected by Table 2. 

• Mixed-stable models can be used to describe intraday high frequency data, 
see Table 3. 

• The returns series exhibit the dependences between states (the price change 
indicators), which is corroborated by Wald-Wolfowitz runs test and Hoel 
test. Therefore the intraday (high frequency) series should be modeled by 
mixed-stable law with dependent states. The runs (sets of zero returns in 
a series) are best described by the Hurwitz zeta distribution (see Table 5). 
The conditional probability of the price change in the n th time tick can 
be calculated by formula (f). 
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• Analysis of series behavior showed that less than a half of them are self- 
similar, however 93% are multifractal. The range of the Hurst index, 
calculated by RVR method, is [0.413; 0.636]. Since the Hurst index in 
some cases is less that 0.5 the series implies antipersistency. 
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NEW REPRESENTATIONS FOR THE EULER-MASCHERONI 

CONSTANT AND INEQUALITIES FOR THE 

GENERALIZED-EULER-CONSTANT FUNCTION 

CHAO-PING CHEN* AND WING-SUM CHEUNG 

Abstract, (i) We establish new representations for the Euler-Mascheroni con- 
stant 7 in terms of the gamma and psi functions, (ii) A class of two-sided 
inequalities for the generalized-Euler-constant function are presented. These 
inequalities provide the lower and upper bounds on the error of approximating 
the generalized-Euler-constant function by means of a power series. 



1. Introduction 

The Euler constant (or, more popularly, the Eulcr-Maschcroni constant) 7 is 
denned by the limit 

7 = lim D n = 0.57721566 . . . , (1) 



where 



" 1 
D n = J2-- llin > neN:= {1,2,3,...}. (2) 



,=i J 



The constant 7 is closely related to the celebrated gamma function r(or) by means of 
the familiar Weierstrass formula [1, p. 255, Equation (6.1.3)] (see also [32, Chapter 
1, Section 1.1]): 



- OO 

1 ^ z TT U. Z 



71=1 



T(z) J- 1 LV n 

y > »i=i 

The logarithmic derivative of the gamma function: 

#»)=St ° r inr w= r^(*) d * 

is known as the psi (or digamma) function. 
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Sondow and Hadjicostas [31] introduced and studied the generalized-Euler-constant 
function 7(2), defined by 

71=1 V ' 

where the series converges when \z\ < 1. Pilchrood and Pilehrood [23] considered 
the function 27(2) (\z\ < 1). The function 7(2) generalizes both Euler's constant 
7(1) and the alternating Euler constant In - = 7(— 1) [28, 29], where 7 is defined by 
(1). The limit definition (1) of Euler's constant is equivalent to the series formula 



7 = 

71=1 



± £-*•-¥) 



(see [28]). The corresponding alternating series gives the alternating Euler constant 
[28, 29] (see also [15]) 

7(-l) = In - = V(-l)™- 1 (- - In ^-tl) = 0.24156447 .... (5) 



71=1 



It is known (see [31]) that 

7(0) = l-ln2 and 7[~j=2m~, (6) 

where 

a = y 1^273^ - ii/aaV^i/s = JJ n i/2" = i. 66 i 68 794 ... (7) 

77=1 

is the Somos's quadratic recurrence constants [27] (see also [38] and [14, p. 446]). 

An alternative method in estimating the generalized-Euler-constant function 
7(2) was proposed by Lampret [18] who exploited the Euler-Maclaurin (Boole/Hermite) 
summation formula. Mortici [21] provided some estimates about the Somos's qua- 
dratic recurrence constant. 

This paper is organized as follows. In Section 2 we establish new representations 
for the Euler-Mascheroni constant 7 in terms of the gamma and psi functions. 
In Section 3, A class of two-sided inequalities for the generalized-Euler-constant 
function are presented. 

2. New representations for the Euler-Mascheroni constant 

Several bounds for D n — 7 have been given in the literature [2, 3, 24, 33, 34, 35, 39]. 
For example, the following bounds for D n — 7 were established in [24, 39]: 

<£> n -7<^, neN. (8) 



2(n + l) 2n' 



1229 



EULER'S CONSTANT AND THE GENERALIZED-EULER-CONSTANT FUNCTION 3 

Alzer [2] obtained sharp form of the inequality (8). The convergence of the sequence 
D n to 7 is very slow. Some quicker approximations to the Euler-Mascheroni con- 
stant were established in [4, 7, 6, 8, 5, 12, 16, 19, 20, 22, 25, 26, 36, 37]. For example, 
DeTemple [12] studied in 1993 a modified sequence which converges faster and es- 
tablished the following inequality: 

2A(n+lY <Rn - 1< ^ (9) 

where 

Rn = f^j--in.U + lY (10) 

Recently, Chen [7] obtained sharp form of the inequalities (9). 

Let D n and R n be defined by (2) and (10), respectively. Considering the 
sums X)fc=i Dk an d X)fc=i ^fc) we f^ nc ^ new analytical representations for the Euler- 
Mascheroni constant 7 in terms of the gamma and psi functions. 

Theorem 1. Let n be a positive integer. Then we have 

^£(£^-k*]-^n + 2) + i + ^inr(n + i) ( n ) 



7 = 

n + 1 * — ' \ * — ' 7 
^ fe=i V j=i J 



and 



y-^±(i: 1 7M k+ l))-* n+2)+i 



n + 1 ' — ' I z — ' 7 



1 *rf, + ?U!^. (12, 



n+1 V 2 / "- + 1 

Proof. It is easily observed that the formula (11) is equivalent to the following 
result: 

J2 I J2--lnk J = (n + l)(V>(n + 2)+7-l) -lnT(n+l), iieN. (13) 

fe=i \i=i J J 

We now prove the representation formula (13) by using the principle of mathe- 
matical induction. In our proof of the representation formula (13), we require the 
integer values [1, p. 258, Equation (6.3.2)]: 



n 1 

V;(l) = -7 and ^(n + l) = - 7 + £-, ( 14 ) 

the recurrence formulas [1, p. 258, Equation (6.3.5)]: 



k' 
fe=i 



T{z+1) = zT(z) and tf}(z + 1) = tp(z) + -. (15) 
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For n = 1, we find from (13) that 

]T l]T--lnfc] =2(V>(3)+ 7 -l)-lnr(2) = l, 
fc=i \i=i J J 

which shows that the formula (13) holds true for n = 1. We assume now that the 

formula (13) holds true for a fixed positive integer n. Then, for n h-» n + 1 in (13), 

we have 

n+l / k 1 \ n / fc -. \ n+1 -. 

^=1 \j=i j j fc=i \i=i j y j=i j 

= (n+l)(-0(n + 2)+7- l) -lnT(n + l) 

+ ^(n + 2) + 7-ln(n + l) 
= (n + 2)(^(n + 3)+7-l) -lnF(n + 2). 

The proof of the formula (13) is thus completed by means of the principle of 
mathematical induction on n. 

It is easily observed that the formula (12) is equivalent to the following result: 



E(Ej- ln ( fc +0) =(n+l)(V(n + 2) + 7 -l) 



-bar (n+| J +ln(V7r/2), neN. (16) 

We now prove the representation formula (16) by using the principle of mathemat- 
ical induction. For n = 1, we find from (16) that 

i2[lb]- ln ( k +l)) =2(V(3) + 7-l)-lnrQ)+ln(VV2) 

= 1+ In 2 -In 3. 

which shows that the formula (16) holds true for n = 1. We assume now that the 
formula (16) holds true for a fixed positive integer n. Then, for n i— ► n+ 1 in (16), 
we have 

l(grK* + l))-gfe- h (* + i)) + gj- ta (" + i 



= (n+l)(^(n + 2)+7-l) -lnTU+^J + ln(v^F/2) 



3 

+ ip(n + 2)+7-ln(n+- 



(n + 2)(^>(n + 3) + 7 - 1) - lnT fn + jjj J + Ih(VtF/2). 
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The proof of the formula (16) is thus completed by means of the principle of 
mathematical induction on n. □ 

Remark 1. Choi [10] summarized some known representations for the Euler- 
Mascheroni constant 7. For a rather impressive collection of various classes of 
integral representations for the Euler-Mascheroni constant 7, the interested reader 
may be referred to a recent paper by Choi and Srivastava [11]. 

Very recent, Chen and Srivastava [9] presented the following representations for 
the Euler-Mascheroni constant 7: 



7 



n n 1 / 1 \ / 1 



= 1 3=1 J 



*=1 3 



n+|jv(n) + (21n2)n-^. 



(17) 



3. A CLASS OF TWO-SIDED INEQUALITIES FOR THE 
GENERALIZED-EULER-CONSTANT FUNCTION 

Theorem 2 presents a class of two-sided inequalities for the generalized-Euler- 
constant function. These inequalities provide the lower and upper bounds on the 
error of approximating the generalized-Euler-constant function by means of a power 

series. 



Theorem 2. Let \z\ < 1 and n— 1,2,.... Then 



— E 
+ 1 f-? 



fc-l , / 1 \n+l 



n + l£^ 1 (k + 6>(oo)) 



^ T z fc - 1 <(-1) 

n+1 v ' 



i=\ fe=l 



< 



00 
1 V^ i fc— 1 

TT^ (fc + 0(i)) n + lZ ' 



// - 1 ^ (fc + 6»(l)) r 



(18) 



lufte 



anrf 



fl(oo) 



1 



ri + 2 



9(1)= (-1)> + 1) 



(-1)' 



^ i+ 1 



i=0 



-l/(n+l) 



Proof. By Taylor's theorem, there exists a = £?(fc) such that < 9(k) < 1 and 



In 



i + 1 )=y i- 1 ? 



(-1)" 



^(i+l)fc i+1 (n+l)(/c + 6»(fc))"+ 1 



(19) 
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Upon substituting from (19) into (3), we obtain 



7(*) = £**" x 



fe=i 

n-l 



(-1) 



n+1 



f-[{i + l)fc' ;+1 (n + 1)0 + 6(k)) n + l 



which leads us to 



^ (-l)'+i ~ 1 fc-1 (-1)" +1 ^ i fc _ 1 

^ t + 1 ^fc»+ l2 + n+1 ^ (A; + 6»(fc))™+ l2: 

i=l fe=l fc=l v v " 



(-1) 



n+1 



n ~ 1 C 1\i+l °° 1 



i=l fe=l 



1 °° 1 

— V - 

+ 1 f-^ (k + 6(k 



z*- 1 (M < 1) 



(20) 



It can be shown that 8(k) is strictly increasing in k. By letting t = k in (19), we 



get 



where 



0(i) = [(n+l)5(t)]- 1/(n+1) -f, 



(21) 



<?(*) = ("l) r 



*/ ^(*+i)t'+ i 



Equivalently, we need to show that 8(t) increases in t, that is, that 
dd(t) 



dt 



(1+ ) )fn+1 [("+i)gwr ( " +2)/(n+1) - 1 > o 



(22) 



However, since g(i) > 0, (22) is equivalent to the following inequality: 

1 



h(t) = g(t) 



(n + 1)(1 + t)(«+i)/(«+2)i(»+i) 2 /(™+2) 
which follows from the observations that h(oo) — and 



<0, 



/l'(i) = (1 + t)~^+5"< ^T 5- 






> (t > 0) , 



n + 2j \n + 2 / 

by using the weighted arithmetic-geometric mean inequality. We thus find from 
(20) that 



-. OO 

— y 



1 



n + 1 z^ {k + e{oo)) 



-rrz"- 1 < (-1) 
n+1 v ' 



n + 1 



i=l fe=l 



< 



1 °° 1 

1 X - ^ 1 k—i 

Tl^ (k + 9(l)) n + lZ 



n fj. f-J (fc + 6»(l))' 



(23) 



Next, by applying (21), we get 

9(1) = j (-!)> + !) 



^ i + 1 

i=0 



-l/(n+l) 
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and 



so that 



y ' [t n+1 n + 2t n + 2 y ' 

= t^ + OU' 1 ) as t — >oo, 

n + 2 v ; 



6{oo) = lim 6{k) 



-l/(n+l) 



t 



fc^oo n + 2 

By combining each of these observations with (23), we complete the proof of theo- 
rem. □ 

Remark 2. Clearly, we have for \z\ < 1, 

oo 

n+1 ^ (fc + (9(fc))" +1 ' v ; 

Proceeding to the limit when n — > oo in (20), we obtain the following series expan- 
sion of the generalized-Euler-constant function 7(2): 

n=2fc=l 

In particular, taking z = 1 in (25), we obtain the following well-known (rather 
classical) series expansion of Euler's constant (see, for example, [13, p. 45, Equation 
1.17 (3)], [17, p.355, Entry (54.2.3)] and [32, p.161, Equation 3.4 (23)]): 

7 = £fci«M, (26) 

n=2 

where 



00 _. 

coo = J2 -T. ^w > 1 



n 

n=l 

is the Riemann zeta function. 

In fact, (25) can be written as [31, Theorem 1]: 

k U k(z) 



^w = £(-i)*^p, ( 27 ) 



fc=2 



where Lifc(z) (\z\ < 1) denotes the polylogarithm (see [15, 30]), defined for k 
2,3,... by the convergent series 






n=l 



1234 
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CAUCHY-JENSEN FUNCTIONAL INEQUALITY IN BANACH 
SPACES AND NON-ARCHIMEDEAN BANACH SPACES * 

ICK-SOON CHANG, M. ESHAGHI GORDJI AND HARK-MAHN KIM t 



Abstract. In this paper, we prove the generalized Hyers-Ulam stability of the following 
Cauchy-Jensen functional inequality 

l n t-^1 n 

i— 1 J=l i— 1 

in the class of mappings from normed spaces to Banach spaces and non-Archimedean 
Banach spaces. 



1. Introduction 

The stability problem of functional equations originated from a question of Ulam [21] 
concerning the stability of group homomorphisms. We are given a group G\ and a metric 
group C7 2 with metric p(-, •). Given e > 0, does there exist a 5 > such that if / : G\ — ► G% 
satisfies p(f(xy),f(x)f(y)) < S for all x,y G G±, then a homomorphism h : G\ — ► G 2 
exists with p(f(x), h(x)) < e for all sgGi? In other words, we are looking for situations 
when the homomorphisms are stable, i.e., if a mapping is almost a homomorphism, then 
there exists a true homomorphism near it. 

First of all, D. H. Hyers [8] considered the case of approximately additive mappings 
between Banach spaces and proved the following result. The method which was provided 
by Hyers, and which produces the additive mapping h, was called a direct method. This 
method is the most important and most powerful tool for studying the stability of various 
functional equations. Hyers' Theorem was generalized by T. Aoki [1] and D.G. Bourgin 
[3] for additive mappings by considering an unbounded Cauchy difference. In 1978, Th.M. 
Rassias [17] also provided a generalization of Hyers Theorem for linear mappings which 
allows the Cauchy difference to be unbounded like this ||a;|| p + \\y\\ p - A generalized result 
of Th.M. Rassias' theorem was obtained by P. Gavruta in [6] and S. Jung in [9]. In 1990, 
Th.M. Rassias [18] during the 27th International Symposium on Functional Equations 
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asked the question whether such a theorem can also be proved for p > 1. In 1991, Z. Gajda 
[5] following the same approach as in [17], gave an affirmative solution to this question 
for p > 1. It was shown by Z. Gajda [5], as well as by Th.M. Rassias and P. Semrl [19], 
that one cannot prove a Th.M. Rassias type theorem when p — 1. The counterexamples 
of Z. Gajda [5], as well as of Th.M. Rassias and P. Semrl [19], have stimulated several 
mathematicians to invent new approximately additive or approximately linear mappings. 
In particular, J.M. Rassias [15, 16] proved a similar stability theorem in which he replaced 
the unbounded Cauchy difference by this factor ||a;|| p ||y|| 9 for p, q G R with p + q ^ 1. In 
addition, in the paper [4] the authors proves that if a mapping / satisfies the following 
functional inequality 

' x + y + z" 



\\f(x) + f(y) + f(z)\\< 



kf 



k 



k^3, |3| > |jfe|, 



in non-Archimedean Banach spaces then / is additive, and they prove the generalized 
Hyers-Ulam stability of the functional inequality in non-Archimedean Banach spaces. 
The stability problems of several functional inequalities have been extensively investigated 
by a number of authors and there are many interesting results concerning this problem 
[10, 11, 13, 14]. 

In this paper, we generalize the functional inequality to the following generalized 
Cauchy- Jensen functional inequality 



£/( 

i=l 



X ; 



3=1 



< 



mf 



z2i=l 



X i 



m 






;i-i) 



where / > 2,m > l,n > are integers and Y^=i E{i) :— by notational convenience. 
Now, it is easy to see that if a mapping / satisfies the generalized Cauchy- Jensen inequality 
(1.1), then / is additive. In this work, we are going to improve the theorems given in 
the paper [4] without using the oddness of approximate additive functions concerning the 
functional inequality (1.1) for a more general case. Moreover, we obtain stability results 
of the functional inequality (1.1) in non- Archimedean Banach spaces in the last section. 



2. Stability of (1.1) in Banach spaces 

In this section, let X be a normed space, Y a Banach space and let / > 2, m > 1, n > 1 
be integers. 

Theorem 2.1. Suppose that a mapping f : X — > Y with /(0) = satisfies the functional 
inequality 

Z^j=l x i 






< 



mf 



m 






(2.1) 



+<p(xi,--- , a;i,2/i, •• • ,y n ) 
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for all Xi, ■ • ■ , xi, yi, • ■ • , y n G X and there exists a constant L with < L < 1 for which 
the perturbing function tp : X l+n — > M + satisfies 



vl (xi,--- ,xi,yi,--- ,y n )) < L (p(x ir -- ,xi,y ir -- ,y n ) 

\mn J mn 



(2.2) 



for all x±, ■ ■ ■ ,Xi,yi,--- , y n G X . Then there exists a unique additive mapping h\ : X 
Y , defined as h\{x) = lim k ^ 00 ( m f 1 ) k f \{^) k x) , (x G X) such that 



\\f(x)-h 1 (x)\\ < 



1-L 



-ifr(x) 



for all x G X , where 



\P(x) := —(p(x, —x, ■ ■ ■ ,x, —x, 0, • • • , 0, x, —x, ■ ■ ■ ,x, —x) 



K 



2\l- 



2\\ 



I 



1 . I 

+T<P{-x,--- ,~ x , — x r-- , 

/ v v ' mn mn 



x),(xeX), 



and K := |~|] + m|~|] and [•] denotes Gaussian notation. 
Proof. Putting 



(2.3) 



y^l-i i x li Vli i Vn) ■ (.%■> -El ' ' ' i%i X, U, • • • , U, X, X, • • • , X, X J 



in (2.1), we have an approximate odd condition 



2\\ 



1 



K 



2r|i 2 rti 



(2.4) 



for all rr G X, where K : = |~|] + m|~|] and [■] denotes Gaussian notation. Replacing 



(xi,--- ,xi,y ir -- ,y n ) := (-x, 



-x) 



mn 



mn 



in (2.1), we lead to 



I 



lf(—x) + mnf( x) 



mn 



< (p(-x, 



-x) 



mn 



run 



(2.5) 



for all x G X . Associating (2.4) with (2.5) yields 

wm-^n— x)\\<*(x) 

l mn 



(2.6) 
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for all x £ X. Thus, it follows from (2.6) that for all nonnegative integers k and j with 
j > k > and x e X 



l V van J I V van 



k+j-i 

< E 

i=k 
k+j-1 

< E 

i=k 



l V nan 



l V van 



van. 



'*(( — Yx 
van 



k+j-i 

< E Li ^ { 

i=k 



X 



which tends to zero as k — > oo. Hence the sequence < ( m f 1 ) k f 
x G X, and so we can define a function h\ : X — *■ F by 

Ms)= lim(^) fe /f(— )**' 
v y k^oo K I ' Vvan' J 

Moreover, letting k = and j — > oo in the last inequality yields 

||/(x)-/n(x)||<-^-*(x) 



; Nfc 



.?' 



is Cauchy for all 



x e x. 



(2.7) 



for all x G X, which yields the estimation (2.3). 

Next, let hi : G — ► F be another additive mapping satisfying the inequality (2.7). 



Then it is obvious that V((— )V) = (^) fc V(a;) and hAi- 



I \k 



X 



' mn \k 



hi(x) for all 



k G N and all x G X. Thus, we have 



/ il (x)-V(a:)|| = ( rr p) fc 



< 
< 



,mn, 



/ 
2 



i 



van / \ van ' 

yy ran> ' ~ 1-L 



hi({—) k x)-hA{ 

\ van J \ 



'(< 






x 



;r 



mn 



///((— ) fe x 



L fe ^(x) 



1-L V / 

for all k G N and all x £ X. Taking the limit as k — > oo, we lead to the uniqueness of the 
mapping /ii near / satisfying the inequality (2.7). 
It follows from (2.1) and (2.2) that 



,mn s 



< 



E/ 



i=i 



j 



mn 



,mu, 






+ ™E/ 



i=i 



/ 



mn 



% 



I 

+L k ip(x 1 , 



f(hi 



I 



">n—^ — J'^ + E< 

\m ~[ mn j— { 



van 



Vj 



• xi,yi, 



y„ 



for all k G N and all Xi, • ■ • ,xi,yi,--- , y n G X. Taking k — > oo in the last relation, we see 
that 



i=l j=l 



< 



m r— ( 
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for all xi, • ■ • ,xi,yi,--- ,y n G X. This implies that the mapping h± is additive. This 
completes the proof. □ 

Remark 2.2. Suppose that a mapping / : X — ► Y with /(0) = satisfies the functional 
inequality (2.1) for which the perturbing function (p : X l+n — ► IR + satisfies 

E(~r)V(( IK'-' ,a;i,2/i,--- ,J/n)) < oo 

for all xi, • • • , Xi, yi, ■ ■ ■ , y n G X instead of the condition (2.2). Then it follows from the 
similar argument to Theorem 2.1 that there exists a unique additive mapping hi : X — ► Y, 
defined as hi(x) = lim fc ^ 00 (^f ) k f((^) k x), (x G X) such that 

°° 77777 / / 

||/(*)-M*)ll<£(^W(— ) % x 

~5 l \ mn 

for all x G X, where \& is defined as in Theorem 2.1. 

Theorem 2.3. Suppose that a mapping f : X —*Y with /(0) = satisfies the functional 
inequality (2.1) and there exists a constant L with < L < 1 /or which the perturbing 
function tp : X l+n — ► IR + satisfies 

f mn \ mn 

/or all Xi,- • • ,xi,yi,--- ,y n £ X . Then there exists a unique additive mapping hi : X — ► 
F ; de/med as h 2 (x) = lim fe „ +00 (^) fc /((^) fc x), (x G X) snc/i £na£ 

||/(x)-/i 2 (*)ll < ^L* {X) (2 ' 9) 

/or a// x E X , where \P zs oiwen as m Theorem 2.1. 

Proof. It follows from the inequality (2.6) that 

:-*-)v((=P)»») - (-) t+ '/((^)^ 

mn V / / mn V I 

h+j—l I . . k+j— 1 

< E (^r) i+1 *(( ! r )i+la; ) - E L<+1 * (a °' 

which tends to zero as k — > oo. 

The remaining proof is similar to the corresponding proof of Theorem 2.1. This com- 
pletes the proof. □ 

Remark 2.4. Suppose that a mapping / : X — ► V with /(0) = satisfies the functional 
inequality (2.1) for which the perturbing function ip : X /+n — ► IR + satisfies 

XX — )V((-r) l ( a; i' - "" j^J^ir-- ,2/n)) < °° 

~^ mn V / / 
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for all xi, ■ • ■ , xi, y±, ■ ■ ■ , y n G X instead of the condition (2.8). Then it follows from the 
similar argument to Theorem 2.3 that there exists a unique additive mapping h 2 : X — > Y, 
2 ( 

X 7 

mn \ I 



defined as h 9 {x) = \im k ^ 00 (^) k f(( m f 1 ) k x), (x G X) such that 



\\f(x)-h 2 (x)\\<J2( 

i=0 



\i+ly( f mn v+l 



X 



for all x G X, where \l/ is defined as in Theorem 2.1. 

Corollary 2.5. Let < p ^ 1,1 ^ mn and 9 > 0. If a mapping f : X — > Y with /(0) = 
satisfies the following functional inequality 



3=1 



i=l 



< 



™/(^^ + E%) +^(ENII P + EII%' II? " 



m 



j=l i=l j=l 

for all xi, • • • , Xi, 7/i, • • • ,y n E X , then there exists a unique additive mapping h : X ^ Y , 
defined as 

h ( x ) = I lim fc-oo(y) fc /((^) fe a;),(a;eX), ifl<mn,p> 1, (or I > mn,0 < p < 1); 
\ \\ui k ^ oa (^ n ) k f(( r f ) k x),(x el), i/Z <mn,0<p< l,(orZ >mn,p> 1), 



such that 



\\f(x)-h(x)\\ < 



for all x E X . 



7 \„_i , p _i 7^ — fst + 1 + — ( ) #N > itl<mn,p>l, 

(mn)P 1 —IP 1 \ pi]-|- m p2] m^mn' 7 n n ' ■> > .r j 

(or / > mn, < p < 1); 
x|| p , if I < mn,0 < p < 1, 
(or I > mn,p > 1), 



(run)?-' / / 2rf]+2rf] - ^ ±{ J_>p-1 

iP -l_(„ m )p-l ^|-|-| +m |-n-| -T -L 



m, '•mn-' 



Corollary 2.6. Let / 7^ mn and 9 > 0. //a mapping f : X — ► Y w£/j /(0) = satisfies 
the following functional inequality 



such that 



J2f( x i) + m J2f(yi, 

3=1 



i=i 



< 



m/ 






/;/ 



+ E%- 







/or a// x\, ■ ■ ■ ,xi,yi,- • • , t/ n G X, then there exists a unique additive mapping h : X — > Y ? 
defined as 

j \im k ^ 00 (^) k f((M k x),(xeX), ifl>mn; 



h(x) 



lim^ 00 (i) fc /((^f ) fc x), (x G X), »// < mn, 



11 r , % ,/ mi f r^ — (l? + y)$> if I > mn; 
\\f(x)-h(x)\\<\ W ' i/^ ' 



/or a// rr G X, 7/7/iere X := |~|] + m [|] 
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3. Stability of (1.1) in non- Archimedean Banach spaces 

We recall that a field IK, equipped with a function (non-Archimedean absolute value, 
valuation) | • | from K into [0, oo), is called a non- Archimedean field if the function | • | : K — > 
[0, oo) satisfies the following conditions: 

(1) \r\ = if and only if r = 0; 

(2) \rs\ = \r\\s\; 

(3) the strong triangle inequality, namely, \r + s\ < max{|r|, \s\} for all r, s G K. 

Clearly, |1| = 1 = | — 1| and \n\ < 1 for all nonzero integer n. 

Let Y be a vector space over the non-Archimedean field IK with a non-trivial non- 
Archimedean valuation | • |. A function || • || : Y — ► [0, oo) is called a non- Archimedean 
norm (valuation) if it satisfies the following conditions: 

(1) ||x|| = if and only if x = 0; 

(2) \\rx\\ = |r|||x|| for all x G Y and all r G IK; 

(3) the strong triangle inequality, namely, 

||x + y|| < max{||x||, ||y||} 

for all 1,1/GF. 

In this case, the pair (Y, || ■ ||) is called a non- Archimedean space. By a complete non- 
Archimedean space we mean one in which every Cauchy sequence is convergent. It follows 
from the strong triangle inequality that 

\\ x n — x m\\ < max{||:rj +1 — Xj\\ : m < j < n — 1} 

for all x n ,x m G Y and all m,n G N with n > m. Therefore, a sequence {x n } is a Cauchy 
sequence in non- Archimedean space (Y, || • ||) if and only if the sequence {x n+ \ — x n } 
converges to zero in the space (Y, || • ||). In this section, let X be a non- Archimedean 
normed space and Y a complete non-Archimedean space. Now, we will investigate the 
generalized Hyers-Ulam stability problem for the functional inequality (1.1) with non- 
Archimedean valuations \l + mn\ > \m\ in a complete non-Archimedean space Y. 

Theorem 3.1. If a mapping f : X — > Y with /(0) = satisfies the functional inequality 
(2. 1) for which there exists a constant L with < L < 1 for which the perturbing function 
ip : X l+n -»■ R+ satisfies 

I 



V[ {Xl,--- ,371,2/1, ••' ,Vn)) 



<L- ip(x ir -- ,x h y ir -- ,y n ) (3.1) 

mn 

for all Xi, • ■ ■ , Xi, yi, ■ ■ ■ , y n G X, then there exists a unique additive mapping h± : X — *■ Y 
which satisfies the inequality (1.1) and the inequality 

H/(aO-/n(aOII<*(aO (3-2) 
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for all x G X , where \ • \ is a non- Archimedean valuation and 

1 

Jb - Jb % \J % ' ' ' . \J . tXj - Jb . 

I 



^l(x) := max { —— cp(x, — x, 

\K\ 



, x, X J , 



2^1 



2\\ 



r ¥>(-&» 



i 



' mn 



-x 



mn 



K:=\ l --\+m\^\ 



Proof. Associating (2.4) with (2.5) in the complete non-Archimedean space Y yields 



wm-^fi— x)\\<*(x) 

l mn 
for all x G X . It follows from the inequality (3.3) that 

I 



(3.3) 



(^) fe /((— ) k x)-C^) k+J f{{— ) 

I V mn J I V mn 



k+j 



x 



< max 



mil 



I 



I 



*( ( Yx) :k<i<k + j - I 

mn 



< max \ L l ^(x) : k<i<k+j-l\ = L k ^(x), 

l \k 



which tends to zero as k —*■ oo. Hence the sequence < (^p) fe / 
rr G X, and so one can define a mapping h\ : X — *■ Y by 

, , s ,. ,mn Nl , „/, Z 
Zii(x) 



;r 



is Cauchy for all 



k-^oo I v mn / 

The remaining proof is similar to the corresponding proof of Theorem 2.1. This com- 
pletes the proof. □ 

Theorem 3.2. If a mapping f : X — ► Y wift /(0) = satisfies the functional inequality 
(2.1) and there exists a constant L with < L < 1 /or which the perturbing function 

ip : X'+" -> R+ satisfies 

<p[ — (xi,--- ,xi,yi,--- ,y n )j < L - — v(xir-- ,xi,yi,--- ,Vn) (3-4) 

for all Xi, ■ ■ ■ , xi, yi, ■ ■ ■ , y n G X, then there exists a unique additive mapping hi : X — >■ Y 
which satisfies the inequality (1.1) and the inequality 

\\f(x)-h 2 (x)\\<LV(x) (3.5) 



for all x G X , where \I/ is given as in Theorem 3.1. 



Proof. It follows from the inequality (2.6) that 

I 



I xfc „/ Hill 



mn 
< max 



-)7 



i 



X 



k+j i mn k+j 



(— f +J f m 
mn V / 



;r 



^) m x) : A: < i < A: + j - 1 

< max JL i+1 ^(a;) :A;<i<A;+j-l| = L fc+1 ^(a; 
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which tends to zero as k — *• oo. 

The remaining assertion is similar to that of Theorem 3.1. This completes the proof. □ 



Corollary 3.3. Let p^l, ^ ^ 1 and > 0. If a mapping f : X — ► F wi£/i /(0) = 
satisfies the following functional inequality 



3=1 



i=l 



< 



mf 



Z^j=l #i 



m 



+ £% +e(EIM p + Elli/iin 

7 = 1 7 V i=l 1 = 1 7 



/or a// xi, • ■ • , xi, yi, ■ • ■ , y n G X , then there exists a unique additive mapping h : X ^>Y , 
defined as 



hm^ 00 (^f) fc /(( r ^) fc a;), (x E X), if ± < 1 & p > 1 



/i(x) 



such that 



\\f(x)-h(x)\\<{ 



for all x G X . 



or 



lim^ 00 (^) fc /(( rr f) **)> (^4 «/ T < ! & P > ! 



j 



or 



> 1 & <p< 1); 



max 



max 



2r4l+2Tfl '+-l^l p 



irli+mrtii' i*i 
ir4i+"»rsii' i'i 



9\\x\\ p , 



>1 &0<p<l), 



if -J- < 1 & p > 1, 



or 



p-i 



> 1 & <p< 1); 



X || P; jj- < 1 & p > 1, 



or 



> 1 & <p< 1), 



Corollary 3.4. Let r^, Sj fre positive reals with Yn=i r 'i := r > S?=i s « := s an ^ r + «^ 1, 



and /et 



7^ 1 and > 0. //a mapping f : X ^ F w;z£/i /(0) =0 satisfies the following 
functional inequality 



l n 

i=i i=i 



< 






m 



i=i 



i=i 



i=i 



/or a// xi, • • • , xi, y±, • • ■ , y n G X , then there exists a unique additive mapping h : X ^>Y , 
defined as 



h(x) 



' lim^ooCf ) fc /((^) fc x), (xel), z/ |^| < 1 & r + s > 1, 

> 1 & <r + s < 1); 



or 



hm^ 00 (^) fc /(( rr f) **)> (^4 */ T < * & r + s > ! 



or 



>l&0<r + s<l) ; 
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such that 
\\f(x)-h(x)\\< 
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max 



max 



W2rn+2rfi) \M S 



I l+n (2\i]+2\^) \-L-\> 



e\\x 



ir^i+"»riii ' 



\r+s 



r+s— 1 



if 



or 



9\\x\\ p , if 



rnn 
inn 



or 



< 1& r + s > 1, 

' > 1&0 < r + s < 1); 

< 1& r + s > 1, 

> 1&0 < r + s < 1), 



/or all x <E X , where 



We remark that J; +n (2[|] 
both / and n are even. 



Ux) :-- 



0, 
1. 



if x < c; 
if x > c. 



2[|]) = if / or n is odd, and J/ +n (2[|l + 2[f]) = 1 if 



rim 



Corollary 3.5. Let 

the following functional inequality 

l n 



for all Xi, ■ 
defined as 

such that 



i=l 

xi,yi, 

h(x) 



,L ', 



7^ 1 and > 0. If a mapping f : X — > F wjft /(0) = satisfies 



i=i i=i 

, y n G X, £/ien i/iere exzsis a unique additive mapping h : X ^>Y , 



lim 



fe— >oo 



(T) fc /((ir)^),(*eX), i/ 



lim- ^ ' ^ f 1 1 mn \k 



•■ ran' 
nr, 

I 



k ^(±) k f((^) k x),(xeX), if 



rnn 1-^1. 

i 
— < 1, 



ll/(s)-M*)ll< 



max 



max 



irii+mrtir I'll ' 



if 



I /ftrt I 
I I I 



<i; 



im+nnr 



Me, if \M < 1, 



/or all x <E X . 



We remark that stability results of the functional inequality (1.1) in non- Archimedean 
Banach spaces are very different from those of the inequality (1.1) in Banach spaces. 
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SOME PROPERTIES OF CERTAIN CLASS OF 

MULTIVALENT FUNCTIONS WITH NEGATIVE 

COEFFICIENTS 

ADRIANA CATA§ AND CALIN DUBAU 



Abstract. The aim of this paper is to derive several interesting proper- 
ties of a new class denoted by W™ x (a,y) consisting of analytic functions 
with negative coefficients for which coefficient inequalities, distortion the- 
orems, closure theorems are determined. Furthermore, integral operators 
and modified Hadamard products of several functions belonging to the 
class Wp X (a,y) are studied. The results are obtained using a generalized 
Salagean operator and they are improvement of a known results. 



AMS Subject Classifications: 30C45. 

Key Words: analytic functions, generalized Salagean operator, modified 

Hadamard product, extreme points, negative coefficient. 

1. Introduction and preliminaries 
Let V p denote the class of functions of the form 

oo 

(1) f(z) = z" + ^a p+j z^, (pen = {1,2,...}) 

i=i 

which are analytic and p-valent on the unit disc U = {z £ C : \z\ < 1}. 

We also denote by W p the subclass of V p containing functions / which can 
be expressed in the form 

oo 

(2) f(z) = zr-J2a P+ jZ P+i 

i=i 

with a p +j > for all p £ N. 

The differential operator D™ is defined by 

(3) D\f{z) = f(z) 

(4) D\f(z) = (l-X)f(z) + Xzf'(z) = D x , A>0 

(5) D n x f(z) = D x (D n x - 1 f(z)). 
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This operator was introduced by Al-Oboudi [1] and when A = 1 we get the 
Salagean differential operator [3]. 

It can be easily seen that for a function / £ W p one obtains 

oo 

(6) Dlf{z) = (1 - A + Xp) n zP - J> - A + X(p + j)] n a p+J z^. 

i=i 

2. Coefficient estimates 

Now we propose 

Definition 1. We say that a function f(z) G V p is in the class V„ n A (a,7), 
v e N*, n e N, a e [0,p), 7 e [-1, 1), A > if 



(7) 






P 



WW 



7P — (1 — 7) a 



< 1. 



Let 



(8) %>,T) = %(a,7)n^, 

Remark 1. The class Ty" 1 (a,7) has been studied by G.S. Salagean and 
F.I. Stan [4] and the class W*(a,j) := Wp^(a,~f) has been studied by D.Z. 
Pashkouleva and K.V. Vasilev [2]. 

Theorem 1. Letpe N, n G N = NU{0} ; 7 e [-1,1), A>lonrfae [0,p). 
T/ten a function f is in the class W™^(a, 7) i/ and on/?/ i/ 

00 

(9) J] c P)j (n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)]a p+i < 
i=i 

<(1-A + Ap) n (l- 7 )(P-A) 

and 

(10) c Pii (n,A) = [l + (p + j-l)Ar. 

Proof. Assume that the inequality (9) holds and let \z\ = 1. Then we have 

\D n x +1 f{z)-pDlf{z)\ - \Dl +1 f(z) - [ 7 p+ (1 - l)a]Dy{z)\ = 

00 
= |(l-A + Apr(A-l)(p-l)^-^ Cpj (n,A)[l-p + A(p + i-l)]a p+ ,z^|- 

i=i 
-|(1 - A + \pTl(p - 1)(A - 1) + (1 - 7 )(p - a)]zP- 

■CO 

- J2 c p,M A)[(P " 1)(A - 1) + Aj + (1 - 7 )(p - a)]a p+ ,^| < 



CATAS, DUBAU: ABOUT MULTIVALENT FUNCTIONS.. 



1250 



< Y, c pA n , a )[2Cp - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)]a p+j - 

i=i 

-(l-A + Ap) n (l-7)(p-a)<0. 

Consequently, by the maximum modulus theorem, the function f(z) is in 
the class W\(a, j). 

Conversely, if / € WZ l ^(a,7) then from (7) we have 

D n + l f(z)-pDlf{z) 



D n x +1 f(z)-[ 1 p+{l- 1 ) a }Dlf{z) 



;i - A + Ap)"(A - l)(p - l)^-^c Pij (n, A)[l - p + X(p + j - l)]a p+j z^ 



where 



(1 - A + Ap)™6 p (a, 7 , A)^-^c pJ (n, A)[6 p (a, 7 , A) + Aj]a p+j ^ +j 
b p (a, 7 , A) = (p - 1)(A - 1) + (1 - 7 )(p - a) 



< 1. 



Since |Re(z)| < |z|, z 6 C, we obtain 



Re< 



(1 - A + Xp) n (X - l)(p - l)zP-^j(n, A)[l -p + A(p + j - l)]a p+j ^ 



■><1. 



;i - A + \p) n b p {a, 7, A)zP - ^ c PJ (ra, A)[6 p (a, 7, A) + Xj]a p+j ; 



p+i 



Choosing z on the real axis such that 



through real values we get 



D n J(z) 



is real and letting z — >■ 1 



(l-A + Ap) ra (A-l)(p-l)-^c PJ (n,A)[l-p + A(p + j-l)]a p+j < 
< (1 - A + Ap)"[(p - 1)(A - 1) + (1 - 7 )(P - «)]- 



- Y. c p>>' X ^P " 1)(A - 1) + \j + (1 - 7)(P - «)K+i 
i=i 
and this inequality gives the required condition. 
This completes the proof of Theorem 1. 
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Remark 2. The result obtained in Theorem 1 is sharp as can be seen by 
(11) 

f . (z)=z P (l-A + A P r(l-7)(p-a) N 

Jj{) [2(p-l)(X-l) + 2Xj + (l- 1 )(p-a)]c p , j (n,X) ' J ' 

Each function on the form (11) is an extremal function for the theorem. 
Remark 3. Theorem 1 improves the result obtained in [[4], Theorem 1]. 
Corollary 1. Let f\z) e W™ x (a,j). Then 

[ ' ap+J -c w (n,A)[2(p-l)(A-l) + 2A J + (l- 7 )(p- a )]' J * " 
The equality in (12) is attained for the function fj(z) given in (11). 

3. Growth and distortion theorems 

Next we prove the following growth and distortion properties for the class 
W£a(o>7)- 

Theorem 2. Let the function f(z) be in the class W" x (a, 7). Then we have 

(13) |£,fc /(z )|<(i_ A + Ap )fc| z |P + 

(1_ A + Ap) n (1 _ 7)(p _ a) +i 

2(p-l)(A-l) + 2A + (l-7)(p-a)' ' 

and 

(14) |£,fc /(z )|>(i_ A + Ap )fc| z |P_ 

(1_ A + Ap) n (1 _ 7)(p _ a) 

2(p-l)(A-l) + 2A + (l-7)(p-a)' ' 

/or z & U, where < k < n. 

The equalities (13) and (14) are attained for the function f(z) defined by 

(15) D k f(z) - ( 1 - A + Xv) k z p - (l-A + Ap)"(l- 7 )(p-oQ p+ i 
{15)Vf{z)-{l X + Xp)z 2(p _ 1)(A _ 1)+2A+(1 _ 7)(p _ a) ^ • 



Proof. From Theorem 1, for < k < n, one obtains 

(l-X + X P ) n {l-j)(p-a) 

CpJ{K,A)U p+ j ^ ^^ 

Furthermore, we note from (6) that 



(16) Y,c P Ak,X)a P+J < 2(p _ 1)(A _ 1) + 2A + (1 _ 7)(p _ a) - 



1^/(^)1 < (1 - A + Xp) k \z\v + £[1 + A(p + i - l)] fc a p+j |^ 
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and 



\D k x f(z)\ > (1 - A + \p) k \z\v - £[1 + HP + 3 ~ l)]% +] 



\p+j 



Using the fact that \z\ < 1 the assertions of (13) and (14) of Theorem 2 
follow immediately. 

Corollary 2. If f{z) belongs to the class W^ x (a,^) then 

(17) I f(z)\ <\zF + (l-A + A P r(l- 7 )(p-a) , |P+ i 

(i7j l^l^l^l + 2(p-l)(A-l) + 2A + (l- 7 )(p-a) |Z| 

and 

(18) I f (z)| > UP (l-A + A P r(l- 7 )(p-a) , |P+ i 

(i " j ^^ 2(p-l)(A-l) + 2A + (l- 7 )(p-a) |Z| 

/or |z| < 1. 

The equalities in (11) and (18) hold for the function 

(19) f(z) = zP- , (l-A + Apr(l- 7 )(p-«) P+1 zeU _ 
1 ; JK) 2(p-l)(A-l) + 2A + (l- 7 )(p-a) 

Corollary 3. /// belongs to the class W™ x (a, 7) i/ien 

(20) I f (z)| < pUr 1 + (P+l)(l-* + Ap)"(l-7)(p-a) up 
(20) |/ (z)| < p|*| + 2(p _ 1)(A _ 1} + 2A + (1 _ 7)(p _ a) 1*1 

and 

1 J IJU| - WI 2(p-l)(A-l) + 2A+(l- 7 )(p-a) M 

The equalities in (20) and (21) hold for the function f(z) given by (19). 
Corollary 4. The unit disc is mapped into a domain which contains 

rrfni, (1 - A + Ap)"(l - 7 )(p ~ <*) 

V ' 2(p-l)(A-l) + 2A + (l- 7 )(p-a) 
by any f £ W™ x (a,j). The sharpness is assured by the function (19). 

4. Closure theorems 
Let the functions f k (z) be defined, for k = 1, 2, . . . , m by 

oo 

(22) f k (z) = z p ~Y, a p+jyk z p+ i, a p+j , k > 0. 

3=1 

We shall prove the following results for the closure of functions in the class 
W£a(°>7)- 
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Theorem 3. Let the functions fk{ z ) defined by (22) be in the class 
W™ x (a, 7) for every k = 1, 2, . . . , m. Then the function h(z) defined by 



(23) h(z) = Y J Ckfk(z), c k >0 

k=i 

is also in the class W™ x (a,j) where 

rn 

(24) J> = 1. 

Proof. According to the definition of the function h(z), we can write 

00 / m \ 

(25) h{z) = /-nj; CfcOp+j,* Z***. 

j=i \fc=i / 

Further, since fk are in W™ x for every k = 1,2, ... ,m, we get from 
Theorem 1 

00 

(26) J2c pJ (n,\)[2(p-l)(X-l) + 2Xj + (l-'y)( P -a)]a p+jtk < 

i=i 

<(l-A + Ap) n (l- 7 )(p-a). 
Hence we can see that 

00 / m \ 

J^ <^(n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)] J^ c fc a p+j , fe = 

i=i Vfe=i / 

00/00 \ 

= E C M E c p>>' A )t 2 ^ - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)]a p+j , fe < 
fc=i \j=i / 

(m \ 
^c fc J(l-A + Apr(l-7)(p-a) = (l-A + Ap) n (l-7)(p-a) 

which implies that /i(z) belongs to the class W™ x (a,j). 

Theorem 4. The class W"^(a, 7) is closed under a convex linear combina- 
tions. 

Proof. Let the functions /fc(-z) (& = 1,2) defined by (22) be in the class 
Wp X (a,j). It is sufficient to show that the function h(z) defined by 

(27) h(z) = r i f l {z) + {l-r,)f 2 {z), < r, < 1 

is in the class W™ x (a, 7). But, taking m = 2, c\ = n and c 2 = 1 — 77 in Theorem 
3 we get the required result. 
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Remark | Asa consequence of Theorem 4, there exists the extreme points 
of the class W™ x (a,7). 

Theorem 5. Let fj be defined as in (11), j e N and 

(28) f (z) = z p , z£U. 

Then f(z) is in the class W"^(a,7) if and only if it can be expressed as 

00 

(29) /(*) = X>/,-(*) 

3=0 

oo 

where n 3 - > for j £ No = N U {0} and ^ \xj = 1. 

i=o 
Proof. Suppose that / can be expressed as in (29), namely 

f(z \ = z p _ V /, • (l-A + Ap) ra (l-7)(p-a) +j 

A j ^^[2(p-l)(A-l) + 2Ai + (l- 7 )(p-a)] Cpj (n,A) 

then it follows that 

oo 

^ c Pii (n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)]- 
(l-A + Ap) n (l- 7 )(p-a) 



[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)]c M -(n, A) 
<(l-A + Ap) n (l- 7 )(p-a) 



(ij 



< 



is equivalent to > /ij < 1 and from Theorem 1 /(z) belongs to the class 

%"a(«>7)- 

Conversely, assume that the function f(z) belongs to the class W™^(a, 7). 
Then 

^ ^(n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)] 

^ (l-A + Ap) n (l-7)(p-a) ap+J " ' 



We denote 



c P:j (n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)] 



^'" (l-A + Ap)«(l- 7 )(p-a) ° P+J 

for j € N and // = 1 - ^~ =1 ^-. 

We notice that f(z) can be expressed in the form (29). This completes the 
proof of Theorem 5. 

Corollary 5. The extreme points of the class WT A (a,7) are the functions 
fj(z), j £ N, given by Theorem 5. 
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5. Modified Hadamard product 

Let the functions /& (A; = 1,2) denned by (22). The modified Hadamard 
product of fi(z) and f-z(z) is defined by 

oo 

(30) /i * f 2 (z) = z p Y^ ap+j,i a P+j,2Z p+3 ■ 

3 = 1 

Theorem 6. Let the functions fk(z) (k = 1,2) defined by (22) be in the 
class WT^(a,7). Then the modified Hadamard product belongs to the class 
W"" A (a, 7 ) where 

(31) (3 = /3(a,7,A,n,p) = 

2(1 - A + Ap)"(l - 7 )(p - af[{ P - 1)( 7 - 1) + A] 
P (1 + pA)"[dp(a, 7, A) + 2A] 2 - (1 - A + Ap)"(l - j) 2 (p - a) 2 
where 

dp(a, 7, A) = 2(p - 1)(A - 1) + (1 - 7 )(p - a). 

T/ie result is sharp. 

Proof. Employing the technique used earlier by Schild and Silverman [5], 
we need to find the largest (i = /3(a, 7, A, n,p) such that 



oc 



c pJ (n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - /?)] 



(32) ^ (i_a + A P )»(1-7)(p-/3) VH>i«^2 ^ L 

Since 
(33) 

^ c p , J (n,A)[2(p-l)(A-l) + 2Ai + (l-7)(p-a)] , 1 ._ 19 

^ (l-A + Ap)»(l- 7 )(p-a) %;i -' ' 

by the Cauchy-Schwarz inequality we have 

( o A , ST c p , J -(n,A)[2(p-l)(A-l) + 2Aj + (l- 7 )(p- a )] 

(34) lj ( i_ A + Ap) n (1 _ 7)(p _ a) V<W%>+^ < 1- 



It is sufficient to show that 

cg^ A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - /3)] 
(l-A + Ap)»(l- 7 )(p-0) 



a p+j,l a p+j,2 < 



^(n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)] 

s (1 _ A + Ap)"(l - 7 )(P - a) VOp+jMOp+j^ 

thus 

, — ^ [2(p-l)(A-l) + 2Aj + (l- 7 )(p-a)](p-^) 

Va P+J , ia p+J , 2 < _ 1)(A _ i) + 2Xj + (1 - 7 )(p - 0)\{p - a) ' J ^ 
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We note that 

(l-A + Ap) n (l- 7 )(p-a) 



^a P +j,\a P +j,2 



< 



^(n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)] " 

Consequently, we only need to prove that 

(l-A + Ap)"(l- 7 )(p-g) < 

c PJ (n, A)[2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)] " 

< [2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - a)](p - g) 
" [2(p - 1)(A - 1) + 2Aj + (1 - 7 )(p - /3)](p - a) 
which is equivalent to 

2(1 - A + Xp) n (l - 7 )(p - a) 2 [(p - 1)(A - 1) + Aj] 



/3<p 



c PJ (n, A)[dp(a, 7, A) + 2Aj] 2 - (1 - A + Ap)»(l - 7 ) 2 (p - «) 2 
We denote 

E(a,j,X,n,p;j) = 

2(1 - A + Ap)"(l - 7 )(P - «) 2 [(P - 1)(A - 1) + Aj] 
P c PJ (n, A)[dp(a, 7, A) + 2Aj] 2 - (1 - A + Ap)«(l - 7 ) 2 (p - «) 2 ' 
But 

E(a,j,X,n,p;j + 1) - E(a,-/,X,n,p;j) = 

2(l-X + Xp) n (l-j)(p-a) 2 rr> . x ., W1 . , ._.., , 2/ , 2l 

= Z7 x ^V -S(a,7,A,n,p;j)+A(l-A+Ap) n (l-7) 2 (p-a) 2 

^(a,7,A,n,p;j) 

where 

A(a,7,A,n,i?;j) = 

= {c p >, A)[dp(a, 7 , A) + 2Aj] 2 - (1 - A + Xp) n (l - 7 ) 2 (p - a) 2 }- 
■{cp J+ i(n, A)[dp(a,7, A) + 2X(j + l)] 2 - 
-(1 - A + Ap) n (l - 7 ) 2 (p - a) 2 } > 
and 

B(a,j,X,n,p;j) = 

= cps+iin, X)[( P - 1)(A - 1) + Aj] • [d p (a, 7, A) + 2A(j + l)] 2 - 
-cps(n, X)[(p - 1)(A - 1) + X(j + 1)] • [dp(a, 7, A) + 2Ajf > 0. 

Thus, we deduce that E(a, 7, A, n,p; j) is an increasing function of j £ N. 
Finally, we obtain f3 < .E(a,7, A, n,p; 1) which is 

2(1 - A + Ap)"(l - 7 )(P - «) 2 [(P ~ 1)(7 ~ 1) + A] 
P " P c Pil (n, A)[d p (a, 7, A) + 2A] 2 - (1 - A + Ap)"(l - 7 ) 2 (p - a) 2 ' 

For the proof of the sharpness we take the functions f\ and J2 of the form 
(19)- 
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6. Integral property of the class W™ x (a,j) 

Theorem 7. Let f be in the class W™^(a, 7) and c a real number such that 
c > — 1 . Then the integral operator of Libera- Bernardi type 

C + P f\c-l 



(35) F(z) = —^ / t c -'f(t)dt 

z Jo 

also belongs to the class W™ x (a, 7). 

Proof. We note that 

„! 00 

F(Z) = (C + P ) T C ~ l f{tT)dT = Z P ~Y^ 

Jo 



c + P p+j 



f t c + p + ] 

and it follows 

00 

J2 cp d {n, A)[2(p - 1)(A - 1) + 2Xj + (1 - 7 )(p - a)] - g . a p+J < 
r— f c + p + j 

00 
< J2°P^ n ' A )[ 2 ^ " 1)(A - 1) + 2Aj + (1 - T )(p- a)]a p+j < 
i=i 

<(l-A + Ap) n (l- 7 )(p-a). 
Using Theorem 1 the proof is complete. 

Remark 5. The result obtained in Theorem 7 improves the result obtained 
in [[4], Theorem 6]. 
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Abstract 

A minimal property of cubic splines generated by initial conditions is 
obtained in order to generate smooth and optimal aerodynamic shape for 
the aeolian blade profile. 
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1 Introduction 

Within aero-electrical aggregates the wine turbine is the component that 
ensures the conversion of kinetic energy of wind into mechanical energy useable 
to turbine shaft, through the interaction between air current and moving blade. 

Wind turbine is composed mainly of an rotator fixed on a support shaft, com- 
prising a hub and a moving blade consisting of one or more blades. Active body 
of aeolian turbines which made the quantity of converted energy is the blade. 
The achieving of aerodynamic performances, kinematics and energy curves of 
the aeolian turbines depend on the choice of a certain geometry. Wind energy 
conversion is achieved by the interaction between air currents and solid surface 
of the blade. For design of the blade profile are used optimized shape (aerody- 
namic profile) selected and positioned such that the obtained performances for 
certain conditions, proper to the location, to be optimal. Interaction moment 
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between moving blade and fluid current is deduced from lifted aerodynamic 
forces and resistance. Calculation of the blade profile was realized by determin- 
ing the geometric contour of the aerodynamic profile deduced by an analytical 
method, combining two mathematical functions, a framework function and a 
gauge function, respectively. Presented model was synthesized by a section cal- 
culation which set the final shape of the blade, using a computer algorithm, 
taking into account the behavior of aerodynamic profile which was placed in a 
stream of air. 

The aerodynamic profile behavior depends mainly on profile position com- 
pared to the air current speed, through the angle of incidence value. 

In order to generate an aerodynamic shape for the aeolian blade profile with 
initial minimal ecart from the segment line we can consider cubic splines with 
partial minimal quadratic oscillation in average on the first subinterval. 

The notion of quadratic oscillation in average is defined in [3] and [5] and 
the partial minimal quadratic oscillation in average on the first and on the last 
two subintervals was obtained in [3] in order to improve the Akima's method 
(see [2]) for the Hermite type interpolation. 

In the definition of the notion of quadratic oscillation in average is considered 
in [5] a partition A of an interval [a, b] , 

A : a = xq < x\ < . . . < x„_i < x„ = b 

a set of values yo,yi, ■ ■ ■ ,y n G K and an arbitrary function / : [a, b] — > M, 
/ G C[a, b] satisfying the interpolation conditions: 

f(xi) = yi, Vi = 0,n. 

Let L : [a, b] — > M. such that Li — L\, . , i = 1, n and 

Li(x) = j/j_i + ' • (yi - y»_i), x G [xi-i,Xi] 

•&i X{—i 

the polygonal line joining the points (xi,yi),i = 0,n. 

It is denoted by fi the restriction of / to each interval [xj_i, Xj], i = 1, n and 

lii Xj^ X^_i, 2 1, 71. 

Definition 1.1 [5] The quadratic oscillation of the function f corresponding 
to the partition A and to the values y i} i — 0,n, is the following functional 

p : C[a, b] x E™ +1 H- R 



(1-1) /£>(/; A, y) = 



Y, [h(x) - Li(x)] 2 dx 

.•_1 J Xi.--\ 



where y = (y ,yi, ... ,y n ). 

Remark 1.1 If there exists a set K C {1, 2, . . . , n} such that in (1.1) the sum 






ieK -' X i-l 



DUBAU, CATAS: AEOLIAN BLADE BY SPLINES 1260 



then, the functional is called partial quadratic oscillation in average (see [3], 
where the set is K = {1, n — 1, n}). 

In this paper, we consider the cubic splines generated by initial conditions 
(see [10]) with minimal partial quadratic oscillation in average corresponding to 
the set K = {1}. 

The paper is organized as follows. In Section 2 we construct the algorithm 
of cubic splines generated by initial conditions with minimal partial quadratic 
oscillation in average on the first subinterval. Section 3 is devoted to the error 
estimation of the interpolation with this spline, in the class of continuous func- 
tions. A numerical experiment to illustrate an application in the construction 
of aerodynamic profile of aeolian blade is presented in Section 4. 

2 The cubic spline procedure 

The cubic spline generated by initial conditions was introduced by C. Iancu 
in [10] and it is constructed integrating on each subinterval [xi-\,Xi], i = l,n 
the initial value problem. 

s'-{x) = Mi_i + ^£=^ • {Mi - Mi_i) 

Si(xi-i) = yi-i 

s^Xi-i) = TOj_i, x e [xi-i,Xi], i = l,n 

The expression is 

(2.1) 

M t - Mi_! 3 Mi_! 2 

Si(x) = — (x-Xi-i) H -—-(x-Xi-1) +m,i-i-{x-Xi-i) + yi-i, 

bhi I 

and imposing the conditions Si(x{) = yi,i = l,n, we obtain a continuous S € 
C[a, b], S : [a, b] — > R with the restrictions Si to the intervals [a;»_i, Xi], % = 1, n. 
Since a cubic spline without deficiency is S € C 2 [a, 6] , imposing the condition 
S G C 1l [a,b] that is S[{xi) — m,i, % = l,n we obtain together with Si(Xi) = 
Hi, i = l,n the relations: 

(2.2) Mi = -^(y i -yi_ 1 )- 6 ^-2M^ 1 

Wj = — (j/i -Vi-i) -2mj_i - y -M^x, i = l,n. 

which uniquely determine the values 777^, Mj, i = l,n in recurrent way starting 
from 7/ , ... , y„, m and M . 

So, the values mo and Mq remains free and can be specified in order to 
obtain a supplementary property of the cubic spline. In [5], these values are 
obtained such that the spline to be natural cubic spline. In [4], these values are 
obtained such that the cubic spline generated by initial conditions to be with 
minimal quadratic oscillation in average. 
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For the cubic spline generated by boundary conditions, the first and the 
last moment are computed such that the corresponding spline to have minimal 
quadratic oscillation in average, in [7]. 

Here, we determine m and M such that the cubic spline generated by 
initial conditions such that S will be with minimal partial quadratic oscillation 
in average on the first interval [xo,xi]. So, the set in Remark 1 is K = 1 and 
the functional is 



P P (S;A,y) 



Then, we can consider the residual 



[Si(x)-Li(x)] 2 dx. 



R(m ,M ) 



[Si(x) — Li(x)] 2 dx } 



where Si is obtained by the interpolation conditions: 

Si(x ) = 3/o, Si(xi) = 2/i, S[(x ) = m , S"(x ) = M , 
having the expression 



(2.3) 



Si(x) 



X — Xq 

hi 



X — Xq 

•2/0+1 — | • 2/1" 



hi 



+(x -x ) 



x - x 
hi 



•m 



(x - x ) 2 



X — Xq 

~hT~ 



■Mo, 



x G [so, %i] an d hi = Xi — xq. 
So, the residual is, R : R 2 -)• M 

/■Xl 

R(m , Mo) = \ [A(x)y + B(x)yi + C(x)m + D(x)M - L{x)] 2 dx, 

J Xq 



where 

A(x) = 1 

C{x) = (x — Xq) ■ 1 - 



X — Xq 

hi 



X — Xq 

hi 



B(x) 



D(x) = 



X — Xq 

hi 
(x- xo) 2 



1 - 



X — Xq 

hi 



x- xq xi-x 

Li(x) = -^-.yi + - K -.y Q . 

The values Too and M will be determined in order to minimize the residual 
R and consequently, the functional p p will be minimized. 
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Proposition 2.1 There exist unique values mo, Mo € M. such that 
R(m^,Mo) = min{R(m Q ,M ) : (m ,M ) e M 2 } . 
The values are 



(2.4) 



2/i - 2/o , , 44(j/i - 2/0 ) 

Wo = — -, , M = 



orriQ 



9hi ' '" u 9h\ 

Proof. Applying the least squares method, the system of normal equations is: 

[C(x)] 2 dx ) ■roo+f / C(x) ■ D(x)dx\ ■ M = 

C(x) ■ D(x)dx I • mo + ( / [D(x)fdx\ ■ M = 

l-Xl 

[A(x)yo + B(x)y 1 - L(x)}C(x)dx 



<=> < 



OR 

0.\h, 



= 



Xl 

Xo 
Xl 

Xo 



Xo 
Xl 

Xo 



[A(x)y + B(x)yi - L{x)]D(x)dx 



and after elementary calculus, 



fo^i • mo + Oohi ■ M = ±hl • (2/1 - yo) 

g^/if • too + ^/if • M = g^/i? • (j/i - y ) 

Since the determinant of the system is A = 70 ^ 00 h\ > 0, there exist an 
unique solution (too, Mo) of this system 

2/i - 2/o -Tj- 44(j/i - y ) 

m = —-. , M = 



9/ii ' '"" 9h 2 

The hessian of R has the diagonal minors: 
'd 2 R 



5 = det 



dm 2 , 



(mo, Af ) 



[Cfc^da; > 



and 



D = det 



14 ^°' M °) awik(^' M ") 



j4J^(mi,M ) jy|(TOb-,Mo) 



4A>0. 



n 



So, (too,Mq) is the unique point which minimizes R. 
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Remark 2.1 Replacing in (2.3) the values mo, Mo given in (2.4) we get 
(2.5) Si(ar) = [1 -Q{x)\ -yo + Q{x) -yi, x€[x ,x-l], 

where 

1 (x-x \ , 22 (x-x \ 14 /.x-x x " 

g(x) = 9 ' l^~J + y ' {-^rj "i'U 

If we introduce the values mo, Mq in the relation 

3 . . hi 

mi = — ■ {yi - y ) - 2m - — • M 
fti z 

we get mi = Vl 3h Vo , the same value as S[ (x) = ^j^ • 

We construct on the interval [xi,x n ], the complete cubic spline generated 
by initial conditions S : [xi,x n ] — > R with the conditions 

S , (x 1 )=m 1 = ^-^ and S'(x n ) = yn ~ Vn -\ S € C 2 [a,b}. 
dtii n n 

Defining S : [a, b] -)• E, 

{Si (a;), a: e [x ,xi] 
5(x), a; e [xi,x n ] 

we see that S* G C 1 [a, b] and <S has minimal partial quadratic oscillation in 
average on the interval [a?o,a;i]- 

Using the algorithm of complete cubic spline presented in [5] , given in 

, -n 1/1 -J/0 , /f S'(x n )-b n , Vn-Vn-l 

(2.7) mi = — — — , Mi = , S {x n ) = 

6h\ a n n n 

where a n ,b n ,c n , d n are obtained recurrently in 

Cll ZG^ — 1 -q ' Ci—\, 

, a = -2c»_i - ^T • Oi-i, 

S 6* = ^-(l/i-I/i-i)-2-& i _ 1 -^-d i _i ) 



h? • (j/i -J/i-i) - 2 • di_i - ^7 • bi-i, n>2,i = 'i,n 



starting from 



h 2 3 , , „ , 6 , ,6 

and 



0.2 = -tt> c 2 = -2,6 2 = — • (2/2 -1/1) -2mi,d 2 = T2 • (2/2 -1/1) - 7- -mi 
2 /12 n.9 "2 



m, : 



^■{Vi- Vi-i) - 2m i~i - 'f ■ M i-u i = 2,n - 1 



(2 ' 9) J M = j| • (j/i - !/<_!) - I- • m,-! - 2 • Mi_i, t = 2,n ' 

this complete cubic spline is uniquely obtained according to the following result: 

G 
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Proposition 2.2 There exist unique values for m\ and M\, given in (2.1), 
such that the obtained cubic spline generated by initial conditions is complete 
cubic spline [xi,x n ]. 

Proof. For the shape of aeolian blade profile we use the cubic spline S G C 1 [a, b] 
given in (2.6), with Si as in (2.5) and S being complete cubic spline generated 
by initial conditions with the restrictions (2.1) to the intervals [xj_i, Xi], i = 2, n 
and the parameters rrii, Mi, i — 2, n given in (2.9) and 



mi = 



Vi -yn 
3/n ' 



Mi = 



lln 



b n 



a n , b n as in (2.8 


>)• 


( 


a 


\ 


c. 


and since a\ = 


_h 



We see that from (2.8) we can write 



-2 



2 



a,i-i 
<k-i 



V i = 3,n 



< 0, c\ — — 2 < we obtain a-i > 0, c 2 > and generally 
a,; > 0, Cj > for even i, a, < 0, c, < for odd i. Then, a„ 7^ and Mi 
is uniquely given in (2.7). The parameter mi has unique value, mi = y V^ . 
With the recurrent relations (2.9), these uniquely determine the complete cubic 
spline S. □ 



3 The error estimation 

In order to obtain the error estimation in the interpolation of a continuous 
function / : [a, b] — > R, with f(xt) = j/j, Vi = 0, n, by 5* we observe that 

|Si(x) - /(a;)| = |[1 - Q(x)] • yo + Q(x) • 2/i - /(*)! < 



(3.1) < |1 - Q(x)\ ■ \f(x) - y \ + \Q(x)\ ■ \f(x) - Vl \ < 

[\l-Q(x)\ + \Q(x)\]-u(f,h 1 ) = uj(f,h 1 ), 

V.x G [a;o,cci], since < Q(x) < 1, V.t G [xo,Xi] and it remains to estimate 

\S(x) - f(x)\ for x G [xi,x„]. 

The condition Si{xi) — y.i, Vi = 2,n lead us to 



(3.2) 



Vi-Vi-i {M i + 2M i _ 1 )h i . T ^— 

m-i = r - a j 1 = 2, n 

n, 6 



and replacing (3.2) in (2.1) we obtain 

(x-Xi-1) 2 (x-:Ej_i) 3 hi{x — Xi-\) 



(3.3) S t (x) = 



6hi 



■ Mi_± + 



(x - Xj_i) 3 _ hj(x - Xj-i) 
6hj 6 



• Mi H — • j/j_i H yt 
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Vx e [xi-i,Xi],i = 2,n. 

The smoothness conditions on the interior knots 



S'i(xi) = S' i+1 (xi), V« = 2, n - 1, 



lead us to 



(3.4) ^■M l _ 1 + h ^^.M l+ h ^.M l+1 = y ^^- y ^ 1 ^. 
6 3 6 hi+i hi 

The conditions of complete cubic spline 

6 (xi) = mi = —— , 6 (x n ) =m n = 



provide the equations: 

(3.5) 



3/ii 



% • Af„_i + % • M n = 



which together with (3.4) form a linear system in n equations and n unknowns 
Mi,. . . ,M n . The system (3.4)+(3.5) is tridiagonal, diagonally dominant and 
therefore has unique solution which can be found using the iterative algorithm 
presented in [8] and [1] pages 14-15. Here, we use this system in order to derive 
the error estimation. 

Theorem 3.1 If f e C[a, b] with /(x») = y%, Vz = 0, n and there exists j3 > 1 

such that 

max{hi : i — 2, n} 



min{hi : i — 2, n} 



<P, 



then for S G C 2 [xi, x n ] complete cubic spline interpolating the values yi,i = 1, n, 
where S'(x±) and S'{x n ) are given in (2.7), the following error estimate holds: 



(3.6) 



\S(x)-f(x)\< ( 1 + -/3 2 )■«(/, ft), Vxe[xi,x„], 



where h — max{hi : i — 2, n} anrf w(/, ft.) is i/ie modulus of continuity. 

Proof. Multiplying (3.4) by h .X. — , i = 2, n — 1 and the equations (3.5) by 

ip- and -?- respectively, the system (3.4) + (3.5) takes the form G ■ M — d, where 
M = {Ml, . . . M n ) 

( 



G 



1 

h 2 


1 

2 
1 




h 3 




















2(h 2 +h 3 ) 


2(h 2 +h 3 ) 










hi 




1 


ht+i 





2(hi+h, 


+i) 


2(hi + h i+1 ) 



























• ° \ 

. 




. 


1 

2 


1 / 
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and d - (di,...,d n ), di - f ih ^° , d„ - 0, d* - hz+1 {h. + h- +1 ) ~ h~{E~+K~h)' 
i = 2,n-l. 

We see that G = I + A with ||^4||c» = \ and therefore G is invcrtible and 
M = G- x -d with UMIU < HG- 1 !!^ • ||d||oo, HOloo < ihWu = 2 and 



|di|< 7 -r--«(/,/n)<-2-«(/,/i), K|=0, 

AI1/I2 ft 

3u(f,h i+ i) 3u(/,ft t ) 3uj(f,h) 

\di\ < n o — < n — , Vi — 2,n — 1. 

1 " " 2ft 2 2ft 2 ~ ft 2 

So, ||d||oo < A -w(/, ft), where ft — min{hi : i — 2,n} and HMH^ < -fp -ui(f,h). 
Let x G [xi, x n ] arbitrary. Then, there exists i G {2, . . . , n} such that x G 
[xj_i,Xj]. Using (3.3), we obtain: 



|5(x)-/(x)|< 

(X-X^x) 3 hi(x-Xi-l) 



(x - x^j) 2 _ (x - Xj-xY _ h^x-Xj-x) 
2 6ft; 3 



6hi 
and because 



6 



■Mi 



| w _ 1 -/(x)| + 



\ve-m\ 



(x-x^x) 2 _ (x-x^x) 3 _ fe^x-x^x) (x-x^x) 3 _ fe^x-x^x) 

2 6ftj 3 6ftj 6 

Vx e [xj_i,Xi] and |M;_i| < £ • w(/, ft), |M 4 | < ^ • u(f, ft) we infer that, 
\S(x) /(x)| < w (/,fc) + ^ ■«(/,/») • 1(^-^-0(^-^)1 < 

«(/, ft) + £ • w(/, ft) • f < «(/, ft) + | • Q) • w(/, ft) = (l + \^ ■ w(/, ft), 

Vx G [xi_i,Xj], Vi = 2, n. D 

Remark 3.1 For equidistant partitions ft = ft and j3 — 1 the inequality (3.6) 
becomes |/(x) — S(x)\ < \ ■ ui(f, ft), Vx G [xi,x„]. The error estimate in the 
interpolation of continuous functions by cubic splines generated by boundary 
conditions, the error estimates were obtained in [12]. For the case of smooth 
functions / G C l [a, b] and / G C 2 [a, b] optimal error estimates were obtained in 
[11]. 



Corollary 3.1 The error estimate is 

w(/,ft), 
1 



|/(x)-S(x)|< 



3 I h 

4 ' \h 



x G [x ,xx] 
■ui(f,h), x G [xi,x n ]. 



Remark 3.2 To obtain shape with high order of smoothness we can construct 
an interpolation procedure based on quartic splines (see [6]). 
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4 Numerical experiments 

In order to illustrate the interpolation procedure we consider a transversal 
section of an aeolian blade (see [9] ) . We consider at an cross section the points 
Xi, i — 0, 10 situated on the axis of the section and the corresponding values on 
the surface of the blade y$, i = 0, 10. There are: x = 0, X\ = 35.5, x 2 = 71.00, 
X 3 = 106.50, Xi = 142.00, x 5 = 177.50, x 6 = 213.00, x 7 = 248.50, x 8 = 284.00, 
£9 = 319.50, xio = 355.00 (for top shape). As we can see in Figure 1, the 
inflection point near the first node increases aerodynamic profile properties. 
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Figure 1: Aeolian blade profile 
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2 P. Katchang and P. Kumam 

1 Introduction 

Variational inequality has become a rich of inspiration in pure and applied mathematics. In recent years, clas- 
sical variational inequality problems have been extended and generalized to study a large variety of problems 
arising in structural analysis, economics, optimization, operations research and engineering sciences and have 
withncssed an explosive growth in theoretical advances, algorithmic development, etc; see for e.g. [5, 7, 24] 
and the references therein. It has been shown a wide class of nonsymmetric and odd-order moving, obstacle, 
free, equilibrium problems arising in various branches of pure and applied sciences can be studied via the 
general variational inequalities. In brief, this field is dynamic and is experiencing an explosive growth in both 
theory and applications. Consequently, several numerical techniques including projection, the Wiencr-Hopf 
equations, auxiliary principle, decomposition and descent are being developed for solving various classes of 
variational inequalities and related optimization problems. Several numerical methods have been developed 
for solving variational inequalities and related optimization problems, see [4, 8, 21, 23, 39] and the references 
therein. 

To convey an idea of the variational inequality, let C be a closed and convex set in a real Hilbert space 
H. For a given operator A, we consider the problem of finding x* G C such that 

(Ax*,x-x*) >0 

for all x G C, which is known as the variational inequality, introduced and studied by Stampacchia [30] in 
1964 in the field of potential theory. 

Let E be a real Banach space with norm || • || and C be a nonempty closed convex subset of E. Let E* 
be the dual space of E and (•, •) denote the pairing between E and E* . We recall the following concepts (see 
also [32] for). Let S:C-»Ca nonlinear mapping. We use F(S) to denote the set of fixed points of S, that 
is, F(S) — {x G C : Sx = x}. A mapping S is called nonexpansive if \\Sx — Sy\\ < \\x — y\\. Vx,y G C. 
A mapping / : C — > C is said to be contraction if there exists a constant a G [0, 1) and x, y G C such that 
|| f(x) — f(y)\\ < a\\x — 2/|| . In the cases / is any contraction have recently been studied by Moudafi [20] for a 
nonexpansive selfmapping S defined on a Hilbert space. Very recently, Suzuki [29] replaced a contraction / by 
a Meir-Keeler contractions $ to find a fixed point of a nonexpansive mapping S. A mapping / is called weakly 
contractive on a closed convex set C in the Banach space E if there exists (p : [0, oo) — * [0, oo) is a continuous 
and strictly increasing function such that <p is positive on (0, oo), y(0) = 0, limt_>oo ip(t) = oo and x,y € C 

\\m-f(y)\\<\\x-y\\-<p(\\x-y\\). (1.1) 

If (p(t) = (1 — k)t, then / is called to be contractive with the contractive coefficient k. If <p(t) = 0, then / is 
said to be nonexpansive. 

For q > 1, the generalized duality mapping J q : E — ► 2 E is defined by 

J 9 (x) = {/G J B*:( 2 ;,/) = || a; ||M|/|| = || a ;||^ 1 } 

for all x G E. In particular, if q = 2, the mapping J2 is called the normalized duality mapping and, usually, 
write J-2 — J ■ Further, we have the following properties of the generalized duality mapping J q : (i) J q (x) = 
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\\x\\ 9 ~ 2 J2(x) for all x G E with x ^ 0; (ii) J q (tx) = t g ~ 1 J q (x) for all x G E and t G [0, oo); and (iii) 
J q (—x) — —J q (x) for all x G E. It is known that if X is smooth, then J is single- valued, which is denoted 
by j . Recall that the duality mapping j is said to be weakly sequentially continuous if for each x n — ► x 
weakly, we have j(x n ) — > j(x) weakly-*. We know that if X admits a weakly sequentially continuous duality 
mapping, then X is smooth (for the details, see [32, 33, 39]). 

Let U = {x £ E : \\x\\ = 1}. A Banach space E is said to uniformly convex if, for any e G (0,2], 
there exists S > such that, for any x,y G U, \\x — y\\ > e implies ||^^|| < 1 — 6. It is known that a 
uniformly convex Banach space is reflexive and strictly convex. A Banach space E is said to be smooth if the 
limit lim t ^o — — ^ — — exists for all x,y G U. It is also said to be uniformly smooth if the limit is attained 
uniformly for x,y € U. The modulus of smoothness of E is defined by 

p(r) = sup{-(||a; + y|| + ||a;-y||) -l:x,y€ E,\\x\\ = l,\\y\\ = t}, 

where p : [0, oo) — > [0, oo) is a function. It is known that E is uniformly smooth if and only if lim r ^ ^^ = 0. 
Let q be a fixed real number with 1 < q < 2. A Banach space E is said to be q-uniformly smooth if there 
exists a constant c > such that p(r) < cr q for all r > 0: see, for instance, [1, 32]. 

We note that E is a uniformly smooth Banach space if and only if J q is single-valued and uniformly 
continuous on any bounded subset of E. Typical examples of both uniformly convex and uniformly smooth 
Banach spaces are L p , where p > 1. More precisely, L p is min{p, 2}-uniformly smooth for every p > 1. Note 
also that no Banach space is g-uniformly smooth for q > 2; see [32, 36] for more details. 

Recall that an operator A : C — > E is said to be accretive if there exists j(x — y) G J(x — y) such that 

(Ax~Ay,j(x-y)) >0 

for all x,y G C . A mapping A : C — ► E is said to be (3-strongly accretive if there exists a constant /3 > such 
that 

(Ax-Ay,j(x-y)) > f3\\x - y\\ 2 Vx,y G C. 

An operator A : C — ► E is said to be (3-inverse strongly accretive if, for any (3 > 0, 

(AE-Aj/,j(£-y)) >/3||Ar-Ay|| 2 

for all x,y £ C. Evidently, the definition of the inverse strongly accretive operator is based on that of the 
inverse strongly monotone operator. 

Recently, Aoyama et al. [1] first considered the following generalized variational inequality problem in a 
smooth Banach space. Let A be an accretive operator of C into E. Find a point x G C such that 

(Ax,j(y-x))>0, (1.2) 

for all y G C '. This problem is connected with the fixed point problem for nonlinear mappings, the problem of 
finding a zero point of an accretive operator and so on. For the problem of finding a zero point of an accretive 
operator by the proximal point algorithm, see Kamimura and Takahashi [10, 11] . In order to find a solution 
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of the variational inequality (1.2), Aoyama et al. [1] proved the strong convergence theorem in the framework 
of Banach spaces which is generalized Iiduka et al. [8] from Hilbert spaces. 

In 2006, Aoyama, Iiduka and Takahashi [1] proved the following weak convergence theorem. 

Theorem AIT.([1, Aoyama et al. Theorem 3.1]) Let E be a uniformly convex and 2-uniformly smooth 
Banach space and C a nonempty closed convex subset of E. Let Qc be a sunny nonexpansive retraction from, 
E onto C , a > 0, and A be an a-inverse strongly accretive operator of C into E with S{C, A) ^ 0, where 

S{C,A) = {x* eC: (Ax*,j(x-x*)) > 0, xeC}. 

If {^n} and {a n } are chosen such that X n G [a, -jrs], for some a > and a n G [b,c], for some b,c with 
< b < c < 1, then the sequence {x n } defined by the following manners: x\ — x G C and 

x n +i = a n x n + (1 - a n )Q c (x n - X n Ax n ), 

converges weakly to some element z of S(C,A), where K is the 2-uniformly smoothness constant of E and Qc 
is a sunny nonexpansive retraction. 

Motivated by Aoyama et al. [1] and also Ceng et al. [4], Qin et al. [23] and Yao et al. [39] first considered 
the following system of general variational inequalities in Banach spaces: 

Let A : C — > E be an /3-inverse strongly accretive mapping. Find (x*,y*) G C x C such that 

f (\Ay* + x*-y*,j(x-x*))>0 Vx G C, 
| (fiAx*+y* -x*,j(x-y*)) > VieC. 

Let C be nonempty closed convex subset of a real Banach space E. For given two operators A, B : C — > E , 
consider the problem of finding (x*,y*) G C x C such that 

f (XAy* +x*- y*,j(x - x*)) > \/x G C, 
\ (nBx* + y*-x*,j(x-y*))>0 Vx € C, 

where A and /x are two positive real numbers. This system is called the system of general variational inequalities 
in a real Banach spaces. If we add up the requirement that A — B, then the problem (1.4) is reduced to the 
system (1.3). 

Recently, the so-called viscosity approximation methods have been studied by many author. They are 
very important because they are applied to convex optimization, linear programming, monotone inclusions 
and elliptic differential equations. In [20], Moudafi proposed the viscosity approximation method of selecting 
a particular fixed point of a given nonexpansive mapping in Hilbert spaces. Other investigations of a viscosity 
approximation method can be found in Reference [3, 6, 34] and many results not cited here. 

An interesting problem to extend the above results to find a solution of a general system of variational 
inequalities. In 2008, Ceng et al. [4] introduced a relaxed extragradient method for finding solutions of a 
general system of variational inequalities with inverse-strongly monotone mappings in a real Hilbert space. 
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Suppose ii = «eC and x n is generated by 

| x n+1 = a n u + (3 n x n + jnSPciVn - AAy n ), 

for all n > 1 where A £ (0, 2a), /i £ (0, 2/3), S is a nonexpansive mapping and A and 5 are a and /3-inverse- 
strongly monotone, respectively. They proved the strong convergence theorem under quite mild conditions. In 
2010, Katchang et al. [13] introduced a viscosity iterative schemes for an inverse-strongly accretive operator 
in Banach spaces as follows: 

x n+ i = a n f(x„) + /3 n x n + j n Qc(x n - X n Ax n ), (1.6) 

we proved the strong convergent theorems under some parameters controlling conditions. In the same time, 
Yao et al. [39] introduce the following iteration scheme for solving a general system of variational inequality 
problem (1.4) and some fixed point problem involving the nonexpansive mapping in Banach spaces. For 
arbitrarily given xq = u G C and {x n } is given by 

f y n = Qc{x n -Bx n ), 

y X n+1 = a n U + (3 n Xn + JnQciVn - Ay n ) , 

for all n > where C C E, Qc is a sunny nonexpansive retraction from E onto C and A and B are 
inverse-strongly accretive mappings. They obtained a strong convergence theorem in Banach spaces. Re- 
cently, Katchang and Kumam [12] introduced a viscosity iterative scheme for finding solutions of a general 
system of variational inequalities (1.4) for two inverse-strongly accretive operators with a viscosity of modified 
extragradient methods and solutions of fixed point problems involving the nonexpansive mapping in Banach 
spaces. We prove that the sequence {x n } generated by 

Vn = Qc(x n - nBx n ), 

v n = Qc{Vn - XAy n ), (1.8) 

x n+1 = a n f(x n ) + /3 n x n + ~i„[8Sx n + (1 - S)v n ), 

converge strongly to x — QF(G)nF(S)f(x) which (x,y) is a solution of the system of general variational 
inequalities (1.4), where y — Qc{x — ^.Bx). 

This naturally brings us to the following questions: 

Question 1. Can the results of Ceng et al. [4] be extend from a Hilbert space to a general Banach 
space? 

Question 2. Can we extend and modify the iterative scheme (1.7) to a general algorithm? 

Question 3. Can we extend and modify the iterative algorithm (1.7) for finding a common element of 
the set of solutions of (1.4) and the set of fixed points for nonexpansive mappings? 

In this paper, motivated and inspired by the idea of Ceng et al. [4], Yao et al. [39], Iiduka, Takahashi and 
Toyoda [8], and Iiduka and Takahashi [9] we introduce a new viscosity iterative scheme for finding solutions 
of a general system of variational inequalities (1.4) involving two different inverse-strongly accretive operators 
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and solutions of fixed point problems involving the nonexpansive mapping in a Banach space by using a 
modified viscosity extragradient method. Consequently, we obtain new strong convergence theorems for fixed 
point problems which solves the system of general variational inequalities (1.3) and (1.4). Moreover, using 
the above theorem, we can apply to finding solutions of zeros of accretive operators and the class of fc-strictly 
pseudocontractive mappings. The results presented in this paper extend and improve the corresponding results 
of Yao et al. [39], Ceng et al. [4], Qin et al. [23], Katchang and Kumam [12], Katchang et al. [13] and many 
others. 



2 Preliminaries 

We always assume that E is a real Banach space and C be a nonempty closed convex subset of E. Let D be 
a subset of C and Q : C — > D. Then Q is said to sunny if 

Q(Qx + t(x - Qx)) = Qx, 

whenever Qx + t(x — Qx) G C for x e C and t > 0. A subset D of C is said to be a sunny nonexpansive 
retract of C if there exists a sunny nonexpansive retraction Q of C onto D. A mapping Q : C — > C is called a 
retraction if Q 2 = Q. If a mapping Q : C —* C is a retraction, then Qz = z for all z is in the range of Q. For 
example, see [1, 31] for more details. The following result describes a characterization of sunny nonexpansive 
retractions on a smooth Banach space. 

Proposition 2.1. ([25]) Let E be a smooth Banach space and let C be a nonempty subset of E. Let Q : E — > 

C be a retraction and let J be the normalized duality mapping on E. Then the following are equivalent: 

(i) Q is sunny and nonexpansive; 

(ii) \\Qx - Qy\\ 2 <{x-y, J(Qx - Qy)),Vx, y e E; 

(Hi) (x - Qx, J(y - Qx)) < 0, Vx <G E, y <E C. 

Proposition 2.2. ([14]) Let C be a nonempty closed convex subset of a uniformly convex and uniformly 
smooth Banach space E and let T be a nonexpansive mapping of C into itself with F(T) ^ 0. Then the set 
F(T) is a sunny nonexpansive retract of C. 

We need the following lemmas for proving our main results. 

Lemma 2.3. ([36]) Let E be a real 2-uniformly smooth Banach space with the best smooth constant K. Then 
the following inequality holds: 

\\x + y\\ 2 <\\x\\ 2 + 2{y,Jx)+2\\Ky\\ 2 , Vx, y e E. 

Lemma 2.4. ([28]) Let {x n } and {y n } be bounded sequences in a Banach space X and let {f3 n } be a sequence 
in [0, 1] with < liminfn^oo f3 n < limsup^j^^ (3 n < 1. Suppose x n+ i = (1 — {3 n )y n + [3 n x n for all integers 
n>0 and limsup^^^dlj/n+i - y n \\ - \\x n+1 - x n \\) < 0. Then, lim^oo \\y n - x n \\ = 0. 
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Lemma 2.5. (Lemma 2.2 in [16]) Let {a n } and {b n } be two nonnegative real number sequences and {a n } a 

positive real number sequence satisfying the conditions: Y^=i a n — °o and lim„ >oc -^ = 0. Let the recursive 

inequality 

a n +i < a« - a n ip{a n ) + b ni n > 

where ip(a) is a continuous and strict increasing function for all a > with </?(0) = 0. Then lim n too a n = 0. 

Lemma 2.6. ([22]) Let E be a Banach space. Then for all x,y,z S E and a, /?, 7 € [0, 1] with a + ft + 7 = 1, 
we have 

\\ax + 0y + 7 z|| 2 = a||x|| 2 + /3||y|| 2 + 7 ||z|| 2 - a/3\\x - y\\ 2 - arf\\x - z\\ 2 - /3<y\\y - z\\ 2 . 

Lemma 2.7. ([2]) Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space E 
and let T be nonexpansive mapping of C into itself. Lf {x n } is a sequence of C such that x n — > x weakly and 
x n — Tx n — ► strongly, then x is s fixed point of T. 

Lemma 2.8. (Yao et al. [39, Lemma 3.1]; see also [1, Lemma 2.8]) Let C be a nonempty closed convex subset 
of a real 2-uniformly smooth Banach space E. Let the mapping A : C — * E be /3 '-inverse- strongly accretive. 
Then, we have 

||(I - \A)x -{I- \A)y\\ 2 < \\x - y\\ 2 + 2\{\K 2 - 0)\\Ax - Ay\\ 2 . 
If P > \K 2 , then I — XA is nonexpansive. 

Proof. For any x,y £ C, from Lemma 2.3, we have 

\\(I - XA)x - (I - XA)y\\ 2 = \\(x - y) - X(Ax - Ay)\\ 2 

< \\x - y\\ 2 - 2X(Ax - Ay,j(x - y)) + 2X 2 K 2 \\Ax - Ay\\ 2 

< \\x - y\\ 2 - 2X(3\\Ax - Ay\\ 2 + 2X 2 K 2 \\Ax - Ay\\ 2 
= \\x-y\\ 2 + 2X(XK 2 -[3)\\Ax-Ay\\ 2 . 

If (3 > XK 2 , then / — XA is nonexpansive. □ 

In order to prove our main results, we need the following two lemmas which is proved along the proof of 
Yao et al.'s lemmas as it appears in [39]. 

Lemma 2.9. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space E. Let 
Qc be the sunny nonexpansive retraction from E onto C. Let the mapping A, B : C — > E be (3 -inverse- strongly 
accretive and 7 -inverse- strongly accretive, respectively. Let fi : C — > C be a mapping defined by 

fl(x) = Qc(Qc(x - ixBx) - XAQ c (x - fiBx)) Vz e C. 

If P > XK 2 and 7 > \xK 2 , then fl is nonexpansive. 
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Proof . For any x, y € C, from Lemma 2.8 and Qc is nonexpansive, we obtain 

\\n(x) - n(|,)|| = \\Qc[Qc(I - l*B)x - XAQ C (I - fiB)x] - Qc[Qc(I - ^B)y - XAQ C (I - nB)y}\\ 

< || [Q C (I - »B)x - XAQ C (I - pB)x] - [Qc(I - nB)y - XAQ C (I - nB)y]\\ 
= \\{I- XA)Q C (I - nB)x -(I- XA)Q C (I - f,B)y\\ 

< \\Qc(I - \xB)x - Q C {I - nB)y\\ 

< || (/ - fiB)x - (I - nB)y\\ 

< \\ x -y\\- 

Therefore fl is nonexpansive. 



□ 



Lemma 2.10. Let C be a nonempty closed convex subset of a real smooth Banach space E. Let Qc be the 
sunny nonexpansive retraction from E onto C. Let A, B : C — > E be two possibly nonlinear mappings. For given 
x* , y* € C , (x* , y*) is a solution of problem (1.4) if and only if x* — Qc(y* ~XAy*) where y* — Qc( x * —fiBx*). 



Proof. From (1.4), we rewrite as 



(x* - (y* - XAy*), 3 (x - x*)) > Vx E C, 
(y* - (x* - fiBx*),j(x - y*)) > Vx e C. 



(2.1) 



Using Proposition 2.1 (iii), the system (2.1) equivalent to 



x* = Qc{y* - XAy*), 

y* = Qc(x* - (j,Bx*). 



Remark 2.11. From Lemma 2.10, we observe that 

x* = Qc(Qc(x* - nBx*) - XAQ c (x* ~ fiBx*)), 
which implies that x* is a fixed point of the mapping CI. 

Throughout this paper, the set of fixed points of the mapping fi is denoted by F(il). 



(2.2) 

□ 



3 Main results 



In this section, we prove a strong convergence theorem. The next result states the main result of this work. 

Theorem 3.1. Let E be a uniformly convex and 2-uniformly smooth Banach space which admits a weakly 
sequentially continuous duality mapping and C be a nonempty closed convex subset of E. Let S : C — ► C 
be a nonexpansive mapping and Qc be a sunny nonexpansive retraction from, E onto C. Let A, B : C — ► E 
be (5 -inverse- strongly accretive with (3 > XK 2 and ^f -inverse- strongly accretive with 7 > nK 2 , respectively 
and K be the best smooth constant. Let f be a weakly contractive of C into itself with function ip. Suppose 
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T := F(Q,) n F(S) ^ where £1 defined by Lemma 2.9. For arbitrary given x$ = x G C, the sequence {x n } 
generated by 



Vn = Qc(x n - fiBx n ), 

x n+ i = a n f(x n ) + (3 n x n + j n SQc(y n - XAy n ). 



(3.1) 



where the sequences {a n }, {f3 n } <md {"f n } in (0, 1) satisfy a n + f3 n + j n = 1, n > 1 and A, /i are positive real 

numbers. The following conditions are satisfied: 

(CI), lim„_ 00 a n = and Y^=q a « = °°; 

(C2). < liminf n _ ) . 00 (3 n < limsup n ^ oc (3 n < 1, 

Then {x n } converges strongly to x = Qpf{x) and (x,y) is a solution of the problem (1.4), where y = Qcix — 

fiBx) and Qjr is the sunny nonexpansive retraction of C onto T . 

Proof . First, we prove that {x n } is bounded. Let x* £ J 7 , from Lemma 2.10, we see that 

x* = Qc(Qc(x* - fiBx*) - XAQ c (x* - fiBx*)). 

Put y* — Qc(x* — fiBx*) and v n — Qc{Vn — XAy n ). Then x* — Qc(y* — XAy*). By nonexpansiveness of 
I — XA, I — fiB and Qc, we have 



IK -a;* II 



< 



< 



< 



< 



Qc(yn-XAy n )-Qc(y*-\Ay*)\\ 

(y n - \Ay n ) - (y* - \Ay*)\\ 
(I-XA)y n -(I-XA)y*\\ 

Vn~V*\\ 

Qc{Xn - flBx n ) - Qc(x* - flBx*)\\ 

(X n - flBXn) - (X* - flBx*)\\ 

(I-fiB)x n -(I-fiB)x*\\ 



(3.2) 



It follows from (3.1) and (3.2), we also have 



|x„+i-a;*|| = \\a n f(x n ) + (3 n x n +j„Sv n -x*\\ 

< CXn\\f(x n ) ~ X*\\ + j3 n \\%n ~ %*\\ + ln\\Sv n - X*\\ 

< a n \\x n -x*\\-ip{\\x n -x*\\) + (3 n \\x n -x*\\ +j n \\v n -x* 

< a n \\x n - x*|| +f3 n \\x n - x*\\ +7„||a;„ -»*|| 

\\^n — •£ || 

< max{||xi — £*||}. 



(3.3) 



This implies that {x n } is bounded, so are {/(a; n )}, {j/„}, {v n }, {Sv n }, {Ay n } and {Bx n }. 
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Next, we show that lim n _ >00 ||x n +i — x n \\ — 0. Notice that 



\v n+1 -v n \\ = 
< 

< 

< 

< 



QciVn+i - XAy n+1 ) - Qc(y n ~ A,4y„)|| 
{Vn+i - XAy n +i) - (y n - XAy n )\\ 
(I - XA)y n+1 - (I - XA)y n \\ 

y n +i -y n \\ 

Qc(x n+ i - ptBx n+ i) - Qc{x n - nBx n )\\ 

{x n +i - nBx n+ i) - (x„ - fiBx n )\\ 

(I - (j,B)x n+ i - (I - fiB)x„\\ 



£C n _|_i — /3 n x n 



then we have 



\Z n +l ~ Z n \\ — 



Setting x n+ i = (1 — (3 n )z n + /3 n x n for all n > 0, we see that z n 

i X n -\-2 Pn+l^n+1 X n -]-i PnXn m 

1 - /?„+! 1-P n " 

Otn+lf{Xn+l) + ln+\Sv n+ l _ a n f{x n ) + JnSUg n 

1 l-/3„+i l-/3„ " 

I Qfn+l/(*n+l) +7n+l<S'Wri+l an+l/K) . a n +lf(x n ) Jn+lSv„ ^f n+ iSv n 



1 — Ai+1 1 — Ai+1 1 — Ai+1 1 — Ai 



1 - A>+1 

a n f(x n ) + 7n5f„ .. 

1 - /3„ " 

(/(x„+i) - /(x„)) + ^ (SUn+l - S^n) + ( 



+ 1 



«V, 



+( 



1 — Pn+1 

7™+i 



1 - Ah 



1 — Pn+1 1 — fin 



)f(x n ) 



In 



i - /Ui i - A 

CCn+l 



-)^n| 



' , ^||/(x„ +1 ) - /(X„)|| + _^_||„ n+1 - V n \\ + \j U ^- ~ T-^VIII/COH 

1 — Pn+1 J- — Pn+1 J- — Pn+1 1 — Pn 



1 — Pn+i — a n+ i 1 — /3 n — a„ 



< 



< 



< 



< 



1 — Pn+1 
OJn+1 

1 - Pn+1 
, I O-n+1 



\Sv n \\ 



I- Pn 

\\X n +l - X n \\ - Lp(\\x n+ l - X n \\) 
Q. n in ., m, . , "n+l 



' 1 - Pn+1 1 " /3n 

Oll+l 



l/(ln)|| 



7n+l 
1 - Pn+1 



IK+1 -Un|| 



1 - f3 n+1 1 - A 



\\\SVn\\ 



1 — Ai+1 
«n+l 



1-/3. 



n+l 



II II i ^ n +! II II i I Q!n + 1 

||X n +l - X n \\ + ^ \\ v n+l - V n \\ + \ 

1 ~~ Pn+1 
||x n+ i - X n \\ + \\v n+1 - V n \\ + | 



1 - Pn+1 1 - A 

a„+i a n 



|/(x„)|H-||5u n ||) 



*n+l 



l-A, 



||x n+ i - x„|| + ||x„+i - x„|| + I 



1 — Pn+1 1 — Pn 

a n +i a„ 



+i 



1 — Pn+1 1 — Pn 



Therefore 

\\Zn+l ~ Z n \\ - ||X„+1 - X„|| < 



a n+l n I, , | Qf„+i 

||x n+ i - X n \\ + | 



l-A 



'n+l 



1 ~~ Pn+1 1 — A 



(||/(x„)|| + ||^ n ||) 

l(||/(0|| + ||<^n||). 



|/(x„)|| + \\Sv n \ 
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It follow from the condition (CI) and (C2), which implies that 

rimsup(||z n+ i - z n \\ - \\x n+1 - x n \\) < 0. 

n — >oo 

Applying Lemma 2.4, we obtain linin^oo \\z n — x n \\ = and also 

\\x n+ i - x n \\ = (1 - (i n )\\z n - x n \\ -> 

as n — ► oo. Therefore, we have 

lim \\x n+ i -x n \\ = 0. (3.4) 

n — >oo 

Next, we show that linin^oo \\Sv n — v n \\ — 0. Since x* e J 7 , from Lemma 2.6, we obtain 

||*n+i -a;* II 2 = \\a n f(x n ) + (3 n x n + ~f n Sv n -x*\\ 2 

< a n \\f(x n ) - x*\\ 2 + (1 -a n -7„)||x„ -x*|| 2 + 7„||u„ - x*\\ 2 

= a„||/(a! n ) - ^*l| 2 + (1 - «n)||*n ~ ^*l| 2 ~ 7n(||*n ~ x *\\ 2 ~ IK - X*\\ 2 ) 

< a n \\f(x n ) - x*\\ 2 + \\x„ - x*\\ 2 - j n \\x n - v n \\(\\x n - i*|| + |K - a;* ||). 
Therefore, we have 

ln\\x n - V n \\(\\x n - X*\\ + \\v n - X*||) < a„\\f(x n ) - X*\\ 2 + \\x n - X*\\ 2 - \\x n+1 - X*\\ 2 

< a„\\f(x n ) - x*\\ 2 + (\\x n -x*\\ + \\x n+ i - x*||)||a;„ - »„+i||. 
From the condition (CI) and (3.4), this implies that \\x n — v n \\ — > as n — > oo. Now, we note that 
\\x n -Sv n \\ < \\x n - x n+ i\\ + \\x n+ i - Sv n \\ 

= ||iCn - *n+l|| + ||an/(*n) + Pn^n + lnSv n - Sv n || 
= \\x n - X n+1 \\ + \\a n (f(x n ) - Sv n ) + f3n(x n - Sv n )\\ 
< \\x n -x n+ i|| +a n \\f(x n ) - Sv n \\ +/3„\\x n - Sv n \\. 



Therefore, we get 



1 an 

\\x n -Sv n \\ < ^-||*„-a; n+ i|| + - — -^-\\f(x n ) ~ Sv n \\ 

1 - Rn 1 - Pn 



From the condition (CI), (C2) and (3.4), this implies that \\x n — Sv n \\ — > as n — > oo. Since 

\\Sv n -V n \\ < \\Sv n -X n \\ + \\x n —V n \\, 

and hence it follows that lim^^co \\Sv n — v n \\ = 0. 

Next, we show that limsup n ^ oc ((/ — I)x, J(x n — x)) < 0, where x = Qrf(x). Since {x n } is bounded, 
we can choose a sequence {a; ni } of {x n } which x ni — >■ x* such that 

limsup((/ - I)x, J(x„ - x)) = lim ((/ - I)x, J(x rH - x)). (3.5) 
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Next, we prove that x* e T := F(Q) n F(S). 

(a) First, we show that x* e F(S). To show this, we choose a subsequence {v ni } of {v n }. Since {w^} is 
bounded, we have that a subsequence {v ni } of {w Ki } converges weakly to x* . We may assume without loss of 
generality that v ni — ^ a;*. Since ||<S^ n — w„|| — > 0, we obtain Sv ni — *■ a;*. Then we can obtain a;* G JF. Assume 
that x* (fc F(S). Since v ni — »• x* and So:* 7^ a;*, from Opial's condition, we get 

liminfj — ► O olk„ i ~ x*\\ < liminfj — >0 o\\v ni ~ Sx*\\ 

< liminfj — ,oo(\\v nt - Sv ni \\ + \\Sv ni - Sx*\\) 

< liming — ,oo\\v nz ~ x*\\. 

This is a contradiction. Thus, we have x* £ F(S). 

(b) Next, we show that x* e F(£Y). From Lemma 2.9, we know that fi is nonexpansive, it follows that 

\\v n -tt(v n )\\ = \\Qc{Qc{x n - nBx n ) - XAQ c (x„- iiBx n )) -G(v n )\\ 
= \\^-{x n ) - VL{v n )\\ 

< \\x n — v n \\ — > 0, as n — > 00. 

Thus limn^oo \\v n — fl(v n )\\ = 0. Since O is nonexpansive, we get 

\\x n -Q.(x n )\\ < \\x n - v n \\ + \\v n - Q(v n )\\ + \\ft(v n ) - Q.(x n )\\ 
< 2||aj n -« ri || + ||« n -fi(i; n )|| l 

and so 

lim \\x n — Ct(x n )\\ = 0. (3-6) 

n — >oo 

By Lemma 2.7 and (3.6), we have x* € F(Q). Therefore x* <G T. 

Now, from (3.5), Proposition 2.1 (iii) and the weakly sequential continuity of the duality mapping J, we 
have 

limsup((/ - I)x,J(x n - x)) = lim ((/ - I)x, J(x ni - x)) 

= ((f-I)x,J(x*-x))<0. (3.7) 

From (3.4), it follows that 

lim sup((/ - I)x, J{x n +i -x))<0. (3.8) 
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Finally, we show that {x n } converges strongly to x — Qrf(x). We compute that 

\\x n+ i~x\\ 2 = (X n +1 - X, J(x n +1 - x)) 

= (a n f(x n ) + PnX n + lnSv n - X, J(x n+1 - x)) 

= (a n (f(x n ) -x) + P n (x n -X) + J n (Sv n - x), J{x n+ i - x)) 

= a n (f(x n ) - f(x), J(x n+ i - x)) + a„(f(x) - x, J(x n+ i - x)) + n (x n - x, J{x n+1 - x)) 

+7n(Sv„ - X, J{x n+ i - X)) 

< a n \\x n - x\\ - ip(\\x n - x\\) \\x n+1 -x\\+a n (f(x)-x,J(x n+1 -x)) 
+/3 n \\x n -x||||a; n+ i -x|| +j„\\v n -x||||x n+ i - x\\ 

< a n \\x n -S||||a; n+ i -x\\ - a„ip(\\x n - x\\)\\x n+1 - x\\ +a n (f(x) - x, J(x n+ i - x)) 

+Pn\\% n -X\\\\x n +1 ~ x\\ +J„\\x n -x||||x n+ l - x\\ 

= \\x n -x||||x n+ i -x\\ - a n (p(\\x n ~x\\)\\x n+ i - x\\ +a n (f(x) - x, J(x n+1 - x)) 

= o\W Xn ~ S " 2 + W Xn + 1 ~ S I| 2 ) - a n<P(\\Xn -X\\)\\x n +1 - x\\ + a n (f(x) - X,J(x n+1 - x)) . 

By (3.3) and since {x n+ \ — x} bounded i.e., there exist M > such that ||x„ + i — x\\ < M, which implies that 
\\x n+ i-x\\ 2 < \\x„ -x\\ 2 -2a n M(p(\\x„ - x\\) +2a n (f(x) - x, J(x n+ i -x)). (3.9) 

Now, from (CI) and applying Lemma 2.5 to (3.9), we get \\x n — x\\ — > as n -^ oo. This completes the proof. 

D 

Corollary 3.2. Let E be a uniformly convex and 2-uniformly smooth Banach space which admits a weakly 
sequentially continuous duality mapping and C be a nonempty closed convex subset of E. Let S : C — > C be 
a nonepansive mapping and Qc be a sunny nonexpansive retraction from E onto C. Let A, B : C — > E be 
/3 '-inverse- strongly accretive with /3 > \K 2 and j-inverse-strongly accretive with 7 > [iK 2 , respectively and K 
be the best smooth constant. Let f be a contraction of C into itself with coefficient a € (0, 1). Let the sequences 
{a„}, {/3 n } and {^n} in (0, 1) satisfy a n + f3 n + j n = 1, n > 1 and satisfy the condition (CI) and (C2) in 
Theorem 3.1. Suppose T :— F(p.) n F(S) 7^ where 51 defined by Lemma 2.9 and let A,/i are positive real 
numbers. For arbitrary given x$ = x G C. the sequences {x n } generated by 

\ Vn = Qc{x n - flBXn), , . 

I x n+1 = a n f(x n ) + I3 n x n + jnSQc(y n - XAy n ). 
Then {x n } converges strongly to Q^u, where Qf is the sunny nonexpansive retraction of C onto T . 

Proof. Replacing a weakly contractive / in Theorem 3.1 by an a-contraction /, we can conclude the desired 
conclusion easily. This completes the proof. □ 

Corollary 3.3. Let E be a uniformly convex and 2-uniformly smooth Banach space which admits a weakly 
sequentially continuous duality mapping and C be a nonempty closed convex subset of E. Let S : C — > C be 
a nonepansive mapping and Qc be a sunny nonexpansive retraction from E onto C. Let A, B : C — > E be 
/3-inverse-strongly accretive with j3 > XK 2 and j-inverse-strongly accretive with 7 > [iK 2 , respectively and K 



1282 



14 P. Katchang and P. Kumam 

be the best smooth constant. Let the sequences {a n },{f3 n } and {"f n } in (0, 1) satisfy a n + [3 n + 7„ = 1, n > 1 
and satisfy the condition (CI) and (C2) in Theorem 3.1. Suppose T := F(Q) fl F(S) ^ where £1 defined 
by Lemma 2.9 and let A,/i are positive real numbers. For arbitrary given xq = x G C, the sequences {x n } 
generated by 

\ Vn = Qc{Xn ~ V-Bx n ), 

[ x n+1 = a n u + (3 n x n + j n SQc(y n - AAy n ). 
Then {x n } converges strongly to Q^u, where Qjr is the sunny nonexpansive retraction of C onto J- . 

Proof. Put f(x) = u for all x G C. Then, by Theorem 3.1, we can conclude the desired conclusion easily. 
This completes the proof. □ 

Corollary 3.4. [39, Theorem 3.1, J Let E be a uniformly convex and 2-uniformly smooth Banach space which 
admits a weakly sequentially continuous duality mapping and C be a nonempty closed convex subset of E. Let 
Qc be a sunny nonexpansive retraction from E onto C. Let A, B : C — * E be (3-inverse-strongly accretive with 
(3 > K 2 and ^-inverse- strongly accretive with 7 > K 2 , respectively and K be the best smooth constant. Suppose 
the sequences {a„},{(3„} and {jn} in (0, 1) satisfy a n + (3 n + 7„ = 1, n > 1 and satisfy the condition (CI) 
and (C2) in Theorem 3.1. Assume F(Q) ^ where f2 defined by Lemma 2.9. For arbitrary given x\ = u G C , 
the sequences {x n } generated by (1.7). Then {x„} converges strongly to Qf({T,) u , where Qf(U) is the sunny 
nonexpansive retraction of C onto F(fl) . 

Proof. Taking f(x) = u for all x E C, S = I and A = /i = 1 in (3.1). Then, from Theorem 3.1, we can 
conclude the desired conclusion easily. □ 

Remark 3.5. Theorem 3.1, Corollary 3.2, Corollary 3.3 and Corollary 3.4 extend, improve and unify the results 
of Aoyama et al. [1] and also Ceng et al. [4], Qin et al. [23] and Yao et al. [39]. 



4 Applications 

(I) Application to finding zeros of accretive operators. 

In Banach space E, we always assume that E is a uniformly convex and 2-uniformly smooth. Recall that 
an accretive operator T is m-accretive if R(I + rT) = E for each r > 0. We assume that T is m-accretive and 
has a zero (i.e., the inclusion G T(z) is solvable) [15, 35, 37]. The set of zeros of T is denoted by T -1 (0), 
that 

T-\0)^{zeD(T) :0GT(z)}. 

The resolvent of T, i.e., jj = (I + rT) -1 , for each r > 0. If T is m-accretive, then jj : E — > E is 
nonexpansive and F(J^) = T _1 (0),Vr > 0. For example, see Rockafellar [27] and [17, 18, 19, 25, 26] for more 

details. 

From the main result Theorem 3.1, we can conclude the following result immediately. 
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Theorem 4.1. Let E be a uniformly convex and 2-uniformly smooth Banach space and C a nonempty closed 
convex subset of E. Let A, B : C —* E be f3 -inverse- strongly accretive with j3 > XK 2 and ^-inverse- strongly 
accretive with 7 > [iK 2 , respectively, K is the 2-uniformly smoothness constant of E and let T be an m- 
accretive mapping. Let f be a weakly contractive of C into itself with function Lp and suppose the sequences 
{a™}, {/3„} and {<y n } in (0, 1) satisfy a n + f3 n + 7„ = 1, n > 1. Suppose := T" 1 ^) H A _1 (0) n B _1 (0) ^ 
and let A, /i are positive real numbers. The following conditions are satisfied: 
(i). lim^oo a n = and J2™=o a ™ = °°! 
(it). < Hmmf n _ ) . 00 /3„ < lim sup^^ /3 n < 1. 
TTie sequences {x n } generated by xq — x G C and 



Vn Xn \XE> X n , 

x n+ i = a n f(x n ) + p n x n + 7„ Jj(y„ - A.Ay„) 



r,.. , ... s (4- 1 ) 



TTien {x n } converges strongly to x = Qsf(x), where Qq is the sunny nonexpansive retraction of E onto 0. 

(II) Application to strictly pseudocontractive mappings 

Let E be a Banach space and let C be a subset of -E. Recall that a mapping T : C — ► C is said to be 
k-stricly pseudocontractive if there exist k G [0, 1) and j(x — y) G J(ir — y) such that 

(Tx - Ty,j(x -y))<\\ x - y\\ 2 - ^\\(I - T)x -{I- T)y\\ 2 (4.2) 

for all x,y G C. Then (4.2) can be written in the following form 

((J - T)x -{I- T)y,j(x - y)) > ^*||(I - 3> - (I - T) y || 2 . (4.3) 

We know that, A is ^^— inverse strongly monotone and j4. _1 = F(T) (see [9]). 

Theorem 4.2. Let E be a uniformly convex and 2-uniformly smooth Banach space and C a nonempty closed 
convex subset of E. Let S : C — > C be a nonepansive mapping and a sunny nonexpansive retraction of E. Let 
T,U : C — > C be k-stricly pseudocontractive and l-stricly pseudocontractive with A < 2 ~k 2 an< ^ ^ — 2K 2 > 
respectively. Let f be a weakly contractive of C into itself with function Lp and suppose the sequences {a„}, {/3n} 
and {"in} in (0, 1) satisfy a n + j3 n + 7„ = 1, n > 1. Suppose := F(S) fl F(T) n F(U) ^ and let A, /1 are 
positive real numbers. The following conditions are satisfied: 
(i). lim„_ 00 a„ = and J^^Lo a « = °°; 
(raj. < liminf^oo^ < lim SUp^^ f3 n < 1. 
TTie sequences {x n } generated by xq = x G C and 

J Vn = (1 - /»)£„ + M^n, / 4 4 x 

I £„+! = a n f(x n ) + 0nXn + JnS((l - A)j/„ + ATj/„). 

TTien {i„} converges strongly to Qq, where Qq is the sunny nonexpansive retraction of E onto 0. 

Proof. Put A = L — T and B = I — U. Form (4.3), we get A,B are ^^ and ^y^— inverse strongly accretive 
operators, respectively. It follows that VI{C,A) = VI(C,I - T) = F{T) £ 0, CI{C,B) = VI{C,I - U) = 



1284 



16 P. Katchang and P. Kumam 

F(U) ^ and CI(C, I - T) n VI(C, I - U) = F(U) = F{Q) <& is the solution of problems (1.3) & problems 
(1.4) (see also Ceng et al. [4, Theorem 4.1 pp. 388-389]) and also have (see Aoyama et al.[l, Theorem 4.1 pp. 
10.]) 

(1 - X)y n + \Ty n = Q C {{1 - X)y n - XTy n ) and (1 - X)x n + XUx n = Q C {{1 - X)x n - XUx n ). 

Therefore, by Theorem 3.1, {x n } converges strongly to some element x* of O. □ 

(III) Application to Hilbert spaces. 

In real Hilbert spaces, by Lemma 2.10 and Remark 2.11 it follow from Lemma 4.1 of [23], we obtain the 
following Lemma: 

Lemma 4.3. For given (x* ,y*) € C, where y* = Pci%* — /aBx*), (x*,y*) is a solution of problem (1.4) if 
and only if x* is a fixed point of the mapping Q' : C — ► C defined by 

fl'(x) = P c [Pc{x - nBx) - XAP c (x - nBx)], 

where Pc is a metric projection H onto C . 

It is well known that the smooth constant K = ^ in Hilbert spaces. From Theorem 3.1, we can obtain 
the following result immediately. 

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert space H . Let A, B : C — ► H 

are an /3-inverse-strongly monotone mapping with X € (0,2/3) and j-inverse-strongly monotone mapping with 

fi € (0,27), respectively. Let f be a weakly contractive of C into itself with function ip. Suppose the sequences 

{a„}, {f3 n } and {j n } i n (0, 1) satisfy a n + f3 n + 7„ = 1, n > 1. Assume that F(Cl') fl F(S) ^ where G' 

defined by Lemma 4-3 and let A,/i are positive real numbers. The following conditions are satisfied: 

(i). lim n _ >0o a„ = and J2^=o a ™ = °°' 

(ii). < liminfn^oo^n < lim sup,^^ j3 n < 1. 

For arbitrary given xq — x G C, the sequences {x n } is generated by 

\ Vn = Pc{x n - fJ,Bx n ), 

I x n+1 = a n f(x n ) + f3„x n + j n SPc(y n - XAy n ). 

Then {x n } converges strongly to x — PF(n')nF(s)f(z) ond (x,y) is a solution of the problem (1.4), where 
y = Pc(x- \iBx). 

Acknowledgment This research is supported by the Centre of Excellence in Mathematics, the Commission 
on Higher Education, Thailand. 
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Abstract :Recently M.W.Muller [9] gave the Gamma quasi-interpolants and 
obtained approximation equivalence theorems with u>^, r (/, t) p . In this paper 
we obtain characterizations on simultaneous approximation for left Gamma 
quasi-interpolants with LO^(f, t) p . 
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1. Introduction 



The Gammaoperators 



"^ '■ ■' -xt.n 



G n (f,x)= / g n (x,t)f (-)dt,g n (x,t) = —e~ xt t n ,x G / := (0,oo), (1.1) 

Jo t n\ 

were introduced by M. Miiller and A. Lupas [8]. The other representation of this operator 

is 

1 f°° nx 

<?„(/, x) = -.l e-H n f(—)dt, xel. (1.2) 

n\ J t 

These operators have been investigated in subsequent papers (e.g. [3], [6], [7], [13], [14]) 
and their references. In order to obtain much faster convergence rate, quasi-interpolants 
Gn of G n in the sense of Sablonnierefll] are considered (cf.[9]), and some approximation 
equivalence theorem for the quasi-interpolants of Bernstein-type operators and Gamma- 
type operators were given(cf.[4],[5],[10]). First, we recall their construction. II n denotes 
the space of algebraic polynomials of degree at most n, on n n the Gamma operator G n 



* Supported by NSF of Zhejiang Provincc(102005)and the Foundation of Key Discipline of Zhejiang 
Province(2005). E-mail: hongbiaojiang@yahoo.com.cn. 
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and its inverse G^ 1 can be expressed as linear differential operators with polynomials 

n n 

coefficients in the form G n = \_, 07 D-* and G~ L l = \_, a l^ with D = d/dx and D° = id. 

3=0 3=0 

The left Gamma quasi-interpolants of k degree are defined by (cf. [9]) 

k 
G { n k) (f,x) = J2u](x)DiG n (f,x),0< k<n. (1.3) 

3=0 

In 2001, Miiller[9] obtained an approximation equivalence theorem:for / G L P (I), 1 < 
p < oo, tp(x) = x,n > 4r,r G N, and < a < r, the following statements are equivalent, 
that is 

WG^f -f\\ P = 0(n~ a ) # <(/, t) p = 0{1*>). (1.4) 

In 2005, Guo[5] gave a weighted approximation equivalence theorem: for / G Loo(J),0 < 
A < l,ip(x) = x,w(x) = x a {l +x) b (a > 0, b is arbitrary), n > 4r, and < a < 2r, then 

\w{x){G^\f,x) - f(x))\ = 0{{n- l ^ l -\x)Y) & u#(/,t)„ = 0{t a ). (1.5) 

The aim of the present article is to prove the analogous result in the L p -metri. It is easy 
to see that for every function / G L P (I), G n r ~ (f,x) is defined for x G / and n > 4r. 
The analogous result in L p space is as follow 

Theorem 1.1. Let /^ G L p (I),0 < s < 2r — 1,1 < p < oo,<p(x) = x,n > 4r, and 
< a < 1r — s. Then the following statements are equivalent 

\\D s G^- l \f,x) - p\x)\\ p = 0(n-"/ 2 ) # <- s (/ (s) ,t) P = 0(t a ). (1.6) 

Remark 1.2. when s = 0, Theorem 1.1 is the Miiller[9] results. Throughout this 
paper, C denotes a positive constant independent of n.x and not necessarily the same at 
each occurrence. 



2. Preliminaries 



In this section, we first give the definition of the modulus and fc-functional(cf.[3]): 

u r Jf,t) p = sup \\A r h f(x)\\ p ,tp(x)=x. (2.1) 



K(f^) P = £* {\\f-g\\ p + f\\<p r g*%}. (2.2) 

Where W;(<p,I) =: {g\g G L p (I),g^ G A.C . loc {I) , ip r g^ G L p (I)}. It was proved in [3] 
that 

w;(/.*)p~WOp- (2-3) 
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Some basic properties can be found in [9]. 
(l)For j G iV , n > j and x E I 



.:"■ I 



,X S 



- (n~j) i 



a-Ux) = (-) 3 L T J \n), a%(x) = 1, a$(x) = 0, (2.4) 

where for a G R 

L<r\,) = ± { -ir(> + °)$ (2-5) 

is the Laguerre polynomial of degree j. 
(2) For j G iVo and n > j 



1 
(3)IfpG n fc , then 



rL { r 3 \n)\ <Cnri. (2.6) 

vJ> 3 



Gi k \p,x)=p(x). (2.7) 

(4) 

' J ' n g n (x,t) = ^-g n (x,t)L^ +1 - m \xt). (2.8) 



dx m x m 

(5) 



n 2r f°° , .. ,, .,., n.r 



(G n ff r \x) = \ / e-H^f^C^dt 



n\ J t 

n 2r (n-2r)\ f°° w(2r) ,n u 

TV. ./n M 



(6)For a > -1, 


POO 

/ e " 


(7)For m,n,l G iVo 






1 / 


(n 


H-O'io 



r(j + a + 1 



-t,n+l/ nX 



(2.9) 



e-^|L^(t)| 2 dt= lu ^"^ i; . (2.10) 



e "V^(— -*)"*< C7-™. (2.11) 

For the sake of convenience, utilizing (1.1) and (2.9) we introduce the auxiliary operator 
for x G /, 

Gg/ (s) == £«?(*) E ( ■) (jV-*(G f n,./ w ) (, '-° (2.12) 

j=0 i=0 ^ ' 



Where G n , a /W =: / g n . s (x,t)f^(-)dt = ., ' „ D s G n f,s = mm{s, j}, (j)o 
Jo 



m-s\ . ., v , , , s. 

t n s (n — s)\ 



1, (j)i = j(j - 1) • • • U ~ i + 1) for i > 1- Hence, G^(l,x) = 1 + O(-). Moreover, for 

n 

/« G L P (J), there holds (?£>(/« *) = /^ D'GW(/,x). 
Next we give two lemmas. 
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Lemma 2.1. Let r G N, tp(x) — x, < s < 2r — 1, 1 < p < oo. Then for n > maa;{2,r} 
||y r (G„ ia / w ) (r) || P < CW/ 2 ||/«|| p ,/« G L p (7). (2.13) 

Proof. Let us use the fact that the norm of an integral is not greater the integral of the 
corresponding norms(cf.[12,p.271]) and (2.8), we have 

/: = \\<p r (G n ,,fW)W\\ p 

/°° f°° r' n 

\<p r (x) / -g n ^(x,t)Li n - s+1 - r \xt)f^(-)dtfdx}^ 
Jq X t 

= {/ It '~tt e- u u n - s L^- s+1 - r \u)f {s) (—)du\ p dx} 1/p 

Jo {n-s)\J • u 

/~i /*oo 

by the Cauchy-Schwarz inequality and the orthogonality of Laguerre polynomials (2.10) 

/ < ? Vt77,(/ e- u w n - s+1 - r |4 n_S+1_r) (w)l^) 1/2 (/ e- M M"- s - 1+r+2/p rfM) 1/2 ||/ (s) || p 

o io 



[n - slln 1 /^ 



< ,.. ^ [ ~ !, + 1) ' ] 1/2 [r(n - 8 + r + 2/p)] 1 /'||/M|| 1> 



< 



n — s)in iv r\ 

C ctv„ „ , „U-i/ptv„ „ i „ i o\i/f)( n_s + ^)'ii/ 



— { r (n - S + rf-^Tin -s + r + 2) ^" V ; ' } 1/2 ||/ W | 



C (n - s + r - iy (n - s + r + 1)! u/ (n - s + 1)! U/ 



- r v" " ; ; -/• r v- - ; ; ; -j- il/p K" " t >■)• -, 1/211 r (s) 11 

- n 1 /? 1 (n-s)! >-s + r-l)! J (n-s)! ' lU llp 

< ^- p {n-s)^/\n-s)^{n-s)^\\f^\\ P 

< Cn r ' 2 \\f< s %. 



Where, at the last but one step we also applied the convexity of logr(x) (cf. [1]). The 
proof of lemma 2.1 is complete. 

Lemma 2.2. The operator G n ^s (f^ s \x) is bounded, that is 

l|GS/ (s) || P <C1|/^|| p . (2.14) 

Proof. Utilizing (2.12), (2.4), (2.6) and (2.13) 

j=2 i=0 ^ ' 

j=2 i=0 

< C||/W|L,. 
Thus, (2.14) is valid. The proof of lemma 2.2 is complete. 
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3. The Direct Theorem 

In this section we will give an direct approximation theorem. 

Theorem 3.1. Let n > 4r, < s < 2r — l,cp(x) = x, then for all function f^ E 

L P (I), 1 < p < oo, we have 

Wiro^-ViM - f (s) (x)\\ p < c7wJ-(/ ( 'U" 1/2 V (3.1) 

Proof. By the definition of K 2r ~ s (f, t 2r ~ s ), for fixed n, x we can choose g(t) = g n ,x{t) such 
that 

||/« - 9 \\ p + (J-frsy2r-s g (2r-s) llp < 2 K 2 J~ S (f^, (^) 2 ^V (3.2) 



"n r V n 

By (2.12) and (2.14), we have 

\\D s G^ l \f,x) - f^(x)\\ p = UGgr^/W,*) - f {s \x) 

< WG^U^ -9,x)\\p+ \\f (s) -9\\ P + WGfirVfax) -g(x) 

< C(||/ W -g\\ P + \\G%-%, x) - g{x)\\ p ) (3-3) 

< c(K?-(fl'\{±=)»- ) p + \\G%r%,x) -g(x)\\ p ). 



\p 



n 



Here we only need to estimate \\G^ r s l \g,x) — g(x)^ p . 

Since G^ r ~ 1 \f,x) is exact on n 2r _i(cf.[9]), we have for all 1 < j < 2r — 1, 

GS r ~ 1 \(t-xY,x) = 0. (3.4) 

Note that D s G% r - l \f,x) = ^^ ~ ^' G^if^, x) , so 

D*G^\(t-xy,x) = ^-^ (j^G^dt-xy-^x). 



n\ 



We expand an arbitrary function g G W r s (ip, I) by the Taylor formula 



2r-s 



g(t) = J2 -ft ~ x) j g {j) (x) + R 2r _ s (g,t,x). (3.5) 



3=0 J 



1 [ l 

with the integral remainder R 2r - S (g,t,x) = -t / (t—u) 2r ~ s ~ 1 g ( - 2r ~ s >(u)du,x.t£ 

(2r- s-l)\ J x 

I. By (3.5) and (3.4), we obtain G^ r ~ 1 \g,x) — g(x) = G^ r s ~ 1 '(R2 r - s (g, -,x),x), and, con- 



5 
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sequently, with (2.12), (2.4), and (2.6) 

2r-l s /^x 

\\Gt~ l) 9 - g\\ P = II E a ^) E ( • ) (j)^^" l G n , s (i? 2r _ s (^ 



, •, X), X) \\p 



3=0 i=0 

2r-l 



< \\G nyS {R 2 r- s {g,-,x),x)\\ p + Cj2 n i/2 EH^ ^ X ) DJ i G n , s (R 2r -s(g,-,x),x) 

3=2 i=0 



2r-l s 

n-j'/ 2 \^ WmJ-U-ATV-ifl (R n (n . t\ >A\\ 



=: I + C E ^' /2 E ll^- i (^)^- i G n , s (i? 2r _ s (^, -,x),x) 

j=2 i=0 

(3.6) 

we first estimate the /. Of this the L p -norm is estimated for p — 1 and p = oo 

separately. The case 1 < p < oo follow then by Stein generalization of the Riesz-Thorin 

interpolation theorem (cf. [2, Theorem 3.6]). We start with p = oo and make use of the 

estimate (cf. [3, Lemma 9.6.1]) and (2.11) 

\G n ,,(R 2r .,(g,;x),x)\ < (2r _'_ ^ II^V^-'IU 

(n — sj! Jo ar r s (n — s)\ Jn x AT s n 

(2r — s — 1)! -y/n n ^/n 

<C(^) 2r - s || V ? 2r "^ (2r ^ ) ||oo- 
>n 



(3.7) 
Taking the Li-norm of /, by (2.11), we have 

\\G n , s {R 2r - s {g, -,a;),x)||i 

-i pod pod rnx/t 

* ^v.t-'i)! y~ i' (2r " ,, w (s^T+ui y 00 ^ - «r-^->^u« 

<C(^) 2r - s ||v? 2r "^ (2r " s) ||i. 
Jn 



(3.8) 
By (3.7), (3.8), and Stein interpolation theorem imply the general estimate 

\\G n , s (R 2r . s (g,;x),x)\\ p < (-L)*-||^- ff (*-)|| p . (3.9) 

Next we estimate the second term of (3.6). We start with p = oo and utilize [3, Lemma 
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9.6.1] and (2.8), 
\^- i (x)D^ i G n , s (R 2r - s (g,;x),x)\ 

U~V- ||.-2t— s _(2r— s)|| r \ f e -t+n~s \ nx l t ~ x ) T & i j (n-s+1-j+i) / ,x i ,, 



(2r - s - 1)! "^ y " u (n - s)! J x 2r -* '"•'-' 

I ]; / -t f W-S+l \ nX l t ~ X ) r S _ \T{ n - s + 1 -i+ i )(f\\ r l^ 

=■■ (2r (J _7-i)! ||v?2r " V2r ' s)||oo{Ji(:r) + j20r)} - 

By the Cauchy-Schwarz inequality, and (2.10), (2.11), we have 



Mx)= JL 7Z ~v< / (e-H n - s+i -^y /2 \Ltr +1 - J+i \t)\ 



(3.10) 



X 2r s (7/ — .s)! ./ 



x(e- t t n - s - 1+ - ? '- i ) 1/2 (na:/t - x) 2r - s dt 



x 2r 6 ' ~ in — s)\ j 

1 /"OO 



X {__ / e -t t n-s + l- j+ i\ L {n-s + l- j+ i) ^2^1/2 







(n — sy. 

< C{{n - sy-^n-^-^in - s)} 1/2 

< Ql \2r-s-j+i 



n 

In the similarly way from above procedure we can obtain J2(x) < C(^^) 2r_s ~ : ' + \ Thus 

\/n 



we get by (3.6), (3.10) and (3.9), the required estimate for p = oo. 

IIGgr 1 ^ -9\\oo< C(^) 2 - s ||^-V 2r - s) l|oo. (3.11) 



Taking the Li-norm, and proceeding in the same way as in [6, p. 164] 

/*00 /*00 pTlx/t 

x \ e-H n - s (nx/t-u) 2r - s - 1 g {2r - s \u)Lf- s+1 - j+i \t)dudt\dx 

(3.12) 
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By the Cauchy-Schwarz inequality, and (2.10), (2.11), 

i r°° 

U U ) < / ( e -*r- s+1+ ^M 1 / 2 (Wt-M) 2r ~ s (e-'t n - s+1 ^ +i ) 1/2 |L^ s+1 ^ +i) (t)|rft 

n(n- s)\ J J 

< { / e-H n - S+1+ ^(nu/t - uY r - 2s } l ' 2 { / e -t t n-s+l- j+ ^ L (n- S +l-j+i)^2yl/2 

n[n — s)\ J Jo 



< Cip 2r - s (u)(^) 2r - s - 1+l . 
\/n 



Combining (3.6), (3.10) and (3.12), we obtain 

\\(Gl 2 :- l) (g,x)-g(x)\\ 1 < C7(^) 2 — || ¥> !h -V ar - ) ||i. (3.13) 



Together with (3.11), (3.13), and the Riesz-Thorin interpolation theorem imply the general 
estimate 

\\GlZ- 1] g -g\\ P < c(j=) 2r - s y 2r - s 9 ^\\ p , 1 < P < oo. (3.14) 



Therefore, from (2.2), (3.3) ,(2.3), and (3.14), we obtain 

IIGgr 1 ^ - f {s) \\ P < CK 2 ;-\f s \ (^) 2r -% < cu 2 ;- s {f s \ -j=) p . 



The proof of the theorem 3.1 is complete. 

4. The Inverse Theorem 

In this section we will give an inverse result as follow. 

Theorem 4.1. Let / (s) G L p (I), < s < 2r — 1, n > 4r, and < a < 2r - s, then 

II^G f g- 1 >/-/W|| J , = 0(n- a / 2 ), (4.1) 

implies 

To prove theorem 4.1, we need the following two lemmas. 
Lemma 4.2. Let r,m G N, tp(x) = x, and for 1 < p < oo 

U =: U 2 /( V ,I) =: {^l^ 2 ^ 1 ) G A.C.loc(I),g^and V 2r g^ G L p (I)} 

a linear manifold in L p (I). Then for f^ E U,n > 2r + m 

y2r-s+m( Gn j(s)j(2r-s+m)^ < ^m/2 || ^r-s f{2r) ||^ ^ 



JIANG: SIMULTANEOUS APPROXIMATION... 1296 



Proof. By (2.8) and (2.9) 



(G„,J W ) (2M+m) = [(G n J^Y 2r - s ^ m \x) 

(n-s)\ J dx miJn 2rK ' u V 

(» *)-'-*/»! /° e -t r - U (n-2r + l- m )( t )(!^ ) 2r- a/ (2r) ( « )du> 



(n-s)!n 2r " s a; 2r - s + m 7 m wv i y V 

then by the properties of integral (cf. [12, p. 271]), and the Cauchy-Schwarz inequlity, and 

(2.10), (2.11) 

II 2r— s+m//"i r(s)\(2r—s+m)ii 
\\Y \y*n,sj ) Up 

= { r M(n-s) 2r ~ S /' 00 e - tr -s L (n-2r + l- m ) (t)( !^ )2 r- S/ (2r) ( ^ )rft | P} l/ P 

Jo (^-s)!n 2r " s J m wv t ; J v t ; IJ 

< m!(n ~, s) r' S /" X> e- t t n -|L(?- 2r+1 -' n )(t)|{ f°|(— ) 2r - s f 2r \— WdxVbdt 
(n-s)\n 2r - s J ' Jo t t 

■ / \ 0*> c /*00 

< , m - ln ~, i/ ll^-V^L / e -* r -H-l/P| L (n-2r+l-m ) ( ^|^ 

~ (n-s)!n 2r - s n 1 /p" r llp y ' m Wl 



<- ^M^- g J || 2r-Sf(2r)|| r / -t-n+2r-2s+m-l+2/pi 1/2 

— I \\ 9r—i 1 In Wr J Pi /CI | 

(n — s)!n 2r s n 1 / p y 

y»00 

X{ / e -* f n-2r+l-m| L 0j-2r+l-m)^|2jl/2 



< 



?n!,n " s)2 '"^ii^-7 <2 "ii,r ( „ + 2r - 2s + m + 2 M ^ n - 2r ; l) ' r- 



(n — s)\n 2r ~ s n l / p " ' "^ m 



< m!(n-s) 2r s 2r-8f(2r) 

~~ (n — s)\n 2r ~ s n 1 / p 



x{T(n + 2r - 2s + m) 1 " 1/p r(n + 2r - 2s + m + 2) 1 /^ — 2r + 1 ) ! \i/2 

m! 
C^m 2r-. f (2r)i, f (n + 2r - 2s + m + 1)! (n + 2r - 2s + m + 1)! 1/p (n - 2r + 1)! 1/2 

Vp 11 ^ J llpl (n-s)! > + 2r-2s + m-l)! J (n - s)\ j 



< 

n 



< — \\m 2r - s f( 2r )\\ (n - o\ 1 /P+ m / 2 

- uVp" p 

< Cn m/2 \\ V 2r ~ s f {2r) \\ p . 

Where we have applied the convexity of logr(x). Now, on the linear manifold U 

U 2r ((p,I) we consider the semi-norm \g\u =: \\(p 2r ~ s g( 2r ~ s '\ 



ip- 



Lemma 4.3. Let 1 < p < oo, ip(x) — x, < s < 2r — 1. Then for n > 4r 

iGgT^'V < C(^=) 2r -||/W|| p ,/W e L p (J). (4.3) 



IGSJ-^/W^^CII/WH^/WgLpC/). (4.4) 
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Proof. We first consider (4.3), by (2.12), (2.4), (2.6) and (2.13), 

2r-l s • „% 

\G { z~ 1] f {s) \u = ibME «?(*)£ ( s M3)i x ~ iDJ ~ iG n,sf {s) ) {2r - s X 

j=0 i=0 ^ ' 

2r—l s j—i 

< y 2r ~ s (G ntS f {s) ) (2r ~ s) \\ p + cj2 n ~ j/2 Y Y \\ ( p* r ~ a+j ~ i ~ k (Gn,,f { ' ) y 2r ~ a+j ~ i ~ k) \\ P 

j=2 i=0 fc=0 

< C(n^~^ 2 \\f^\\ p + ^^/2^^ n (2r- S )/2 n 0--^)/2|| /W || p) 

j=2 i=0 k=0 

2r—l s j—i 

j=2 i=0 k=0 

Which proves (4.3). 

In the same way, by (4.2) we have 

\Gt- l) f (s) \u 

2r—l s j—i 

< y 2r ~ s (G nt s f {s) ) (2r ~ s) \\ P + cj2 n ~ j/2 Y Y \\(? ir - a+j - i - k (G nta fwy 2r - a+j - i -Q ii P 

j=2 i=0 fc=0 

2r— 1 $ j—i 

<cy 2 ^f^\\ p (i + YYY n ' (l+k)/2 ) 

j=2 i=0 fc=0 

-^ ° Wy J lip- 

Which proves (4.4). The proof of lemma 4.3 is complete. 

Proof of Theorem 4.1 Using (4.3) and (4.4), and \\D S G {2 ^ 1) f-f {s) \\ p = 0(k- a/2 ), k > 
4r, by (2.2) we obtain 






< y(s) _ Gi 2 r i} / (s) iip + (^) 2r - s n^ s (4 2 r 1) / (s) ) (2r " s) ii P 

< Ci^ a/2 + {^ r ? r - s {y 2r - s {GZ' l \f^ - g)Y 2r -% + y^iG^gf^X) 



"n 

< Cl ^/ 2 + C 2 (^) 2r - s (A;( 2 ^)/ 2 ||/W - g)\\ p + II^V'^IIp) 

< Cl r a / 2 + c 2 (-) {2r - s)/2 K 2r ~ s (f^, k- (2r - s ^ 2 ) p . 

By Berens-Lorentz lemma implies 

K 2r-s {f (s) jt - { 2r-s)/2 )p „ <-„*-.(/« 71^% = 0(^/ 2 ). 

Hence we have cj 2r_s (/' s - ) , t) p = 0(t a ). The proof of Theorem 4.1 is complete. 

Remark 4.4. Mainly by Theorem 3.1 and 4.1 the equivalence theorem 1.1 is valid. 

10 
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Abstract. Eshaghi Gordji and Bodaghi [2] proved the Hyers-Ulam stability of quadratic 
double centralizers on Banach algebras for the system of the functional equations 

/(fee + y) + f(kx - y) = 2k 2 f(x) + 2/(y) & f(xy) = f(x)y 

for a fixed integer k greater than 1. One can easily show that all the quadratic double 
centralizers (L,R) in the results are (0,0). The results are trivial. In this paper, we correct 
the results. 

Using the direct method, we prove the Hyers-Ulam stability of quadratic double central- 
izers on Banach algebras for the system of the functional equations 

f(kx + y) + f(kx -y) = 2k 2 f(x) + 2f(y) & f(xy) = f(x)y 2 

for a fixed integer k greater than 1. 



1. Introduction 

One of the most interesting questions in the theory of functional analysis concerning the 
Ulam stability problem of functional equations is as follows: When is it true that a mapping 
satisfying a functional equation approximately must be close to an exact solution of the given 
functional equation? 



°2010 Mathematics Subject Classification: 39B72, 39B52, 46H25, 39B82. 

°Keywords: Hyers-Ulam stability; Quadratic functional equation; Quadratic double cen- 
tralizer. 
* Corresponding author. 
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2 C. Park, J. Lee, D. Shin, M. Eshaghi-Gordji 

The first stability problem concerning group homomorphisms was raised by Ulam [7] in 
1940 and affirmatively solved by Hyers [3]. The result of Hyers was generalized by Aoki [1] for 
approximate additive mappings and by Th.M. Rassias [5] for approximate linear mappings 
by allowing the difference Cauchy equation \\f(x + y) — f(x) — f(y)\\ to be controlled by 

e(ll * II" + II V ID- 

The functional equation 

f(x + y) + f(x -y) = 2/(x) + 2/(2/) (1.1) 

is related to symmetric bi-additive function and is called a quadratic functional equation and 
every solution of the quadratic equation (1.1) is said to be a quadratic mapping. Skof [6] 
proved the Hyers-Ulam stability of the quadratic functional equation (1.1). 
Definition 1.1. Let A be a Banach algebra. 

(1) A quadratic mapping L : A — > A is said to be a quadratic left centralizer if L(ab) = 
L(a)b 2 for all a,b e A. 

(2) A quadratic mapping R : A — > A is said to be a quadratic right centralizer if R(ab) — 
a 2 R{b) for all a,b G A. 

(3) A quadratic double centralizer on A is a pair (L,R), where L is a quadratic left 
centralizer, R is a quadratic right centralizer and a 2 L(b) = R(a)b 2 for all a,b G A. 

Assume that k is a fixed integer greater than 1. 

2. Main results 

Moslehian, Rahbarnia and Sahoo [4] proved the Hyers-Ulam stability of double centralizers 
in the framework of Banach algebras. 

In this paper, we prove the same results for quadratic double centralizers. 

Theorem 2.1. Let A be a Banach algebra. Suppose that f : A — » A is a mapping with 
/(0) = 0. If there exist a mapping g : A — > A with g(0) = and functions \ '■ A 2 — > [0, oo) 
and a : A 2 — > [0, oo) such that 



oo 

*.^=Erf«,«)<», (2.1) 



k 

n=0 

lim ——o-(k n a,k"b) = 0, 

n^oo k 4n 

|| f(ka + b) + f(ka -b)- 2k 2 f (a) - 2/(6) ||< X (a, b), (2.2) 

\\f(ab)-f(a)b 2 \\<a(a,b), (2.3) 

|| g(ka + b)+ g(ka - b) - 2k 2 g (a) - 2g(b) ||< X (a, 6), (2.4) 

\\g(ab)-a 2 g(b)\\<a(a,b), (2.5) 

\\a 2 f(b)-g(a)b 2 \\<a(a,b) (2.6) 

for all a, b G A, then there exists a unique quadratic double centralizer (L, R) such that 

||/(o)-L(o)||<2^x(a,0), 
||s(o)-fl(o)||<^3x(o,0) 



for all a £ A 
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Quadratic double centralizers 



Proof. Setting b = in (2.2), we have 

||2/(fca)-2fc 2 /(a)ll<x(a,0) 

for all a G A. Thus 



A 2 



f(ka) - /(a) 



<^x(a,0) 



for all a £ A. Hence for all nonnegative integers p, q with q > p and all a & A, we have 

<E9^x(*"a,0). (2.7) 



fcfe/(* Po )-j^/(*V 



L («) : = J™ 7^r/0" a ) 



It follows from (2.1) and (2.7) that sequence {^;/(fc n a)} is Cauchy for all a G A. By 
the completeness of A, the sequence {rl^/(A; n a)} converges. So we define the mapping 
L: A-> Aby 

1 

for all a G A It follows from (2.1) and (2.2) that 

|| L(ka + b)- L(ka - b) - 2k 2 L(a) - 2L(b) \\ 

= lim -i- || /(fc n+1 a + fc n 6) - L(A; n+1 a - fc™6) - 2k 2 f(k n a) - 2L(k n b) \\ 

^ lim ix(fe n a,fc"6) = 0. 

So the mapping L is quadratic. 

Replacing a and fe by k n a and fc™6 in (2.3), respectively, we have 

|| 2f(k 2n ab) - 2f{k n a)k 2n b 2 ||< a(k n a,k n b). 

Dividing the both sides of the above inequality by k 4n , we get 

'„2n. 



/(fc 2 "a&) /(*"o) 6 2 



A 4 " 



A- 2 " 



< 



1 



2A: 4 > 



■a(k n a, k n b). 



Taking limit asrn oo, we conclude L(ab) — L(a)b 2 . So the quadratic mapping L is a 
quadratic left centralizer. 

Putting p = and passing the limit q — > oo in (2.7), we get 

||/(o)-L(o)||<^x(o,0). 

Let U : A — > ^4 be another quadratic mapping satisfying || /(a) — L'(a) ||< 2^x( a )0). 
Since L and 1/ are quadratic, for each a £ A, we have 

|| L(a)-L'(a) || = ^ || L(fc"a)-L'(fc"a) || 

< fc^dl L ( fc " ffl ) ^ /( fc " a ) II + II L '( fc " ffl ) - /( fc " ffl ) ID 

1 

x(& n a,0), 



Z~2n + 2 



which tend to zero as n —* oo for all a £ A. So we have L(a) = L' (a) for all a G A. 

A similar argument for g shows that there exists a unique quadratic right centralizer 
R : A — > A satisfying 



\\ g(a) - R(a) \\< — x(a,0) 



R(ab) = a 2 R(b) 
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for all a, b G A. The quadratic right centralizer R : A — > A is defined by R(A) :— 



linin^oo , 



g(fc"n) 

Replacing a and b by fc"a and k n b in (2.6) and dividing by k 4n , we get 
2 /(fc"6) g{k n a), 2 ... 1 



a- ' ' - - -' V ||< -^-a(k n a,k n b). 
k k k 

Passing to the limit asn-» oo, we obtain a 2 L(b) = R(a)b 2 for all a, fe £ .A, as desired. D 

Theorem 2.2. Lei A be a Banach algebra. Suppose that f : A —> A is a mapping with 
/(0) = 0. If there exist a mapping g : A — > A with g(0) = and functions \ '■ A 2 — > [0, oo) 
and a : A 2 — > [0, oo) satisfying (2.2)-(2.6) and 

oo 

x(a, &) := >^ fc n x(k~ n a, k~ n b) < oo, 

n=l 

lim fe "a(k~"a, k~ n b) = 

n — >oc 

/or a// a,b £ A, then there exists a unique quadratic double centralizer (L, R) such that 

||/(o)-L(a)||<2^x(a,0), 

\\ g(a) - R(a) \\< ^x(a,0) 
for all a £ A 
Proof. Using the same method as in proof of Theorem 2.1, one can obtain the result. □ 
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Abstract 

A new weighted bivariate blending rational spline with parameters is con- 
structed based on function values of a function only. The interpolation is 
C 1 in the whole interpolating region under the condition which free parame- 
ters is not limited. This paper deals with the properties of the interpolation 
surface, including the properties of basis function, the properties of integral 
weighted coefficients and bounded property of the interpolation. In order to 
meet the needs of practical design, an interpolation technique is employed 
to control the shape of surfaces. The method of value control of the inter- 
polation at any point in the interpolating region is developed. This control 
method can be applied to modify the local shape of an interpolating surface 
by selecting suitable parameters simply. 

Keywords: Rational spline, bivariate blending interpolation, weighted 
interpolation, computer-aided geometric design 

1. Introduction 

The construction method of curve and surface and the mathematical de- 
scription of them is a key issue in computer-aided geometric design. There 
are many ways to tackle this problem [2-4,9,10,12-14,17,18], for example, 
the polynomial spline method, the NURBS method and the Bezier method. 
These methods are effective and applied widely in shape design of industrial 
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products. Generally speaking, most of the polynomial spline methods are the 
interpolating methods. However, to construct the polynomial spline, usually 
derivative values are needed as the interpolating data besides the function 
values. Unfortunately, in many practical problems, such as the description of 
rainfall in some rainy region and some industrial geometric shapes, derivative 
values are difficult to obtain. On the other hand, one of the disadvantages of 
the polynomial spline method is its global property; it is not possible for the 
local modification for unchanged given data. The NURBS and Bezier meth- 
ods are the so-called "no-interpolating type" methods; this means that the 
constructed curve and surface do not pass through the given data, and the 
given points play the role of the control points. In order to meet the need of 
ever-increasing model complexity and to incorporate manufacturing require- 
ment, the main difficulties to be solved are: (i) how to construct the spline 
interpolation with simple and explicit mathematical expressions so that they 
may be convenient to use both in practical application and in theoretical 
study; (ii) how to modify the shape of a curve or surface for unchanged given 
data. It seems that these two difficulties are contradictory in view of the 
uniqueness of the interpolation for the given interpolating data. 

In recent years, a univariate rational spline interpolation with the param- 
eters has received attention in the literature [1,5,11,15,16]. Since the param- 
eters in the interpolation function are selective according to the control need, 
the constrained control of the shape becomes possible. Motivated by the uni- 
variate rational spline interpolation, the bivariate rational interpolation with 
parameters which has simple and explicit mathematical representation has 
been studied [6-8]. The construction of these kinds of interpolation splines 
can solve aforementioned difficulties. However, for the bivariate rational in- 
terpolation, in order to maintain smoothness of the interpolating surface, 
the parameters of y-direction for bivariate interpolating surface must be lim- 
ited, they can not be selected freely for different interpolating subregion. In 
this paper, A new weighted bivariate blending rational interpolation will be 
constructed based only on function values of interpolated function, and the 
general properties and local shape control technique of this interpolation will 
be also discussed. 

This paper is arranged as follows. In Section 2, a new weighted bivari- 
ate blending rational interpolation based only on the function values is con- 
structed. Section 3 discusses the bases function of this bivariate interpolation. 
Section 4 is about some properties of the interpolation, especially, the proper- 
ties of integral weights coefficients of the interpolation is derived. In Section 
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5, the bounded property of this interpolation is given. Section 6 deals with 
the modification of the interpolating surface, in the special case, the cen- 
tral point value control technique is developed. And numerical examples are 
presented to show the performance of the method in Section 7. 

2. Interpolation 

Let Q : [a, b; c, d] be the plane region, and {(xi,yi, fij,i = 1,2,- • • ,n + 
1; j = 1, 2, • • • , m + 1} be a given set of data points, where a = x\ < x 2 < 
• • • < x n+ i = b and c = y\ < y 2 < ■ ■ ■ < y m +i = d are the knot spacings, 
fi,j = f(xi,Uj)- Let hi = x i+ i - Xi, and lj = y j+1 - y j: and for any point 
(x,y) G [xi,x i+ i;yj,yj + i] in the xy-plane, let 6 — (x — x^jhi and r\ = (y — 
yj)/lj- First, for each y = yj,j = 1, 2, • • • , m + 1, construct the ^-direction 
interpolant curve; this is given by 

PU X ) = P =M V i = l,V--,n-l, (1) 



where 



p* d (x) = (i-e) 3 a id f id + e(i-e) 2 vl_ 
+ e 2 (i-e)Wl J + e 3 f i+1 , j , 

q* d (x) = (l-9)a id + e, 



and 



W* d = (oi d + 2)/ i+ u - hiA* i+ltj , 

with a it j > 0, and A^ ■ = (fi+ij — fi,j)/hi- This interpolation is called the 
rational cubic interpolation based on function values which satisfies 



PiA X i) — fiji Pi,j\ X i+l) — fi+l 



J> 



-* / x ~Z~* * I 



* i,3 \ Xi > ~ i,ji i,j \ X i+t) ~ ^-i+lj- 

Obviously, the interpolating function P id {x) on [#$, x i+ i] is unique for the 
$iven data {x r , f r j, r — i,i + l,i + 2} and positive parameter Oj iS . 
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For each pair of (i,j),i = 1,2, • • • ,n — 1 and j = 1, 2, • • • ,m— 1, using the 
^-direction interpolation function P i Jx), define the interpolation function 
P(x,y) on each rectangular region [xi,Xi+i;yj,yj+i] as follows: 

P id (x,y) = (l-r ? ) 3 P; j ( a :)+r ? (l-7 ? ) 2 (2P* J (x) 

+ p; j+1 (x))+77 2 (i-77)(3p; j+1 (x) 

- /A J+1 (x))+r ? 3 P* J+1 (x), (2) 

where Ajj = (Pij + i(x)—P i j(x))/lj. Pij(x,y) is called the bivariate blending 
interpolating function based on function values which satisfies 

Pi,j(x r ,y s ) = f(x r ,y 3 ), r = i,i + l, s = j,j + l 

o^i y j\X r ,y s ) -r-* <jiij[x r) y s ) -r- 

dx r ' s ' dy 

This form of interpolation function P i j(x,y) on [xi,Xi+i; yj,yj+i] is unique 
for the given data {(x r ,y s , f r>s ),r = i,i + l,i + 2;s = j, j + 1, j + 2} and 
parameters «j iS , and it is easy to test that the interpolation is C l in the 
whole interpolating region [xi,x n ;yi,y m ], no matter what the parameters 
a^ s might be. 

The interpolating scheme above begins in x-direction first. Now, let the 
interpolation begins with ^/-direction first. For each x = Xi,i = 1, 2, • • • , n+1, 
denote the y-direction interpolation in [yj,yj+i] by 

?l(y) = S44, i = l,2,...,m-l, (3) 

QijW 



where 



and 



— * 

V i,j = (Pi,j + l)/ij + Pi,jfi,j+1, 

W* J - = (Aj + 2)/ iJ -+i-/Aj+i> 

4 
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with frj > and A id = (f itj+ i - fi,j)/lj- 

For each pair (i,j),i = 1, 2, • • • ,n — 1 and j — 1, 2, • • • , m — 1, using 

— * 

the ^/-direction interpolation function P i Ay), define the bivariate blending 
interpolation function Pij(x, y) on [xi,Xi + i;yj,yj+i] as follows: 

T t ,(x,y) = {l-9f%{y) + 9{l-9f{2%{y) 
+ T i+1 , j (y)) + 9 2 (l-9)(3P i+1J (y) 
- h i A i+1J (y)) + 9 3 Pl +1J (y) : (4) 

where Ajj = (P i+ ij(y) — P id {y))/hi. The interpolation function P it j(x,y) 
satisfies 

Pi,j(x r ,y s ) = f(x r ,y s ), r = i,i + l, s=j,j + l 

0*i,j\-Er-,ys) -T- (3-Li,j\X r ,y s ) -T-* 

dx ' " dy r,s ' 

P itj (x,y) on [xi,x i+1 \yj,y j+1 ] is unique for the given data {(x r ,y s , / r , s ),r = 
i, i + 1, i + 2; s = j, j + l,j + 2} and parameters (3 r j, and it is easy to derive 
that the interpolation is C 1 in the whole interpolating region [x±,x n ; yi,y m ], 
no matter what the parameters /3 r j might be. 
Where, we let 

Pij(x,y) = \Pij(x,y) + (1 - \jP id (x,y), (5) 

with the weighted coefficient A G [0, 1], then the weighted bivariate blending 
rational interpolation function P it j(x,y) satisfies 

Pi,j(x r ,y s ) = f(x r ,y s ),r = i,i + l, s = j,j + l, 

hj V^T) ys 



dx 
o^tj yx r , y s ) 

dy 



AA r>a + (1 - A)A r , s , 
AA r , s + (1 - A)A* , 



and it is C 1 in the whole interpolating region [xi,x n ; y±, y m ], no matter what 
the parameters oti jS and (3 r j might be. In the following of this paper, consider 
the interpolation defined in Eq. (5). 
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3. The Bases of the Interpolation 

Consider the equally spaced knots case, namely, for alii = 1, 2, • • • , n and 
j — 1, 2, • • • ,m, hi — hj and Z; = lj. From the Eq.(l)-(5), the interpolation 
function Pij(x,y) defined in (5) can be written as follows: 

2 2 
P i,j( X ,V) = ^2^2^r,s( e >V)fi+r,j+s, (6) 

where 



r=0 s=0 



+ 

uJo,i{0,r]) = 

+ 

^0,2 (M) = 



;i_g)2(g + a . j .)( 1 _ 7y) 2 (1 + 7y)A 

(1 - 9)a i:j + 
;i + 0)(l-0) 2 (l-??) 2 (?7 + A, J )(l-A) 

(l-r,)p id + ri 
'l-9) 2 (9 + a lJ+1 )r ] (l + 2r ] -2r ] 2 )\ 

(1 - e)a id+1 + 

[l - 0) 2 (1 + %(&? - 2^ 2 + (1 - 7y)Aj)(l - A) 

(l-rj)Pij + ri 
(1 _ 0)2 ( + a . . +2)?7 2 (1 _ v)x 



wi,o(M) = 

+ 

+ 
vi,2(8,v) = 



(1 - 0)a iJ+ 2 + 
(l-e) 2 {l + e)r?{l-ri){l-\) 




(l-ri)Pij + V 

0(30 - 29 2 + (1 - 9)a i:j )(l - r]) 2 (l + rj)X 




(1 - 9)a i:j + 9 
0(1 + 29- 29 2 )(l - r]) 2 ^ + A+i,,)(l - A) 




(l-ri)Pi+ij + ri 

9(39 - 20 2 + (1 - 0)0^+1)77(1 + 2r] - 2r) 2 )\ 




(1-0)0^+1 + 

0(1 + 20 - 20 2 )t7(3t7 - 2 V 2 + (1 - ri)p i+1 d )(l - 


-A) 



(1 - 77)A+ij + 77 
0(30 - 20 2 + (1 - 0)o,, i+2 )r7 2 (l - ?7)A 

(1 - 9)a itj+2 + 
(l + 20-20 2 )r7 2 (l-?7)(l-A) 

(1 - V) Pi+1,3 + V 
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U2fl{P,7]) 



U2,l{P,7]) 



e 2 (i-e)(i-r]) 2 (i + 7])x 




(i - e)a id + e 

02(l-0)(l- ?7 )2( ?7 + / 3. +2i .)(l- 


-A) 


(1 -r])(3 i+2yj + r] 
9 2 (l-9)ri(l + 2r]-2T 1 2 )X 



^2,2{0,V) 



+ 



(i - e)aij +1 + e 
9 2 {1 _ 9)r]{3r] _ 2r] 2 + (1 _ v) p t+2j){1 _ A ) 

(1 - rj) /3 i+2 j + V 

e 2 {i - o)7] 2 {i - r])\ 

(1 - 6)a ij+2 + 
6> 2 (1 -6>)^/ 2 (l -77)(1 - A) 
(1 - ri)/3 i+2 j + V 



and u rjS (9, 77), (r =, i, % + 1; s = j,j + 1) are called the basis of the bivariate 
interpolation defined by (6). These base functions satisfy 

2 2 
^^uv ;S (0,?7) = 1. 

r=0 s=0 

Furthermore, when a^ s — > and /5 rj j — > 0, the basis of the weighted 
bivariate interpolation Pjj (x, y) defined in (6) become 

w 0l o(M) = (1-^) 2 (1-^) 2 (1 + ^(1-A)+7 ? A), 

w 0l i(M) = (l-9) 2 V ((l + 2r ] -2r ] 2 )\ + (l + 9)(3-2r ] )(l-\)), 

u>o,2(M) = -(1 - ^) 2 ?7(1 - ^(1 + ^(1 - A) - (1 - ry)A), 

Wi l0 (M) = ^(l-^) 2 ((3^-2^)(l+r ? )A + (l + 2^-2^)(l-A)), 

wi,i(0,77) = ^((3-2^)(l + 2r ? -2r ? 2 )A + (l + 2^-2^ 2 )(3-2r ? )(l-A)), 

u>i l2 (M) = -9r ] (l-r ] )((3-29)r ] \ + (l + 29-29 2 )(l-\)), 

u>2,o(M) = -9(l-9)(l-r ] ) 2 (9(l-X) + (l+r ] )X), 

w 2l i(M) = -^(l-%(^(3-27 ? )(l-A) + (l + 2r ? -27 ? 2 )A), 

^2,2(61,77) = 6>(1 - 6")t7(1 - r7)(6"(l - A) H- 77A). 

Also, Oij jS — > 00 and f3 r j — ► 00, the basis of the weighted bivariate interpola- 
tion P it j(x,y) defined in (5) become 

w 0)0 (M) = (1 - ^)(1 - ?7)(1 - ^ 2 (1 - A) - 77 2 A), 
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w 0) i(M) = {l-e)r 1 {l-0 2 {l-\) + 2r 1 {l-7 1 )\), 

u>o )2 (M) = -(1-^)(1-^ 2 A, 

wi,„(M) = 6(l-r ] )(l + 29(l-6)(l-X)-r ] 2 \), 

wi,i(M) = 6>77(1 + 26»(1 - 6»)(1 - A) + 2/7(1 - ?7)A), 

u>i )2 (M) = -9(l-r})ri 2 X, 

u>2,o(0,v) = -9 2 (1-9)(1- V )(1-X), 

u> 2) i(M) = -e 2 (i-9) v (i-\), 
^2,2(9, v) = 0. 

4. Some integral properties 

For the weighted bivariate blending interpolation defined by (5), we use 
Eq.(7) to arrive at the following unity property. 

Property 1. Let f(x,y) = 1, \/(x,y) G Q, and P it j(x,y) is its interpo- 
lation function over [xi,x i+ i;yj,yj + i] defined in (5). When < A < 1, no 
matter what positive number the parameters a ijS , (3 r j take, the unity property 
holds, namely 

/ / P iyj (x,y)dxdy = hjj, 

where D denotes the subregion [xi,Xi+i',yj,yj+i]. 
Use Eq.(6) to define 

/ / Pi,A x iy)dxdy = h i l j ^^uj* r J i+r j +s , 

J ^ D r=0 s=0 

where 



u* t8 = uj r , s (9,r))d9dr), 

J J[0,1;0,1] 

r = i,i + l,i + 2; s = j,j + l,j + 2, 

u* s are called the integral weights coefficients of the interpolation defined in 
(5). 

Furthermore, when A = 1, the interpolation function Pij(x,y), that is, 
Pij(x,y) defined in (2). Denote 

u r , s = / u> r7S (9,r])dr], 
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r = i,i + l,i + 2; s = j,j + l,j + 2. 

It is easy to show that the following conclusions hold for any parameters 
Oli, s > 0, 

2 2 1 

< u 0fi < — , < tto,i < -, - — < «0,2 < 0, 

15 3 3 

< wi,o < gg , < wi,i < -, - — < wi )2 < 0, 

5 1 1 

< U 2 Q < 0, < U 2 l < 0, < W 2 2 < • 

48 - 2 '° - ' 6 ~ ' ~ ' ~ ' ~ 48 

Thus, it is easy to conclude the following property. 

Property 2. For the bivariate blending interpolation P it j(x,y) defined 
in (2), the integral weights coefficients of interpolation satisfy: 



1 

15' """■' ' 3' 12 



< Lol <—, < col ± <-, - — < ^0,2 < 0, 



15 3 3 

< <o < ^> < u\ tl <-, - — < wl )2 < 0, 

5 1 1 

— <cj; n <o, — <tu~-,<o, o<^; 9 < — . 

48 ' 6 ' ' 48 



Also, when A = 0, the interpolation function Pij(x,y), that is, Pij(x,y) 
defined in (4). Denote 



u*. s = / u) r:S (0,r])d6, 
Jo 

r = i,i + l,i + 2; s = j,j + l,j + 2. 

Then for any parameters /3 r j > 0, 

2 15 5 

< «S l0 < ^, < <,! < -, - ^ < «S,2 < 0, 

< <o <\, < u* ltl <\, -\< u\ :2 < 0, 

3 4 o 

-^<<o<0, - ^ < u* ;1 < 0, 0<u* 2>2 <^. 
This leads to the following property. 
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Property 3. For the bivariate blending interpolation Pi y j(x,y) defined 
in (4), the integral weights coefficients of interpolation satisfy: 



2 n * 15 5 

15' °' 1 32' 48 



< uj* fi <—, < wZ tl <—, - — < w* 2 < 0, 



2 3 1 

< u* ltQ <-, < c^i <-, --< ul >2 < 0, 

3 "4 o 

13 1 

-— < LU* 2fi < 0, - — < LU* 2:1 < 0, < W* 2 < —. 



When < A < 1, from Eq.(5) and Property 2 and Property 3, it is easy 
to derive the following property. 

Property 4. For the bivariate blending interpolation Pij(x,y) defined in 
(5), when < A < 1, no matter what positive number the parameters aj iS , f3 r j 
take, the integral weights coefficients of interpolation satisfy: 

2 2 5 

< ^o,o < jij, < u* 0A <-, - — < u* 0>2 < 0, 

< <o < 3, < w*i < |, - ^ < wt )2 < 0, 

-48 < ^2,0 < 0, - ^ < ^,1 < 0, < ^ >2 < — . 



5. Bounded property of the interpolation 

The weighted bivariate blending interpolation defined in (5) is a local 
interpolation in each sub-rectangle, which only depends on the function val- 
ues. There are some parameters in each interpolating region, and when the 
parameters vary, the interpolating surface changes accordingly. Now, we 
consider the bounded property of the interpolation. 

Note that the interpolation defined in (5) is local, assume a^j = otij+i = 
a i,j+2 and (3i : j = A+i,j = Pi+2j- 

Denote 

N = max{|/ i+rj+s |,r = 0,1,2; j = 0,1,2}. (7) 
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First, discuss the bounded property of the interpolation function P it j(x,y) 
defined in (2). 

From Eq.(6) and Prop. (2), it is easy to obtain 

2 2 j+1 j+1 

\ P i,j( X ,y)\ = \^2^2^r,s( e ^)fi+r,j+s<^2^2\a r ,s( e ^)\\fi+r,j+s\ 
r=0 s=0 r=i s=j 

[1 + 2 V 2 - 2^ 3 )[(1 - e)<Xij + 9(1 + 29- 29 2 )] 



< N- 



1 - 9)a.ij + 



N{l + 2rf-2rf ' 2 ° 2(l 



\Pi,j{x,y)\<—N, 



(l-9)a iyj + 9 J 

< — N. 
~ 54 

This leads to the following theorem. 

Theorem 1. For the given interpolation data {f rjS , r — i, % + 1, % + 2; s — 

j,j + l,j + 2}, let P i j(x,y) be the bivariate blending interpolation over the 
rectangle region [xi,Xi+i',yj,yj+i] defined in (2), then 

97 
54 J 
where N defined by (8). 

For the interpolation function defined in (4), similarly, we obtain the 
following theorem. 

Theorem 2. For the given interpolation data {f TyS) r — i, % + 1, % + 2; s — 

j,j + 1, j + 2}, let Pi y j(x,y) be the bivariate blending interpolation over the 
rectangle region [xi,Xi + i,yj,yj+i] defined in (4), then 

97 

\P h] (x,y)\<-N. 

From Eq.(5) and theorem 1 and theorem 2, it is easy to derive the fol- 
lowing theorem. 

Theorem 3. For the given interpolation data {f TyS) r — i, % + 1, % + 2; s — 

j,j + 1, j + 2}, let Pij(x,y) be the bivariate blending interpolation over the 
rectangle region [xi,Xi+i,yj,yj + i] defined in (5), then 

97 
54 J 



\Pi^x,y)\<—N. 
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6. Local shape control of the interpolation 

The shape of the interpolating surface on the interpolating region de- 
pends on the interpolating data. Generally speaking, when the interpolating 
data are given, the shape of interpolating surface is fixed, this is because of 
the uniqueness of the interpolation function. But, for the bivariate blending 
interpolation defined by (5), since there are parameters and weighted coeffi- 
cient, when they vary, the interpolation function can be changed under the 
condition that the interpolating data are not changed. Thus, the interpolat- 
ing surface varies as the parameters and the weighted coefficient vary. Based 
on this, the shape of the interpolating surface can be modified by selecting 
suitable parameters and weighted coefficient. 

For any point (x, y) in the interpolating region [xi,Xi+i; yj, Vj+i], let (9, rj) 
be its local coordinate. Now, we consider the following local point control 
issue: if the practical design requires the value of the interpolation function 
at the point (x, y) be equal to a real number M, how it can be achieved? 

Let 



M — 2_^ 7 ;(J>r,sJi+r,j+si 
r=0 s=0 

where ii r>s (r = i,i + 1; s = j,j + 1) are real number, and 

l l 

r=0 s=0 

Then 

2 2 11 

/ j / j UJ r,s{9, rj)Ji +r j +s = 2_^ 2^ Vr^Ji+rj+s- (8) 

r=0 s=0 r=0 s=0 

Eq.(9) is called the value control equation, where the local coordinate (9,7]) 
is given, only the parameters ai tS ,j3 r j and the weighted coefficient A are 
unknown. If there exist parameters o^ jS , /3 r j and the weighted coefficient 
A G [0, 1] which satisfy (9), then the problem is solved. 

For example, the central point in the interpolating surface is more im- 
portant than other points for shape control, consider the central point value 
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control problem. Note that the interpolation is local, assume a^j = (Xij+i = 
Oiij+2, and denote by af, assume /3jj = A+ij = A+2,j, and denote by f3j. 
Let the weighted coefficient A = \. Since (x,y) is the central point in 
[xi,x i+ i; yj,yj+i], = \,r) = \. In this case, Eq.(9) becomes 

kicti + k 2 /3j + hai/3j + k = 0, (9) 

where 

k = 2(3 fij + 9/jj+i — 2/j )J+2 + Qfi+i,j + 24f i+ ij +1 — 5/j+ij +2 — 2fi+2,j 

— 5fi+2,j+l + fi+2,j+2 — 32M), 

fci = 9/jj + 24/jj+i — 5fij+2 + 12/j+ij + 36/j + i J+ i — 8/j + i J+2 — /*+2,j 

-4/ i+2J+1 + / l+2ii+2 - 64M, 
^2 = 9/jj + 12/jj+i — /ij+2 + 24/j+ij + 36/j+ij+i — 4/j + ij +2 — 5f i+2 ,j 

-8/i+2j+i + / l+ 2, i+2 - 64M, 

fc 3 = 2(6 /jj + 9fi,j+l — fi,j+2 + 9/i+l,j + 12/j +1 j +1 — fi + ij + 2 — fi+2,j 

-/ i+2J+ i-32M). 

From Eq.(10), it is interesting that the selection of parameters does not 
depend on the value of /v,s in point control problem. If there exist positive 
solutions ctj and /3j which satisfy Eq.(10), then the interpolation function 
Pij(x,y) defined in (5) with these parameters is the solution of central point 
value control problem. This can be stated in the following theorem. 

Theorem 2. The sufficient condition for central point value control prob- 
lem having solution is that the number of the variation sign of the sequence 
{ki, fc 2 , &3, ko} are not equal to zero. 

7. Numerical examples 

Let Q : [0, 2; 0, 2] be the plane region, and the interpolation data are given 
in Table 1. 

Table 1. The interpolating data 



(x,y) 


(0,0) 


(0,1) 


(0,2) 


f(x,y) 


4 


2 


3 


(x,y) 


(1,0) 


(1,1) 


(1,2) 


f(x,y) 


2 


3 


4 


(x,y) 


(2,0) 


(2,1) 


(2,2) 


f(x,y) 


3 


3 


5 



13 



ZHANG ET AL: BIVARIATE RATIONAL INTERPOLATION 



1316 



Then the interpolation function P it j(x,y) defined by (5) can be constructed 
in [0, 1; 0, 1] for the given positive parameters ai tS ,j3 r j and the weighted co- 
efficient A. In general case, one can select any positive real numbers as the 
values of a ijS and /3 r j. 

When a i;S — > 0, /3 r j — > and A = |, the graph of the weighted bivariate 
blending interpolation P it j(x,y) defined in (5) is shown in the Figure 1. 




Figure 1: Graph of Pij(x,y), where a^ s — ► 0,(3 r j — » 0,A = |. 

Similarly, when a^ s — > oo, p r j — > oo and A = |, the graph of the weighted 
bivariate blending interpolation Pij(x, y) defined in (5) is shown in the Figure 
2. 




Figure 2: Graph of Pij(x, y), where a^ s — > oo, f3 r j — > oo,A = s. 
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Now, let di = 0.5, j3j = 2 and A = |, for the given interpolation data, 
denote the interpolation function by P±(x, y) which is defined over [0, 1; 0, 1], 
the Figure 3 shows the graph of the weighted bivariate blending rational 
interpolation surface Pi(x,y). In this case, the function value of central 
point is that P x (\, §) = §§ = 2.52604 • • •. 




Figure 3: Graph of P\{x, y), where at = 2,/3j = 1, A = ^. 

From the central point value control equation Eq.(10), the value of central 
point can be control through modifying the parameters. For example, we 
take /x ,o = I''" . 1 = Via = j, A* i,o = §; then M = 2.5. It is easy to prove 
that aj = 1.25, Pj = 0.5 satisfy Eq.(10). For those parameters, denote the 
interpolation function for the given interpolation data by P2(x,y). Figure 4 
shows the graph of the interpolation surface P2(x,y). It can be to test that 
P 2 (§,f) = 2.5. 

Furthermore, take /x ,o = 0.1,/io,i = 0.25, /i^o = 0.3, /iii = 0.35, then 
M = 2.55. a, = 0.5, Pj = 7.75 satisfy Eq.(10). For those parameters, 
denote the interpolation function by P%{x, y). Figure 5 shows the graph of 
the interpolation surface P 3 (x,y). It can be to derive that Ps(|, \) = 2.55. 

8. Concluding remarks 

• This paper gives the explicit expression of a weighted bivariate blending 
rational interpolation; The interpolation depends only on the function 
values of the interpolated function. There are some parameters in the 
interpolation functions: Ojj and /3jj. a^j are for univariate interpo- 
lation on the x-direction as described by (1); Pij are for univariate 

15 
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Figure 4: Graph of P%{x,y), where on = 1.25, j3j = 0.5, A = h. 




Figure 5: Graph of P 3 (x,y), where on — 0.5, /3j — 7.75, A = \. 

interpolation on y-direction as described by (3). More important is 
that the smoothness property of the interpolation does not depend on 
the parameters a^j and /3jj, this means that the interpolation function 
is C 1 -continuous in the whole interpolating region [xi,x n ;yi,y m ] for 
any parameters a^j and /3ij. Positive parameters otij and /3jj can be 
freely selected according to the needs of practical design. 

• For each pitch of the interpolating surface, the value of the interpola- 
tion function depends on the interpolating data. The integral weights 
coefficients of the interpolation defined in (5) describe the "weight" 
of the interpolating knots in the interpolation function. Properties 2-4 



16 



ZHANG ET AL: BIVARIATE RATIONAL INTERPOLATION 1319 



shows the magnitude of the integral weights coefficients values, it could 
help us understand the interpolation based only on the function values 
deeply. And the bounded property of the interpolation is obtained. 

• The point control method of the interpolation is developed in the paper. 
For any given real number M, from (9), there are varied expressions, 
so manifold control scheme can be derived similar to the process for 
central point value control problem. 
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On asymmetric Hermitian and skew-Hermitian splitting iteration 
methods for weakly nonlinear systems 
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Abstract: For the large sparse system of weakly nonlinear equations, based on separable prop- 
erty and strong dominance between the linear and the nonlinear terms and on the asymmetric 
Hermitian and skew-Hermitian splitting (AHSS) of the coefficient matrix, we establish two non- 
linear composite iteration schemes, called Picard-AHSS and nonlinear AHSS-like methods. The 
advantage of these methods is that they only need to solve the linear sub-systems of constant 
coefficient matrices. In addition, these methods can also take full advantage of the dominance 
of Hermitian part. Therefore, computational workloads and computer storage may be saved in 
actual implementations. Theoretical analysis show that these new iteration methods are local 
convergent under suitable conditions. Numerical results show that both Picard-AHSS and non- 
linear AHSS-like iteration methods are feasible and effective for the large scale system of weakly 
nonlinear equations, especially when the Hermitian part of the coefficient matrix is dominant. 

Key words: weakly nonlinear systems, AHSS iteration method, HSS iteration method, 

inner/outer iteration scheme, 

2000 MR Subject Classification: 65F10, 65F50, 65T50, 65Y05 

1. Introduction 

The system of weakly nonlinear equations of the form 

Ax = 4>(x),otF(x) := Ax - c/>(x) = 0, (1.1) 

often arise in many areas of scientific computing and engineering applications, and in particular 
in discretions of certain nonlinear partial differential equations [3,4, 10, 11, 24, 27] and in collo- 
cation approximations of nonlinear integral equations [25] and in saddle point problems from im- 
age processing [6, 13], where A e C" x " is a large, sparse, positive real matrix, : D c C" — > C" 
is a continuously differentiable function. Here, the system of nonlinear equations (1.1) is said to 
be weakly nonlinear if the linear term Ax is strongly dominant over the nonlinear term <f>(x) in 
certain norm. 

For general systems of nonlinear equations F(x) - 0, the Newton iteration method is the 
most popular, classic and important method 

F'(x (k) )AxM = -F(/ k) ), x (k+l) = x (k) + Ax (k \ 

where F : D c C" — > C" is a continuously differentiable function. This method is attractive 
for its local convergence properties: if x (0 ^ is a sufficiently good initial guess of x*, then the con- 
vergence g-superlinearly to x*, and F' is usually Lipschitz continuous at x* and the convergence 
is g-quadratic [14, 24]. However, at each iteration step, the Newton method requires not only 
the explicit form of the Jacobian matrix but also the exact solution of the corresponding Newton 
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equations, which are very costly and complicated in actual application [2, 15]. In order to over- 
come these disadvantages and improve the efficiency of the Newton iteration method, we can 
simplify or avoid computation of the Jacobian matrix, reduce the cost of the function evaluation 
and solve Newton equations efficiently. Many variants in terms of approximate, quasi-update, 
inner/outer or inexact Newton methods have been established and analyzed. See [1, 3, 4, 12]. 

Since a general purpose method may be not always efficient for solving a special structure 
problem. For the system of weakly nonlinear equations (1.1), Bai [3] established a class of se- 
quential two-stage iteration methods by taking into account concrete properties of the involved 
matrix and mapping. And based on the matrix multi-splitting technique, Bai [5] presented ef- 
ficient parallel generalizations of the sequential two-stage iteration methods. Furthermore, Bai 
and Huang [9] proposed asynchronous multi-splitting two-stage iteration methods. These asyn- 
chronous methods have the potentials of converging much faster than their synchronous coun- 
terparts in [5], especially, when there is load imbalance. Moreover based on the linear and the 
nonlinear terms Ax and <p(x) are well separated and the former is strongly dominant over the lat- 
ter, Bai and Yang [12] present the Picard-HSS and the nonlinear HSS-like iteration methods, and 
Zhu and Zhang [28] present the Picard-CSCS and the nonlinear CSCS-like iteration methods for 
the special case of the coefficient matrix A is Teoplitz matrix. Theoretical analysis and numerical 
results show that these iteration methods are feasible and effective in some cases. 

In this paper, to make iteration methods initially introduced in [12] have more attractive and 
based on the dominance of the Hermitian part of the coefficient matrix, We establish two classes 
of nonlinear composite splitting iteration schemes, called Picard-AHSS and nonlinear AHSS-like 
iteration methods respectively, for solving the large scale system of weakly nonlinear equations 
(1.1). Compared with the Newton iteration method, The new iteration methods have the same 
advantage as the Picard-HSS and the nonlinear HSS-like iteration methods in [12]. But the new 
iteration methods could take advantage of the dominance of the Hermitian part of the coefficient 
matrix, thus computational workloads may be further saved. 

The organization of this paper is as follows: In Section 2 we review the HSS and AHSS 
iteration methods for the non-Hermitian positive definite linear systems, In Section 3, we estab- 
lish the Picard-AHSS and nonlinear AHSS-like iteration methods and discuss their convergence 
properties. Numerical examples are given in Section 4. Finally, in Section 5 we draw a brief 
conclusions. 

2. The HSS and AHSS iteration methods 

When the nonlinear mapping : D e C" — » C" is a constant vector, i.e., <p(x) - b, the system 
of weakly nonlinear equations (1.1) reduces to the system of linear equations 

Ax = b, AeC" x "andx,Z?eC". (2.1) 

To solve linear system (2.1) iteratively, efficient splitting of the coefficient matrix A are re- 
quired [16, 22, 23, 26]. Since a matrix A naturally possesses a Hermitian and skew -Hermitian 
(HS) splitting A = H + S, 

H = -(A + A*) and S = -(A - A*). (2.2) 

Bai [7] present the HSS iteration method and have proved that for any positive a the HSS method 
converges unconditionally to the unique solution of the non-Hermitian positive definite system 
of linear equations (2.1). This method gains people's attention [7, 8, 19, 20]. 

2 
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The HSS iteration method. ([7]) Given an initial guess x (0) e C", compute x (t+1) for k = 

0, 1, 2, ■ ■ • using the following iteration scheme until {x (i) } satisfies the stopping criterion: 

((al + H)x {k+ 1 } = (al - S )x {k) + b, 
[(al + S)x (k+l) = (al - H)x (k+ '^ + b, 

where a is a given positive constant and / denotes the identity matrix. 

Based on HS splitting, Li, etc. [21] present a asymmetric Hermitian and skew-Hermitian 
splitting (AHSS) iteration method, and studied the convergence property. This methods is de- 
scribed as follows. 

The AHSS iteration method. ([21]) Given an initial guess x (()) € C", compute x ( * +1) for k = 
0, 1, 2, ■ • • using the following iteration scheme until [xf®] satisfies the stopping criterion: 

(al + H)x (k+ ^ = (al - S)x (k '> + b, 
(J3I + S)x (k+l) = (J3I- //)x ( * + i) + b, 

where a is a nonnegative constant, f3 is a positive constant, and / denotes the identity matrix. 

Just like the HSS method (2.3), the AHSS iteration alternates between the Hermitian part H 
and the skew-Hermitian part S of the matrix A. When a — /3, the AHSS iteration method reduces 
to the HSS iteration method. 



3. The new iteration methods 

3.1. The Picard-AHSS iteration method 

The linearization is a traditional method for solving nonlinear equations. Based on the sep- 
arability and strong dominance between the linear term Ax and the nonlinear term <p(x), we can 
use the Picard iteration method 

Ax (k+r> = <f>(x <k> ), k = 0,1,2,- •• 

to solve the system of weakly nonlinear equations (1.1). At each iteration step, we need to solve 
a linear system. 

Apply the HSS or AHSS iteration method to solve linear systems, and the next iterate x (i+1) 
may be approximately computed. This naturally leads to the inexact Picard iteration methods, 
called Picard-HSS and Picard-AHSS iteration methods. The former is established by Bai and 
Yang in reference [12]. The Picard-AHSS iteration method is algorithmically described as fol- 
lows. 

The Picard-AHSS iteration method. Let <f> : D c C" — > C" be a continuously differentiable 
function and A e C" x " be a positive defined matrix, with H - \{A + A*), S - \{A - A*) be 
the Hermitian and skew-Hermitian parts of A, respectively. Given an initial guess x (0) e D and 
a sequence {/jfc}£L of positive integers, compute jt^ 1 ' for A: = 0, 1,2,- ■ • using the following 
iteration scheme until {x (k) } satisfies the stopping criterion: 



(a)* 1 



(*,0) 
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(b) For / = 0, 1,2, • • ■ ,4 — 1, solve the following linear systems to obtain x ( *' /+1) : 

Ual + H)x {k ' l+ i ) = (al - S)x ( - kJ) + <j)(x {k) ), 
\(J3I + S ) x (kJ+l) = (/?/- H)x (k - l+ ^ + 0(x w ), 

where a is a nonnegative constant, [5 is a positive constant, and / denotes the identity matrix. 

(c)x ( * +1) := x (k - lt) ; 

Now, we consider the local convergence of the Picard-AHSS iteration method. 
Based on the iteration scheme of Picard-AHSS, the (k + l)-th Picard-AHSS iterate x {k+x) can 
be express as 

ft-i 
X (M) = T{a ^f x (k) + y T(a,/3) j G(a,/3)(f>(x (k> ), k = 0, 1, 2, ■ • • , (3.2) 

7=0 

where r(a,/3) = (J3I + Sy l (J3I - H){al + H)-\aI - S) and G(a,/3) = (o*+/3)(y3/ + S;r 1 (a/' + #r 1 - 
Suppose x* e O is a solution of the system of weakly nonlinear equations (1.1), then 

x* = T(a,f3) k x* + V T(a,pyG(a,P)<p(x*). (3.3) 

7=0 

Thus 

4-1 
X (*+D _ ^ = T (a,p) lt (x ik) - x") + 2 T(a,/3yG(a,/3)((p(x (k> ) - 0(x*)). 

7=0 

By utilizing the R-convergence and similar arguments of Theorem 3.1 in [12], we obtain the 
following local convergence theory for the Picard-AHSS iteration method. 

Theorem 3.1. Lef : O c C" — » C" fee G-differentiable on an open neighborhood No c D of a 
point x* € D at which <f)'(x) is continuous and F(x*) :— Ax* — <f)(x*) — 0. Suppose H = j(A + A*), 
S — \{A - A*) are the Hermitian and the skew-He rmitian parts of the matrix A, respectively. 
Denote by 

p(a,J3) = H067 + Sr\aI - H)(al + H)- X (J3I - S)\\, co = ||A" V (x*)||. 

77zen f/iere exists an open neighborhood N C No o/x* smc/z that for any x' ' e N anof any sequence 
of positive integers l^,k — 0, 1,2, •••, the iteration sequence {x ( ®}T_ generated by the Picard- 
AHSS iteration method is well-defined and convergent to x*, provided Iq > [1h({t^)/ \n{p(a,f5))\ 
(where |_-J is used to denote the smallest integer no less than the corresponding real number). 
Moreover, it holds that 

lim sup | \x (k) - x* 1 1 * < co + ( 1 + to)n{a, /3)'° , l - lim inf l k ; 

in particular, if lim /j = oo, then the rate of convergence is R-linear, with the R-f actor being at 

most co, i.e., 

limsup||x w -x*p <co. 

k— >oo 

4 
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Proof. The proof uses arguments similar to those in proof of the convergence Theorem of 
the Picard-HSS iteration method [12]. □ 

Theorem 3.1 shows that the convergence rate of the Picard-AHSS iteration is essentially 
determined by the quantities a> and p(a,j3). Usually, small u> and fi(a,/3) will lead to fast conver- 
gence of the Picard-HSS iteration. 

3.2. The nonlinear AHSS-like iteration method 

Since the Picard-AHSS and the Picard-HSS iteration methods share same drawback, that 
is the numbers of the inner iteration steps /&, k - 0, 1,2, • • • are often problem dependent and 
difficult to be determined in actual computations, we propose the following nonlinear AHSS-like 
iteration method to overcome above disadvantages. 

The AHSS-like iteration method. Let <p : D c C" — > C" be a continuously differentiable 
function and A e C" x " be a positive defined matrix, with A = H + S , H and S be the Hermitian 
and skew-Hermitian parts of A, respectively. Given an initial guess x^ 0) e D and a sequence {/a}£1 
of positive integers, compute x ( * +1) for k = 0, 1,2, • ■ ■ using the following iteration scheme until 
{x w } satisfies the stopping criterion: 

((al + H)x {k+} i) = (al - S)x (k) + 4>(x {k) ), 
\{J3I + S)x {k+V) = (J3I- H)x {k+i ^ + 4>(x (k+ H 

where a is a nonnegative constant, /3 is a positive constant, and / denotes the identity matrix. 

In the following we deduce the convergence property for the nonlinear AHSS-like iteration 
method. We define 

(u(x) = (al + H)-\(aI -S)x + </>(x)), 

\V(x) = (pl + S)-\(J3I - H)x + <p(x)) 

and 

if/(x) = V o U(x) := V(U(x)). 

Then the nonlinear AHSS-like iteration scheme can be equivalently expressed as 

x (k+1) =i[,(x (k> ),k = 0,1,2,- ■■ ■ 

Suppose x* e D is a solution of the system of weakly nonlinear equations (1 . 1), we can easily 
verify the following fact by using the derivative chain rule 

(//(>*) = V'(x*)U'(x*) 

= (/?/ + Sr'OS/ -H + <f>'(x*)) (al + Hy\al - S + <p'(x*)). 

By making use of the Ostrowski Theorem, i.e., Theorem 10.1.3 in [24], we know that if 
p(i[f'(x*)) < 1, then x* is a point of attraction of the nonlinear AHSS-like iteration. Then we can 
obtain the following local convergence theory for the AHSS-like iteration method. 

Theorem 3.2. Assume that <p : D c C" — > C" is F-differentiable at a point x* € D such that 
Ax* — 4>(x*). Suppose A — H + S , where H and S are the Hermitian and the skew-Hermitian 
parts of the matrix A, respectively. Denote by 

T(a,/3;x*) = (/?/ + ST\aI -H + <f>'(x*)) (al + Hy x (J3I - S + <p'(x*)). 

If p(T(a,f3; x*)) < 1, thenx* e D is a point of attraction of the nonlinear AHSS-like iteration. 

5 
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Now we give a sufficient condition for guaranteeing the validity of p(T{a,fi; x*)) < 1. 
Corollary 3.3. Assume that the conditions of Theorem 3.2 are satisfied. Denote by 
6 = max{||^ V)0S/ + S)-\ \W{x*){aI + Hy l \\), 



Va 2 — a 2 o i 
a- max — , b- max | , 

o-iea-(S) [Z 2 2 ^,£l(H) a + A( 



ft 



where A(H) is the spectral set of H and cr(S) is the singular-value set ofS. Then p(T(a,/3; x*)) < 
1 holds, provided 

S< 2il - ab) (3.6) 

(a + b) + V(a - V) 1 + 4 

Proof. By straightforward computations we have 

(PI + S)T(a,(l; x*)(J3I + Sy 1 = (fil + S)T(a,(3)(fiI + S)~ l + (J3I - H)(al + H) 1 <f>' (x*)(J3I + Sy 1 
+<f>'(x*)(al + Hy\al - S)(j3I + Sy 1 + 4>'(x*)(al + H- l )4>'(x*)(J3I + S)~\ 

here 

T(a,/3) = (J3I + Sy l {aI- H)(al + Hy l (J3I-S) 

and for any given parameter a, if 

aA„ 



2a + A„ 



</3<a + 2A min , 



then 



\\T(a,P)\\ ^ 1108/ -SXal + S) _1 |l \\(al - H)(al + H)' 1 ] 









< max 

o-,eo-(S) 


ft 2 
ft 


+ C7 2 

I 


max 

A&MH) 


a - 


-At 








= ab < 1 












See 


reference [21] for details 


. Hence, 












\\T(> 


*,#x*)ll 


=\W + S)T(a tl 


B;x*)(fil + Sy 


'II 









<\\(fil + S)T(a,p)(J3I + Sy x \\ + H037 - H)(al + H)~ l </>' , (x*)(J3I + S)' 1 ]] 
+ \\<f>'(x*)(al + Hy\al - 5)087 + Sy l \\ + U'(x*)(al + H)~ x </>' {x*)<JSI + S)~ l \\ 

<\\T(a,(3)\\ + 1103/ - H)(al + H)' 1 ]] U'(x*)(fil + Sy'\\ 
+ \\<f>'(x*)(al + m^W \\(al -5)087 + Sy'\\ + \\<p'(x*)(al + H)' 1 ]] \\<p'{x*)(fil + Sy x \ 

<ab + (a + b)5 + S 2 . 

Now, under the condition (3.6), we have p(T(a,/3; x*)) < \\T(a,fi; x*)\\ < 1. D 
Corollary 3.3 shows that p(T(a,/3;x*)) < 1 is valid if cp'(x*) is reasonably small compared 
with the matrix A. 

6 
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4. Numerical results 

In this section, we present some numerical experiments to illustrate the effectiveness of our 
methods, and to further show the advantage of the Picard-AHSS and the nonlinear AHSS- 
like method over the Picard-HSS, the nonlinear HSS-like iteration methods, as well as the 
Newton-GMRES (5) iteration methods. The problem under consideration is the classical three- 
dimensional convection-diffusion equation 

—(Uxx + u yy + u zz ) + q(u x + u y + u z ) — sin(u + 1), (x,y,z) € Q. 
u(x,y,z) = 0, (x,y,z) edO 

on the unit cube Q = [0, 1] x [0, 1] x [0, 1], and q is a positive constant coefficient used to 
measure the magnitude of the convective terms. By applying the seven-point finite difference 
and assuming the numbers (A0 of grid points in all three directions are the same, we obtain 
a system of weakly nonlinear equations of the form (1.1), where n = N 3 , and for details to 
[7, 17, 18]. Different q and N result in different matrix A. 

In our numerical experiments, we use the zeros vector as the initial guess, and stop the itera- 
tion as soon as 

\\F(x {k) )h K 6 

IF(* (0) )ll2 " 

Meanwhile, the stopping criterions for the inner iterations of the Picard-HSS and the Picard- 
AHSS methods are set to be 

\\F'{x {k) )s (k ' Ik) + FU W )|| 2 



\\F{xM)h 



< 



Ik- 



where 4 is the number of the inner iteration steps and rjk is the prescribed tolerance for controlling 
the accuracy of the inner iterations at the £-th outer iterate. If % is fixed for all k, then it is simply 
denoted by rj. The two sub-systems of linear equations are solved in the way if ax = b, then 
x = aT x b. 

The Picard-AHSS and the nonlinear AHSS-like methods are compared with the Picard-HSS 
and the nonlinear HSS-like methods for different problem sizes N (N - 4, 8) and tolerance 
rj = 0.1, 0.01, 0.001, from aspects of numbers of outer, inner and total iteration steps (denoted 
as rr out , IT; nt and IT, respectively) and total CPU time (denoted as CPU). 

In our implementations, we adopt the optimal parameters a* = V^min^max given in [7] for 
the Picard-HSS and the nonlinear HSS-like methods, and adopt the optimal parameters a* - 
0,/T = 2/l m j n /l max /(/l m i n + A max ) given in [21] for the Picard-AHSS and the nonlinear AHSS-like 
iteration methods. Although they only minimize the bound of iteration matrix, not the spectral 
radius of the iteration matrix. Admittedly, the optimal parameters a* and {1* are crucial for 
guaranteeing fast convergence speeds of these parameter-dependent iteration methods, but they 
are often problem-dependent and are generally difficult to be determined [12]. 

In Table 1-2, we list the numerical results corresponding to four choices of the q, i.e., 
q - 0, 10, 100, 1000. From these tables, we see that all experimented methods (i.e., the Picard- 
HSS, the nonlinear HSS-like, the Picard-AHSS, and the nonlinear AHSS-like methods) can suc- 
cessfully produce approximate solutions to the system of weakly nonlinear equations for all of 
the matrices dimension (i.e., n — 4 3 and n = 8 3 ). 

When the tolerance rj for controlling the accuracy of the inner iterations is increasing, both 
number of inner iteration steps (and the amount iteration steps) and the amount of CPU time of 

7 
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Table 1: The numbers of iteration and the total times for N = 4, «hss = 3.5267, 


«ahss = 0,/3ahss = 2.0729 


Iteration 




q=0 


q=10 


q=100 


q=1000 


77 = 10 3 Picard-HSS 


11 out 


4 


4 


4 


3 




ITint 


11 


11 


9 


8 




IT 


44 


44 


36 


4 




CPU 


0.0042 


0.0028 


0.0023 


0.0019 


Picard-AHSS 


ITout 


4 


4 


4 


3 




ITint 


1 


2 


6.752 


0.6667 




IT 


4 


8 


27 


62 




CPU 


0.0025 


0.0017 


0.0023 


0.0043 


Newton-GMRES 


1 1 out 


2 


2 


2 


2 




ITint 


4 


5 


5 


13 




IT 


8 


10 


10 


26 




CPU 


0.0033 


0.003 


0.0029 


0.0074 


77 = 10 ^ Picard-HSS 


1 1 out 


4 


4 


4 


3 




ITint 


7 


7 


6 


5.6667 




IT 


28 


28 


24 


17 




CPU 


0.005 


0.0022 


0.0019 


0.0026 


Picard-AHSS 


ITout 


4 


4 


4 


3 




ITint 


1 


2 


4.75 


14.3333 




IT 


4 


8 


19 


43 




CPU 


0.0021 


0.0015 


0.002 


0.0029 


Newton-GMRES 


1 1 out 


3 


3 


3 


3 




ITi„t 


3.3333 


6.3333 


4.6667 


20 




IT 


10 


19 


14 


60 




CPU 


0.0021 


0.0036 


0.0035 


0.0088 


r] = 10" 1 Picard-HSS 


1 1 out 


6 


6 


6 


5 




ITi„ t 


4 


4 


3 


3 




IT 


24 


24 


18 


15 




CPU 


0.0049 


0.0024 


0.002 


0.0021 


Picard-AHSS 


1 1 out 


4 


4 


6 


6 




ITint 


1 


1 


2.8333 


7.6667 




IT 


4 


4 


17 


46 




CPU 


0.0013 


0.0014 


0.002 


0.0032 


Newton-GMRES 


1 1 out 


3 


5 


5 


6 




ITint 


3 


3.8 


4 


6.3333 




IT 


9 


19 


20 


38 




CPU 


0.0035 


0.0038 


0.0038 


0.0091 


like-HSS 


IT 


21 


42 


59 


75 




CPU 


0.0049 


0.0071 


0.009 


0.011 


like-AHSS 


IT 


3 


7 


22 


66 




CPU 


0.0012 


0.0024 


0.0056 


0.0101 
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Table 2: The numbers of iteration and the total times for N = 8, «hss = 2.0521, qtahss = 0,/3ahss = 0.7019 





Iteration 




q=0 


q=10 


q=100 


q=1000 


T] = 1(T 3 


Picard-HSS 


11 out 


4 


4 


4 


3 






ITi„t 


19.75 


19.75 


19 


12.6667 






IT 


79 


79 


76 


38 






CPU 


0.4203 


0.4106 


0.4051 


0.3167 




Picard-AHSS 


IT 0Ut 


4 


4 


4 


3 






IT int 


1 


2 


5 


49.3333 






IT 


4 


8 


20 


148 






CPU 


0.2071 


0.1961 


0.2377 


0.5446 




Newton-GMRES 


1 1 out 


2 


2 


2 


2 






ITint 


15.5 


11 


17.5 


14.5 






IT 


31 


22 


35 


29 






CPU 


0.054 


0.0593 


0.0578 


0.0529 


T] = 1(T 2 


Picard-HSS 


1 1 out 


4 


4 


4 


4 






ITint 


13 


13 


13 


9 






IT 


52 


52 


52 


36 






CPU 


0.3515 


0.3338 


0.3485 


0.3022 




Picard-AHSS 


IT ut 


4 


4 


4 


4 






ITint 


1 


2 


3.25 


34.75 






IT 


4 


8 


13 


139 






CPU 


0.2014 


0.2003 


0.2162 


0.5061 




Newton-GMRES 


1 1 out 


3 


3 


3 


3 






ITint 


8.6667 


13.3333 


12 


11.6667 






IT 


26 


40 


36 


35 






CPU 


0.0612 


0.0713 


0.0732 


0.0612 


T] = 10-' 


Picard-HSS 


1 1 out 


7 


7 


6 


6 






ITint 


6.8571 


6.8571 


6.8333 


4.1667 






IT 


48 


48 


41 


25 






CPU 


0.3609 


0.3356 


0.3136 


0.2776 




Picard-AHSS 


IT ut 


4 


4 


5 


6 






ITi„t 


1 


1 


2.2 


17.5 






IT 


4 


4 


11 


105 






CPU 


0.2171 


0.2015 


0.2047 


0.424 




Newton-GMRES 


1 1 out 


6 


6 


6 


6 






ITint 


4.1667 


3.8333 


7 


5.6667 






IT 


25 


23 


42 


34 






CPU 


0.0847 


0.087 


0.098 


0.0919 



like-HSS 



like-AHSS 



IT 

CPU 
IT 
CPU 



40 

0.3377 

3 

0.2081 



80 
0.6802 

7 
0.4174 



118 

0.9965 

17 

0.6305 



141 
1.2689 

119 
1.0609 
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all iteration methods are decreasing, and the numbers of outer iteration steps are fixed or slightly 
increasing. But the Picard-AHSS iteration method is better than the Picard-HSS iteration method. 




Figure 1 : The numbers of total iteration steps with different parameter q. 



From Table 1-2 and Figure 1, we observe that with the parameter q increase, the number of 
outer iteration steps are fixed and decreasing slightly, and the number of inner iteration steps and 
the total iteration steps of the Picard-HSS iterations are decreasing and those of the Picard-AHSS 
iterations are increasing. The total time have the same results, we find that the Picard-AHSS and 
the nonlinear AHSS-like methods are very effective when q is not not large. 

When N is increasing, the numbers of outer iteration steps are fix and increasing slightly, 
but the numbers of inner iteration steps are increasing quickly, so the total iteration steps are 
increasing. And the amount of total CPU time of all iteration methods are increasing quickly. 

Clearly, when the q is not large, in terms of iteration step, the nonlinear AHSS-like method 
and the Picard-AHSS perform better than the nonlinear HSS-like and the Picard-HSS iteration 
methods. In terms of CPU time, the situation is almost the same. Therefore, the nonlinear 
AHSS-like method and the Picard-AHSS method are the winners for solving this test problem. 
But when q is very large, the result is reverse. 

5. Concluding remark 

We discuss how to solve the large scale weakly nonlinear systems with dominated Hermitian 
part by the Picard-AHSS and the nonlinear AHSS-like iteration methods. Since the iteration 
methods are based on separable property of the linear and the nonlinear terms and on the asym- 
metric Hermitian and skew-Hermitian splitting (AHSS) of the involved coefficient matrix, these 
new iteration methods can be only applied to the systems of weakly nonlinear equations whose 
linear terms are strongly dominant and the skew-Hermitian part of the coefficient matrix is less 
dominant. 
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Some aspects of Lorentz-Karamata spaces 

Ilker ERYILMAZ 



Abstract. Let G be a locally a— compact abelian group with Haar measure fi. 
In this small note, we introduce some simple properties of Lorentz-Karamata 
spaces Lpq.f, (G) and also characterize the space of multipliers from L 1 (G) to 
Lorentz-Karamata spaces. 



1. Introduction 

A new generalization of Lebesgue, Lorentz, Zygmund, Lorentz-Zygmund and 
generalized Lorentz-Zygmund spaces was studied by D.E.Edmunds, R.Kerman and 
L.Pick in [8]. By using the Karamata theory which is studied in [3], they introduced 
Lorentz-Karamata spaces L Piq; b (Q) and compared quasinorms on these spaces. Also 
J. S. Neves studied L p ^ q -b (R, fi) spaces in [12] where p 7 q & (0, oo] , b is a slowly varying 
function on [l,oo) and (R, /j,) is a measure space. These spaces cover the general- 
ized Lorentz-Zygmund spaces L pq . ai am (R) (introduced in [7]), Lorentz-Zygmund 
spaces L p ' q (\ogL) a (R) (introduced in [1]), Zygmund spaces LP (logL)" (R) (intro- 
duced in [2,17]), Lorentz spaces LP' q (R) and Lebesgue spaces LP (R) under conve- 
nient choices of slowly varying functions and parameters p, q. 

In [6, 12], it is proved that L Ptq; i, (R, /j,) spaces endowed with a convenient norm 
and they are rearrangment-invariant Banach function spaces with associate spaces 
Lp^q'-^b-i {R, m) if (-R, fi>) is a resonant measure space, p £ (l,oo) and q £ [l,oo]. 
Also it is showed that when p £ (1, oo) and q £ [l,oo), i p , q; fc (R, //) spaces have 
absolutely continuous norm. 

2. Preliminaries on L pq .i, (G) spaces 

In this section, we will give some definitions and properties of slowly varying 
functions to establish Lorentz-Karamata spaces. Throughtout this paper, certain 
well-known terms such as rearrangement-invariant Banach space, absolutely con- 
tinuous norm, Segal algebra, Fourier transform, homogeneous Banach space etc. 
will be used frequently in the sequel. We will not give their definitions, but one can 
refer to [2, 6, 15,16] and references therein. 

Let G and G be locally compact abelian groups in Pontryagin duality with 
Haar measures /i and r\ respectively, such that Plancherel theorem holds. C c (G) 
will denote the space of all continuous, complex- valued functions on G with compact 
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2 ILKER ERYILMAZ 

support. For any two non-negative expressions A and B, the symbol A ^ B means 
that A < cB, for some positive constant c independent of the variables in the 
expressions A and B. If A ^ B and B ^ A, we write 4»iB and say that A and 
B are equivalent. 

Definition 2.1. TTie family of all extended scalar valued (real or complex) /z- 
measurable functions on X will be denoted by M (X, /i) and Mq (X, /j) will stand 
for the subset of M (X, /i) consisting of all those functions which are finite [i—a.e. 

Definition 2.2. Let f be a measurable function defined on a measure space 
(X, fi) . We assume that the functions f are finite valued almost everywhere and for 

H{X€X: |/(:r)| >y}<oo. 
Then the distribution function A/ of f is defined by 

(2.1) \ f (y)=»{x€X: \f (x)\ > y} . 
The nonnegative rearrangement of f is given by 

(2.2) f*(t)=mi{y>0:\ f (y)<t}, t>0 

where inf </> = oo. Also the average (maximal) function of f on (0, oo) is given by 

(2.3) r*(t) = \sZr(*)d8. 

Note that A/ (•) , /* (•) and /** (•) are non-increasing and right continuous func- 
tions. Also, it is obvious that if X has a finite measure, then A/ is bounded above 
by \x (X) and so f* (t) = for all t > \x (X). 

A positive measurable function L, defined on some neighborhood of infinity, is 
said to be slowly varying if, for every s > 0, 

,2.4, ^1 (,-+«,). 

These functions were introduced by Karamata [11], (see also [3], [14]). Another 
definition of slowly varying functions can be found in [8] such as: 

Definition 2.3. A positive and Lebesgue measurable function b is said to be 
slowly varying (s.v.) on [1, oo) in the sense of Karamata if, for each s > 0, t £ b (t) is 
equivalent to a non- decreasing function andt~ £ b (t) is equivalent to a non-increasing 
function on [l,oo). 

The detailed study of Karamata theory, properties and examples of s.v. func- 
tions can be found in [3,6,7,11] and [17,Chap.V, p. 186]. Let m £ N and a = 
(ai, ..., a m ) G R m . If we denote by t?™ the real function defined by 

K(t) = Util?'(t) foraUte(0,oo), 

where h,...,l m are positive functions defined on (0,oo) by 

h (t) = 1 + |logi| , k (t) = 1 +logZ,_! (t), i>2 

then the following functions are s.v. on [1, oo): 

(1) b (t) = $™ (t) with meNandae R m ; 

(2) b (t) = exp (log" t) with < a < 1; 

(3) b (t) = exp (/« (£)) with < a < 1, m 6 N; 

(4) b (t) = l m (t) with meN. 
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Given a s.v. function 6 on [1, oo), we denote by j b the positive function defined 
by 

lb (*) = b I max \ t, - \) for all t > 0. 



It is known that any s.v. function b on (0, oo) is equivalent to a s.v. continuous 
function b on (0,oo). Consequently, without loss of generality, we assume that all 
s.v. functions in question are continuous functions in (0, oo) [9]. 

Definition 2.4. Let p,q G (0, oo] and let b be a s.v. function on [l,oo). 
Lorentz-Karamata space L Ptq . b (G) is defined to be the set of all functions f G 
Mq (G, jj) such that 



(2-5) ll/H* b := t"n b (t)r(t) 



g;(0,oo) 



is finite. Here ||-|L.( 0oo ) stands for the usual L q (quasi-) norm over the interval 
(0,oo). 

Let < p, q < oo and 6 be a s.v. function on [l,oo). Let us introduce the 
functional II f\\„ „. h defined by 



(2-6) ll/L, o; 6 : = *"«7 6 (*)/"(*) 



g;(0,oo) 



this is identical with that defined in (2.5) except that /* is replaced by /**. How- 
ever, when p = oo, L pq . b (G) spaces are different from the trivial spaces if and only 

if tp~~i"f b (t) < oo. It is easy to see that L p ^ q . b (G) spaces endowed with 

<j;(0,oo) 

a convenient norm (2.6), are rearrangement-invariant Banach function spaces and 
have absolutely continuous norm when p G (l,oo) and q G [l,oo). 

It is clear that, for < p < oo, L pq . b (G) spaces contain the characteristic 
function of every measurable subset of G with finite measure and hence, by linearity, 
every \x— simple function. From the definition of ||-||* . b , it follows that if / G 
L p , q ;b (G) and p,q G (0, oo), then the function Xf (y) is finite valued. In this case, 
with a little thought, it is possible to construct a sequence of (simple) functions 
which satisfy Lemma 1.1 in [4]. Therefore, if we use the same method as employed 
in the proof of Proposition 2.4 in [10], we can show that Lebesgue dominated 
convergence theorem holds and so the set of simple functions is dense in Lorentz- 
Karamata spaces for p G (l,oo) and q G [l,oo). Also, we can see the density of 
C c (G) since /i is a Haar measure. 

It follows from [12] that ||/||; >g;i < ||/|| M;6 ^ \\f\\* P:q . b for all / G M (G,n) 
where 1 < p < oo, 1 < q < oo and b is a s.v. function on [l,oo). In particular, 
L p ,q;b (G) spaces consist of all those functions / for which ||/|| b is finite. Since 
the function / — > /** is subadditive, it is obvious that ||-|| . is a norm if q > 1. 

For more information on Lorentz-Karamata spaces, one can refer to [2, 6, 8, 9, 
12] and references therein. 

3. Some results for Lorentz-Karamata spaces 

The following proposition can be proved by using the techniques done in [15]. 

Proposition 3.1. Let f be a scalar valued, measurable functions on (G, /x). If 
we define the function L s f (t) = f (t — s) for any s G G, then we have the following: 
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(1) A Ls/ (y) = \ f (y) for all y > 0, 

(2) (L s f)* (t) = f* (t) for allt>0 and {L s f)** (t) = /** (£) for all t > 0, 

(3) If p,qe (0,oo), then \\L s f\\* pq . b = \\f\\* Pjq . b , ||i s /|| Pi , ;6 = ||/|| p , 9;b - 

Proposition 3.2. For any f e L p , T ,b (G), 1 < p < oo and 1 < q < oo, the 
function s — > L s f is continuous from G into L Ptq; {, (G). 

PROOF. Since the set of simple functions is dense in L Ptq -b (G), it is sufficient 
to show that for any simple function /, the mapping s — ► L s f is continuous. Let 
/ = Y^i7=i kiXE- where \e 1S the characteristic function of E. Then, we can find 
that L s f = X^"=i kiXE+s ■ Now, we have 



(3.1) 



\XE t +s-XE t \ (*) 



and 



(3.2) 



A XE i+S -XE, 



(y) 



1, te{Ei + s) A Ei 
0, otherwise 



li((E i + s)AE i ), t<\ 
0, t>\ 



where A denotes the symmetric difference of sets. Therefore, we write 



(3.3) 



(Xei+s-XeX (*) = 



1, t<p,((Ei + s) AEi) 
0, t>^((E i + s)AE i ) 



and 



\XEi+s XEi\ 



p,q;b 



t* hbWiXEi+s-XEiYit) 



s;(o,oo) 



(3.4) 



** hbitfiXEi+s-XEiYit) 



dt 



fJ,((Ei+s)AEi) 







M((-Ei+s)ABi 



ti-^ q b (t)dt 
tr -1 76.(*)* 



sup 
o<t</i((£; i +s)A£; i ) 



^"V (*) 



« M ((^ + s) A^) f S* (n({Ei + a) AEi)) 

by [12, Lemma 3.1(iv) and (v)]. With the absolutely continuity property of the 
norm, we get 



\L s f 



\p,q;b 



as s — ► and similarly \\L s f — f\ 



p,q;b 



as s — > 0. 



D 



In [4], a convolution operator T is defined and necessary conditions for convo- 
lution of two simple functions are found. By the help of O'Neil Theorem (see [13], 
p. 133), convolution theorems for Lorentz spaces are also established in [4]. Now we 
will give a proposition about convolution in L P:q -^ (G) spaces. 

Proposition 3.3. LetT be a convolution operator like defined in [4, Definition 2.1] 
and h = T (f,g). T can be uniquely extended so that if f £ Lp,q-,b (G), 1 < p, q < oo 
andg e L 1 (G), then h G L PtS . b (G), where q < s. Moreover \\h\\ pq . b £ ||/|| P)9;6 ||ff||i- 
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PROOF. Since q < s implies ||/i|| pa . 6 < C||/i|| p? . 6 by [12, Theorem 3.2], it is 
sufficient to assume q = s. Let / and g be simple functions. By Lemma 2.2 and 
Theorem 2.4 in [4], we know that 



h**(t) 3 tr*(t)g**(t) + J f*(u)g*(u)du 

/■OC 

3 tf**(t)g**(t) + r*(t) / 5 *( W )cfe 



*/"(*) 7/ V(«)d« + r*(*) / 9*{u)du 



t Jt 



f**(t) g*(u)du 



and then by [10], 

h**(t)zr(t)\\g\\i- 

Thus, we get the result with the definition of ||-|| b and the density of the simple 
functions in L 1 (G) and L Piq;b (G) spaces. □ 

Lemma 3.1. There is an approximate identity {a a } aeI of L l (G) such that 
\\ a a\\i = 1 for each a € I and f*a a — ► / for all f G L P:q - b (G) where 1 < p, q < oo. 

PROOF. The proof follows from Proposition 3.2 by simple functions. Let 
{U a } aeI be a decreasing neighbourhood system at the origin of G and a a be non- 
negative continuous function with support in U a such that J G a a (x) dfi (x) = 1 for 
each a £ I. If g is a simple function, then we have 



\g * a a - g\\ p , q;b < / \\L s g-g\\ Ptq;b a a (s)dfi(s) 

< sup \\L s g-g\\ pq . h 



seu a 



and \\g * a a — g\\ b —> by Proposition 3.2 and absolutely continuity of the norm. 
Since the set of simple functions is dense in £ Pi9; b (G) spaces, we get the result. □ 



Let A p ^ q .b (G) be the subspace of L 1 (G) with Fourier transforms in L p ^ q -t ( G 
A p , q -, b (G) = {feL 1 (G):fe L p , q;b (g) } 



provided that each function in L pq . b lG) is locally integrable. For every / G 
A p ,q-, b (G), we can supply a norm in A p ^ q;b (G) by 



•^Ia T) . o;6 - ll/lli + 



p,q;b 



Since the spaces A p?q;b (G) are generalization of the spaces A p ^ q (G) which are ex- 
amined in [16], we will not give a detailed study of A Ptq;b (G) spaces. Also, the 
following theorem can be proved easily. 

Theorem 3.1. (i) There is an approximate identity {e a } of A p ^ q;b (G) for 1 < 
p, q < oo ; which is a bounded approximate identity of L 1 (G) such that 1 1 Cq, 1 1 j < 1 
and e^ have compact support for all a. 
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(ii) [A Piq] b(G) ,\\-\\ A ) is a Segal Algebra, i.e. ( A Ptq -b (G) , \\-\\ A ) is a ho- 
mogeneous Banach space, [A Pjq; b (G) , \\-\\ A ) is a Banach algebra with its norm 

W'Wa — ll'lli an d [A P ,q;b (G) ,\\-\\ A b ) is a dense subspace of L 1 (G) . 

(Hi) Since L 1 (G) and L Ptq -b (G) are strongly character invariant, A P:q; b (G) is 

strongly character invariant and the maps f — ► M t f, t — ► M t f are continuous 

where M t f(x) = (x, t) f(x) for all f g A PA - h (G), x G G and t e G. 

(iv) A Pt q-b(G) and Lp^g-b (G) are essential Banach L 1 (G)— modules. 

(v) Ax-x-x (G) C A p>q;b (G) for all 1 < p < oo, 1 < q < oo. 

(vi) The Fourier transforms Ay (G) and A p ^ q; b(G) are dense in L p ^ q; b [Gj for 
1 < p, q < oo. 

Let A be a commutative normed algebra and B a (two-sided) A-module normed 
linear space. We denote by M (A, B) the set of all bounded linear mappings 

T : A -> B such that T (ab) = aT (b) for any a, b € A. 

Each element of M (A, B) is called the multiplier of A to B. 

Theorem 3.2. The multipliers space M (L 1 (G),L Ptq -b(G)) is isometric iso- 
morphic to Lp^ q .b (G) for 1 < p, q < oo. Morever for any T G M (L 1 (G),L p ^b (G)), 
there is a unique f in L Piq; b (G) such that T (g) = f * g for every g G L X (G). 

PROOF. By [6, Corollary 3.4.44], we know that the dual pair is of the form 
(f,g)= / f(x)g(x)dn(x), g € Lp >q . b (G) , f € Lp, tq ,. 1/b (G) . 



IG 

Morever, for every ip G (L p i q i.i/b (G)) there is a unique g G L P:q; b (G) such that 



V> (/) = / fgdu for every / G L p , :q ,. 1/b (G) . 
JG 

Now, if a G L l {G) and / G Lp, ql .i/ b (G), then we can define a® f = a* f where a 
is the reflexive function of a. So, it follows from Proposition 3.3 that L p i tq '-i/b (G) 
is a Banach L l (G)— module under the operation <g>. Also, it is easy to define for 
/ G Lp l>q ,. 1/b (G) that 

(3.5) a®V(/)=^(«®/) 

for every a G L X (G), ip G (i p ', q ' ; i/6 (G)) . Then (iy )q ';i/& (G)) is also a Banach 
I/ 1 (G)— module under the operation <8>. Since there is an approximate identity 
{ a a} ae i of L 1 (G) such that Ha^^ = 1 and 



p',q';l/b 



ha ® f ~ f\\p>, q >-l/b = a «*/-/ 

It follows that 

M (L\G), {L p ,, q , 1/b (GO)*) = (V, 9 ';V6 (G)) H 

and hence 

M( J L 1 (G),L p , g;b (G))=L p , g;b (G) 
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for 1 < p, q < oo. Also we have to show that when ip G {Lp',q>;\/b (G)) corresponds 
to g G L P: q-b (G), a®il> in (£ p < ig ' ; i/b (G)) corresponds to a*g in L Ptq -b (G) for every 
a G L X (G). In fact, we have 

a®i>(f) = i>(a®f)= / (a * f)gdp,= \ f(a*g)dp, 
Jg Jg 



for every / € V,g';i/b ( G )- Therefore for each T e M f L^G), (iv,g';i/6 (G)) 

there is a unique ^ £ (i p ',g' ; i/6 (G)) such that 

T' (a) = a<g)ip for every a G L l {G). 

This implies that for every T G M (l/ 1 (G), £ Pjg; 6 (G)), there is a unique g G 
L P ,q-,b (G) such that 

T (a) = a* g for every a G i 1 (G). 

Thus, we get the result. □ 
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INTEGRAL-TYPE OPERATORS BETWEEN WEIGHTED 
BERGMAN SPACES ON THE UNIT DISK 

STEVO STEVIC* AND AJAY K. SHARMA 
Abstract. The boundedness and compactness of the integral-type operator 

tf°/M= f / (n) (e)<?(CR 

Jo 
where g is a holomorphic function on the unit disk and n £ No, between 
weighted Bergman spaces are characterized. 



1. Introduction 

Let D be the open unit disk in the complex plane C and H(D) be the space of all 
holomorphic functions on D. Let g £ H(V>) and n £ Nq. We define an integral-type 

(n) 

operator denoted by Ig as follows 

#°/(*) = [' / (n) (C)s(CR, / e H(B). (l) 

Jo 
For n = and g{z) — h'(z), operator (1) is reduced to the operator introduced in 
[13]. For n = 1 is obtained a counterpart of the operator. These operators and 
their n-dimcnsional extensions acting among spaces of holomorphic functions have 
been studied a lot recently, see, for example, [l]-[35] and the references therein. 

Let dA(z) — -dxdy — -rdrdO be the normalized area measure on D, and 
dA a (z) — (a + 1)(1 — \z\ 2 ) a dA(z), a > — 1, z £ D. The weighted Bergman space 
Av a = A£(D), p > 0, a > -1 consists of all / £ H(D) such that 

p _ 



11/11^ - \f(z)\*dA a (z) < oo. 



When p > 1, the weighted Bergman space with the norm || • ||^p becomes a Banach 
space. If p £ (0,1), it is a Frechet space with the translation invariant metric 
d(f,g) = ||/ — flll^p- The corresponding Lebesgue space is denoted by LP a — L v a {W). 
The weighted-type space H^, a > 0, consists of all / £ H(D) such that 

H/H^oo = sup(l - k! 2 ) a |/(^)| < oo. 

2GB 

With the norm || • \\h°° it is a Banach space. For a = the space becomes the space 
of bounded holomorphic functions H°° . The little weighted- type space, denoted 
by -ff^° is a subspace of H^ consisting of all holomorphic functions / such that 

lini| zH i(l-M 2 n/(z)| = 0. 
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Here we characterize the boundedness and compactness of operator (1) between 
weighted Bergman spaces (for the case p £ (0, 1) we mean the metric boundedness 
and compactness). Our results extend one-dimensional results in [8]. 

Throughout the paper C denotes a positive constant not necessarily the same at 
each occurrence. The notation A x B means that there is a positive constant C 
such that A/C <B< CA. 

2. Auxiliary results 

Here we quote some auxiliary results which will be used in the proofs of the main 
results of this paper. The first one is the next classical result. 

Lemma 1. Let f £ H(D). Then f £ A^ if and only if f {n \z){\ - \z\ 2 ) n £ I? a , and 

n-l , r s 1/p 

H/lk ~ E l/ (fe) (0)| + / |/ (n) (*)l P (l - \z\ 2 ) pn+a dA(z) . (2) 

From (2) we see that if / £ A%, then /(") £ A? n+a and H/^IU^ < C||/IUg, 
and it is easily get that for every z £ D there is a C > independent of / such that 

I f(n) (z) \ < C ll/( " )|l ^ + ° < C \\IM ( 3 ) 

U y U - (1 - | z |2)(2+pn+ Q )/p - W (J _ | z |2)(2+pn+a)/p- ^ > 

The following criterion for compactness is proved in a standard way, see [14]. 

Lemma 2. Let < p, q < oo, — 1 < a, (3 < oo, g £ H(B) and n £ No- Then 
Ig : A v a — * A% is compact if and only if for any bounded sequence (f m ) m efi C A p a 
converging to zero on compacts o/D, we have \\Ig f m \\A v ^0 as m —> oo. 

3. Main results 
Here we prove our main results, which are incorporated in the following theorem. 

Theorem 1. Let < p, q < oo, -1 < a, j3 < oo, g £ H{D) and n £ N . Then the 
following statements hold true. 

(a) If p < q, then Ig : A v a — > A% is bounded if and only if g £ 9Jt, where 

m= { H™ n+{2+0)/q _ (2+a)/p , if n + (2 + a)/p < 1 + (2 + (3)/q 
I {0}, if n + (2 + a)/p > 1 + (2 + 0)/q. 

(b) If p < q, then I g n : A p a —> A\ is compact if and only if g £ QJt , where 

m = ( H?_ n+{2+0)/q _ (2+a)/pyO , if n + (2 + a)/p < 1 + (2 + (3)/q 
° I {0}, if n + (2 + a)/p>l + (2 + /3)/q. 

(c) If p > q, then the following statements are equivalent: 

(i) I g n) : AP a -> A q si is bounded; 
(ii) Ig : A v a — » i! is compact; 

(m) If n + (1 + a)/p < 1 + (1 + 0)/q, then g £ £f +7 _„ s , where I = I - I, 
7 = (p/3 — QOe)/(p — q), while if n+ (1 + a)/p > 1 + (1 + (3)/q, then g = 0. 
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Proof, (a) By Lemma 1, we have 

11/11% ~\f(0)\ q +\\f\\ 9 A< ■ 

Also 4 n) /(0) = for every / € H(B) and n E N . Thus, we have 

n#°/iii. - / i/ (n) wn.gwr(i - my+^z). (4) 

13 Jo 

First suppose that n + (2 + a)/p < 1 + (2 + /3)/q and .g e i^„ +(2+/3)/g _ (2+Q)/p . 
Then by the Holder inequality (2), (3) and (4) we obtain 

\\&\f\\ q Aq < C\\g\\ 9 Hoe f \f w (z)\«(l - \z\ 2 )^^ 2 +^+^- 2 dA(z) 



<C\\g\\ q H ~ \\f\\y / \fW{z)ni-\z\*) a+n >dA(z) 

1 — n+(2+/3)/9 — (2+a)/p ^<* Jjj 

< CllffllSr- 11/11% . (5) 

from which the boundedness of I g : A p a — > A% follows in this case. 

If n + (2 + a)/p > 1 + (2 + (i)/q and g = the boundedness of the operator 
trivially follows. 

Conversely, suppose that ig : A v a — » Ai is bounded. Let 

/.W = l ' ' 3 W » aeD - ( 6 ) 

(1 — az) p 
It is known that ||/ a |Ug = 1) f° r each a £ D. Using (2) and (3), we get 

\<W)\ = c\(I^f )'(a)\ < C II(4 " )/q)11 ^ 

ii r(") f ii ii r(™)n 

H J g /-lUg Pg II A£^A« 

" (1 - | |2)l+(2+«/9 ~ (l-| a |2)l + (2+/3)/V ^ 

from which along with the maximum modulus theorem, for n + (2 + a)/p > 1 + 
(2 + 13) /q, it follows that g = 0, while for n + (2 + a)/p < 1 + (2 + /?)/g it follows 

that g e H^ n+{2+p)/q _ {2+a y p . 

(b) First assume that I g : A p a — ► A q „ is compact. By using the functions in 
(6) which are norm bounded and converge to zero uniformly on compacts of D, as 

\a\ — > 1, we get 

lim ||l£ n) /a|U« =0. 

From this, the second inequality in (7) and the maximum modulus theorem we 
easily get that g e 97l - 

Now suppose that g G 9Jl . If n + (2 + a) /p > 1 + (2 + [3) /q and g = then the 
result is obvious. 

If n + (2 + a)/p < 1 + (2 + f3)/q, and ,g G H™ n+{2+0)/g _ {2+a y pQ , thcn for ever y 
e > 0, there is an r € (0, 1) such that for r < \z\ < 1 



|ffOO|(i-M 2 ) 1 - n+ < 2+ w«-< 2+a >/ p < 
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Let (/ m )mGN be a bounded sequence in A^, say by M, converging to zero uni- 
formly on compacts of D as to — > oo . We have 

\\4 n) f™\\ q A« ~ I ' \f£Hz)\"\9(z)\ 9 (l-\z\ 2 ) fi+9 dA(z) 

Jo 

+ 1 )\f^(z)\ q \9(z)\ q (l-\z\y + "dA(z) 

\z\<r J\z\>r J 

= J\ (to) + J 2 (m) . 

(n) 

By the Weierstrass theorem it follows that / m — ► uniformly on compacts of D, 
as to — > oo. Hence for large enough to, say m > too, we have 

\f£Hz)\<e, for \z\<r. (8) 

Using (8) we have that for to > mo 

Ji{m)<e q f \g(z)\ q (l-\z\ 2 ) fi+q dA(z) = eK(r). (9) 

J\z\<r 

Similar to (5) is obtained 

J 2 (to) < e«C||/ m ||£ p f \f£*(z)\>(l - \z\ 2 ) a+np dA(z) < e«CM«. (10) 

" JO 

From (9) and (10) and since e is an arbitrary positive number it follows that 
\\Ig /m|| a" ~~ > as ?n — ► oo. Hence by Lemma 2 the compactness of Ig : Ag — » ^4?, 
follows. 

(cj (i) => (m). Suppose that Ig : A^ — ► Ai is bounded. Following the lines of 
the proof of Theorem 1 in [12] it is not difficult to show that 

r / i r \p/(p-i) 

B(g):= / t r-F^^ 1 — 7- / |o(w)|' 3 (l-|w;| 2 )' 3+9 rfAH dA(«) 

is finite, where 

is the pseudohyperbolic disk centered at z with radius 1/2. 
By the subharmonicity, we have 

\g(zW < ) I \g(w)\HA(w), 

U _ \ z \ ) JD(z,l/2) 

from which along with the relation 1 — |,z| 2 xl- |w| 2 for w G D(z, 1/2), we get 
\\g\\i. =C I \g{w)\ s {\ - \w\ 2 ) s +-<- ns dA{w) < CB{g). 

Thus g e L s s+ry _ ns . If s + j-ns < -1 «■ n+(l + a)/p > l+(l + /3)/<?, we get g = 0. 

(m) => (i). This implication is obvious. 

(m) => (m). If 1 + (1 + (3)/q > n + (1 + a)/p and g = 0, then it is obvious that 
Ig : A v a ^r A q (i is compact. So let 1 + (1 + f3)/q < n + (1 + a)/p and (/ m ) mG N be 
a bounded sequence in A v a that converges to zero uniformly on compacts of D as 
to — > oo. To show that Ig : A^ — ► ^4« is compact, by Lemma 2, it is enough to 
show that 

ll4 n) / m |IV ~ / l/i n) (*)l 9 lff(*)l 9 (l - \z\ 2 Y 3+ "dA(z) - 0, as m ^ oo. 
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Let e > be arbitrary. By the hypothesis there is an r G (0, 1) such that 
\g(z)\ s (l - l^l 2 ) 8 -^-" 8 ^^) < e p/{p - q) . 



I\z\>r 

By Holder's inequality and (2) it follows that 
\f^{z)V\9{zW{l-\z\ 2 ) [3+q dA{z) 

\z\>r 

\f£\z)\ q (l ~ \z\ 2 ) nq+ag/p \g{z)\ g {l - \z\ 2 f +q - nq - aq / p dA(z) 

\z\>r 

/ r \ ilv / r \ (p-q)/p 

< / \f£\z)\ p (l-\z\ 2 r p+a dA(z)) / \g(z)\ s (l-\z\ 2 y^- ns dA(z)) 

\Jo / \J\z\>r / 

< eC\\f m \\ q Al <eCM q . (11) 

Since (8) holds for large to, say m > toi, then we have that 

l/i n) (*)Hff(*)l«(l - \z\ 2 f +q dA{z) <e q f \g(z)\ q (l ~ \z\ 2 f +q dA{z) 

\z\<r J\z\<r 

= e q K{r). (12) 

From (11) and (12), we get \\Ig f m \\A q ~^ as to — > oo, as claimed. D 

Corollary 1. Lei < p < oo, -1 < a < oo, # e i?(D) and n G N . T/ien i/ie 
following statements hold. 

(a) Ig : A p a — > A^ is bounded if and only if g € 01, where 

( Ff, if n = 

01= < il 00 , if n = l 

{ {0}, z/ n > 1. 

^ /g : AJJ, — > ^ is compact if and only if g € -ffj"^ if n = 0, an d g = z/n G N. 
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Random Iterative Algorithms for Nonlinear Mixed Family of Random 
Fuzzy and Crisp Operator Equation Couples in Fuzzy Normed Spaces 1 

Heng-you Lan 2 and Fang Li 

Department of Mathematics, Sichuan University of Science & Engineering, 

Zigong, Sichuan 643000, P. R. China 



Abstract. The purpose of this paper is to introduce and study a new class of 
nonlinear mixed family of random fuzzy and crisp operator equation couples 
in fuzzy normed spaces based on the random version of the theory of (cp, ip)- 
contractor due to Mihet. Further, some new random iterative algorithms 
for solving this kind of nonlinear operator equation couples in fuzzy normed 
spaces are constructed and the convergence of iterative sequences generated 
by the algorithms under joint orbitally complete conditions is proved. As 
applications, some new common fixed point theorems for a mixed family of 
fuzzy and crisp operators in fuzzy normed spaces are also given. The results 
presented in this paper improve and generalize the corresponding results of 
recent works. 

Key Words and Phrases. Nonlinear mixed family of random fuzzy and 
crisp operator equation couple, (ip, f/^-contractor, Joint orbitally complete 
condition, new random iterative algorithm, approximation and convergence. 

AMS Subject Classification. 47H15, 54E70, 47S40. 

1 Introduction 



It is well known that fuzzy normed spaces are an important class of fuzzy metric spaces 
and offer an appropriate frame work for inexact measurements of an ordinary length in a 
linear space. The value of a fuzzy norm for a vector x is a fuzzy set on [0, +oo) rather 
than a number (see [1]). In [2], Golet introduced a generalization of the concept of fuzzy 
normed spaces, which includes some earlier defined fuzzy normed spaces as special cases. 
Further, Golet [2] pointed out: if we define on a linear space L the mapping x — > F x , 
F x {t) = N(x, t) for t 6 [0, +oo), then the triple (L, F, *) becomes a generalized probabilistic 
normed space (see [3], the random variable associated to the distribution function F x can 
take the value oo with a probability greater than 0). If the following condition is satisfied: 
lim^+oo N(x, t) = 1 for all x £ L, then the triple (L, F, *) is a probabilistic normed space. 
Conversely, if (L,F,-k) is a probabilistic normed space, and we define N(x,t) = F x (t) then 
(L,F,-k) becomes a fuzzy normed space. One can see a generality of fuzzy normed space. 
The specific for the both fuzzy and probabilistic norms are the distinct areas of applicability 
and the different interpretation ways. For more detail, see, for example, [4] and [5]. 



1 This work was supported by the Sichuan Youth Science and Technology Foundation (08ZQ026-008), 
the Open Foundation of Artificial Intelligence of Key Laboratory of Sichuan Province (2009RZ001), the 
Scientific Research Fund of Sichuan Provincial Education Department (10ZA136) and the Cultivation Project 
of Sichuan University of Science and Engineering (2011PY01). 

2 The corresponding author: hengyoulan@163.com (H.Y. Lan) 
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On the other hand, since then, by using ^-probabilistic contraction and a truthful prob- 
abilistic version of the Banach fixed point principle, some problems for nonlinear operators 
and common fixed point theorems have been introduced and studied by many authors (see, 
e.g., [6-14]). Sharma et al. [15] considered two nonfuzzy mappings and a sequence of fuzzy 
mappings to define a hybrid D-compatible condition. They also showed the existence of 
common fixed points under such condition, where the range of the one of the two nonfuzzy 
mappings is joint orbitally complete, and sketched a view of the present stage of the con- 
frontation. As Sharma et al. [15] point out "instead of trying to modelize a not well enough 
known physiological system, it seemed rather preferable to examine what are the required 
mathematical conditions holding on mathematical systems that would be progressively ad- 
justed closer and closer to known biological situations". Furthermore, by using a random 
version of the theory of contractor and the concept of probabilistic ^-contractor couple, 
Cho et al. [11] introduced and studied a system of nonlinear operator equations for a mixed 
family of fuzzy and crisp operators in probabilistic normed spaces, and also proved some 
new existence theorems of solutions of a new system of nonlinear operator equations for a 
mixed family of fuzzy and crisp operators and some new convergence results of sequences 
generated by the new iterative algorithms under joint orbitally complete conditions. 

In 2007, Mihet [16] introduced the concept of probabilistic (92, ^-contractor couple, 
and considered a class of set-valued nonlinear operator equations in Menger probabilistic 
normed spaces, under a larger class of t- norms. Based on the concept of probabilistic 
(ip, VO-contractor couple duo to Mihet [16], Lan et al. [17] introduced and studied a new 
class of nonlinear operator equation couples with a mixed family of fuzzy and crisp operator 
equations in Menger probabilistic normed spaces, and discussed the existence of solutions for 
the nonlinear operator equation couples and the convergence of iterative sequences generated 
by the algorithms under a larger class of t-norms and joint orbitally complete conditions. 

Motivated and inspired by the above works, in this paper, by using a random version of 
the theory of (ip, ^-contractor duo to Mihet [16], we shall introduce and study the following 
new class of nonlinear mixed family of random fuzzy and crisp operator equation couples 
in fuzzy normed spaces: 

Find a measurable operator x : A — > X such that for all A € A, 

Six, x (x)( u ( x )) > d(x(A)), 

S jXMX) (u(\))>e(x(X)), { ■ } 

where d, e : X — > (0, 1] are two nonlinear operators, Si, Sj : A x X — > W(Y) are two random 
fuzzy operators satisfying some conditions for some i,j G N, (A, A) is a measure space, X 
is a separable real vector space and W(Y) be a collection of all fuzzy sets over Y. 

Obviously, equations (1.1) are equivalent to the following nonlinear equations for set- 
valued operators: 

u{\) e Si(\,x(\)), . s 

u(A)eSj(A,x(A)). { ' 

Moreover, (1.2) becomes to the following nonlinear operator equations: 

u(X) = f(X,x(X)), 

u(X) = g(X,x(X)), [l - 6) 

when /, g : A x X — > X are two random operators satisfied Si{X,x{X)) C /(A x X) and 
Sj(X,x(X)) C g(A x X) for any (X,x) G A x X and some i,j £ N. 
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Without loss of generality, we can suppose that u = 6. In fact, if u 7^ 0, for some i,j £ N, 
putting Ti,Tj : A x X — > CB(Y) are two set-valued operators with Tj(x) = Si(x) — u and 

^T,(A,x(A)), 
0GT i (A,x(A)). 
order to discuss equations (1.1), we can turn to discuss the following equations: 



Tj(x) = Sj(x) — u for all x £ X, then (1.2) is equivalent to <j fl ^_ ^ f \ \w\ Thus, in 



S iXMX) (9)>d(X,x(\)), ( 8 = f(X,x(X)), 

S jXMX) (0)>e(X,x(X)), \ 9 = g(X,x(X)), { " > 

under some conditions. 

Further, we will construct some new random iterative algorithms for solving this kind of 
nonlinear operator equation couples in fuzzy normed spaces and prove the convergence of 
iterative sequences generated by the algorithms under joint orbitally complete conditions. 
As applications, we shall also prove some new common fixed point theorems for a mixed 
family of fuzzy and crisp operators in fuzzy normed spaces. 



2 Preliminaries 



Throughout this paper, we suppose that (A, A) is a complete c-finite measure space and 
X is a separable real vector space over the real or complex number field /C. We denote by 
Z3(X), 2 X the class of Borel c-fields in X and the family of all the nonempty subsets of X, 
respectively. Let M = (— 00, +00), M + = [0, +00) and N be the set of all natural numbers. 

Definition 2.1. An operator x : A — > X is said to be measurable if, for any B £ B(K), 
{X £ A : x(X) £B}£A. 

Definition 2.2. An operator F : A x X — > X is called a random operator if for any 
x £ X, F(X, x) = y(X) is measurable. A random operator F is said to be continuous (resp. 
linear, bounded) if for any A £ A, the operator F(X, •) : X — > X is continuous (resp. linear, 
bounded). 

Similarly, we can define a random operator a : A x X x X — )■ X. We shall write F\(x) = 
F(X, x(A)) and a\(x,y) = a(X,x(X),y(X)) for all A £ A and x(A), y(X) £ X. It is well known 
that a measurable operator is necessarily a random operator. 

Definition 2.3. A set-valued operator P : A — > 2 X is said to be measurable if, for any 
B £ B(X), P-^B) = {X £ A : P(X) n B + 0} £ A. 

Definition 2.4. An operator u : A — > X is called a measurable selection of a set-valued 
measurable operator T : A — > 2 X if u is measurable and for any A £ A, u(X) £ T(A). 

Definition 2.5. A set-valued operator Q : A x X — > 2 X is called a random set-valued 
operator if, for any x £ X, Q(-,x) is measurable. 

In what follows, let W(X) denote the collection of all fuzzy sets over X. An operator 
S:0cX-> W(X) is called a fuzzy operator. For each x £ X, S(x) (denote it by S x , in 
the sequel) is a fuzzy set on X and S x (y) is the membership function of y in S x ■ 

Definition 2.6. A fuzzy operator T : A x X — > W(K) is a random fuzzy operator if, 
for any x £ X, T(-,x) : A — > W(X) is a measurable fuzzy operator (denoted by T\ tX , short 
down T). 

Obviously, the random fuzzy operator includes set-valued operator, random set-valued 
operator and fuzzy operator as the special cases. 
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A fuzzy number x : M — > [0, 1] is called convex if its a-level sets [x] a (i.e., a-cut set of 
x) is a convex set in M for every a G (0, 1], where [x] a = {s : x(s) > a}. A fuzzy number 
x is called normal if there exists so 6i such that x(sq) = 1. A fuzzy number x is called 
nonnegative if x(s) = for all s < 0. The fuzzy number is defined by 0(s) = 1 for s = 
and 0(s) = for s/0. Let G be the set of all nonnegative upper semicontinuous normal 
convex fuzzy numbers. Obviously, if x G G, then each of its a-level sets [x] a is a closed 
interval [a a , b a ], where a a G M + and b a G M + U{+oo}. When b a = +oo, then [a a , b a ] means 
the interval [a a ,+oo). 

Definition 2.7. Let || • || be a mapping from real vector space X into G and the 
mappings /, r (respectively, left norm and right norm) : [0, 1] x [0, 1] — > [0, 1] be symmetric, 
nondecreasing in both arguments and satisfy Z(0,0) = 0, r(l,l) = 1. Denote [||x||] a = 
II Mill 1 1I Ml If]' for all x G X, a G (0, 1]. The quadruple (X, || ■ ||,/,r) is called a fuzzy normed 
space (briefly, an FN-space) and || • || a fuzzy norm, if the following conditions are satisfied: 
(FN-1) ||x|| = if and only if x = 6; (FN-2) ||fcc|| = \k\ • ||x|| for all x G X, k G R; (FN-3) 
for all x, y G X, ||x + y\\{v + /i) > Z(||x||(z/), ||y||(/i)) whenever v < \\\x\\\\,ij, < II Mill and 
v + ^ < lll x + ?/llli; an d \\x + y||(z/ + /i) < r(||z||(i/), ||y||(//)) whenever v > \\\x\\\\,fi > \\\y\\\\ 
and v + \x > |||x + y|||j;. 

Remark 2.1. ([12]) There is a little difference between the above definition and the 
definition of the fuzzy normed space given in [18]. In [18], the definition requires that for 
all x G X, x 7^ 6, there exists uq G (0,1] independent of x such that HMHf < °o f° r all 
a < «o and inf a < ao |||x|||° > 0. 

Remark 2.2. ([19]) By induction, we can generalize the triangle inequality (FN-3) as the 
following: (FN-3)' for any n G TVandxi,- • • ,x n G X, || Ya=i x jII(^i) - Kll x ill(' s i)^(ll a; 2||(s2) 
••• ,Z(||x„_i||(s„_i), ||x„||(s n ))-- •)) whenever s» < |||xi|||i, i = l,--- ,n and for any 1 < 
k < n-l, v k = YJl=k s i < IIIE"=fc a; illli. and IIE"=i^ll(^i) < r(||xi||(Ti),r(||x2||(r 2 ), 
••• ,r(||x n _i||(r n _i), ||x n ||(r n )) •••)) whenever r, > |||xj|||{, i = 1, • • • , n and for all 1 < k < 

i x~^n ~~~^ mi v^^i Mil 

n-l, v k = 2^ i=k Ti > |||Li=fc^llli- 

Remark 2.3. ([1, 20]) Each classical normed space and each Menger probabilistic 
normed space can be considered as a fuzzy normed space. 

By using (FN-3)' and the same method as Theorem 2.1 in [12] , we can obtain the following 
lemma. 

Lemma 2.1. Let (X, || • || , /, r) be an FN-space. If {r n (s)} is an equi-continuous sequence 
of mappings at s = 0, where r 1 ^) = s, r n (s) = r(s, r ra_1 (s)), n = 2, 3, ■ ■ ■ , then for each 

a G (0,1], there exists j3 G (0,a] such that ||| EILi^ilHf — 1*27=1 IIMIII2 fo r an x * ^ ^> 
i = 1,2, ■ ■ ■ ,n. 

Definition 2.8. Let (X, || • ||,?,r) be an FN-space. A sequence {x n } in X is said to 

(i) converge to x G X (often write lim ra ^ +00 x n = x or x n — > x ) if lim n ^ +00 ||x n — x|| = 0, 
i.e., lim n _^ +00 |||x n — x|||2 = for all a G (0, 1]. 

(ii) be a Cauchy sequence if lim min ^ +00 ||x m -x„|| = 0, i.e., lim mj „^ +00 |||x m -x„|||2 = 
for all a G (0,1]. 

An FN-space (X, || • ||,/,r) is called complete if every Cauchy sequence in X converges 
in X. In the sequel, we always suppose that (X, || • ||,/,r) is an FN-space satisfying the 
following condition: lim£_> +00 ||x||(t) = for all x G X. 

Definition 2.9. A nonempty subset A in (X, || • \\,l, r) is said to be bounded if there 
exists an M > such that sup^g^ |||x|||2 < M Vq G (0, 1]. 

Definition 2.10. Let (X, ||-||,Z,r) be an FN-space and A,B G W(X). For each a G (0,1], 
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we define IH-AIH2 an d p a (A,B) as follows: 

|||A|||?= inf |||a|||? (2.1) 

and p a (A,B) = max{sup aej4 inf 6e B |||a - 6|||f ,sup 6eB inf aeA |||a - b\\\%}. 

By the definition of |||-A|||2 an d p a (A, B), it is easy to obtain the following result: 
Lemma 2.2. Let (X, || • ||,£,r) be an FN-space which satisfies the following conditions: 

lim r(s,s) = and lim ||x||(s) = for all x eX.If A,B e 2 X , then: (i) II Mill? = 

for all a G (0,1] if and only if 9 € A; (ii) \\\kA\\\% = \k\ ■ \\\A\\\% for all k G R; (iii) 
p a (x + A, x + B) = p a (x — A, x — B) = p a (A, B) for all i£l 

In the following ^f is the class of all functions ip : [0, +00) — > [0, +00) and <I> is the 
class of all functions <p : (0, 1] — > (0, 1]. ^ is the class of all functions ip in ^ which are 
bijective, nondecreasing and such that X^S=i ip n (t) < +00, for all t > 0, where ip n denotes 
the ra-th iteration of ip. $ is the collection of all nondecreasing functions (p such that 
lim n _> +00 (p n (t) = 1 for all t G (0, 1]. It is easy to see that if ip G \I/ then ip(t) < t and 
lim n _ >+00 (V'~ 1 ) n (t) = +00 for all t > and if ip G $, then (^(t) > £ for £ G (0, 1]. 

Definition 2.11. Let (X, || • ||,/,r) and (Y, || • ||,/,r) be two FN-spaces, and ri,T2 : 
A x X —)■ S(Y,X) be two operators, where S(Y, X) denotes the set of all odd operators 
from Y to X (i.e., T G S(Y,X) if and only if T(-y) = -T(y) for all y G Y), and ^1, 
ip £ fy. Then (Fi,r2) is said to be a (</?, ^-contractor couple of two fuzzy operators 
P,Q:DcX^ W(Y), if for all a G (0, 1], 

^ (a) (P(x + r 1 (x)y),Q(x) + y)<V'(max{|||Q(x)||| 2 ',||||/||| 2 t ,|||Q(x) + y|||^}), (2.2) 
Vx G D(Q), y G {y G Y : x + ri(x)j/ G D(P)}, 

P^(a)(Q(^ + r 2 (x)y), P(x) + y)< il>(max{\\\P(x)\\\2, \\\y\\\%, \\\P(x) + y|||?}), (2.3) 
Vx G D(P), 1/ G {y G Y : x + r 2 (x)y G D(Q)}. 

Remark 2.4. If </?(£) = £ for £ G (0, 1], (ri,T2) is simply called a ^-contractor couple of 
P and Q (see [19]). 

Now, we define an orbit for mixed operators (S n ,f,g) and a joint orbitally complete 
space as follows: 

Definition 2.12. Let /, g : A x X — > X be two nonlinear operators and {S n \}^ =1 a 
sequence of random fuzzy operators from A x X into W(X). If, for some xo(A) G X, there 
exist sequences {x n (A)} and {y n (A)} in X such that 

{2/2n+l(A)} = {f\(x 2n +l)} C 5 2n +l A(#2n), ^ 4) 

{?/2n+2(A)} = {g\{x2n+2)} C S 2n +2 \{x 2n +l) 

for all n = 0, 1, 2, ■ ■ ■ , then ^(Snx, /a, <7a> xo(X)) = {y«(A) : n G N} is called an orbit for the 
mixed operators (S n \,f\,g\) for all A G A. 

Definition 2.13. X is called xo-joint orbitally complete if every Cauchy sequence of 
each orbit at xo(A) is convergent in X for all A G A. 

Remark 2.5. ([15]) Clearly, if X is an any complete space and xo G X, then X is xo-joint 
orbitally complete, while converse is not necessarily true. 
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3 Random Iterative Algorithms 



In this section, we suggest and analyze a new class of iterative methods and construct 
some new random iterative algorithms for solving the problem (1.4). 

Definition 3.1. Let (X, || • ||,/,r) and (Y, || • ||,Z,r) be two FN-spaces. An operator 
P : D(P) C X — > W(Y) is said to be closed, if for any x n G D{P) and y n G P(x n ) we have 
x G D(P) and y G P(x) whenever x n — > x and y n — > y. 

In order to give our main results, we first list the following condition (C*): 

Let P,Q : D C X — > W(Y) be two fuzzy operators. For any given x G D(Q), y G P{x) 
and x G D(P),y G Q(x), there exist z G P{x — T\(x)y) and z G Q(x — r 2 (x)y), respectively, 
such that 

iiuiii^) ^ „ ,jp/,_r.^unu_,A iiuiiivC") 



< 



P v ( a )(P(x -T 1 (x)y),Q(x) -y), \\\z\\\% ( < p v ( a )(Q(x - T 2 (x)y),P(x) -y). 



Remark 3.1. If P = Q is a set- valued operator and (p(t) = t for t G (0, 1], then the 
condition (C*) coincides with (iv) of Theorem 3.1 in [12]. 

By (2.1) and Lemma 2.2, we introduce the following algorithms for our main results: 
Algorithm 3.1. Let (X, || • ||,£,r) and (Y, || • ||,/,r) be two FN-spaces, /, g be two 
operators from A x X into X, {S n \} c ^ =1 be a sequence of random fuzzy operators from 
AxX into W(X). Suppose that the condition (C*) holds and for some i,j G N, the following 
conditions are satisfied: (i) Si\(x) C /(A x X) and Sj \(x) C g(A x X) for all A G A and 
x G X; (ii) x + T 1 (x)y G D(S iX ) for all x G D(S jX ) and y G Y, x + T 2 {x)y G D(S jX ) for 
all x G D(Six) and y G Y; (iii) (ri, T2) is a (</?, ^)-contractor couple of Six an d -SjA- F° r 
all A G A, some i,j G N and any given xo(A) G D(Sj\) and yo(A) G Sj\(xo), we define two 
sequences {x n (X)} in X and {y n (A)} in Y satisfying the following conditions: 



X2n+lW = (1 - CT2n)^2n(A) + CJ2„(x 2 „(A) - Ti (x 2n (A))y 2 n(A)), 

X2n+2(A) = (1 - CT 2n +l)a;2n+l(A) + 0"2n+l (x2n+l (A) - F 2 (x2n+l(A))y2n+l(A)), 

2/2n(A) G 5 , jA(^2n), J/2n+l(A) G Si\(x 2n +l), 

|||j/n||| 2 " (Q) <^(lllyo(A)||| 2 '), VaG (0,1] and some i,j €N, 



(3.1) 



where {a n } is a real monotone decreasing sequence in (0, 1] and a n — > a G (0, 1] as n — > +oo. 

Algorithm 3.2. Let (X, || • || , I, r) and (Y, || • || , I, r) be two FN-spaces and A, V : A x X -> 
X be two nonlinear operators. Let {S r n ^}^ =1 , Ti, r 2 , </? and ^ be the same as in Algorithm 
3.1. Suppose that the conditions (C* ), and (ii) and (iii) in Algorithm 3.1 hold. If 

(I) for all A G A, some i,j G N and x G X, Si\(x) C X - A(A x X) and Sj\(x) C 
X-V(AxX), 

then, for some i, j G N and any xo(A) G D(Sj\) and j/o(A) G 5j a(^o)> we have two sequences 
{x n (A)} in X and {y ra (A)} in Y, respectively, defined as follows: 

^2n+i(A) = x 2n (A) - ri(x 2n (A))y 2n (A), 
^2n+2(A) = x 2n+ i(A) - r 2 (x 2n+ i(A))y 2n+ i(A), 

where the sequence {yn(A)} in Y is defined by (2.4). 



LAN, LI: FUZZY RANDOM ITERATIVE ALGORITHMS... 1351 



4 Approximation and Convergence 



In this section, we first prove the existence of solutions of the equation couple (1.4) and 
the convergence of iterative sequences generated by Algorithm 3.1. 

Theorem 4.1. Let (X, || • ||,£,r) and (Y, || • ||,/,r) be two complete FN-spaces and 
/, g, {S n \}^ =1 , F±, r 2 , (p and ip be the same as in Algorithm 3.1. Suppose that the 
condition (C*), the conditions (i)-(iii) in Algorithm 3.1 and the following conditions hold: 
(iv) in FN-space (X, || • ||,/,r), lim a ^ + r(a,a) = 0, {r n (t)} is equi-continuous at t = and 
lini£^ +00 ||x||(t) = for all x G X; (v) g{K x X) is xo-joint orbitally complete for some 
xq{X) G X; (vi) S n \ is closed for any n G N and all A G A, and there exists a constant 
M > such that for all a G (0, 1] and any constant u> > t > 0, 

\\\uT l {x)y\\\f a) <rM\\\y\\\f a \ Vx€D(S jX ), y G Y, (4.1) 

\\\uT 2 (x)y\\$ a) <TM\\\ y \\\f a \ Vx G D(S iX ), y G Y. (4.2) 

Then the nonlinear operator equation couple (1.4) has a solution x*(\) such that {f\(x*)} = 
{g\(x*)} C f)Zi Six(x*) for all A G A. Further, 

a^n(A) — > x*(X), y n (X) — > 9 as n — > oo, VA G A, 

where {x n (A)} in X and {y n (X)} in Y are two sequences generated by Algorithm 3.1. 
Proof. By (3.2), (4.1) and (4.2), for all a G (0, 1] we get 



12), 



|||x 2n+1 (A) - x 2n (X)\\\f a) < aM|||y 2n (A)|||^ (a) < aM^ 2 "(|||y (A)||r, 
|||x 2n+2 (A) - x 2n+1 (X)\\\f a) < aM\\\y 2n+1 (X)\\\f a) < aM^ n+1 (\\\ yo (X)m), 

and so |||x„+i - x„\\\f a) < crM^ n (|||yo(A)|||f) for all a G (0,1]. Since {r n (t)} is equi- 
continuous at t = 0, for each a G (0, 1], Lemma 2.11 implies that there exists a constant 
j3 G (0, a] such that for all m, n G N (m > n), 

m—l m—1 

\\\x m (X)-x n (X)\\\f a) < J2 ||k m (A)-x,(A)||| 2 f (/3) < J>M^(|||y (A)|||f). (4.3) 

i=n i=n 

By the definition of ip G \P, we know ^SoV''(ll|yo(A)||| 2 ) < +oo. Thus, for given e > 0, 
there exists No G N such that 

TO— 1 

£^(lllw>(A)|||?)<^, Vm>n>N . (4.4) 

From (4.3), (4.4) and ip : (0, 1] ->• (0, 1], it follows that for all a G (0, 1] 

tp(a)€ (0,1] and |||x„(A) - x m (A)|||£ (a) < e, Vm > n > N 

and so {x n (X)} is a Cauchy sequence in X for all A G A. By the completeness of X, we 
can suppose that x n (X) — > x*(X) G X for all A G A. Moreover, it follows from (3.2) that 
y n (X) ->■ 6 as n -)• +oo for all A G A. Since y 2n (A) G SjA(z2n(A)),y 2n +i(A) G <SiA(^2n+i(A)) 
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and Si\, Sj A are closed for some i,j G N and all A € A, it follows from (3.2) and the 
assumption (i) in Algorithm 3.1 that for some i,j G N, 

9 G S iX {x*), 9 G S,- A (x*), VA G A, 

i.e., x*(X) is a solution of (1.4) and {f\(x*)} = {g\(x*)} C f|£i #*(&*), VA G A. This 
completes the proof. □ 

As the applications of Theorem 4.1, we give the following results. 

Theorem 4.2. Let (X, || • ||*) be a line metric space, and /, g : A x X — > X be two 
nonlinear operators. Suppose that {S n \}^ =1 , T±, T2, <p and ip are the same as in Theorem 
4.1 and satisfy the condition (C*), the conditions (i)-(iii) in Algorithm 3.1 and the conditions 
(v) and (vi) in Theorem 4.1 hold. Then there exists z(X) G X such that 9 = f\(z) = g\(z) 
and {f\(z)} = {g\{z)} C f|£i S i\( z ) for all A G A. Moreover, x„(A) ->■ z(\) and y n {\) ->■ 9 
as n — > +00 for all A G A, where {x n (A)} in X and {y n (X)} in Y are two sequences generated 
by Algorithm 3.1. 

Proof. Let ||x||(t) = 0(£ — ||x||*). Then (X, || • ||,min,max) is an FN-space induced by 
(X, || • ||*) and the all conditions of Theorem 4.1 hold. Hence, the conclusions follow directly 
from Theorem 4.1. □ 

Theorem 4.3. Assume that (X, || • ||, /, r) and (Y, || • ||, I, r) are two complete FN-spaces, 
and A, V, {S n \}™ =1 , T±, T2, ip and ip are the same as in Algorithm 3.2 and satisfy the 
condition (C*). Further, suppose that the conditions (ii) and (iii) in Algorithm 3.1 and (I) 
in Algorithm 3.2 hold. If the following additional conditions are satisfied: (II) in FN-space 
(X, ||-||, /, r), lim a _>o+ r(a,a) = 0, {r n (t)} is equi-continuous at t = and lim£_> +00 ||x||(i) = 
for all x G X; (III) X — V(A x X) is xo-joint orbitally complete for some a?o(A) G X; (IV) 
S n \ is closed for any n G N and all A G A, and there exists a constant M > such that for 
all a G (0, 1] and some i,j G N, 

|||ri(x)i/|||^ a) <M|||y|||^ a) , Vx€D(S iA ), yGY, 
|||r 2 (x)2/|||^ (a) <M|||y|||^ ) , WxeD(S iX ), y G Y, 

then there exists x* (A) G X such that x* (A) = A\(x*) = V\(x*) and{x ! „(A)} C f]°l 1 Si \(x*) , 
for all A G A. Furthermore, x n (A) — > x*(\),y n (X) — > 9 as n — > 00 for all A G A, where 
{x n (A)} in X and {y n (X)} in Y are two sequences generated by Algorithm 3.2. 

Proof. Let f\(x) = x(A) — A\(x) and g\{x) = x(A) — V\(x) for all A G A, x G X. It is 
easy to see that all the conditions of Theorem 4.1 are satisfied. Therefore, the conclusion 
of Theorem 4.3 follows from Theorem 4.1 immediately. □ 

Remark 4.1. Similarly, we can obtain the corresponding conclusions if the FN-spaces 
in Theorem 4.3 are replaced by the classical normed space, probabilistic normed space and 
the Menger probabilistic normed space, respectively. Therefore, the results presented in 
this paper improve and generalize corresponding results of [11-17] and [19]. 
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Abstract 

The one-dimensional fractional diffusion equation is studied systemati- 
cally using the non-polynomial spline method. The Caputo fractional deriva- 
tive is used for formulation. An example is solved to assess the accuracy of 
the method. The numerical results are obtained for different values (n) of 
equation. An effective and easy-to-use method for solving such equations is 
needed. 

Keywords: Fractional diffusion equation, Caputo fractional derivative, non- 
polynomial spline. 

1. Introduction 

Fractional diffusion equations have attracted during the last few decades 
for modelling many physical and chemical processes and in engineering. 
Many authors have presented the existence and approximations of the so- 
lutions to one-dimensional fractional diffusion equation. In [1] two-step Ado- 
mian decomposition method is used analytical solution for the space frac- 
tional diffusion equation. Mingrong Cui [2] proposed high-order compact 
finite difference scheme and analysis the condition for stability. Finite differ- 
ence method is presented for this problem and some examples are given in 
[3] . Also in [5] a class of initial-boundary value fractional diffusion equations 
with variable coefficients on a finite domain are examined using numerical 
method and analysis of stability, consistency and convergence. The ana- 
lytical solutions of the space fractional diffusion equations are presented by 
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modified decomposition method [6] . Ray examined the analytical solutions of 
the space fractional diffusion equations by two-step Adomian decomposition 
method [7]. In this paper, we consider one-dimensional fractional diffusion 
equation : 

du(x,t) ,, .d a u(xA) , . 

-^ = d(x)-^- + q(x,t), (1) 

with initial condition u(x, 0) = f(x), < x < 1 and boundary conditions 
u(0,t) = go(t), u(l,t) = gi(t), t > where d(x) represents the diffusion 
coefficent and q(x, t) the source/sink function. Sources provide energy or 
material to the system where sinks absorb energy or material. Eq. (1) be- 
comes the classical diffusion equation for a = 2. It models a superdiffuse 
flow for 1 < a < 2 and a classical advective flow for a = 1 [5]. 

In this paper, non-polynomial spline method is considered for numerical 
solution of one-dimensional fractional diffusion equation. Many authors have 
used spline method to solve different problems. In [8], parabolic equation is 
solved using non-polynomial cubic spline method. 

The paper has been organized as follows: In section 2, Caputo fractional 
derivative is given briefly. In section 3, non-polynomial cubic spline method 
is investigated. Analysis of the method is given in section 4. In section 5 an 
example is given, a conclusion is given in section 6. 

2. Caputo Fractional Derivative 

There are various kind of fractional derivatives that widely used ones are 
the Grunwald-Letnikov, the Riemann-Liouville and the Caputo fractional 
derivatives. Caputo fractional derivative is a regularization in the time ori- 
gin for the Riemann-Liouville derivative [9,10]. A nice comparison of these 
definitions from the view point of their applications in physics and engineer- 
ing can be found in [11]. In this study, we use the Caputo fractional derivative 
that is defined as follow [12]: 

d:j(x) = j m ~ a D m f(x) = 1 f x (x - tr-*- 1 f m \t)dt (2) 

1 (m — a) Jo 
for m — 1 < a < m and m G N. 
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3. Non-Polynomial Spline Method 

We divide the interval [a, b] into n equal subintervals using the grid points 

Xt = a + ih, % = 0, 1, 2, ..., n, with a = x , x n = b, h = (b — a)/n where n is 
an arbitrary positive integer. 

Let u(x) be the exact solution and U{ be an approximation to u(xi) ob- 
tained by the non-polynomial cubic Si(x) passing through the points (xi,Ui) 
and (xi + i,u i+ i), we do not only require that Si(x) satisfies interpolatory 
conditions at X; L and x i+ ±, but also the continuity of first derivative at the 
common nodes (xi,Ut) are fulfilled. We write Si(x) in the form: 

Si(x) = cii + bi(x — Xi) + Cisinr(x — x t ) + diCosr(x — Xi), i — 0,1, ...,n — 1 (3) 

where ai,bi, q and di are constants and r is a free parameter. 

A non-polynomial function S(x) of class C 2 [a,b] interpolates u(x) at the 
grid points Xi, i — 0,1,2, ...,n, depends on a parameter r, and reduces to 
ordinary cubic spline S(x) in [a, b] as r — > 0. 

To derive expression for the coefficients of Eq. (3) in term of Mj, Mj+i, Mj 
and M i+ i, we first define: 

Si(xi) = u h Si(x i+ i) = u i+1 , S"(xi) = Mi, S"(x i+1 ) = M i+1 . (4) 

From algebraic manipulation, we get the following expression: 

- -I- Mi L _ u i+1 -Uj _| M i+1 ~Mj __ MjCos9-M i+1 , M, 

where 9=rh and « = 0, 1, 2, ..., n — 1. 

Using the continuity of the first derivative at (xj, Ui), that is 5 , j_ 1 (ajj) = S^Xi) 
we obtain the following relations for i—1, ...,n — 1. 

aM m + 2/3Mi + aM 4 _! = (1//i 2 )(m 4+1 - 2 Mi + u^i) (5) 

where a = (-1/6 2 + 1/0 sin 5), /3 = il/9 2 - cos 0/0 sin 9) and = r/i. 

The method is fourth-order convergent if 1 — 2a — 2/3 = and a = 1/12 [8]. 
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4. Analysis Of The Method 

To illustrate the application of the non-polynomial spline method de- 
veloped in the previous section, we consider the one-dimensional fractional 
diffusion equation that is given in Eq.(l). At the grid point (xj,Wj), the 
proposed equation may be discretized by using Caputo fractional derivative 



Ui-fi , 

; = di 



1 (m — a) Jo 



(6) 



where di = d(xi), fo = f(xi) = Uj_i and q t = q(x h tj). 

In this paper, we take a = 1 .8, so the previous discretization will be as 
follow: 



-l^ = ^W) +q^, () 

where I = f Xi (xi — /i) _0 ' 8 -Uj (fi)d[i. 

Applying integration by parts two times, we obtain 



OR 

I = x-°- 8 u'M - 0.8xT 1A Ui(0) + -h, (8) 



where l\ = /^(xj — //) Ui(n)dfi. 

Expanding Uj(/i) in Taylor series about a point // = Xj and then substituting 
ii in Eq.(8) and then I in Eq. (7), we obtain 

^ = j^2) ^ ra8 «;(0) - 0.8x- 18 ^(0) + |(^(x,) /% - n)~™dn 



\-l-8 j,, i M i l Xi ) / , ,. ..\-0.8, 



H-^(xi) / (xj - fiy^dfi + -4-^ / (xi - /x)- as rf/i)] + 9i . (9) 

jo 2 Jo 
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Substituting Mi = u { (xi) and TV, = Wj(0) in Eq. (9) we get 



Ui Ji i r —0.8 a t n o —1.8 fn\ i , 



' [xr°- 8 Ni - 0.8x- 18 Ui(0) + — (ui(xi) / (x t - /i)" 2 ' 8 ^ 



Xi 



k T(0.2) L l l l iy ' 25 v iy lJ Jo 



i f Xi M- f Xi 

+u i (x i ) / ( Xi - /i)- L8 rf/i + — ^ / (xi- fi)-°- s dfi)} + q t . (10) 

Jo 2 Jo 



Solving Eq. (10) for Mi, we get 



M t = i- (g^ - G t f t - ^x-^Ni + ^x- L V(0) - 2D lUl - 2E i u i - G ift )(ll) 
where C* = /^(a* - /i)-°- 8 d/i, D t = ft'fa - fi)~ 2 - 8 dfi, E t = ff'fa - /i)~ L8 d/z 



and G, 



18fcdj 

25r(0.2) ' 



The following approximations for the first-order derivative of u in Eq. 
^11) can be used 



_ u i+1 - Uj-x , ^ 3u i+1 - Auj + Uj-x , ^ -u i+l + iui - 3mj_ 

U; — _ , , U; I 1 — „ , ,14, 



2/i ' m ~ 2/i ' *- 1_ 2/i 

So Eq. (11) becomes 

1 /V... /-. x 25 „-0.8 A r , 10 -1.8 . /rrt on.. ^ W i+ i — W f _i 



M = — [G iUi - GJ, - -x-' ,M Ni + -x- L * Ul (0) - 2D iUi - 2E> "^ l ~ L - G t q t ) .(13) 

M i+ x and Mi_x can be obtained easily from Mi putting % + 1 and i — 1 
respectively instead of i. Substituting this equalities in Eq. (5), we find 
the following (n — 1) linear algebraic equations in the (n + 1) unknowns for 
i — 0,1, ...,n: 
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a 



Ci+\ 



a 



( r 9n 3 \ 2M «£,-i 1 



u i+ i + 



c^ + c^ ZVi) G^h + h\ 



Gi " 1 ~ 2ZVl ~ h El - 1 ) + ^h~ C^h ~ h\ 



Ui + 



Ui-i = 



25pNi 25aJVi_i 



ZlOcrU 



-i(0) 20/3^(0) 10m^_i(0) \ ( aGi +1 q i+ i 2f3Gjqi aGj^V . 



25aiV m , ___ , 



'i+l 



We need two more equations. The two end conditions can be derivated 
as follows: 



u(0,t)=g(t), u(l,t)=h(t) 



(15) 



Substituting 



el 
c2 
c3 



« /> 9n 3 \ 2(3E aE^ 1 



AaE i+1 i 2/3 



+ -£-(Gi-2Di 



4aEi_ ± 2 
C~Ji + W 



Ci + \h G, 
« ( r 9n 3 \ WE, aE i+1 1 



The method is described in matrix form in the following way for the equa- 
tions above: 



1 ... 

cl c2 c'i ... 

cl c2 c3 ... 



cl cl ci 

1 
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S(i) 

*GofQ i ggl/l | °G 2 / 2 \ / 25aW 25/3W, 25aiV 2 \ ^ 10 QU0 (0) 20gti 1 (0) 100^(0) ^ f a C , , 2gG 191 , aG 2 g 

~^T + ^^~ + ~~C?5 ^ + I 18C x«8 + 9C,*" 8 + 18C 2 xij- S J " I DC„4» + 9Cl xl« + 9C 2 *1» J + I "^T" + <?1 + ^^F 

*Gl/l i ffG2/2 | "G 3 f 3 \ , / 25aJVi 25gJV 2 , 25 Q JV 3 \ / lO Qul (0) , 20gti 2 (0) , 100^3(0) \ / .Cm , 2ffG 2 .J2 , °C 3i 

"Pi" + "Pi" + -P5 - J + I ISC, ^1-8 + 9C«i!-» + 18C,x"-8 J " I 9C,4- S + 9Cn^-» + 9C,xJ-« J + I "PI - + <?2 + "PT 



-2/n-2 . 3G„_l/„_l , «GJ„\ , / 25aN„_ 2 25/3JV. 



«^) + (l 



8C_ 



/,.(() 



,,0.8 



U =[uo,Ui,...,Un]' (16) 

Finally the approximate solution is obtained by solving the fractional diffusion 
equation using Matlab 7.0.1. 



AU = B. (17) 

5. A Numerical Example 

In this section, to illustrate our methods we have solved fractional diffusion 
equation. All computations are done by using MATLAB 7.0.1. 

Consider the fractional diffusion problem (1) with the diffusion coefficient 

d(x) = ' 6 — , the source/sink function q(x,t) = —(1 + x)e~ t x' i , subject to 
initial condition u(x, 0) = x 3 , for < x < 1 and boundary conditions u(0,t) = 0, 
u(l,i) = e~ l for t > 0. The exact solution of this problem for a = 2 is u(x,t) = 
e~ l x 3 . The observed maximum absolute errors for various values of n for the 
fraction order 1.8 are given in Table 1. 

Table 1: The maximum absolute errors, k = 0.01 



n 


Spline method 


11 


0.1762 


21 


0.1663 


41 


0.1481 


61 


0.1307 


121 


0.0859 
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6. Conclusion 

In this paper non-polynomial cubic spline method is applied for the numerical 
solution of one-dimentional fractional diffusion equation. Caputo fractional der- 
rivative is used for fractional derivative term. We have concluded that numerical 
results converge to the exact solution when h goes to zero. Use of non-polynomial 
splines have shown that it is an applicable method for determining the diffusion. 
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